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6.641, Electromagnetic Fields, Forces, and Motion 
Prof. Markus Zahn 

Lecture 15: Force Densities, Stress Tensors, and Forces 

I. Maxwell Stress Tensor 

A. Notation 

F = ∇ i τ , τ = T i  x + T i y + T i zx x x xx  xy  xz  

F = ∇ i τ , τ = T i  x + T i y + T i zy y y yx  yy  yz  

F =  ∇ i τ , τ = T  x y ii + T  i + T  zz z z zx  zy  zz  

⎡T T T ⎤ 
⎢ 

xx xy xz 
⎥ 

Τ = ⎢Tyx Tyy T yz ⎥

⎢ ⎥

⎢T T T ⎥⎣ zx zy zz ⎦ 

=  F dV =  ∇ τ dV =  τ i n  da  =  ⎡T  n  + T  n  + T  n  ⎤ da  fx	 ∫ x ∫ i 
x ∫ x ∫ ⎣ xx x xy y xz z ⎦ 

V V S S 

τ i n = T n  + T n  + T n  = T  n  x xx x xy y  xz z xn n 

τ i n = T n  + T n  + T n  = T  n  
y yx x yy y yz z  yn n  

τ i n = T n + T n + T n  = T  n  z zx x zy y zz z zn n 

f = ∫ ∇ τ 
i
dV = ∫ τ

i 
i n dV = ∫ T n dS = ∫i	 FdV i  ij  j  i 


V S S V


∂ ∂ ∂
F = ∇ τ = T + T + Tii i ix iy iz∂x ∂y ∂z 

∂ 
= Tij
∂xj


B. EQS Stress Tensor 

1 ⎛ 1 ∂ε ⎞
F = ρ 

f
E − 

2
E i E ∇ε +  ∇  

⎝
⎜ 2

E i E 
∂ρ 

ρ
⎠
⎟ 

= ∇ i (εE E  ) − 
2
1 (E i E) ∇ε +  ∇  

⎝

⎛ 
2
1

E i E 
∂ρ
∂ε 

ρ 
⎠

⎞ 
⎜ ⎟ 
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j 
j 

i 

E 
E 

x 

∂ 
− 

∂ 
ε 

∂ (εEj ) 1 ∂ε ∂ ⎛ 1 ∂ε ⎞
F =  E  − E E  + E E  ρ
i ∂x j 

i 2 K K ∂xi ∂xi 
⎜
⎝ 2 K K ∂ρ  ⎟

⎠


∂E ∂Ej∇ ×  E = 0  ⇒ i =

∂x j ∂xi


∂ ∂E 1 ∂ε ∂ ⎛ 1 ∂ε ⎞
F =  εE E  − εE i − E E  + E E  ρi ∂xj 

( j i ) j ∂x j 2 K K ∂xi ∂xi 
⎜
⎝ 2 K K ∂ρ  ⎟

⎠ 

1 ∂ε ∂ ⎛ 1 ∂ε ⎞
F =  εEE  − E E  + E E  ρ

∂ ( i )i j∂xj 2 K K ∂xi ∂xi 
⎜
⎝ 2 K K ∂ρ  ⎟

⎠ 

ε ∂ ⎛ 1 E E  ⎞ 
⎜ j j  ⎟∂x 2i ⎝ ⎠ 

F = 
∂
∂ 
x j 

(εEE  ) − 
∂
∂ 
xi ⎣

⎡ 
2
1 εE E  − 

2
1 

ρ 
∂ρ  
∂ε 

E E  
⎦

⎤ 
i i j ⎢ K K K K ⎥ 

∂ ∂

= δij
∂x j ∂xi


⎧0 i ≠ j
δij = ⎨ Kronecker  Delta  

⎩1 i = j 

∂ ⎡ 1 ⎛ ∂ε ⎞⎤ ∂
F =  εEE  − δ E E  ε − ρ = Ti ∂xj ⎣

⎢ i j 2 ij K K  
⎝
⎜ ∂ρ  ⎠

⎟
⎦
⎥ ∂x j 

ij 

1 ⎛ ∂ε ⎞
T =  εEE  − δ E E  ε − ρij i j 2 ij K K ⎜ ∂ρ ⎟

⎝ ⎠ 

C. MQS Stress Tensor 

F = J f × B − 1 H i H ∇µ  +  ∇  
⎛
⎜ 
1 

ρ 
∂µ 

H i H ⎞
⎟2 ⎝ 2 ∂ρ ⎠


( ) ( ) 1 
⎜
⎛ 1 ∂µ 

⎟
⎞


= ∇ ×  H × µH − H i H ∇µ + ∇  ρ  H i H 
2 ⎝ 2 ∂ρ ⎠ 

(∇ ×  H) × H = (H i ∇ )H − 
2
1 

∇ (H i H) 

⎡ 1 ⎤ 1 ⎛ 1 ∂µ ⎞
F = µ ⎢⎣

(H i ∇ )H − 
2 

∇ (H i H)⎥⎦ 
− 

2
H i H ∇µ  + ∇  ⎜

⎝ 2 
ρ 

∂ρ 
H i H ⎟

⎠ 
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F = µ ⎢
⎡ 
H 

∂ 
H − 1 ∂ (H H  )⎥

⎤ 
− 1 H H

∂µ  
+ 

∂ ⎛ 1 
ρ 

∂µ  
H H  

⎞ 
i 

⎢⎣ 
j ∂xj 

i 2 ∂xi 
K K 

⎥⎦ 2 K K ∂xi ∂xi 
⎜
⎝ 2 ∂ρ  K K ⎟

⎠ 

= 
∂ (µHH  ) − H 

∂ (µH ) − µ ∂ 
H H  − 1

H  H  
∂µ  

+ 
∂ ⎛ 1 

ρ 
∂µ  

H H  
⎞ 

∂x j
i j i ∂xj 

j 2 ∂xi 
K K 2 K K ∂xi ∂xi 

⎜
⎝ 2 ∂ρ  K K ⎟

⎠ 

∇ i B = 0  −
∂ ⎛ 1 

µH H  ⎞ 
⎜ K K ⎟∂x 2 ⎝ ⎠i 

F =  
∂

µHH  − ∂ ⎛ 1 
µH H  − ρ

∂µ  
H H  

⎞ 
i ∂xj 

( i j ) ∂xi 
⎜
⎝ 2 K K ∂ρ  K K ⎟

⎠ 

= 
∂ ⎡

µHH  − 1 
δ H H  

⎛
µ − ρ

∂µ  ⎞⎤ 
= 

∂ 
T 

∂x j ⎣
⎢ i j 2 ij K K 

⎝
⎜ ∂ρ  ⎠

⎟
⎦
⎥ ∂x j 

ij 

T =  µHH  − 1 
δ H H  

⎛
µ − ρ

∂µ ⎞ 
ij i j 2 ij K K ⎜

⎝ ∂ρ ⎟
⎠ 

II. Air-Gap Magnetic Machines 

Courtesy of MIT Press. Used with permission. 
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A. Generalized Description 

2 kπ 

f = ∫ T n dzdy = w ∫ µ H H z  zx  x  0 z x  
S 0 

2 kπ 

dz = w ∫ r r 
0 z xH H dz µ 

x=0 0 

force on a wavelength 

(  )  − jkz ( )  =  Re  ⎡Be  − jkza z, t  = Re  ⎡⎣Ae   ⎤
⎦ ,  b  z, t  ⎣ 

 ⎤
⎦ 

π 

2π ∫ 
1
2 

⎡
⎣⎢ 

* ⎤
⎦⎥ 

1
2 

⎡
⎣⎢ 

* ⎤
⎦⎥ 

k 2 k  

(  ) (  )  Re  =  Re  A B  a  z, t  b  z, t  dz =  AB  
0 

π µ r  r *  2 w  0 ⎡ ⎤f =  Re  H H  z z xk 2 ⎣⎢ ⎦⎥ 

k 2 ⎣⎢ ⎦⎥ 
2 w  0 ⎡ r *  ⎤π µ

=  Re  −K H  r x 

⎡ 1 ⎤ s⎡ ⎤  coth kd B 
x 

⎢− 
sinh kd ⎥

⎡χ 
s 

⎤ 
⎢ ⎥  = k  ⎥ ⎢ ⎥ 

r⎢ ⎥  1
⎣ ⎦  B 

x 

µ0 ⎢
⎢
⎢⎣
− 

sinh kd 
coth kd ⎥

⎦⎥ 
⎢
⎣χ 

r 
⎥
⎦ 
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s s  1  K
s 

Η z = jk  + χ ⇒ χ  = Hz = 
jk jk 

r H
r

K 
z rχ = = − 

jk jk 

s 
r ⎡ − χ r ⎤


µ0Hx = µ0k ⎢ + χ  coth kd ⎥

⎢sinh kd ⎥⎣ ⎦ 

s r⎡ −Κ Κ ⎤

= k −  coth kd  ⎥
µ0 ⎢

⎢⎣ jk sinh kd jk ⎥⎦ 

* s 

⎡ * + µ0 r Re −K H 
r 

µ ⎤ = −Re 
⎡
⎢ j k  ⎛ K Κ * 

⎞⎤ 
⎜ + K K  coth kd  ⎟⎥ 

r r⎣ ⎦⎢ r x 0 ⎥ ⎢ k ⎜ sinh kd ⎟⎥
⎝ ⎠⎦⎣ 

* s
= Re  ⎡⎢⎣

−µ0jK  Κ sinh kd ⎤⎥⎦r s 

πw µ * 
f =  − 0 Re  ⎡jK  Κ ⎤  (force on each wavelength) z r sk sinh kd  ⎢⎣ ⎥⎦ 

B. Synchronous Interaction 

Courtesy of MIT Press. Used with permission. 
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K =s K  ss in ω t k− z = R ⎡− K e  s j(ωst-kz) ⎤e j0 ⎣⎡ s ⎦⎤ ⎣ 0 ⎦


r r ⎡ ⎤
K sin ω − ( ' − δ) ;  z' = − tK = 0 ⎣ rt  k z ⎦ z U

r= K  sin ⎡(ω + k ) − ( − δ  )⎤0 ⎣ r U t  k z  ⎦ 

r j(ωr ) jk  δ= Re  ⎡⎣− jK0  e +kU t  e ⎤
⎦ 

Κ
s
= jK− s

o ej tωs 

 − r  jk  δ j(ωr )Κ
r
= jK e  e  +kU t  

o 

πw µ ⎡ s s ωr+kU t ⎤0 j tω r  -jk  δ -j( )f =  − 
k sinh kd  

Re  ⎣j (−jK  ) e ( jK  e  ) e ⎦z 0 0 

πw µ s  r  -jk  (ω ω- r )= − 0 K K Re  ⎡je  δej s -kU t  ⎤

k sinh kd  0 0  ⎣ ⎦


For time average force ⇒ ω  = ω + kU   (synchronous condition) s r 

Usually ωr = 0  ⇒ ω  s = kU  

πw µ0 s rf =  − K  K  sin k  δz 0 0k sinh kd  

Courtesy of MIT Press. Used with permission. 

6.641, Electromagnetic Fields, Forces, and Motion Lecture 15 
Prof. Markus Zahn       Page 6 of 17 



III. Electrostatic Machine 

πw2π 2 k  

f =  Tz ∫ zx  k 0 

π1 2  w  

2 w 2 kπ 

dz  =  
π ε E E  ∫ 0 z xkx=0 0 x=0 

r 
E =  jkV  rz

r *  ⎤⎡ r
f =

2 k  
Re  ⎢⎣

ε0Ez Ex ⎦⎥z 

w ⎡ * r 
= 

π 
Re ε (− jkV  r ) E ⎤ 

k ⎢⎣ 0 x ⎦⎥ 

⎡ s ⎤ ⎢
⎡−coth kd 

1 
⎥
⎤ 

⎢
⎡V 

s ⎤ 
⎢Dx ⎥ = ε0k ⎢ sinh kd ⎥ ⎢ 

⎥
⎥⎢ ⎥ 1⎣D

r
x ⎦ 

⎣⎢
⎢− 

sinh kd 
coth kd 

⎦⎥
⎥ 

⎣
⎢V 

r ⎦
⎥ 

r ⎡ −V ⎤  s ε0Ex = ε0k ⎢ + V coth kd r ⎥ 
⎢sinh kd ⎥⎣ ⎦ 

* r  ⎡ * ⎛ − V ⎞⎤⎡ ⎤ 2  s Re ε V coth kd ⎟⎥⎢⎣
− jk ε0V E r x ⎦⎥ = Re 

⎢
⎢− jk 0Vr ⎜⎜ sinh kd 

+ r ⎟⎥⎣ ⎝ ⎠⎦ 

⎡ 2 * 
= Re  ⎢+jk ε V  V  sinh kd  ⎥⎦

⎤ 
⎣ 0 s r 
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πw	 k2ε0 ⎡ * ⎤ 
k sinh kd  ⎣ ⎦


cos  (ω − kz  )


f =  Re  ⎢jV  V  ⎥z s r 

V = V  s ts 0 s


r
V = −V cos ω t − k z' - δ ; z' = z − Utr 0 ( r ( ))

r r j(ωr+kU  )t  jk  δ
V =  − 0V e  e  
s r jωs tV = V e  0 

z	 sinh kd ⎣− 0 0 
j ω ω  -kU  t  

⎦f =  
πwkε0 Re  ⎡ j Vs Vr e-jk  δ e ( s - r ) ⎤


ω = ω +  kU 
s	 r 

πwkε 
z	 − 0 Vs 

0
r δf =  0  V sin k  

sinh kd 

IV.	 Derivation of the Korteweg-Helmholtz Force Density for Incompressible Media from 
the Quasistatic Poynting’s Theorem 

A. Poynting’s Theorem 


∂ B

∇ ×E = − 

∂t


∂ D

∇ ×H = J f + 

∂t


∇ iD = ρf


∇ iB = 0 


i ( × ) i (∇ ×  E) − E i (∇ ×  H)
∇ E H =H


∂B ∂D

= H − E − i f− i i E J 

∂t ∂t 
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B. Power In Quasistatic Electric Circuits 

Far away from the circuit elements 

∇ ×E = 0  ⇒ E = −∇ Φ  

∇ ×H = J f ⇒ ∇ i Jf = 0 

P =  − (E×H) i da  in ∫ 
S 

= + ∫ (∇ Φ ×  H) i da  
S 

= ∫ ∇ ∇ Φ × dV  i ( H) 
V 

0 

∇ ∇ Φ ×  H = H i i (∇ ×  H) 

− f i ∇ Φ  = −∇  i ( f Φ) 

i ( ) 

= J J 

( )∇ ×  ∇ Φ  − ∇ Φ  
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P =  − ∇ (J Φ)in ∫ i f dV  
V 

= − ∫ Jf Φ i da  
S 

N 

= −∑ Vk ∫ Jf i da  
k=1 S 

−Ik

N 

= ∑ V I  k k 

k=1


C. Electroquasistatics (EQS) 

J ' σ f ρf J σ + f Ohmic Media: f = E  ' = J − v ⇒ f = E ρ v 

D ε x,y,z E= ( ) 

E H da  = − V I  =  − E i ∂ ε ( )∇ i E H  dV =  × × i x,y,z  E  dV  ∫ ( ) ∫ ∑ k k  ∫ ( )∂tV S k V 

−∫E i (σ  +E ρ v  dV  )f 
V 

ε x,y,z E
V I = 

( )
i ∂ (ε ( ) ) dV + σx,y,z E dV + ρ  E i v dV∫ f∑ 

k 
k k  ∫ 

V ε (x,y,z ) ∂t ∫ 
V

E
2 

V 

2 2 
= ∫

1 
ε 

1 ∂
t 

⎡ε2 (x,y,z ) ⎤ dV + σ E dV + ρ  E i v dV∫ f2 (x,y,z  ) ∂ ⎣⎢ E ⎥⎦ ∫ 
VV V 

2 ⎤ 
2 ⎤ ∂ ⎢ 

⎡ε (x,y,z ) E ⎥∫ ε 
1 ∂ 

⎢
⎡ε2 (x,y,z ) E 

V 2 x,y,z  ( ) ∂t ⎣ ⎦⎥
dV = 

V 
∫ ∂t 

⎢
⎢ 

2

2 ε (x,y,z  ) ⎥
⎥ dV 

⎣ ⎦ 

2
ε2 (x,y,z ) E ∂ ⎛ 1 ⎞ 

− 
V 
∫ 2 ∂t ⎝

⎜⎜ ε (x,y,z ) ⎠
⎟⎟ dV 

2 

2 ⎤ E

= ∫ 

V ∂
∂ 
t ⎢⎣

⎡ 
2
1 ε (x,y,z  ) 

⎦⎥
dV  + 

V 
∫ 2 ∂

∂ 
t 

(ε (x,y,z  )) dV 
E  
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Theorem: 
d 

∫ α dV = ∫
∂α

dV + ∫ ∇ i (α v dV )dt V V ∂t V 

Conservation of mass: α = ρ  mass density 

d ∂ρ
∫ ρ dV = 0 = ∫ dV + ∫ ∇ i (ρ v dV )dt V V ∂t V 

∂ρ (ρ ) = 
∂ρ 

+ (v i ∇  ρ + ρ  ∇  ) ( i v = 0  )+ ∇ i v = 0  
∂t ∂t 

Incompressible: 
dρ 

= 
∂ρ

+ (v i ∇  ρ  ) = 0 ⇒ ∇ i v = 0  
dt ∂t 

d 
∫

∂ε
dV + ∇ ( ) = 0∫ ε dV = ∫ i ε v dV 

dt V V ∂t V 

+ ∇ i ε v =  + v i ∇ ε + ε = 0
∂ε ( ) ∂ε ( )∂t ∂t 

0 

v∇ i 

∂ε 
= − (v i ∇) ε 

∂t 

2 11 ∂ 2 ⎤
∫ ε ( ) ∂t 

⎡
⎢⎣
ε2 (x,y,z ) E ⎤ dV = 

∂ ⎡ ε (x,y,z ) E ⎥ dV ⎥ ∫ ⎢ 
V 2 x,y,z  ⎦ V ∂t ⎣2 ⎦ 

2 
E 

(−v i ∇) ε (x,y,z  ) dV  + ∫ 2V 

2 ⎤ 2 ⎡ 1
V I  =  

∂ ⎡1 ε (x,y,z  ) E ⎥ dV  + ∫ σ E  dV  + ∫ ⎢ρfE − E∑ 
2 

∇ ε⎤
⎥ i v dV  

k 
k k  ∫ 

V 
⎢⎣ ⎦ V V ⎣ 2 ⎦∂t 2 


Energy Stored (W ) Rate Power  Force Density 
E 

 Dissipated PE 

Work  Rate  =  Mechanical  Power  

21
F =  ρf E − E ∇ ε (force per unit volume) 

2 
nt/m3 
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f =  ∫F dV  
V 

force (nts) 

D. Magnetoquasistatics 

J '  = J , E' = E  v  B  ⇒ J ' = J  = σE' = (E v B)f f + ×  f f σ  + × 


= µ ( )
B x,y,z H 

H dV = E×H da = − V I = − H i ∂
µ ( )∇ i E× i x,y,z H dV ∫ ( ) ∫ ∑ k k  ∫ ( ) 

V S k V ∂t 

−∫ ⎣E'− v xB ⎦ i f⎡ ⎤ J dV 
V 

= E' i J  dV  =  E' i J  dV  Pdissipated ∫ '
f ∫ f 

V V 

Jf i (v ×B) = −Jf i (B× v) = −  ×  (Jf B) i v


∂ x,y,z H

⎡ (x,y,z  H  ) ⎤ = 

µ ( ) ∂ ⎡µ ( ) ⎤H i 
∂t ⎣

µ ⎦ µ (x,y,z  ) ∂t ⎣ x,y,z  H  ⎦


2 ⎤
= 
( 

1 

) ∂
∂

⎣⎢
⎡1 

µ2 (x,y,z  ) H ⎥µ x,y,z t 2 ⎦ 

2 ⎤ µ 2 ∂ ⎡ 1 ⎤⎥ 1 2= 
∂ 

⎡
⎢
⎢
⎢ 

1
2 

2 

(
(x,y,z 

)
) H 

⎥
⎥

− µ (x,y,z ) H ⎢ ⎥
∂ µ (x,y,z )∂t µ x,y,z 2 t ⎢⎣ ⎥⎦

⎢ ⎥⎣ ⎦ 

2 

2 ⎤
⎥ +

1 µ2 ( 
2

x,y,z ) H ∂
⎣⎡µ (x,y,z)⎦⎤= 

∂
∂ ⎡

⎢⎣ 

1 
µ (x,y,z  ) H 

t 2 ⎦ 2 µ (x,y,z ) ∂t 

d 
∫ µ dV = 0 ⇒

∂µ
+ (v i ∇) µ = 0 (∇ i v = 0)dt V ∂t 

2 ⎤ 1 2 
H i 

∂
∂ 
t 

⎡
⎣µ (x,y,z H ) ⎤

⎦ = 
∂
∂
t 

⎡
⎢⎣ 

1
2 

µ (x,y,z ) H ⎥ − H ∇µ i v 
⎦ 2 
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2 ⎤V I  =  
∂ ⎡1 

µ (x, y, z  ) H∑ 
k

k k 
V 
∫ ∂ ⎢⎣ ⎥ dV  + Pdissipated  t 2 ⎦ 

Energy density WM 

2 ⎤+∫ v i ⎢
⎡Jf ×B −

1 
H ∇ µ  ⎥ dV  

⎦V ⎣ 2 

FM = force density 

 Mechanical Power 

2 2 
WM = ∫ 2

1 
µ (x, y, z ) H dV , P = E ' i J dV = E ' i J ' dV = σ E ' dV dissipated  ∫ f ∫ f ∫ 

V V V V 

 Total Magnetic Energy 

21 
H ∇µ force density F = J  f × −BM 2 

V. Compressible Media 

A. Electroquasistatics (EQS) 

 Ohmic media: J' = σ E' 

Polarization dependent on mass density (ρ) alone, electrically linear 

( )D = ε ρ E


EQS Galilean Transformation: J = σE + ρf v


∫ ∇ i ( × ) ∫ × i ∑ 
k 

k k  ∫ ∂
∂
t ⎣

⎡ ρ E⎦
⎤ dV  E H dV =  E  H  da  =  − V I  =  − E i ε ( )  

V S V 

−∫E i (σ  + ρ  E v) dV  f 
V 

2 ⎤ρ 1 ∂ ⎡∂ ⎡ ρ ⎤ ε ( )E ∂ ⎡ ρ ⎤ 1 2 ( )E i ⎣ε ( )E⎦ = 
( )

i ⎣ε ( )E⎦ = 
( )  ⎢ ε ρ E ⎥∂t ε ρ ∂t ε ρ ∂t ⎣2 ⎦ 
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2 
E⎡1 ε2 ( )  2 ⎤ ε2 ( )ρ∂ ρ ∂ ⎛ 1 ⎞ 

= ⎢ E ⎥ − ⎜ ⎟∂t 2⎢ ε ( )ρ ⎥ 2 ∂ 
⎜ ε ( ) ⎟ 

⎦ t ⎝ ρ ⎠⎣ 

2 
⎛ ρ ⎞Eε ρ⎤ 

2 ( )2 ⎜ +1 ∂ ε ( ) ⎟E i ∂ ⎡ε ρ E⎤ = 
∂ ⎡1 ε ρ E⎣ ( ) ⎦ ⎢ ( )

∂t ∂t ⎣2 ⎥⎦ 
+ 

2 ⎜
⎝ ε2 ρ ∂t ⎟( )  ⎠ 

2 ⎤ 1 2 ∂ ε (ρ)
= 

∂ ⎡1 ε ( )⎢ ρ E ⎥ + E 
∂t 2  ⎦ 2 ∂t⎣ 

ρ ρ ∂ρ∂ ε ( )
= 

∂ ε ( ) 
; 

∂ρ
+ ∇ i (ρ v) = 0 (Conservation of mass)

∂t ∂ρ  ∂t ∂t 

∂ ε ( )ρ 
= 

∂ ε (ρ) (−∇ i (ρ v))∂t ∂ρ 


∂ ⎡1
 2 ⎤ 1 ε2 ∂ ρ( ) 
dV  −∑ V Ik k = −∫ ∂t 2⎢ ε ( )ρ E ⎥ dV  − ∫ 2 

E 
∂t⎦ Vk V ⎣ 

2 
− σ  E dV  − ∫ ρf E i v  dV  ∫ 

V V 

22 ∂ ρ1 
E 

ε ( )  
dV  =  −∫

1 
E ∇ i ρ v  dV  

∂ ε ( )∫ 
V 2 ∂t V 2 ∂ρ  

⎡1 ∂ ε 2 ⎤ ⎡1 2 ∂ ε ⎤ 
= − ∇ i E ρ v⎥ dV  + ∫ ρ v i ∇ ⎢ E ⎥ dV  ∫ ⎢ 

V ⎣2 ∂ρ ⎦ V ⎣2 ∂ρ ⎦ 

1 ∂ ε 2 ∂ ε ⎫2 ⎧ ⎡1 ∂ ε 2 ⎤ 1 
= − ρ∫ 

S 2 ∂ρ 
E v i n  da  + 

V 
∫ v i 

⎩
⎨∇ 

⎣
⎢2 

ρ 
∂ρ 

E 
⎦
⎥ − 

2
E 

∂ρ 
∇ρ  

⎭
⎬ dV  

2 ⎤ 2

∑ 
k

V Ik k =
V ∂

∂ 

⎣⎢
⎡1 ε ( )ρ E ⎥ dV  + ∫ σ E  dV  ∫ t 2  ⎦ V


1 ∂ ε
 2 
− ρ E v i n  da   

S 
∫ 2 ∂ρ


⎡ 1
 2 ⎤⎤2 ⎡1 ∂ ε 
+ v ρ E −∫ 

V 

i ⎢
⎣ 

f 2
E ∇ε + ∇ ⎢

⎣2 
ρ 

∂ρ 
E 

⎦
⎥
⎦
⎥ dV  
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where 

∂ε
∇ρ = ∇ε electric energy ∂ρ 

2 2 
ρ E  E  dV   (power dissipated) W =  ∫

1 ε ( )E dV  ,  Pdissipated = ∫ σ 
2V V 

2 ⎤1 2 ⎡1 ∂ ε
F =  ρ E ∇ε + ∇  ⎢ ρ E ⎥ force density E f E − 

2 ⎣2 ∂ρ ⎦ 

2 2 
E v i n  da  = 0 because as S → ∞ ,  E  da  → 0 

∂W 

1 ∂ ε 
∫ 2 

ρ 
∂ρS 

V I =  E + P + FE v dV  ∑ 
k 

k k ∂t dissipated ∫ 
V 

i 

Mechanical Power 

B. Magnetoquasistatics (MQS) 

MQS Galilean Transformation: 

B =  ( )µ ρ H 

J ' = J ,  E '  = E  + v xB  f f 

∇ i E xH  dV =  E xH  da  =  − V I  =  −i k k∫ ( ) ∫ ∑ ∫H i 
∂
∂
t ⎣

⎡µ ρ  ( )  

⎡
⎣E'− ×  v B⎤

⎦ i 

⎢ µ  ρ  
∂ ⎡1 2 ( )  

H⎤
⎦ dV  

J  dV f 

2 ⎤H ⎥⎦ 

2 ∂ ⎡ 1 ⎤ 
µ ρ  H− 

2
1 2 ( )  ⎢ ⎥

∂t ⎢µ ρ⎣ ( ) ⎥⎦ 

V S k 

' P  E ' J  dV = E ' Jdissipated = ∫ i f ∫ i f dV 

V 

−∫ 
V 

1 

V 

Jf i (v ×B) = −Jf i 

H i 
∂
∂ 
t ⎣ ( )H⎤

⎦ =
⎡µ ρ  

V 

(B× v) = − (Jf ×B) i v 

µ ρ( ) H ∂ ⎡µ ρ  ⎤ = 
µ ρ  ( )

i 
∂t ⎣ ( )H⎦ 

= 

µ ρ  ∂  ( )  t ⎣2 

∂ 1 2 ( ) ⎡ µ ρ
⎢

∂t 2  µ ρ⎢ ( )⎣ 

2 ⎤ 
H ⎥ 

⎥⎦ 
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2 µ ρ⎤ 1
2 ( )  2 ∂ µ ρ  ( )

µ ρ  H ⎥ + H= 
∂

⎢
⎡1 ( )

t 2 ∂t∂ ⎣ ⎦ 2 µ ρ2 ( )

2 ⎤ 1 2 ∂ µ ρ( )
µ ρ  H ⎥ + H= 

∂ ⎡
⎢ 
1 ( )

∂t 2  ⎦ 2 ∂t⎣ 

∂ µ ρ  d 
∫ ( ) dV = 0 ⇒ 

( )
+ ∇  i ⎣⎡µ ρ( ) v⎦

⎤µ ρ  = 0 
dt V ∂t


∂ µ ρ  ∂ρ ρ
∂ µ ρ  ( )  ( )  
; 

∂ i ( v) = 0  =  + ∇  ρ  
∂t ∂ρ ∂t ∂t


∂ µ  ρ 
∂ µ ρ  ( )
= 

( ) (−∇ ρ ( v))i 
∂t ∂ρ


2 ⎤ 1
 2 ∂µ ρ 
− V I  =  − 

∂ ⎡1 ( ) H ⎥ dV  − ∫ H 
∂
(
t 

)
dV  − Pdiss ∑ k k ∫ ⎢⎣ 

µ ρ  
k V ∂t 2  V⎦ 2 

∫ (J B v× ) V− f i d
V 

1 
H 

2 ∂µ ρ ( )
dV  =  −∫

1 
H 

2 ∂µ
∇  ρ  ( v) dV  i∫ 2 ∂t 2 ∂ρV V 

2 ⎤ ⎡1
∫ 

⎡
⎢ 
1 ∂µ 2 ∂µ ⎤

⎥ dV  =  − ∇ i H ρ v  dV  + ρ  v i ∇ H⎥ ∫ ⎢ 
V ⎣2 ∂ρ ⎦ V ⎣2 ∂ρ ⎦ 

2 ⎤ 12 ⎧ ⎡1 ∂µ 2 ∂µ ⎫ 
 

S 
∫

1
2 

∂
∂ρ
µ

H v i n  da  + ∫ 
V

v i ⎨
⎩

∇ ⎢
⎣2 

ρ 
∂ρ 

H 
⎦
⎥ − 

2
H 

∂ρ 
∇ρ

⎭
⎬ dV  =  − ρ 

22 ⎤ 1 ∂µ 
⎥ dV + Pdiss  − ∫ 2 

ρ 
∂ρ 

V I = µ ρ  H H v i n da ∑ k k ∫
∂ 

⎢
⎡1 ( )

∂t 2k V ⎣ ⎦ S 

2⎡ 1 2 ⎞⎤
H ∇µ  +  ∇  

⎛ 1
ρ 

∂µ
+ 

V 
∫ v J B  i 

⎣
⎢ f × − 

2 ⎝
⎜ 2 ∂ρ 

H ⎟
⎠
⎥
⎦ 

dV 
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dV,  P  

where 

∂µ 
∇ρ = ∇µ magnetic energy∂ρ 

2 ' WM = ∫
1 

µ ρ( ) H = E ' J  f dV = E ' Ji f dV   Power dissipated dissipated  ∫ i ∫2V V V 

2 ⎞1 
⎟  force density M f × −F = J  B  H  

2 
∇µ  + ∇  

⎛
⎜ 
1 

ρ 
∂µ 

H 
2 ⎝ 2 ∂ρ ⎠

2 21 ∂µ 
H v i n  da  = 0  because as S → ∞,  H  da  → 0∫ 2 

ρ 
∂ρS 

∑ V I  =  
∂WM + P + FM i v  dV  k k dissipated ∫ 

k ∂t V 

Mechanical Power 

C. Conclusions 

 Force densities 


1
 2 ⎤2 ⎡1 ∂ε
 EQS: F =  ρ E − E ∇ε + ∇ ⎢ ρ EE f ⎥2 ⎣2 ∂ρ ⎦ 

2 ⎤1 2 ⎡1 ∂µ
MQS: F = J xB  − H ∇µ + ∇  ⎢ ρ EM f ⎥2 ⎣2 ∂ρ ⎦ 
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