7.1 Integration by Parts (page 287)

CHAPTER 7 TECHNIQUES OF INTEGRATION

7.1 Integration by Parts (page 287)

Integration by parts is the reverse of the product rule. It changes [ u dv into uv minus fvdu.Incase u ==z
and dv = ¢?*dz, it changes [ ze?*dz to %erx minus [ % e3Xdx. The definite integral f: ze?*dz becomes %e"

minus i

In choosing u and dv, the derivative of u and the integral of dv/dz should be as simple as possible.
Normally In z goes into u and e* goes into v. Prime candidates are u = z or z? and v = sinz or cos x or eX.
When u = z? we need two integrations by parts. For [ sin~! z dz, the choice dv = dz leads to x sin~1x minus

[xdx/V1-x2.

If U is the unit step function, dU/dz = § is the unit delta function. The integral from —A4 to A is U(A) —
U(—A) = 1. The integral of v(z)6(z) equals v(0). The integral f_l_ 108 = §(z)dx equals 1. In engineering, the
balance of forces —dv/dz = f is multiplied by a displacement u(z) and integrated to give a balance of work.

1—-zcosz+sinz+C 8 —ze*-2z+C 5 z%sinz + 2zcosz — 2sinz + C
Ti2z+1)In(2z+1)+C 9 Le*(sinz—cosz)+C 11 ;£ x(asinbz— beosbz) + C

13 Z(sin(In z) — cos(ln z)) + C 15 z(lnz)? - 2zlnz + 22+ C 17 zsin 'z +V1-224+C

19 3(z* +1)tan" 2z -2 +C 21 z%sinz + 3z%cosz — 6zsinz — 6cosz + C

28 ¢*(z®* - 322+ 62— 6) + C 25 ztanz + In(cos z) + C 27 -1 29 —2.7%2+1 81 -2
333In10-6+2tan~!3 $5u=z"v=¢" 87 u=z"v=sinz $9u=(nz)",v==z

4l u=zsinz,v=¢*— [e*sinz dz in 9 and — [ zcosz ¢*dz. Then u = —zcosz,v=¢* — [e*cosz dz
in 10 and — [ zsin z edz (move to left side): £ (zsinz — zcos z + cos z). Also try u = ze®,v = —cos z.
438 [ usinu du= I(sinu — ucosu) = 1(sin 2% — 22 cos z%); odd 45 3- step function; 3¢®- step function

49 0;z8(z)] — [ 6{z)dz = —1;v(z)6(z)] — [ v(z)6(=)dz 51 v(z) = f: f(z)dz

58 u(z) = L [ v(z)dz; £ (2 - £),2 forz < $r(2z—22-})forz> 4 2forz< 1, forz> L.
2 2

55u=z cosz — (2z)sinz — [ 2sinz dz 57 Compare 23

59 uw'[§ — [i u'v/ — w'w]} + [} '’ = [uw — v'w]}

61 No mistake: e* coshz — e® sin hz = 1 is part of the constant C

,U= —CO8Z — —Z

2uv— [vdu=1z(ie!®) - [Let®dz=c**(2- L)+ C
4uv— [vdu=1z(}sin3z) — [1sin3zdz = Zsin3z+ Scos3z+C
6uv— fvdu= (lnz)’;—’— ’—;—‘i—' = %’lnz—’—:--i-c
8 uv — [ vdu=2?(1e**) — f(}¢**)2z dz = (Problem 2) e“(%’- -2+ 5)+C
10 [ ¢*cosz dz = ¢ sinz — [ ¢*sin z dz. Another integration by parts produces ¢*(sin z+ cos z) — [ ¢ cos z dz.
Move the last integral to the left side and divide by 2: answer 1e*(sinz + cos z) + C.

12 Not by parts. Substitute u = z?,du = 2z dz: [ %c"‘du = ——%e"" = —%c"’ +C.
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7.2 Trigonometric Integrals (page 293)

14 [ cos(Inz)dz = uv — [ vdu = cos(In z)z + [ zsin(Inz) 1 dz = again by parts givescos(ln z)z + sin(In z)z
— [ zcos(In z) 1dz. Move the last integral to the left and divide by 2: answer £ (cos(lnz) + sin(lnz)) + C.

18 uv— [vdu= (Inz) —-——f‘ dz —(lnz)—-———-+C

18 uv— [ v du=cos™!(2z)z + fzﬁ%:; = zcos™}(2z) — 1(1-42%)/2 + C.

20 [ z%sinzdz = z%(— cosz) + [ cos z(2z dz) = again by parts gives —z?cos z + (sin z)2z — [sinz(2 dz) =
answer: —z2cos z + 2zsinz + 2cos z + C.

22 uv — [ v du = z*(— cos z) + [(cos z)3z%dz = (use Problem 5) = —2° cos z + 3z%sinz + 6z cos z — 6sin z + C.

24uv—fvdu=sec'1z(%’-)— %’_Izl\/ﬁ ;sec’lz+%v1—:z:2+0.
26 uv— [vdu=zcoshz — [ coshz dz =z coshz —sinhz + C.
28 fol eVidz = f:f:o e“(2udu) =2¢*(u— 1)} =2. 30In(z?) =2Inz; [ 2Inz dz = [2(zlnz - z)]{ = 2.

32 f" z sinz dz = [sinz — zcos z|T, = 2.
84f 2% sin z dz = (Problem 20) [—z? cosz+2zsmz+2cosz]o =r-2.
36 [z"e*®dz=2"<- — 2 [z"1e%dz. 38 [z"sinzdz=—z"cosz+n [z" " !cosz dz.

40 [ z(lnz)"dz = (lnz)"% — [ %’-n(ln g)ridE = E,;—(ln z)* — 2 [ z(lnz)* " !dz.

42 Try u =tan"' z and dv = z¢® dz s0o v = (z— 1)¢®. Then [ v du = [ &=} ¢ dz. [ believe this cannot be done
in closed form; that is true for f ﬁzidz.

44 (a) e =1; (b) v(0) (c) O (limits do not enclose zero).

46 f §(2z)dz = fu_ 7 S(u)% = -2 Apparently §(2z) equals 26(z); both are zero for z # 0.

48 fo §(z — 3)dz = f_1/25(u)du =1 [ z{)'(:c - 3)dz = _1{72 e*+36(u)du = e1/2;6(z)6(z — 1) = 0.

50f U(z)SZdz = (dxrectly) (3 (U(:c)) )s =

52 ——- —zgwesv-—-——+C—— 5 +2, —;—U(z—l) gives a change in slope at z = 1 :
u-—Cfor:r:< and v=C—(z— 3) for z > 1; take C = gtomakev(l)—o,

—-———6(::— )gwesv:Cfor:z:<%andv=C’——1forz>%;takeC:1tomakev(1)=0.

54 ¥ A = E over the interval from z = —Az to z = 0. Elsewhere AU = 0. The area under the graph is
(ﬁ)Ax = 1. As Az — 0 the area is tall and thin. In the limit [ §(z)dz = 1.

56 (— 1)" m 4% gy + (~1)H [ Euy ) da.

58 7 110)dt (o — I o du— £t~ ) + o = ()t = 2°0)-+ 3o — ().

60 A= f:lnz dz = [z Inz — z]{ = 1 is the area under y=Inz. B = fol e¥dy = e — 1 is the area to the left of

= Inz. Together the area of the rectangleis 1+ (e — 1) =e.

82 The derivative is C(ae® cos bz —be®” sin bz)+ D(ae®® sin bz + be®” cos bz). This equals e** cos bz if Ca+Db = 1

and —Cb + Da = 0. These two equations give C = ;—2—_%5—2- and D = ;2%;7. Knowing the correct form

in advance seems easier than integrating.

7.2 Trigonometric Integrals (page 293)

3 , replace cos® r by 1 — sin?x. Then (sin* z — sin® z) cos z dz is (u4 - u6)du. In

b

To integrate sin z cos

terms of u = sin z the integral is %u - ,}u-’. This idea works for sin™ z cos™ z if m or n is odd.

If both m and n are even, one method is integration by parts. For f sin® z dz, split off dv = sinz dz.
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7.2 Trigonometric Integrals (page 293)

Then — fvduis 3 sin%x cos?x. Replacing cos? z by 1 — sin2x creates a new sin*z dz that combines with
the original one. The result is a reduction to [ sin® z dz, which is known to equal %(x — 8in x cos x).

The second method uses the double-angle formula sin®z = %(1 — co8 2x). Then sin*
Another doubling comes from cos? 2z = %(1 + cos 4x). The integral contains the sine of 4x.

To integrate sin 6z cos 4z, rewrite it as -;-sin 10z + %sin 2x. The integral is —-Ilucos 10x —%cos 2x. The
definite integral from O to 2x is sero. The product cos pz cos gz is written as } cos(p + g)z + % cos(p — q)x.
Its integral is also zero, except if p = q when the answer is .

With u = tan z, the integral of tan® z sec? z is Ilatanlox. Similarly [ sec® z(sec z tan z dz) = i%seclox.
For the combination tan™ z sec™ z we apply the identity tan?z = 1 + sec?

ftan z dz = —In cos x and [ sec z dz = In(sec x + tan x).

x. After reduction we may need

1 f(1—cos?z)sinz dz = —cosz + §cos® 2+ C 8 isin’z+C

5 [(1-u?)?u?(—du)=—1cos®z+ 2cos®z— }cos’ z+C 7 3(sinz)3/2+ C

91 [sin®2zdz=L(—cos2z+}cos®22)+C 11§ 18 (3 +4ssz) 40

15z+C 17 L cos® zsinz + 2 [ cos* z dz; use equation (5)

19f"/2cos"zdx= n=1 o"ﬁ cos" 2gdg=...=2-1n=3...1 :lzdz

21 I=—sin""zcosz+(n—1) fsin"?zcos? z dz = —sin" " zcosz+ (n— 1) fsin" "2z dz — (n — 1)I.
So nl = —sin" !z cosz+ (n—1) [sin" "2 z dz.

23 0,+,0,0,0, — 25 _%6083 z,0 27 — l(conZz + colQOOz)’ 29 1 (smz?)go:: + Lﬂzzﬁ)’o

81 —1cos 2,0 38 [ zsinzdz= [ Asin®zdz— A=2 85 Sum = zero = 1 (left + right)
37 pis even 89 p— g is even 41 secz+C 43 1tan’z+C 45 Llsec®z+C

47 L tan’z —tanz +z+C 49 In |sinz| + C 51 71— +C 53 A= v/2,—/2sin(z + %)
55 4/2 511“’/%9 59 l-coszdsinz L ¢ @1 pand gare 10 and 1

14cos z+sinz

2 [cos® zdz = f(1 —sin® z) cos z dz = sin x — §¥+C'

4 [cos®zdz = [(1—sin?z)?cosz dz = [(1 — 2sin? z + sin* z) cos z dz = sin x — %sinsx+ %sin5x+0’

8 [sin® zcos® z dz = [ sin® z(1 — sin® z) cos z dz = i-ain‘x - %sin6x+0

8 f\/smcoss z dz = [ Vsinz(1 — sin® z) cos z dz = %(sinx)‘.’/2 - %(sin x)"/2 +C

10 [ sin® azcos az dz = Si%# + C and [sinazcosaz dz = % +C

12 foﬂ sintz dz = fo’r( 1-c;.gz)2dz = %f:(l— 2 cos 2z + l;tc;ltlz)dz = [Sz !.M + sm4z]x = 31:

14 fsin22C082 zdz=| l—cglz.z Licos 224y = | l—co:’ 2z g, f(% - l:tcoslz)dz - § - l1n4x +C

16 [ sin® zcos? 2z dz = [ 150832 082 37 dz = [(Ltegeds _ cosdz(y _ gin? 27))dz =
1 +sm4x 81!‘1‘2)!_{_ 81111322:: + C. This is a hard one.

18 Equation (7) gives fo cos" z dz = [m]"/ 2 pnol e "/2 ¢0s"~2 z dz. The integrated term is zero
because cos § = 0 and sin 0 = 0. The exception is n = 1, when the integral is [sin z]g/ =1

20 Problem 18 yields [ 12 cogh z dg = B=L ["/2 cogn=2 5 g = B=1n=3 ("/2 ,in—4 ;47 For odd n this

n 0 n n—-2J0
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7.2 Trigonometric Integrals (page 293)

continues to n_;_l_,g_i:s . %, times f:lz cos zdz = 1. Writing from low to high this is 35 o -

22 f: cos z dz = 0 because the positive area from 0 to % is balanced by the negative area from 7 to x. This
is true for any odd power n = 1,3,5,--- (For even powers cos™ z is always positive). The substitution
u =7 — z and du = —dz gives [; cos® zdz = — f: cos™ (x — u)du = [ (—1)" cos™ u du.

So if n is odd, the integral equals minus the integral and must be zero.

24 (sin z)(sin ) = —3 cos(1+1)z+ 3 cos(1—1)z is the double angle formula sin?x = %; (cos2z)(cos z) =
2 cos(2+1)z+1 cos(2—-1)z = &-’Az-t‘!_%&_ To derive equation (9), subtract cos(s+t) = cos scos t—sin s
sin ¢ from cos(s — t) = cos scos ¢t +sin tsin t. Divide by 2. Then set s = pz and ¢ = qz.

26 [, sin3zsin b5z dz = [ —cosBitcosdzgy = [___—sifan + sinT_leg =0.

28 [ cos?3zdz = [ lteplegr— (R 4 %565]’_’, =

80 [ sinzsin2zsin 3z dz = [ " sin 2g(=cordzicosdz) gy - JE sin 2g(1=2c0s’ Jabeos 22y,

[—9%—2; + QQ;E - c_o_l;:_Zx_]gg = 0. Note: The integral has other forms.

32 [y z cos zdz =z sin z|f — [ sinz dz = [x sin x + cos x|§ = —2.

34 [ 1sin3z dz = [ (Asinz+ Bsin2z+Csin3z+- - ) sin 3z dz reduces to [—<2432|7 = 0+0+C [ sin’ 3z dz.
Then 2 =C(5) and C = 3%_

86 The square wave is —1 and 1 periodically. To find A, multiply the series by sin z and integrate from 0 to  :
Jy 1sinzdz = [ (Asinz+--)sinz dzyields 2 = A(§) and A = % To find B, multiply the series by sin 2z
and integrate: [, 1sin2z dz = fo"(A sinz+ Bsin 2z + - - ) sin 2z dz yields 0 = B [ sin® 2zdz and B = 0.

38 [ cos gz dx = [MBIZ]r — SIRIT which s zero if ¢ is any nonzero integer.
] g q 10 q

40 “Always sero” means for positive integers p # ¢. Then [ sin pzsingz dz = [ = cos(pt ")’2+°°’(p =92 4z =

[— sin(p+¢)z + sin(p—q)z ]g =0.

2(p+9) 2(p—q)
42 [tan5zdz = [ 8852y = —-% Injcos 5x| (set u = cos5z to find [ 39¢).

44 First by substituting for tan? z : [ tan? zsec z dz = [sec® z dz — [ sec z dz. Use Problem 62
to integrate sec® z : final answer %(sec x tan x — In|sec x + tan x|) + C. Second method from
line 1 of Example 11: [ tan? zsec zdz = sec ztanz — [ sec® z dz. Same final answer.

46 [sec* z dz = [ sec? z(1+ tan? z)dz = tan x + ta_r;g'_x +C

48 [tan®zdz = [(sec? z — 1) tan® z dz = t“—';‘—’ ~ [tan®z dz = %—f(seczz—l)tanzdz=
t_a:u - % — In|cos x|+ C

50 OK to write down In|csc x — cot x| or —In|csc x + cot x|. For variety set u = £ —z and integrate — [ sec udu.
52 This should have an asterisk! [ gf;fd:: = (1=cot?a)® g J (sec® z — 3sec £+ 3cos z — cos® z)dz = use

cosd z

Example 11 = Problem 62 for [ sec® z dz and change [ cos® z dz to [(1 — sin® z) cos z dz.
inS
Final answer 593-’—‘2'-321—" - g—lnlsec x + tan x|+ 2 sinx + 85X + C.
54 A =2:2cos(z + &) =2cos zcos I — 2sin zsin ¥ = cos z — v/3sin z. Therefore [ (—c;—z—:g"\/m =
|ttty = ltan (x+ 3) +C.
56 Expand cos(z — a) = cos z cos a + sin z sin &, multiply by v'a? + 42, and match with acosz + bsin z.

_ a . _ b . . _b . . .
Then cos a = 22 and sin a = 2.2 is correct if tana = 2 (the right triangle has sides a and b).

2. The area from the equator to latitude z is then

58 When lengths are scaled by sec z, area is scaled by sec
proportional to [ sec? z dz = tanz.
60 The graphs of sin? z and cos? z obviously give equal areas between 0 and % and between 7 and . The areas

add to fo" 1dxz = 7 so each area is :I;
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7.3 Trigonometric Substitutions (page 299)

62 Example 11 ends with 2 [ sec® z dz = sec ztan z + [ sec z dz. Divide by 2 to find [sec®z dz =
%(secxtanx-i-lnlsec x + tanx|) + C.

7.3 Trigonometric Substitutions (page 299)

The function /1 — 22 suggests the substitution z = sin 6. The square root becomes cos # and dz changes to
cos § df. The integral f(l - 3:2)3/2dz becomes fcos‘ﬂ df. The interval % < z <1 changes to % <6< i—

or Va2 — z2 the substitution is £ = a sin § with dz = a cos # df. For z2 — a? we use z = a sec § with
dz = asecftand. (Insert: For 2% + a? use z = a tand). Then [dz/(1 + z?) becomes [ df, because
1+ tan? 0 = sec2d. The answer is § = tan~! z. We already knew that —l—z— is the derivative of tan™?!
1+x

The quadratic z2 + 2bz + ¢ contains a linear term 2bz. To remove it we complete the square. This gives
(z+5)2 + C with C = ¢ — b2. The example 22 + 4z +9 becomes (x + 2)2 + 5. Then u = z + 2. In case z2 enters
with a minus sign, —z2 + 4z + 9 becomes —(x — 2)2 + 18. When the quadratic contains 4z2, start by factoring
out 4.

1z=2sin0; [dd=sin™'2+C  8z=2sinb; [4cos?ddf =2sin ' 2 +24/1-2 +C
5z=sin; [sin®ddf=1sin"'z—LzvV1-22+C

Tz=tanf; [cos?fdf=Ltan 'z + 755 +C

9 z=5sect; [5(sec? § — 1)df = V22 — 25 —5sec™! £ +C
llz=sec0'fcosﬂd0-£+0 13 z =tan¥f; [ cosf df =
15 7 =3sech; [ 228H = =l 4 C= s tC

17 z =secl; [sec® 0§ df = Lsecftanf + ;In(secf + tanb) + C = 1zvz2 — 1+ tIn(z + V22 - 1)+ C

z
Vi+z? +C

19 z=tanf; [e8dl — 1 1 C= 3@-&-0

2] [=8n8dd =~ g4 C=—cos~'z+C;withC=F thisissin™'z

23 ——;—-———‘“g::"oo % = —In(cosf) + C =InVz2 + 1+ C whichis 1In(z2 +1) + C

25 z = asin 6, f"ljz a2 cos?d df = 9—;1 = area of semicircle 27 sin ' z] = I-£=%

29 Like Example 6: z = sin§ with § = 7 when z = 00,6 = T when z =2, f"/z%":;%o —1+V,L5

81z =3tanf; [T17 Sgectgdo _ g17/2 _x gy fetpatlyy o fon-lgp =

85 z=sect;i(e/ +e7) = L(z+ V2% - +z+\/lz,—_l)=%(x+\/a:2—1+:c—\/x2—l)=
87 z=coshf; [df = cosh 'z +C

89 z = coshf; [ sinh? 6 df = L(sinhfcoshf — 8) + C = 2222 1~ L In(z+ V22 - 1) + C
41 z = tanhf; [ df =tanh™'z+C 43 (z —2)2 +4 45 (z—3)%2 -9 47 (z + 1)

Qu=z-2, [ -f —lt 1-2-=%tan—1(£-'2'—2)+0;u=x—3, du —‘ln——g-*llnz-;—'g+0;

u2+4 u3-—-9 u+3
u—z+1f~;—7}= +1 +C
51u=2z-+b; fm uses u = asecf if b2 > ¢,u = atand if b2 < ¢, equals —»i:z—;l—bisz:c
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7.3 Trigonometric Substitutions (page 299)

58 cosf is negative (—v'1 — z2) from ¥ to 2%; then fo fl_l + ffl V1 — z2dz = 7 = area of unit circle
55 Divide y by 4, multiply dz by 4, same f ydz

57 No sin™! z for z > 1; the square root is imaginary. All correct with complex numbers.

2 2= asech,a? — a? = a? tan?0, [ g = [ asecOtantdd _jp|gecq + tand| = Inf% + /X5 — 1|+ C
.l
4 z=1tan6,1+92% = sec? f1+9z’ =3 :zz,zdo = —%—tan‘13x+C.

f cos 840 = —cotf = —

v1 x2
e z—sm9 f 1,/1 _—.;2 8in3 6 cos B +C
8 z = atanf,z? + a® = a?sec? 0, [ V22 + a?dz = [ a? sec3 6df = use Problem 62 above:

2
i‘l(secﬁtanﬁ+ln|sec0+tan0|)= %—x\/x2+82+§2—ln|;—:+@|+0
10 z = 3sinf,9 — 2% = 9cos? 4, f £ d’ f—"s—m%%m)ﬂ = [27(1 - cos? §) sinfdf = —27 cosf + 9cos®§ =
—27(1 - T)l/z +9(1- ’%—)3/2 +C

12 Write V26 — 28 = 23v/1 — 22 and set z =sinf : [ V28 — 28dz = fsinsﬂcosﬂ(cos fdf) =

J sin6(cos? 8 — cos* §)df = _@% + % 1(1 x2)3/2 4 (1 x2)5/2 1 ¢

. dz___ _ 8do _ =
14z=sm9,fh—_;m—f°c‘::w’—tan0+0—\/1_,?+C.
16 z = tan{, [ V1iz2dz — [sechsec 0dh secd(ittan’ 0)df _ J(csc 0+sec 6 tan6)dd = In|csc 6 —cot f|+sec§ =

tané tané

ln|3£+Z 14+ Vi4+x2 +C

18 z = 2tanf,2? + 4 = 4sec? §, [ 592 — [41anl0950c2 9 gp — [tan?fdf = [ 2(sec? 6 — 1)df = 2tanf — 20 =
x—2 tan'l’zc +C.

20 z = tan#b, 1+ z2 = sec? 4, f % = t:‘e“co sec2 6 df = ftan f sec 6df = (use Problem 44 above)
3(secftanf — In|secd + tanf|) = %(x\/1+x - In|V1+x2 +x|) +C.

22 z=sec0:fz\/‘:":—_1 = [ eecllantds =6+ C =sec”1x + C. For z = csc § the integral s [ =csccotfdd
—8 4+ C = —csc~1x + C*. Both answers are right: sec™! z + csc™! z = sum of complementary angles in

Section 4.4 = 7 so the arbitrary constant C* is C — 7.
24 Set z2 = secd and z* — 1 = tan? 0 and 2z dz = sec f tan #df. Then fﬁ_——l = %ﬁ%ﬁ =2 =
1 sec™1(z?).

26 z = sinf : [’ (1 - 12)3/2(1:: = f"//z cos® f(cos df) = 2f"/2 cos? §df = (Problem 19 of Section 7.2)

2(3)3)(3) =
28 z =secf : fl \/57—1 = [eec8tanbdd _ | |gec§ + tanf| = [In|z + V22 — 1||} = In (4 + V15).
30 f_l %4z = [2In(2? + 1)1, = 0 (odd function integrated from —1 to 1).
32 First use geometry: f11/2 v'1 — z2dz = half the area of the unit circle beyond z = % which breaks into

1 3 (120° wedge minus 120° triangle) = (% — % . % 2/1-(3)3)=¢ — %

Check by integration: fl/z\/ Izd:t = [l(zvl — 22 +sin” :z:)]l/2 35— % ~-%)=5- 3@.

LM

34 [ 2= —fseca: dz = In |sec x + tanx|+C [ty = [ dg - [coszds _ [ogc2pds— [9 =
~cotz + L 1_81,‘% +C;f g m fﬂcosi V2 Injsec¥ +tan’§‘|+ C
1+_.'l_
36 z = tan 0 gives [ \/dz—i— f “:ec%de In(sec § +tand) = In(z+vz? + g. (b,) Check ¢’ Z,?J;ZE—*"{ =
2 —_ 2 —_
L . (0 Thus s g = (0 -70) = 4o+ VAT - N vt

(d) Now go directly to f \/57+—1 = ginh ™! z by substituting z = sinh g to reach f ﬂ%%% =g+ C.
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7.4 Partial Fractions (page 304)

38 z=ta.nh0:fs—‘/% =f‘—:ﬁ%’;£-£—,= J csch 8d6 = — In |csch 4 + coth 8] = —ln(@"—l)-{-c

40 z=coshd: [ @dz: S4Bl ginh §df = [tanh? 6df = [(1—sech?6)df = §—tanhf =cosh~1x — 18,3‘_-—1+c'
42 7 = sinh §; [1igld= _ [ <osh® cogh fdf = [coth? §df= [(1+csch?6)dd = f—cothf =sinh~1x — @w
44 ~z2 +22+8=—(z—1)2+9 46 —z2 + 10: no linear term, square already completed

48 z2 + 4z - 12 = (z+2)% - 16

50f7;%’m=f‘/5"—:‘?.8et “=38in9=f°2'Tf:'Q=9=Sin—1§=sin-1’-‘-?+c’;

[ = 3 EVA 0] oty = [ i = A2t = JmEd 0

52(a)u=z-2(b)u=z+1()Ju=2-5{(d)u=z-1

54 (a) If z = tan 6 then [v1+ z3dz = [ sec® §df. (b) The integral 1[sec § tan 6 + In(sec § + tan 6)] equals
zvVz® + 1+ In|z+ Vz? + 1. (c) I z = sinh § then [ v1+ z%dz = [ cosh? #df (d) The integral
1[sinh 6 cosh 6 + 6] equals 3[zv/1+ 22 + sinh ™" z].

56 The two curves cover the same area! Proof by calculus: f: 71%':7 = (with z = 4u) fol W‘4‘“=. Proof

1—u3
by geometry: The z scale has factor % and the y scale has factor 4, so dA = dzdy is unchanged.

7.4 Partial Fractions (page 304)

The idea of partial fractions is to express P(z)/Q(z) as a sum of simpler terms, each one easy to integrate.
To begin, the degree of P should be less than the degree of Q. Then Q is split into linear factors like z — 5
(possibly repeated) and quadratic factors like z2 + z + 1 (possibly repeated). The quadratic factors have two
complex roots, and do not allow real linear factors.

A factor like z— 5 contributes a fraction A/(x — 5). Its integral is A In(x — 5). To compute A, cover up x — 5
in the denominator of P/Q. Then set z = 5, and the rest of P/Q becomes A. An equivalent method puts all
fractions over a common denominator (which is Q). Then match the numerators. At the same point (z = 5)
this matching gives A.

A repeated linear factor (z — 5)2 contributes not only A/(z —5) but also B/(x — 5)2. A quadratic factor like
@ + z + 1 contributes a fraction (Cx + D)/(2? + z + 1) involving C and D. A repeated quadratic factor or a
triple linear factor would bring in (Ez + F)/(z® + z + 1) or G/(z — 5)%. The conclusion is that any P/Q can
be split into partial fractions, which can always be integrated.

1A=-1,B=1,-lhz+h(z-1)+C 8i;--1; si-_2.4%2
1/6
Ti+d 93—y m-l-G+ly w44 A4 1R

15 A4, + B 4 94D 4= 1 B=1,C0=0,D=-1

17 Coefficients of y : 0 = —Ab + B; match constants 1 = Ac; A = %,B =f—:’

19 A=1,then B=2and C=1;[ 25 4 [ Gpfllde _
In(z—1)+In(z2+z+1)=In(z—-1)(z2 +z+ 1) = In(z* - 1)

Nu=ef o =24 =m() +C=I(F)+C

e%
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7.5 Improper Integrals (page 309)

23 u=cos€;fi;f_4'—"§- =-1f - -;—fl‘:_—“u= in(1-u)-iln(1+u)= %lnﬁi—;%&%-{-a We can reach
%ln(i:zzz,sz, = In 155228 — In(csc 6 — cot §) or a different way 1 In (};22:0;’, =ln 220 = —In ltcosl —
— In(csc 8 + cot )
25u=e’;du=e‘dz=ud:c;f(—1l_*;}‘)—';du=f%+f‘—‘f=—-2ln(1—ez)+lne’+0=—21n(1—e“)+z+C
27 z+4 1 =u? dz = 2u dy; 21"+’i“ =f[2——l+iu]du=2u—21n(1+u)+0=

2vz+1-2In(1++v/z+1)+C

29 Note Q(a) = 0. Then %(‘;“; = Q(z‘;:z(a) — Q,l(a) by definition of derivative. At a double root Q'(a) = 0.

2 G—_ﬁ;m = zfl-l-%.Coverup z—1and set z=1to find A = 1. Cover up z+ 1 and set z = —1 to find

A(z+1)+B(z—1)

B=-1Then [ £ =1In(z—1)-iln(z+1)=1iln ;—;% + C. Method 1: (z—1)1(1:+1) = S L)

and by matching numerators A+ B=0and A— B=1s0again A=} and B=-1.

__3 2 1 _ 1, 1/2 , 1/2
4 (3—3)7::—2) = 2-37 z-2 6 z(z—1)(z+1) = =z + ;—Ll + ;+Ll
:_1), = -(zf—l), + 3371 (first multiply by (z — 1)2 and set z = 1 to find the coefficient 4).
1 __1/2 1241 _1/2 1/2
10 E-1)(=3+1) — -:c—-% R TES 12 z’z—4 — z-2 + ;-éa
z—1+ I%T
14 z+1Vz2+0z+1 so £l =z -1+ % 16 ol =1 L4 L
18 —=2 = A3 B#=3) 46 impossible (no z2 in the numerator on the right side)
(z=3)(z+3) ~  (2-3)(=+3) p g :

Divide first to rewrite ri_—sﬂ“’:z—_‘_ﬁ =1+ u—_a—)’m = (now use partial fractions) 1 + -3_425 - %%

20 Integrate 11-_%+11J_+%t0 find —%ln(l—y)+%ln(1+y)=%lnlty =t+C.Att=0thisisiln1=0+C

so C = 0. Taking exponentials gives %—% =e?t Then1+y= e?*(1—y) and

t

y = St = 4755 = tanh t. This is the S-curve.
22 Set u = /7 s0 u® = z and 2u du = dz. Then f%‘\%dz = [ {7%2u du = (divide u + 1 into —2u? + 2u)

J(-2u+4-Fy)du=—-u?+4u—4ln(u+1)+C=—x+4y/x—4In(yx+1) + C.
duju
24 Set u = €' so du = etdt or dt = ‘%‘-. Then [ (e,_d:_,), = (u_/&), = (u'if'l‘), = _f(u"f1 + z—“—_gm + uLH-Jr
Iu_fﬁ?)d“' Cover up (u— 1)? and set u =1 to find B = %; cover up (u + 1) and set u = —1 to find

D = ~§; match left and right to find A = C = 0. The integral is ~§ 71y + f by = ~$wy =~ gty
2t) udu__

Check derivative: %W{W(Ze = m Quicker integration: [ ey = —Lu?-1)t= —%Eftl:i.

26 Set u® = z — 8 s0 3u®du = dz. Then [ (z—s:{l/’dz =f “(3;‘:_(;") = (divide first) [(3 — ;&g)du =

3u—fm—27%—3—f:'-‘—m =3u—f(;f7§+u—;'f—'z‘:i‘%)du=3u—21n(u+2)+f%;(‘"?;Tl,);—gdu=3u——21n(u+2)+
In((u—1)% +3) — % t.an"l(%) + C. Finally set u = (z — 8)1/3.
28 Set u* = z so that 4udu = dz. Then [ \/5_1‘—1\/5 = t‘;aﬁ = (divide first) [(4u — 4+ uf_';u)du =

2u? ~du+4ln(u+ 1)+ C =2z -4z +4In(Yz + 1) + C.
30 Multiply ;a—l_T = E‘I—LI +---by z — 1 and let z approach 1 to find A = lim ;0—-11 = lim 8—1—7 = %

x

7.5 Improper Integrals (page 309)

An improper integral f: y(z)dz has lower limit @ = —oo or upper limit b = oo or y becomes infinite in the
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7.5 Improper Integrals (page 309)

interval a < 2 < b. The example f1°° dz/z® is improper because b = co. We should study the limit of flb dz/z3
as b — co. In practice we work directly with —%2‘2]‘1” = % For p > 1 the improper integral f(:)l x~Pdx is finite.
For p < 1 the improper integral f(:)l x~Pdx is finite. For y = ¢~ the integral from 0 to oo is 1.

Suppose 0 < u(z) < v(z) for all z. The convergence of [ v(x) dx implies the convergence of [ u(x)dx.
The divergence of [ u(z)dz implies the divergence of [ v(z)dz. From —co to oo, the integral of 1/(e* + %)
converges by comparison with 1/elX!. Strictly speaking we split (—oo,00) into (—oo, 0) and (0, 0). Changing
to 1/(e* — e~ *) gives divergence, because €* = e™* at x = 0. Also ff’r dz/sin z diverges by comparison with
J @x/x. The regions left and right of sero don’t cancel because oo — oo is not zero.

1-e —_
1250 1 s 2(-a =2 St tell=3 7 h(ae)l— o
9zlnz—z|§ = —oc0 11 In(In 2)], = oo 18 J(z +sinzcos z)]3° = oo
15 “1 & diverges for every p! 17 Less than [° % =

1
5
19Less thanfl_g'.t—l‘+ff°3£:§‘£=tan‘lz}é—%]f°= )
21 Less than fl e %dz = %, greater than ---:-
238 Less than fol e2dz +ef°° e—(2=1)7 g — &2 4 e[ e~ du=e? + ﬁ
25 fl sin® ’d’ +f°° sin’ "‘“ less than 1+f°° dz —2 27 p! = p times (p — 1)!; 1 = 1 times 0!
29 u=gz, dv =z~ dz e+ =1ir 31 f;° 1000e~-!tdt = —10,000e~-1*|&> = $10,000

3SW = —-G’Mm]oo - Akl =-2-mv0 lfVo—«/ER—M

e —.1: —-zln32
5 [ 8 = [ s = SR = o
37 [ /2 (sec z — tan z)dz = [In(sec z + tan z) + In(cos :z:)]"/2 = [In(1 +sin :z:)]"/ =In2.

The areas under sec z and tan z separately are infinite 89 O0nlyp=0

2f) d‘,f [252]4 diverges at z = O: infinite area 4 [, %% = [~ In(1 — )]} diverges at z = 1: infinite area

6 [, s

8 [ sinz dz is not defined because f sinz dz = cosa — cos b does not approach a limit as b — oo

[sin_la:]1 1=5-(-%)=n

and a —+ —oc0
10 [P ze™*dz = [—ze™*|Q + [ e Sdz =0+1

12 f_ r—‘,‘%ﬁ- is not defined because the area around z = —1 and z = 1 is infinite.

14 f /2 ta.n z dz is not defined: it is fo -+ with u = cos z and the area is infinite.
16 fo (e, 1), = (set u=e€* — 1) f°° 24 which is infinite: diverges at u=0if p > 1, diverges at u = oo if p < 1.
18 fo a1 < 1 €2 —1: convergence 20 fl elde 01 -‘-11—;“2 = oo : divergence

22 fl z7%dz < f1 e %dz = l : convergence
1 1/e
24 [; V-Inzdz < ['°(— ln:c)dz + fl/e 1dz = [-zlnz + z)o/* + [z]i/. = £ + 1: convergence (note zlnz — 0

as z — 0)
26 f0°°(l - m)dx the separate integrals would give co — co which is indeterminate, so comblne = - 1—_1;; =
—“'—i( 1’;_‘3“; < x, . The integral is less than f ot :—”‘ = 1. Convergence.

28 [z~ /2e"%dz (set z=u?) = [T uTle “%*2u du = 2[5 e=*" du = |/, so this is (—=2)! Then (p+ 1)! =
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(p + 1) times p! with p = —1 gives (%)' =17

30 B(m,n) = fol z™ (1 - z)* " ldz is like [ 2™ 'dz near z =0 and [(1—z)""! near z = 1. These are finite if
m—1>—-landn—1> —1,orm > 0 and n > 0. Then the front inside cover gives B = I";—:ﬁ%f—;r})-'

82 To pay s at the end of year n, the present deposit must be W = 2%. To pay s at the end of every year
(perpetual annuity), the deposit must be 2 + 55 +--- = 3111"“ = -2- = 4. To receive s = $1000/year
with ¢ = 10% you deposit $10,000.

84 Note: GM = 4 --10'* m3/sec?: the lost factor of 10'° would have a large effect on our universe! The escape
velocity is vo = \/2GM/R, so that R = 2GM/v} =2 -4 -10'/9.10'¢ = %10-2 meters = .9 cm.

se f: £& = [{In(1+2%))% = $In(1 +5%) — ;In(1+ 6?). As b — oo or as a — —oo (separately!) there
is no limiting value. If a = —b then the answer is zero — but we are not allowed to connect a and b.

38 f;” u:_:; = (set z = u?) f:° L‘H—Ll_:: du [2tan~tule =2(%) =m; f°°° ze~* cos z dz = (by parts)
(25 (sin z — cos ) + &5~ sin z|® = 0.

40 The red area in the right figure has an extra unit square (area 1) compared to the red area on the left.
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