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Lecture 29 Talagrand’s two-point inequality. 18.465 

Let x ∈ X n . Suppose A1, A2 ⊆ X n . We want to define d(A1, A2, x). 

Definition 29.1. 

d(A1, A2, x) = inf{card {i ≤ n : xi �
1 = yi }, y 

1 ∈ A1, y 
2 ∈ A2}= y and xi �

2 
i 

Theorem 29.1. 

� 
1 

E2d(A1,A2,x) = 2d(A1,A2,x)dP n(x) ≤ 
P n(A1)P n(A2) 

and 
1 

· 2−t
P (d(A1, A2, x) ≥ t) ≤ 

P n(A1)P n(A2) 

We first prove the following lemma: 

Lemma 29.1. Let 0 ≤ g1, g2 ≤ 1, gi : X �→ [0, 1]. Then 
� � 

1 1 
� 

min 2, , dP(x) · g1(x)dP (x) · g2(x)dP (x) ≤ 1 
g1(x) g2(x) 

Proof. Notice that log x ≤ x − 1. 

So enough to show 
� � 

1 1 
� 

g
min 2, , dP + g1dP + g2dP ≤ 3 

1 g2 

which is the same as 
� � � 

1 1 
� � 

g
min 2, , + g1 + g2 dP ≤ 3 

1 g2 

It’s enough to show 
� 

1 1 
� 

g
min 2, , + g1 + g2 ≤ 3. 

1 g2 

If min is equal to 2, then g1, g2 ≤
1 and the sum is less than 3. 
2 

1 1If min is equal to 
g1 

, then g1 ≥
1 and g1 ≥ g2, so min +g1 + g2 ≤ + 2g1 ≤ 3. �
2 g1 

We now prove the Theorem: 

Proof. Proof by induction on n. 

n = 1 : 

d(A1, A2, x) = 0 if x ∈ A1 ∪ A2 and d(A1, A2, x) = 1 otherwise 
1 
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� � � 
1 1 

� 

2d(A1,A2,x)dP (x) = min 2, , dP (x)
I(x ∈ A1) I(x ∈ A2) 

1 
≤ � 

I(x ∈ A1)dP (x) · I(x ∈ A2)dP (x) 

1 
= 

P (A1)P (A2) 

n → n + 1 : 

Let x ∈ X n+1 , A1, A2 ⊆ X n+1 . Denote x = (x1, . . . , xn, xn+1) = (z, xn+1). 

Define 

A1(xn+1) = {z ∈ X n : (z, xn+1) ∈ A1} 

A2(xn+1) = {z ∈ X n : (z, xn+1) ∈ A2} 

and 

 
 

B1 = A1(xn+1), B2 = A2(xn+1) 
xn+1 xn+1 

Then 

d(A1, A2, x) = d(A1, A2, (z, xn+1)) ≤ 1 + d(B1, B2, z), 

d(A1, A2, (z, xn+1)) ≤ d(A1(xn+1), B2, z), 

and 

d(A1, A2, (z, xn+1)) ≤ d(B1, A2(xn+1), z). 

Now, 
� � � 

2d(A1,A2,x)dP n+1(z, xn+1) = 2d(A1,A2,(z,xn+1))dP n(z) dP (xn+1) 

I(xn+1) 

The inner integral ca ne bounded by induction as follows 

I(xn+1) ≤ 21+d(B1,B2,z)dP n(z) 

= 2 2d(B1,B2,z)dP n(z) 

1 
≤ 2 · 

P n(B1)P n(B2) 

2 
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Moreover, by induction, 

I(xn+1) ≤ 
1 

2d(A1(xn+1),B2,z)dP n(z) ≤ 
P n(A1(xn+1))P n(B2) 

and 
1 

2d(B1,A2(xn+1),z)dP n(z) ≤I(xn+1) ≤ 
P n(B1)P n(A2(xn+1)) 

Hence, 

2 1	 1 
I(xn+1) ≤ min ,	 ,

P n(B1)P n(B2) P n(A1(xn+1))P n(B2) P n(B1)P n(A2(xn+1)) 
 

=

1


P n(B1)P n(B2) 
min














1	 1

2, ,


P n(A1(xn+1)/P n(B1) P n(A2(xn+1)/P n(B2) 

1/g1(xn+1)	 1/g2(xn+1) 

So, 

1
 1 1 
I(xn+1)dP (xn+1) ≤	 min 2, , dP 

P n(B1)P n(B2) g1 g2 

1 1 
≤	 · 

P n(B1)P n(B2) g1dP · g2dP 

1	 1 
=	 · 

P n(B1)P	n(B2) P n+1(A1)/P n(B1) · P n+1(A2)/P n(B2) 

1 
= 

n+1(A1)P n+1(A2)P 

P n(A1(xn+1))dP (xn+1) = P n+1(A1). because 

3 


