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Let H be a class of ”simple” functions (VC-subgraph, perceptrons). Define recursively 

i+1 = σ αjhj : hj ∈ Hi, αj ∈ RH

where σ is sigmoid function such that σ(0) = 0 and σ(s) − σ(t) , −1 ≤ σ ≤ 1. ≤ L s − t| | | |
Example: 

x −x 

σ(x) = 
e − e

−x 
. 

ex + e

Assume we have data (x1, y1), . . . , (xn, yn), −1 ≤ yi ≤ 1. We can minimize 

n
1 

(yi − h(xi))
2 

n 
i=1 

over Hk, where k is the number of layers. 

Define L(y, h(x)) = (y − h(x))2, 0 ≤ L(y, h(x)) ≤ 4. We want to bound EL(y, h(x)). 

From the previous lectures, 

∣ n 
∣ ∣ n 

∣ 
∣ 1 ∑ 

∣ ∣ 1 ∑
∣ 2t 

sup 
∣ EL(y, h(x)) − L(yi, h(xi)) ∣ ≤ 2E sup 

∣ εiL(yi, h(xi)) ∣ + 4 
∣ n ∣ ∣ n ∣ n 

i=1 i=1 

with probability at least 1 − e−t . 

Define 

i+1(A1, . . . , Ai+1) = σ αjhj : αj ≤ Ai+1, hj ∈ Hi .H | |

For now, assume bounds Ai on sum of weights (although this is not true in practice, so we 

will take union bound later). 

Theorem 24.1. 
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Proof. Since −2 ≤ y − h(x) ≤ 2, (y−h(x))2 : [−2, 2] 7→ R is a contraction because largest 
4 

derivative of s2 on [−2, 2] is 4. Hence, 
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Using the fact that σ/L is a contraction, 
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′ 
∑ 

where αj = P

j 

α

|
j 

αj |
. Since j |αj ≤ Ak for the layer k,|
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The last equality holds because sup λjsj = maxj sj , i.e. max is attained at one of the | | | |
vertices. 

By induction, 

∣ ∣ n 
∣ 

∑ ∏

∣ 1 ∑
∣ 8 

E sup 
∣

∣

∣ 1 
n 

εi(yi − h(xi))
2 
∣

∣ ≤ 8 

k 

(2LAj) E sup 
∣ εih(xi)∣ + , 

h∈Hk(A1,...,Ak) ∣ n 
i=1 

∣ 
j=1 

· 
h∈H ∣ n ∣ 

√
n 

i=1 

where H is the class of simple classifiers. 
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