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2.171 Problem Set 2 Solutions 

Out: Wednesday, September 20, 2006 

Problem 1: FPW 4.5 a, b, c 

(a) 

u(k + 2) = 0.25u(k)


u(k) = Aiz k


u(k + 2) = Aiz k+2


Aiz k+2 = 0.25Aiz k


z 2 = 0.25


(b) 

z = ±0.5 

Since z is less than 1, the solution is stable. 

(c) 

u(k) = A1z1 
k + A2z2 

k 

0 = A1 + A2 

1 = A1z1 + A2z2 � � � � � � 
1 1 A1 0 

= 
0.5 −0.5 A2 1 � � � � � � 

1 1 A1 0 
= 

0 −1 A2 1 

A2 = −1, A1 = 1 

Problem 2: FPW 4.6 

z 2 − 2rcos(θ)z + r 2 = 0 

2rcos(θ) ± 4r2cos2(θ) − 4r2 

z = 
2 

2rcos(θ) ± 2r cos2(θ) − 1 
z = 

2 
2rcos(θ) ± 2rsin(θ) 

z = 
2 

z = rcos(θ) ± rsin(θ) = re±jθ 
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Problem 3: FPW 4.9 a, b, c 

(a) 

K 
G(s) = 

s 

G(s) K 
= 

2s s

�−1{ 
G(

s

s)} = Kt = KkT


From Appendix B, we find:


G(s) KTz

Z{ 

s 
} =

(z − 1)2


G(z) = 
z − 1 KTz 

= 
KT 

z (z − 1)2 z − 1 

(b) 

3 
G(s) = 

s(s + 3) 

G(s) 3 
= 

s s2(s + 3) 

G(s) A B C 
= + + 

s s s + 3 s2 

1 1 
(A + B)s 2 + (3A + C)s + 3C = 3, C = 1, A = − , B = 

3 3 

�−1{ 
G

s 
(s)} = − 

1

3 
u(kT ) + 

1

3 
e−3kT + kT


From Appendix B, we find:


G(s) 1 z 1 z Tz 
Z{ 

s 
} = −

3 z − 1
+

3 z − e−3T 
+

(z − 1)2 

G(z) = 
z − 1 1 z 

+
1 z 

+ 
Tz 1

+
1 z − 1

+ 
T 

z 
−

3 z − 1 3 z − e−3T (z − 1)2 
= −

3 3 z − e−3T z − 1 

(c) 

3 
G(s) = 

(s + 1)(s + 3) 

G(s) 3 
= 

s s(s + 1)(s + 3) 

G(s) A B C 
= + + 

s s s + 1 s + 3 
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3 1 
A = 1, B = − , C = 

2 2 

�−1{ 
G

s 
(s)} = u(kT ) − 

2

3 
e−kT + 

2

1 
e−3kT


From Appendix B, we find:


G(s) z 3 z 1 z 
Z{ 

s 
} = 

z − 1 
− 

2 z − e−T 
+

2 z − e−3T 

G(z) = 
z − 

z 
1 

z − 
z 

1 
− 

2

3 
z − 

z

e−T 
+ 

2

1 
z − 

z

e−3T 
= 1 − 

2

3 
z

z 
−
− 
e−
1 

T 
+ 

2

1 
z

z 
−
− 
e−

1 
3T 

Problem 4: FPW 4.11 

(a)	 See Figure 1. � � � � � � � � 
ẋ1 0 1 x1 ẋ1 =	 + 
ẋ2 −3 −4 x2 ẋ2 

y = 1 0 
x1 

x2 

0 1 
F = −3 −4 

0 
G = 

1 

H = 3 0 

J = 0 

(b) 

3	 1 1 
2 2G(s) = 

(s + 1)(s + 3) 
= 3 

s + 1 
− 

s + 3 ⎡ 1 
2 

⎤ 

ξ =
⎣ s+1 ⎦ 
1 

−
 2 
s+3 

ξ̇ = Aξ + Bu 

y = Cξ + Du 

−1 0 
A = 

0 −3 

1 

B = 1
2 

2 

C = 3 −3 

D = 0 

3 



(c) 

sX2 2
1 

2
3


U 
= 

s2 + 4s + 3 
= −

s + 1 
+ 

s + 3


X1 

U 
= 

1 
s2 + 4s + 3 

= 
1 
2 

s + 1 
− 

1 
2 

s + 3 � � 

x = 
−1 
3 

1 
−1 

ξ 

(d) � � � � � � � � 

A = 
1.5 
0.5 

0.5 
0.5 

0 
−3 

1 
−4 

−1 
3 

1 
−1 

= 
−3 
0 

−4 
1 � � � � � � 

B = 
1.5 
0.5 

0.5 
0.5 

0 
1 

= 
0.5 
0.5 

C = 
� 

3 0 
� � 

−1 
3 

1 
−1 

� 

= 
� 

3 −3 
� 

D = 0 = J 

Problem 5: FPW 4.12 

(a) See Figure 2. 

(b) See Figure 3. 

(c) The step response begins at negative values for α > 1. 

Problem 6: FPW 4.15 

See Figure 4. 

Problem 7: FPW 4.16 

(a) 

H(z) = 
−1.396z + 0.9906 2.396z + 0.3885 

+ 
z2 − 1.42 + 0.81 z2 − 1.2z + 0.5 

See Figure 5. 

(b) See Figure 6. 
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Figure 1: Problem 4.11
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Figure 2: Problem 4.12(a)
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Figure 3: Problem 4.12(b)


Figure 4: Problem 4.15
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Figure 5: Problem 4.16(a)


Figure 6: Problem 4.16(b)
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