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6.013 Electromagnetics and Applications
Quiz 1, 10/16/03

6.013 Formula sheet attached. You are also allowed to use a formula sheet on both sides of a
8/2"xll" paper that you prepare.

Problem 1 (30 Points)
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A uniformly distributed line charge in free space with constant density coulombs/meter is bent
into the shape of a square with sides of length 2a. The square shaped line charge is centered
around the origin in the z=0 plane.

a) What is the approximate electric scalar potential and approximate electric field far from
the line charge so that r >> 2a? Hint: No major computation is necessary for this part.

b) What is the electric scalar potential for any point P on the z axis?
Hint: One or more of the following indefinite integrals may be useful:
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Problem 2 (30 points)
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Parallel plate electrodes with spacing d and area A enclose a lossless dielectric with space
varying dielectric permittivity

e(x) = oe
A voltage source, v(t), is imposed across the electrodes. The lossless dielectric has no free
volume charge density, p = O, so that Gauss' law for this problem reduces to

V-. = V.[()E] = 0.

a) Find the electric field in the dielectric. Neglect fringing field effects so that the electric
field can only be x directed and is only a function of x and t, E = E,(x, t)i .

b) What are the free surface charge densities at each of the electrodes, a, (x = O0,t) and

a,(x = d,t) ?

c) What is the capacitance?
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Basic Equations of Electrodynamics

     Mathematical Identities    Electromagnetic Variables  Maxwell's Equations, Force        Constants 

j jφv(t) = Re{Ve ωt}where V = |V|e  E = electric field (Vm-1) ∇ ×E = -∂ B/∂t εo = 8.85×10-12 Fm-1 

∇ = x ˆ ∂/∂x + y ˆ ∂/∂y + z ̂ ∂/∂z  H = magnetic field (Am-1) î∫c
E ds  = − d B • da  µo = 4π×10-7 Hm-1• dt ∫A 

-0.5 ≅ 3×108 A• B = AxBx + AyBy + AzBz  D = electric displacement (Cm-2) ∇ ×H = J + ∂ D/∂t c = (εoµo) ms-1 

2∇ 2φ= (∂2/∂x2 + ∂2/∂y2 + ∂2/∂z )φ B = magnetic flux density (T) H ds  = ∫A
J • da  + d D • da  h = 6.624×10-34 Jsî∫c 

• dt ∫A 
sin2θ + cos2θ = 1 Tesla (T) = Weber m-2 = 10,000 gauss ∇ •D = ρ → ∫A D • d a = ∫ V ρdv e = -1.60×10-19 C 
∇ • ( ∇ ×A) = 0 ρ = charge density (Cm-3) ∇ •B = 0 → ∫AB • d a = 0 k = 1.38 ×10-23 JK-1 

∇ × (∇ ×A) = ∇ (∇ • A) - ∇ 2 A  J = current density (Am-2) ∇ • J = -∂ρ/∂t ηo ≅ 377ohms =(µo/εo)0.5 

∫V(∇ • G)dv = ∫AG • d a σ = conductivity (Siemens m-1)  f = q( E + v × µoH) [N] m e = 9.1066×10-31 kg 
(∇× G da  = G • ds  Js = surface current density (Am-1) Waves∫A 

)• î∫c 
ejωt = cos ωt + j sin ωt ρs = surface charge density (Cm-2) (∇ 2 - µε∂2/∂t2) E = 0 [Wave Eq.] Media 

E = E oe − jk • rcos α + cos β = 2 cos [(α+β)/2] cos[(α-β)/2] (∇ 2 + k2) E = 0,  D = εo E + P 
H(f) = ∫-∞ 

+∞ h(t)e-jωtdt Boundary Conditions 
ex = 1 + x + x2/2! + x3/3! + …  E1// - E2//  = 0 
sinα = (ejα – e-jα)/2j  H1// - H2//  = n ˆ ×Ks

k = ω(µε)0.5 = ω/c = 2π/λ ∇ •D = ρf, τ = ε/σ 
kx

2 + ky
2 + kz

2 = ko
2 = ω2µε ∇ • ε o E = ρf + ρp 

vp = ω/k, vg = (∂k/∂ω)-1 ∇ • P = -ρp,  J = σ E 
j jcosα = (e α + e-jα)/2 B 1⊥  -B 2⊥  = 0 Ey(z,t) = E+(z-ct)+E-(z+ct) = Re{Ey(z)e ωt} B = µ H = µo( H + M)

2     Planar Interfaces  D1⊥  - D2⊥  = ρs Hx(z,t) = ηo
-1[E+(z-ct)-E-(z+ct)] [or(ωt-kz) or (t-z/c)] ε = εo(1-ωp /ω2)

0.5θr = θi  0 = ↵  if σ=∞ ∫A( E×H)• d a + (d/dt) ∫V(ε|E| 2/2 + µ|H| 2/2)dv ωp = (Ne2/mεo)
sin θt/sin θi= ki/kt = ni/nt
θc = sin-1(nt/ni) Radiation

 = -∫V E• J dv (Poynting Theorem) εeff = εo(1 – jσ/ωε) 
skin depth δ = (2/ωµσ)0.5 [m] 

θ > θc ⇒  Et = EiT xe −+α jk z z  E = -∇φ  - ∂ A/∂t, B = ∇ ×A Antennas Prec = PR(Gλ/4πr2)2σs/4π 
 k = k'  j k" φ(r) = ∫V'(ρ(r)e -jk| r'- r|/4πεo|r'- r|)dv' G(θ,φ) = Pr/(PR/4πr2) E jkr iii ia  E  e−= Σ  = 
Γ = T -1  A(r) = ∫V'(µο J( r )e-jk| r'- r|/4π|r'-r |)dv' 
TTE = 2/(1+[ηocosθt/ηtcosθi])  Eff = ϑ̂  (jηokId/4πr) e-jkr sinθ
TTM = 2/(1+[ηtcosθt/ηicosθi]) ∇ 2Φ + ω2µoεoΦ = -ρ/εo 

PR = ∫4πPr(θ,φ,r)r2sinθdθdφ
 Prec = Pr(θ,φ)Ae(θ,φ)
Ae(θ,φ) = G(θ,φ)λ2/4π

  (element factor)(array f) 
Ebit ≥ ~4×10-20 [J] 
Z12 = Z21 if reciprocity 

jk x x +
θB = tan-1(εt/εi)0.5 for TM ∇ 2Α  + ω2µoεoΑ  = -µοJ R r = PR/<i2(t)> Eff(θ≅ 0) = (jejkr/λr)∫AEt( ) 

jk y y 
dxdy x,y e 

Pd ≅ | Js|2/2σδ [Wm-2] 
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Circuits 	 TEM Transients    TEM Sinusoidal Steady State RLC Resonators 
KCL: Σi Ii(t) = 0 at node ∂v(z)/dz = -L∂i(z)/dt  (d2/dz2 + ω2LC)V(z) = 0 Zseries = R + jωL + 1/jωC 
KVL: Σi Vi(t) = 0 around loop ∂i(z)/dz = -C∂v(z)/dt  V(z) = V+e-jkz + V-e+jkz Ypar = G + jωC + 1/jωL 
C = Q/V = Aε/d [F] ∂2v/dz2 = LC ∂2v/dt2 I(z) = Yo[V+e-jkz – V-e+jkz] 
L = Λ/I v(z,t) = f+(t - z/c) + f-(t + z/c) k = 2π/λ = ω/c = ω(µε)0.5 Q = ωowT/Pdiss = ωo/∆ω 
i(t) = C dv(t)/dt = g+(z – ct) + g-(z + ct) Z(z) = V(z)/I(z) = ZoZn(z) ωo = (LC)-0.5 

v(t) = L di(t)/dt = dΛ/dt i(z,t) = Yo[f+(t - z/c) - f-(t + z/c)] Zn(z) = [1+Γ(z)]/[1-Γ(z)] = Rn + jXn 
-0.5 Cparallel = C1 + C2 c = (LC)-0.5 = (µε) Γ(z) = (V-/V+)e2jkz = [Zn(z)-1]/[Zn(z)+1] 

-1)-1 0.5Cseries = (C1
-1 + C2 Zo = Yo

-1 = (L/C)
we = Cv2(t)/2; wm = Li2(t)/2 ΓL = f-/f+ = (RL – Zo)/(RL + Zo) 
Lsolenoid = N2µA/W v(z,t) = g+(z – ct) + g-(z + ct) 
τ = RC, τ = L/R VTh = 2f+(t), RTh = Zo ` 
Λ = ∫AB • d a (per turn) 

Z(z) = Zo(ZL-jZotankz)/(Zo-jZLtankz) EM Resonators 
VSWR = |Vmax|/|Vmin| = Rnmax	 At ωo, <we> = <wm> 

<we> = ∫V (ε| E|2/4) dv 
<wm>= ∫V (µ| H|2/4) dv 
Qn = ωnwTn/Pn = ωn/2αn 

0.5 Waveguides Electromagnetic Forces	 Acoustics  fmnp = (c/2)([m/a]2+[n/b]2+[p/d]2)

ˆ ETE = Ey	 sin k x ⋅ e 
− jkzz 

 f = q( E + v × µoH) [N] P = P o + p,U =  Uo + u sn = jωn - αno	 x


−αz

 ETE = Ey	 sin k x ⋅ e fz = -dwT/dz ∇ p = -ρo∂ u/∂t      Quantum Phenomenaˆ o x 

kx
2 + kz

2 = ko
2 = ω2(µoεo) F = I × µo H [Nm-1] ∇ • u = -(1/γPo)∂p/∂t E = hf, photons or phonons 


-2)-0.5
λg = λz = (λo
-2 - λx  Ee = - v × µo H inside wire (∇ 2 - k2∂2/∂t2)p = 0 hf/c = momentum [kg ms-1] 

vg = c sinθi = (∂kz/∂ω)-1 P = ωT = WT dVolume /dt [W] k2 = ω2/cs
2 = ω2ρo/γPo dn2/dt = -[An2 + B(n2 – n1)]

0.5vp = c/sinθi = ω/kz Max f/A = B2/2µo, D2/2εo [Nm-2] cs = vp = vg = (γPo/ρo)0.5 or (K/ρo)

vi = dwT + f dz	 ηs = p/u = ρocs = (ρoγPo)0.5 gases dt dt 
Kinematics ηs = (ρoK)0.5 solids,  liquids 

f = ma = d(mv)/dt p, u⊥  continuous at boundaries 
x = xo + vot + at2/2 p = p+e-jkz + p-e+jkz 

P = fv [W] = Tω uz = ηs
-1(p+e-jkz - p-e+jkz) 

wk = mv2/2 ∫Aup • d  a + (d/dt)∫V(ρo| u |2/2 + p2/2γPo)dV=0 
T = I dω/dt 
I = Σi miri
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