Lecture 29 Talagrand’s two-point inequality. 18.465

Let € X™. Suppose A;, Ay C X". We want to define d(A;, As, z).
Definition 29.1.
d(Ay, Ay, w) = inf{card {i <n:x; £y} and x; # y’},y' € Ay, y° € Ay}

Theorem 29.1.

1
E2dArAze) — / gdlArAz2) g pr(g) <
(z) = Pr(A;)Pr(Ay)
and
1
P(d(Al,AQ,ZL‘) Z t) . 2_t

S Pu(A) P(Ay)

We first prove the following lemma:

Lemma 29.1. Let 0 < ¢1,9o <1, g; : X — [0,1]. Then

/min (Qﬁgi—x)) de)-/gl(x)dP(x)-/gg(x)dP(x) <1

Proof. Notice that logx <z — 1.

1 1
g1 g2

So enough to show

which is the same as

It’s enough to show

1 1
min <2a_a_) +gl +92 S 3.
g1 92

If min is equal to 2, then gy, g < % and the sum is less than 3.

If min is equal to gil, then ¢g; > % and g; > go, SO min +¢g; + go < gil +2g; < 3. O
We now prove the Theorem:

Proof. Proof by induction on n.

n—=1:

d(A, Ay, x) =0if z € AU Ay and d(Ay, Ay, x) = 1 otherwise
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1 1
9d(A1,42,7) 1 p :/ ; ) dP
/ () = [ min\ 2 7=y T e ay) ) @)
1

= T1(x € A)dP(x) - [1(x € A3)dP()
1
~ P(A)P(4y)

n—-n+1:
Let x € X" Ay, Ay C XL Denote x = (21, ..., Tp, Tny1) = (2, Tny1).

Define
Ay(xp) ={z € X" : (2, 2041) € AL}

Ay(Tpi1) = {2 € X" : (2, 2041) € Ao}

and

B = |J Ai(wnn), Bo= | Aslwnnn)

Trt1 Tni
Then
d(Aq, Ag,x) = d(Ay, Ao, (2, 2041)) < 1+ d(By, Be, 2),

d(Ay, As, (2, Tnp1)) < d(Ar(2n41), Ba, 2),
and

d(Aq, Ag, (z,041)) < d(By, Aa(p41), 2)-
Now,

/2d(A17A2’z)dPn+1(Z,SL’n+1) — //Qd(Al,Ag,(z,:cn+1))dPn<Z) dp<$n+1)

-~

I(znt1)

The inner integral ca ne bounded by induction as follows
I(zn41) < /21+d(BlvB27Z)dpn(Z)
= Q/Qd(BLBz,z)dPn(Z)

1
=2 P(B,) P (B)
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Moreover, by induction,

1
I(x, < /2d(A1(xn+1),Bz,z)dPn ) <
(Tny1) (2) P(Aqy(2y41))P™(Bs)

and
1
= P"(Bl)Pn(Az(an))

I($n+1) S /2d(B17A2(xn+1),Z)dPn(Z)

Hence,

. 2 1 1
{(#nn) < min (Pn(BnP"(Bz)’ Pr( A (2051) P (B2) P"<Bl>P”(A2(%+1>))

1 1 1

= min | 2, ,
P(B1) P (By) Pr(A(wn41)/P(Br) P (As(wn41)/ P (Bs)
1/91?;n+1) 1/92&;“)

So,

[ ) < Gy [ i (2’ - gi) "

1 1
= P(By)P"(By) [ gidP - [ godP
1 1
Pr(By)P"(B,) P"Y(A,)/P™(By) - P+1(Ay)/P(By)
1
T Pr(A) Pr(Ay)

because [ P™(A1(zn41))dP(xni1) = PP A). O




