Massachusetts Institute of Technology
Department of Electrical Engineering and Computer Science
6.013 Electromagnetics and Applications
Quiz 1, 10/16/03

6.013 Formula sheet attached. You are also allowed to use a formula sheet on both sides of a
812"x11” paper that you prepare.

Problem 1 (30 Points)
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A uniformly distributed line charge in free space with constant density A coulombs/meter is bent
into the shape of a square with sides of length 2a. The square shaped line charge is centered
around the origin in the z=0 plane.

a) What is the approximate electric scalar potential and approximate electric field far from
the line charge so that » >> 2a? Hint: No major computation is necessary for this part.

b) What is the electric scalar potential for any point P on the z axis?
Hint: One or more of the following indefinite integrals may be useful:
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Problem 2 (30 points)
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Parallel plate electrodes with spacing d and area A enclose a lossless dielectric with space
varying dielectric permittivity

E(x)=€g,e™
A voltage source, v(t), is imposed across the electrodes. The lossless dielectric has no free
volume charge density, 0, =0, so that Gauss’ law for this problem reduces to

VD=V &(x)E]|=0.

a) Find the electric field in the dielectric. Neglect fringing field effects so that the electric
field can only be x directed and is only a function of x and t, E = E, (x,7)7, .

b) What are the free surface charge densities at each of the electrodes, o,(x =0,1) and

o, (x=d,1)?

c) What is the capacitance?
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Basic Equations of Electrodynamics
Mathematical |dentities Electromagnetic Variables Maxwell's Equations, Force
v(t) = R{Ve“}whereV = [V|g® ~E=electricfield (Vvm™) Ox E=-0 B/ot

0= %9/0x + §0ldy + 20/0z  ~H = magnetic fild (Am™) §,E- ds= —% [,B+da
“Ae B=ABx+A,By,+AB, "D = eectric displacement (Cm?) O x H="J+0d D/dt—

20— (A2Av2 + A2A2 + A2A-2q R — : - Tedee( Toedze 9 r Doz
O%@p= (0°/0x~ + 0°/0y” + 0°/0z°)¢ B = magnetic flux density (T) TCH ds—J’AJ da+ dt_[AD da
sin’0 +cos™® = 1 Tesda(T) = Weber m?=10,000gauss 3 D= p - [ Ded a=fypdv

B(OxA)=0 p = charge density (Cm™®) 3B=0 - [pBe+da=0
[x (Ox A)=0+« A)-0%A ~J=current density (Am?) O~ J=-0plot

fv(de Gdv=[a Ge+da o = conductivity (Siemensm™)  “f=q("E+ v x g H) [N]
J’A (x G)eda= S]SCG *ds ~ Js = surface current density (Am™) Waves

g = coswt +j sin ot
cosa + cos3 =2 cos[(a+p)/2] cod (a-B)/2]
H(f) = [ h(t)e™“at Boundary Conditions

ps = surface charge density (Cm®) (0 - ued”/ot”)”E = 0 [Wave Eq)]
(DZ + kz)_E — O, E - Eoe—jkdT
k = w(pe)*® = wic = 2rA

€= 1+x+x72 +x%3 + ... "Ey- Ey =0 ke” + Ky + k” = ko” = e
sina = (€ —&')/2) “Hy - Hyy = AX Ks vp=wk, vg=(0kidw)™
cosa = (d° + €19)/2 Big-Bay =0 E,(z.t) = E.(z-Ct)+E (z+ct) = R E,(2)€*"}

Planar Interfaces "Din- Do =ps Hy(z,t) = No [ E+(z-ct)-E(z+ct)] [or(wt-kz) or (t-z/c)]
0, =6 0=0if o=c0 JaC Ex H)e d”a+ (d/dt) [y ([ E]%/2 + pu[H|%/2)av
sin B/sin 6;= ki/k; = ni/n, =-fy B Jdv (Poynting Theorem)
8. = sin(n/n) Radiation

Antennas
G(8,9) = P/(Pr/4TT?)
Pr = [4P.(8,@,r)r’sinBd6de

Prec = P,(G,(p)Ae(G,cp)
Ad0,9) = G(6,pNY/4T

0>0, 0 E=ETe™ k22 “E=_[p -9 A/6t, B=Ox A
k=K -k o) = fv(e(ne ™™ Yang 1 r)av’
r=I-1 A = (o I )M YA av
Tre = 2/(1+[NnocosB/N:cosB] ) “Ei = § (inokld/4m) €' sing
Trm = 2/(1+[ncosBy/nicoshy]) 0% + w’logo® = -pleo

s = tan™(e/€;)%> for TM O7A + wHoto A = -Ho J
Py O kf/208 [Wm™]

R: = Pr/<i¥(t)> Ex(600) = (j€“IAr)[aE(X,y) ejkx

Constants
€, = 8.85x102 Fm?

Ho = 411X10”" Hm'*
C = (gollo) *° 03x10%ms*
h=6.624x10°* Js

e=-1.60x10°C
k=1.38x102 JK?

No 03770hms =(po/€0)>°
me = 9.1066x10°" kg

Media
"D=g E+ P
D= p;, 1=¢/0

Ce o E= Prtpp

[+ P=-pp, J=0 E
B=p H=p( H+ M)
£ = go(1-wp 7 0)
o) = (Ne*/meo)>°
et = €o(1 — jO/WE)

skin depth & = (2/wuo)® [m]
Prec = Pr(GMNATr?)044T

E = ziaiEie_jkri =

(element factor)(array f)
Epit = ~4x107° []
Z1> = Z1 if reciprocity

x+kyy dxdy
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TEM Transents
ov(z)/dz = -Loi(z)/dt
0i(2)/dz = -Cov(z)/dt
0%v/dz* = LC o*v/dt?
v(z,t) =f.(t - z/c) +f.(t + Z/C)
=g«(z—ct) +g.(z +ct)
i(zt) = Yo[f+(t - z/c) -f.(t + z/c)]

Circuits
KCL: Z; li(t) = 0 at node
KVL: Z; Vi(t) = 0 around loop
C=Q/V =A¢g/d[F]
L=A/I
i(t) = C dv(t)/dt
v(t) = L di(t)/dt = dA/dt
Coaralle = Cl +C c= (LC) = (HS)
Coeries = (Cl +Cy ) Zo Yo = (L/C)
We = CVA(1)/2; W = Li%(t)/2 T =f/f. = (RL—Zo)/(RL + Zo)
L solenoid = NZHA/W V(Z t) g+(z Ct) +0 (Z + Ct)

1=RC, T=L/R V1n = 2f4(t), Rrn = Zo
A =[x B «d a(perturn)

Waveguides Electromagnetic For ces
“Ere= §E snk x[B ¥ Tf=q( E+ v x o H) [N]
“Ere= VE, sin kxe " f, = -dw-/dz

ke + kz = wz(uoso) F=T1 x o H[NmMY
)\ ()\0 W "Ee=- VX Hinsidewire
vp = ¢/sinG; = wk; Max f/A = B%/210, D¥/2e, [NM?
. dz
V= dt T
Kinematics

f = ma=d(mv)/dt
X = Xo + Vgt + /2
P=fv[W]=Tw
Wi = mv2/2
T=1dw/dt

| =2 mil’i2

RL C Resonators
Zsoies= R+ jwlL + 1/jwC

TEM Sinusoidal Steady State
(d¥dz® + W’LC)V(2) = 0

V(2) = V. + Vv g% Ypa= G+jwC + Ujol
1(2) = Y [V — V.64

k = 277\ = wic = w(pe)®® Q= OQ)WT/Pd.SS /AW
Z(2) = V(2)/1(2) = ZoZn(2) W = (LC)®®

Zy(2) = [1+L (@)]/[1-(2)] = R + jXn
[(2) = (VIV)EM = [Z4(2)-1)/[Z(2)+1]

Z2(2) = Zo(Z,-jZotank2)/(Zo-] Z tankz) EM Resonators

VSWR = |V mexl/ [V min| = Ramax At Wy, <We> = <Wp>
<we> = [y (e[ Ef74) dv
<Wir>= fy ([ HF/4) dv
Qn (QwWTn/ I:)n wnl 2(xn
Acoustics franp = (¢/2)([MVa] *+[Vb] *+[ p/d]?)*°
P=Po+p, U= Us+u Sh=joy - an

Op =-pod u/ot

3 u=-(UyP.,)op/ot

(0% - k262/6t2)p =0

k? = wlcs’ = WpolyPs
Cs=Vp=Vg= (VPo/po)05 or (K/po)o5

Ns = P/U = PoCs = (poVPo) N gases

ns—(pOK)Ossolids liquids
P, Ug continuous at boundaries
p=p: ej z+pe+1kz
U, = ns'(p:e’*- p
Jauped a+ (d/dt) fv(Pol U 12 + p2yPo)dv=0

Quantum Phenomena

E = hf, photons or phonons
hf/c = momentum [kg ms™]
dny/dt = -[An, + B(nz — ny)]

+j kz)
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