
8.1 Areas and Volumes by Sfices (page 318) 

CHAPTER 8 APPLICATIONS OF THE INTEGRAL 

8.1 Areas and Volumes by Slices (page 318) 

The area between y = 2 and y = z4 equals the integral of x' -x4. If the region ends where the curves 

&.-x4)dx = 4- 4 =(x' $: Then the area equals x4.=intersect, we find the limits on z by solving x' 
When the area between y = 6and the y axis is sliced horisontally, the integral to compute is $ y2dy. 

In three dimensions the volume of a slice is its thickness dz times its area. If the cross-sections are squares 
2 1of side 1- z, the volume comes from $ ( 1  -x)  dx. Fkom z = 0 to z = 1,this gives the volume 3 of a square 

pyramid. If the cross-sections are circles of radius 1-z, the volume comes from $ r ( 1 -  x )  'dx. This gives the 
volume 8 of a circular cone. 

For a solid of revolution, the cross-sections are circles. Rotating the graph of y = f (z) around the z axis gives 
a solid volume $ r(f(x))'dx. Rotating around the y axis leads to $ r(f-1(y))2dy. Rotating the area between y = 
f (z) and y = g(z) around the z axis, the slices look like washera. Their areas are r(f(x))' - r(g(x))2 = A(x) 
so the volume is $ A(x)dx. 

Another method is to cut the solid into thin cylindrical shells. Revolving the area under y = f (z) around 
the y axis, a shell has height f (x) and thickness dz and volume 2- f (x)dx. The total volume is $ 2- f (x)dx. 

1 x2 - 3 = 1gives z = f2;/_a2[(l- (x2 - 3)]dz = 
S 8 = x = 9 gives y = ~ t 3 ; $ ' ~ [ 9 -dldy = 36 
6 z4 - 2z2 = 2z2 gives z = f2 (or x = 0); $_a2[2z2 - (z4 - 2z2)]dz= 

7 y = z2 = -z2 + 18, gives z = 0,9; I:[(-z2 + 182) - z2]dz = 243 
9 y = c o s z = c o s 2 z w h e n c o s z = 1 0 r 0 , z = O o r ~ o r ~ ~ ~  4$ ~ ~ 2 ( c o s z - c o s 2 z ) d z = 1 - ~  
11 eZ= e2z-1 gives z= 1;I,' -(w)[ez - e2"-']dz = (e - 1) 

11Intersections (0, 0), (1,3), (2,2); $:[3z - z]dz + J.14 - z - z]dx = 2 
15  Inside, since 1- z2 < d s ;  fl[d= -(i-z2)ldz= 5 - 3 
17  V = $zary2dz = $farb2(l - $)dx = e; rotatingaround y axis V = y; 

z = 2, y = 0 around y axis gives a circle not in the first football 

=z)dz-2rz(8 $:y;=2x2 sin z dz $: = 
~ ( z ~ ) ~ d z2 s  I,' = f;1,' 2x2 z4dz = $ 

26 ~ ( 3 ) ~  + 2i+ $:13 r(!)ldz = 9;~ ( $ ) ~ 3  2rz$dz = 9 

z)"z-r (8  $: 2119  V 2r2 (same cone tipped over) = 


(notice zy symmetry) =z312)dz-2rz(z213 $: &;=((p12)2]dzr [ ( ~ ~ / ~ ) "  $,' 
R
29 z2 = R2 - y2,V = $R-h r(R2 - y2)dy = r(Rh2 -5) 

S l  ~ ~ a ( 2 4 ~ ) 2 d z  S S $ ~ ( 2 ~ ~ ) ~ d y = 2= ?a3 S7$A(z)dzorinthiscase$a(y)dy 
1 9  Ellipse; d s t a n d ;  ?(I-  2)tang; $tan@ 
41 Half of r?h; rectangles 43  r (s2  - 22)dz = 42r 46 ~ ( 4 ~- 12)dz= 30r 

4 7 ~ ~ - ~ r ( ( b - y ) ~ - a ~ ) d ~ = ~ ( b ~ - 3 a ~ b + 2 a ~ )49$3r(3-~)%~;$,'29ry(2)dy+$~29ry(3-y)dy 
w ba-aa

61  r  2 d = 63 960 r cm 65 q 67 9 
69 2 r  6 1  2ry(2 - fi)dy = 65 3re =2x2 dz $: 66 Height 1; ra2; cylinder 
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8.1 Areas and Volumes by Slices (page 318) 

6 7  Length of hole is 24- = 2, so b2 - a2 = 1and volume is 69 F; T(?); F; T 

20) and (a,2 Intersect at (-fi, 0); area J-5 4.[0- (z2 - 2)ldz = 8 

4 Intersect when y2 = y + 2 at (1,-1) and (4,2): area = + 2) - y2]dy= 8. 
- z4)dz= 66 - 1 = m'6 y = z1I5 and y = z4 intersect at (0,O) and (1,l):area = ~ 0 ' ( z ~ 1 ~  5 l9 

1 1 1 0= -18 y = $ meets y = 5 at (1,l); upper limit z = 3 :area = -3 ) d z  = [S+lj318+&++-5  = =.3x5 1 

102z=s in7rza t  z =  ? :  a r e a = s o112( s i n r z - - 2 ~ ) d z = [ - ~ - z ~ ] ~ ~ ~ =:-f. 
The region is a curved triangle between x = -1 (where e-2 = e) and z = 1 (where ex = e). Vertical strips 
end at e-x for z < 0 and at ex for z > 0 : Area = s_O1(e- e-")dz + (e - ex)dz = 2. 

rhis region has y = 1as its base. The top point is at x = 9, y = 3, where 12 - z = &.Strips go 

up to y = fibetween z = 1and z = 9. Strips go up to y = 12 - z between z = 9 and z = 11. 
34Area = J:(&- l ) d z + J c ( l 2  - 2 - 1)dx = g(27- 1)- 8 +  22- 20 = - 6  = -
3 ' 

I'he triangle with base from z = -1 to z = 1and vertex at (0,l) fits inside the circle and parabola. Its area 

is ? (2)(1)= 1. General method: If the vertex is at (t, d m )on the circle or at (t, 1- t2) on the 

parabola, the area is Jnor 1- t2. Maximum = 1at t = 0. 
n 

Volume = J: R sin2 zdz = [ 7 r ( 2 - s i n ~  )lo" = nz 

Shells around the y axis have radius z and height 2sin z and volume (27rz)2 sin zdz. Integrate for the volume 
2of the galaxy: s: 4x2 sin zdz = [(*(sin z - z cos z)]: = 87r . 

22 (a) Volume = J: ~ ( l + e ~ ) ~ d z= r(- +2e +$-) (b) Volume = 1'27rz(1+ ex)dz= [7rx2+27r(xex-ex)]; = 37r. 
nsin 2x np4 r sin 2x "12 = 2-E + x4'24 (a) Volume = s;l4 7r sin2zdz+ J;/," r cos2 zdz = [ 7--10 + I y + ~ I x / 4  8 4 $' = 4 

2i- 5. (b) Volume = 2x2 sin zdz + J'l2 2x2 cos zdz = [2r(sinz - z cos z)];l4+
4 4  

[2s(cosz + zsin z)]:;: = 7r2 (1  --3 
26 The region is a curved triangle, with base between z = 3, y = 0 and x = 9, y = 0. The top point is where 

y = d x  meets y = 9 - z; then z2 - 9 = (9 - z ) ~

s37r(z2 

leads to z = 5, y = 4. (a) Around the x axis: 

Volume = 
5 7r(9 1:+9)dz- - ~ ) ~ d z= S67r. (b) Around the y axis: Volume = /35 2 7 r x d G d x +  

-27rx(9 1: 3z)dx = [ y ( z 2- 9)312l35 + [97rz2- = &(64) + 9s(g2 - 52) - y ( g 3  - 53) = 1 4 4 ~ .  
28 The region is a circle of radius 1with center (2,l). (a) Rotation around the z axis gives a torus with 

no hole: it is Example 10 with a = b = 1and volume 2r2.  The integral is 7r /,3[(1+d1-(2--2)2)-
(1- J1-(2--2)a]dz = 4 ~ 1 :  J1-(2--2)2dz = 4 ~ s : ~J n d z  = 2 2 .  (b) Rotation around the 

y axis also gives a torus. The center now goes around a circle of radius 2 so by Example 10 V = 47r2. 
3

The volume by shells is 27rx[(1+ d1-(2--2)2)- (1- J1-(2--2)2)]dz = 47r 1, x d l  - (x - 2)2dx = 

4 r  J: ,(z + 2)d-dz = (odd integral is sero) 8 r  J:, 4-dz = 47r2. 

30 (a) The slice at height y is a square of side (then side = 2 when y = 0 and side = 0 when y = 6).w];The volume up to height 3 is 1: ( y ) 2 d y= [- = 9.3 = 7. (b) The big pyramid has volume 

(base area) (height) = +(4)(6)= 8. The pyramid from y = 3 to the top has volume $(I)(3) = 1. 

Subtract to find 8 - 1= 7. 
1632 Volume by slices = 1: 1(1- z2)2dz= I_'1(1- 2x2 + x4)dz = s. 

34 The area of a semicircle is ?ma.  Here the diameter goes from the base y = 0 to the top edge y = 1- z of the 

triangle. So the semicircle radius is r = y.The volume by slices is = &. 
-1:[-t
h
36 The tilted cylinder has circular slices of area 7rr2 (at all heights from 0 to h). So the volume is lo7rr2dy = 7rr2h. 

This equals the volume of an untilted cylinder (Cavalieri's principle: same slice areas give same volume). 

38 (Work with region in figure.) The horisontal slice at height y is a square with side length d m .  
1 6  3The area is a2 - y2. So the volume is J:(a2 - y2)dy= !a3. Multiply by 8 to find the total volume g a  . 

= 



8.2 Length of a Plane C w e  (page 324) 

1 0  (a) The slices are rectangles. (b) The slice axes is time* y tan 6. (c) The volume is 

1'2,/my tangdy = [-:(I - 9)3/2 t a l k  = ftan 6. (d) Multiply radius by r and volume by rs. 

42 The area is the base length 24- time. the height w.The volume is $Lr 2 J m - d z  = (odd 
1 


integral is sero) $ ' , 2 J W 5  dz = h?. This is half the volume of the glass! 
Slices are washers with outer radius z = 3 and inner radius z = 1and area ~ ( 3 ~  - l a )  = 8r. Volume = 

8rdy = 24 r. 
Rotation produces a cylinder with a cone removed. (Rotation of the unit square produces the 
circular cylinder; rotation of the standard unit triangle produces the cone; our triangle is the unit 
square minus the standard triangle.) The volume of cylinder minus cone is r(12) (I) - $r(12) (I) = %. 
Check by rashers: 1,' r(1" ~ ) ~ ) d z  -r(2z1:= 
Note: Boring a hole of radius a removes a circular cylinder and two spherical caps. Use Problem 29 (volume 
of cap) to check Problem 47. 

The volume common to two spheres is two c a p  of height h. By Problem 29 this volume is 2r(rh2 - $). 
Volume by shells = 2rz(8 - z3)dz = [8rz2- Fz61a = 32r - = 9;volume by horirontal disks = 

=J '  ff (yl/3)2dy = [9flP];$32 = 9. -

Substituting y = f (z) changes 1: r ( f  -1(y))2dy to 1; rx2 fl(z)dz. Integrate by parts with u = rx2 and 
dv = fl(z)dz :volume = [rz2f (x)]! - 2xxf (z)dx = wro + J,' 2 nf (z)dz = volume by shells. 

1;'' 2rz($)dz = 2r(99) = 198,. 68 2 r ~ ( ~ : ~ ~ ) d z= [rh ( 1  + z2)E = r In lo. 

?f.(1 - z2)dz = 

~m(*)dz $: = [-2rdTG5]h = 2%. 

2%f in y + 2r$]i11,'=volumeaxis:Shells around x 

r + re2 - re2 + 2 r  f -r + 0-
2ry(l)dy + 2ry(l- In y)dy = [ry2]b+ [ry2-

2 r i  = 8(e2 - r(eZ)"z /: 1). Check disks: 
= I=volume by washers = 1,' r(& - y2)dy= 

[r$]i = (e2 -1).== 
(a) Volume by shells = 1,' 2rx(z - f )x2)dz = 2r($ -

(a) The top of the hole is at y = \Ib2 - a2. 
,/-(b) The volume is J (area of washer) dy = I-,/- x(b2 -y2 - a2)dy = F(b2 - 4312. 

Note: The distance h is the vertical separation between planes. (a) The volume of a circular cylinder (flat 
top and bottom) is r r2  h. Remove a wedge from the bottom and put it on the top to produce the solid 
between planes slicing at angle a. (b) Tilt so the top and bottom are Bat. The base is an ellipse with area 
r times r times &. The height is H = h sin a. The volume is again x r2 h. 

8.2 Length of a Plane Curve (page 324) 

The length of a straight segment (Ax across, Ay up) H As = d-. Between two points 
on the graph of y z ,Ay is approximately dy/dx times Ax. The length of that piece is approximatelyddAn infinitesimal piece of the curve has length ds = dx. Then 
the arc length integral is $ ds. 

For y = 4 - z from z = 0 to x = 3 the arc length is 3fidx = 3 6 .  For y = 9 the arc length integral is 

$,/Ga&. 

The c w e  z = cos t, y = sin t is the same as x2 +y2 = 1. The length of a curve given by z(t) ,y (t) is 



1 

8.2 Length of a Plane Curve (page 324) 

$ d(/(dx~dt)~+ (dy/dt2)dt. For example x = cost, y = sin t from t = r / 3  to t = $:/:s / 2  has length dt. The 

speed is dsldt = 1.For the special case x = t, y = f (t) the length formula goes back to J J l + o ) 2 d x .  

9 $:Ii 4 9  cod t sin2 t + 9 sin4 t cos2 t dt = $:I2 3 cos t sin t dt = 

dt = J:/~11 J-dt = 5:12 ,/~~zGz 2 sin dt = 4 - 2 4  

lS$i\ /=dt=$, ' ( t+l)dt= 15$:,"-'dx=3.820 1 7 $ ~ J ~ d x = 2 . 0 0 3  

1 9  Graphs are flat toward (1,O) then steep up to (1,l); limiting length is 2 

2 1 h = \ / 3 6 s i n 2 3 t + 3 6 c o s 2 3 t = 6  25J,'mdy=&CJm+ e-Y)dy25 ;l dy = ~f~i ( e ~  = ~ ( C Y- c-Y)]il = e - e ' 

Using x = cosh y this is J dy = $cosh y dy = sinh y]Ll = 2 sinh 1 

27 Ellipse; two y's for the same x 29 Carpet length 2 # straight distance & 
= ( d ~ ) ~  + ( d ~ ) ~ ;  + (%)2dt;3 1  ( d ~ ) ~  + ( d ~ ) ~  ds = J(%)2 + (g)2 

ds = \/sin2 t + cos2 t + ldt = f idt ;  27rfi; curve = helix, shadow = circle 

SS L = $,' \ / W d x ;  4-dx = JW2du = 2L; stretch xy plane by 2 (y = x2 becomes !j= (:)2) 

3 (a) This is the mirror image of the curve 2 y = x2I3 has 3 = 2x-lI3 and length = $;(l+ $ X - ~ / ~ ) ' / ~ ~ X .  

y = x3I2 in Problem 1. So the length is the same. (b) Substitute u = $ + x2I3 and du = $ x - ' / ~ ~ x  
/

to get 11;i9Ul/2dU(q)= [u3/2] l3I9 = 
3 2 - 3 2  

419 27' 
4 50  

J2 41+ x2(x2 9.4 y = $(x2 2)3/2 has ds = x(x2 - 2)1/2 and length 2)dx = $;(x2 - 1)dx- -= = 

6 ~ = 3 d + -*:, 
44 has $ = x3 - 5?;5 and length = $:(l+ (x3 - 5?;5)2)1/2dx= $:(x6 + i + &)'/'dx = 
1 1 2 s$:(x3 + -)dx = gZ-

8 Length = \/-dx = 2 J,' 4-dx = [XJ- + f in lx + 4-11; = fi+ f (ln(1+ 6)-
+ a l n ( ~ + & ) .  

1 0  % = cos t - sin t and 2 = - sin t - cos t and (%I2 + (2)2= 2. SO length 5:= f i d t  = fir. The curve is 

a half of a circle of radius fibecause x2 + y2 = 2 and t stops at r. 

1 2  2 = cost - t sint and 2 = sint + t cos t and (2)'+ (2)'= 1+ t2. Then length = J dTTFdt. (Note: 

the parabola y = hx2 also leads to this length integral: Compare Problem 8.) 

1 4  2 = (1- cos 2t) (- sin t) + sin 2t cos t = $ sin t cos 2t. Note: first rewrite sin 2t cos t = 2 sin t cos2 t = 

sin t (1+ cos 2t). Similarly $ = cos t cos 2t. Then (%)2 + = ($ cos 2t)2. SO length = $ cos 2tdt 

= ;L.S This is the only arc length I have ever personally discovered; the problem was meant to have an asterisk. 

1 6  Exact integral; J w d x  = $; J s e= (by integral 22 on last page) [I/- - -1:In = 

J- - fi- In m 2.01. 
27r

1 8  2 = - sin t and 2 = 3 cos t so length = So Jsin2 t + 9 cos2 t dt = perimeter of ellipse. This integral 
"12 ,/-has no closed form. Match it with a table of 'elliptic integrals' by writing it as 4 so 9 - 8sin2 tdt = 

12J:" 41- g sin2 tdt. The table with k2 = 1gives 1.14 for this integral or 12 (1.14) = 13.68 

for the perimeter. Numerical integration is the expected route to this answer. 

20 The straight line must be shortest. 



8.3 Area of a Surface of Revolution (page 327) 

22 Substitute x 4-/: int2= dx = ~1~4- 2t tit = /,a JZFTiS dt. 

24 The curve x = y312is the mirror image of y = x312 in Problem 1: same length 
1 3 w - 4 v a  

(also Problem 2). 

26 The curve z= g(y) has length $4- dy. 

,, 

=cos2 t sin2 t + 4 cos2 t sin2 t dt \/4 /: =28 (a) Length integral 
is negative beyond t = : split into + I=/,. (b) All points have x + y = cos2 t + sin2 t = 1. (c) The 

path from (1,O) reaches (0,l) when t = 5 and returns to (1,O) at t = r. Two trips of length figive 2\/2. 
SO The strip around the ellipse does have area u *(a + b)A. But its width is no t  everywhere A (the width 

is measured perpendicular to the ellipse.) So it is f& that the length of the strip is r ( a  + b 
34 length of parabola = 4- dx = (by the solution to Roblem 8) b 4 q +  ln ib+4&l- lnfi. 

Length of straight line = 4- = b4m. The in term approaches infinity as b -+ oo so the length 
difference also goes to infinity. 

8.3 Area of a Surface of Revolution (page 327) 

A surface of revolution comes from revolving a curve around a n  axis (a line). This section computes 
the s d a c e  area. When the curve is a short straight piece (length As), the surface is a cone. Its area is 
A S  = 2xrAs. In that formula (Problem 13) r is the radius of the  circle traveled by the middle point. The 
line from (0,O) to (1,l) has length A s  = 6,and revolving it produces area rfi. 

When the curve y = f (x) revolves around the x axis, the area of the surface of revolution is the integral 

/ 2 6 ( x )  For y = x2 the integral to compute is / 2 d d G Z % c .  When y = x2 is 

revolved around the y axis, the area is S = / fmcdl+(af/a*)tdx. For the curve given by x = 2t, y = t2, 

change ds to W d t .  

1J: 2 r & , / w d x  = 2 r d q d x  = 3 2 1,' 2r(7x)@dx = 1 4 r m  

5 2 r & G F m d x  = 1 4rdx = 8 r  7 1,? 2axd1+(22)2dx = f (1 + 4x2)312j~ -11= ~ [ 1 7 ~ l ~  

t2 6 .  (Notice that cw =24/21 cos t sin t ldt 1; 

2rx\/zdx 1; 9 = 9 7 r a  11Figure shows radius s times angle 0 = arc 2aR 

1 3  2mAs = r (R  + R) ( s  -st)  = rRs  - rR'st because Rts -Rs' = 0 

1 5  Radius a, center at (0,b); (%I2 + = a2, surface area /,a' 2u(b + asint)a dt = 4u2ab 

17  /: 2rxd-dx = /: = r2+ 2 r  (write 2% - x2 = 1- (x - 1)2 and set z- 1= sine) 

19  /Il22 r x J q d x  (can be done) 

/;=21 Surface w a  2r:d-dz > I .  = 2slnxjY = a,but volume = U ( $ ) ~ ~ X= a 

2 s  I,"2 r  sin t d2  sin2 t + cos2 t dt = %sin t&CGZ dt = 2 r J G F d u  = 

r u J S  + 2 r  sin-' *]il= 2s  + Z 

2 Area = 2rx3d1+(322)a d2 = [g(1 + = fi(10'12 - 1) 

4 Area = $,a 2 u - m  dx = 4rdx = 8r 

6 Area = J: 2 r  cosh x  w  dx = I,'2 r  cosh2 xdx = (c2' + 2 + ~ - ~ ' ) d x= I;($ + 2%+ s)];= 
w 2 -a r e2-e-2V ( 2  +2+%-I)=%(--+I) .  

8 Area = 2x24-1: dx = [?(I + z2)312]A= 4f(2'I2 - 1)  



8.4 Probability and Calculus (page 334) 

10Area = 27rz\ll+ ; ~ - ~ / ~ d z .This is unexpectedly difficult (rotation around the z axis is easier). Substitute 

u = 3z2l3 and du = 2 ~ - ' / ~ d zand z = ( F ) ~ / ~: Area = 2r(g)3/24G$($)1/2 5: 
gud-du 1: 

= 

z4l3+ a.= [%(u2 + 1)3/2]2= fi(10'/~ - 1). An equally good substitution is u = 

1 2  The surface area of the band is the surface area of the larger cone minus the surface area of the smaller cone. 

1 4  (a) dS  = 2 7 r 1 h T P J G d z  = 27rdx. (b) The area between z = a and z = a + h is 27rh. All slices 

of thickness h have this area, whether the slice goes near the center or near the outside. (c) 4 of the Earth's 

area is above latitude 30' where the height is Rsin 30' = 5.The slice from the Eguator up to 30" has the 

same area (and so do two more slices below the Eguator). 

~16 Rotate a quarter-circle to produce half a sphere. The surface area is $:I2 2 rR cos t  d sin2 t +~R2 cos2 t dt = 

5:12 27rR2 cos tdt = 27ra2. Note the limits 0 _< t _< 5. 
18 The cylinder has side area 27rrh = 2a( t ) ($)  = %.The light bulb is a slice of a sphere, and its area is also 

2mh(r  = 1for the basketball in Problem 14, now r = i ) .  The slice thickness is h = i + 9 (check
-

triangle with sides f ,9, T ( +  + 9).i ) ,  so 27rrh = Adding the cylinder yields total area n(g  + q). 
= J:/~2 7 r q z 3 d z .  Substitute u = 4- and du = 2z3dz/u to find 

,-1 4 = .[a-9- $ ln &1 + $ ln &)$gI4-= - 5 ln ~lmD a- 0 - 4  5.0. 

22 It seems reasonable that the strips of tape should be placed side by side (parallel) to best cover the disk. 

The proof follows the hint: Each strip of tape is the zy projection of a slice of the sphere. Since the 

strip has width h = $, the slice has surface area 27rh = 7r by Problem 14. (Less area if the slice is far 

to the side and partly off the sphere.) The four slices have total area 47r, which is the area of the 

sphere. To cover the sphere the slices must not overlap. So the slices are parallel with spacing i. 
24 A first estimate is 47rr2 (pretend the egg is a sphere). Somewhat better is 4aab r; 60 cm2 for a medii 

egg (a and b are half-axes of an ellipse). Really serious is to rotate the ellipse 5 + $-= 1or 

y = , ,b d n .  Then the surface area is $:a 2": m  m  z  (use table of integrals) 

8.4 Probability and Calculus (page 334) 

Discrete probability uses counting, continuous probability uses calculus. The function p(z) is the probability 

density. The chance that a random variable falls between a and b is $'b 
p(x)dx.  The total probability is 

p(z)dz = 1. In the discrete case C p ,  = 1. The mean (or expected value) is p = $ xp(x )dx  in the 

continuous case and p = Cnp, in the discrete  case. 

The Poisson distribution with mean X has p, = Xne-A/n!. The sum C p ,  = 1comes from the exponential  

series. The exponential distribution has p(z) = e-= or 2eV2= or ae-=. The standard Gaussian (or normal )  

distribution has G P ( z )  = e-z'12. Its graph is the well-known bell-shaped curve. The chance that the variable 

falls below z is F (z )  = p(x)dx.  F is the cumulat ive density function. The difference F ( z  + dz) -F(z) is 

about p(x)dx,  which is the chance that X is between z and z + dz. 

The variance, which measures the spread around p, is 02 = (x- p)2p(x)dx in the continuous case and 

02 = C (n - Ic)2Pnin the discrete case. Its square root o is the standard deviation. The normal distribution 
2 2

has p(z) = e-(X-p) 1 2 ~1 6 0 .  If X is the average of N samples from any population with mean p and 

variance 02,the Law of Averages says that X will approach t h e  m e a n  p. The Central Limit Theorem says that 



8.4 Probability and Calculus (page 334) 

the distribution for approaches a normal distribution. Its mean is p and its variance is 0 2 / ~ .  

In a yes-no poll when the voters am 50-50, the mean for one voter is p = 0(+) + I(+) = ). The variance is 

(0 - p)2po + (1 - p)2pl = i. For a poll with N = 100,F is 01- = There is a 95% chance that X (the 
1 1  1 fraction saying yes) will be between p - 2F = ZJ - m and p + 2Z = = + +. 

Is 1," a ~ e - ~ d z  = [ - ~ e - ~ l ?  + J: ~ - ~ d z , =  f 
= 2 tan-lz* J' e-f dz = 1 - e-f; J: ae-ofdz = 1 - e-a 17 &e-z/lodx = -e-'/10 00 1 

lS j r 0 110 =, 
19 Ezponcntial better than Poisson: 60 years -+ 1; .01e-.~" dz = 1 - e-.= = .45 

2 l y = ~ ; t h n e a r e a s n r ~ e a c h b c c a u s c p - o t o p ~ t h e s a m e o s p t o p + o a n d ~ e a s a d d t o 1  
28 -2pJ zp(z)dz + 3 J p(z)dz = -2p p + p2 . I =  -p2 

1 2 ~ ~ = 0 . ~ + 1 - ! + 2 - $ = 1 ;  02= (0 - 1)2 : + + (1 - 1)2 + + (2 - 1)2 . ? = 5 -  

2 7 p = r 1  

29 Standard deviation (yes - no poll) < = = $ Poll showed = peaceful. 
95% confidence interval is from - 60 2 + 3, or 93% to 100% peaceful. 

81 95% confidence of unfair if more than % = & = 2% away from 50% heads. 
2% of 2500 = 50. So unfair if more than 1300 or less than 1200. 

53 55 is 1.50 below the mean, and the area up to p - 1.50 is about 8% so 24 students fail. 
A grade of 57 is 1 . 3 ~  below the mean and the area up to p - 1.30 is about 10%. 

36 .999; .9991°00 = (1 - &)lorn r~ $ because (1 - !)" + $. 

2 The probability of an odd X =  1,3,5,... is I +  a f + L+ 32 = f+ A = g. 1 The probabilities p, = (i)" 
do not add to  1. They add to + + . . . = i SO the adjusted pn = 2(i)" add to 1. 

4 P(X = 2) + P(X = 3) + P(X = 5) = + + $ = e, so the probability of a prime is greater than 
= g. The sum P(X = 6) + P(X = 7) + = & + + + equals &. Most of these are not 

prime so the probability of a prime is below + & = &. 
6 1; Sdz=-$]y = = 1 when C = 2. Then Prob ( X S  2) = $:y = -$I:= 1. 

3 8 p = ? ( o ) + f ( l ) + f ( 2 ) = ~ .  10p=$(0)+;(1)+&(2)+&(3)+. . -=  $(l+l+i+B+-.*)= f =1. 
1 2 r = $ '  ze-'dx = uv - $ v du = -ze-'IF + I, 00 e-'dz = 1. 
14 Substitute u = -& and du = " . The limits are still -oo and +oo. The integral i-ww e-~ldu = 6 is z 

computed on page 531. 

16 Poisson pn = Probability of a bump is po + pl = e-2 + 2e-a = ~ e - ~  m .4O. 

18 Prob (X < 3) = e-"dz = 1 - e-' nr .95. 
20 (a) Heads and tails are still equally likely. (b) The coin is still fair so the expected fraction of heads during 

1 the second N tosses is + and the expected fraction overall is (a + 4); which is the average. 
22 p = 0 ( 1 - ~ ) ~ + 1 ( 2 ~ - 2 ~ ~ ) + 2 ~ ~  = 2p. Then o2 = (0-2p)2(l-p)2+(1-2p)2(2p-2p2)+(2-2p)2p2 = 2p( l -  p) 

after much simplification. (First factor out p and 1 - p.) With N voters, p = Np and 02 = Np(1- p). 
1 1 24 p = $ zp(z) = So z dz = i.   hen c? = $;(z- i)'l dz = $(z- $)3]A = i?j. A~SO z2dz-p2 = $ - i = m. 

26 gp(z)dz = J: z2 (2e-2r)dx = + 2~e-~=dz  = [ - ~ e - ~ = ] r  + $r C - ~ ' ~ Z  = +. Then 
0 2 = 1 - + 1 - 1 =  1 

2 a 4 am 



8.5 Masses and Moments (page 340) 

28 p =  (pi + p 2 + ~  s + . . . ) + ( ~ + ~ 3 + ~ 4 + . . . ) + ( ~ 3 + ~ 4 + - - . ) + - . . =  ( I )+  (4)  + ( : ) + - - - = 2 .  
30 p equals h , &, &, &, & in four tosses. It looks more bell-shaped with 16 tosses. 

32 2000 f 20 gives 1700 t o  2300 as the 95% confidence interval. 

34 The average has mean P = 30 and deviation a = - 1. An actual average of = 31.25 is 1.25 a above m- 
the mean. The probability of exceeding 1.25 a is about .1 from Figure 8.12b. With N = 256 we still 

have 8000 = 31.25 but now a = 8 = $. To go 2.5 a above the mean has probability < .01. 256 fl 
36 (a) . 0 0 1 ( . 9 9 9 ) ~ ~ ~  rr .001(1- &)lorn rr .001:. (b) Multiply the answer to (a) by 1000 (which gives 6 )  

since any of the 1000 players could have been the one to win. (c) The probability p, of exactly n 

winners is "1000 choose n" times (.OOl)"(.Wg) looO-". This counts all combinations of n players times 

the chance that the first n players are the winners. But "1000 choose n" = 1000(g99)..~(100~-n+1~ 1(2).-.(n m n! 
11 Multiplying by (.001)" 1 gives p, rr which is Poisson (= fish in fiench) with X = 1. With X times 

1000 players, the chance of n winners is about sc-*. 
8.5 Masses and Moments (page 340) 

If masses m, are at distances z,, the total mass is M = x m n .  The total moment around x = 0 is 
M, = C m n x n .  The center of mass is at 5 = My/M. In the continuous case, the mass distribution is given by 

the density p(z). The total mass is M = I p(x)dx and the center of mass is at Z = I xp(x)dx/M. With p = z, 

the integrals from 0 to L give M = ~ ' / 2  and I zp(z)dz = ~ ~ / 3  and f = 2L/3. The total moment is the same 

as if the whole mass M is placed at X. 

In a plane with masses mn at the points (z,, yn), the moment around the y axis is C m n x n .  The center of 

mass has f = x mnxn/ E m n  and g = C mnyn/ mn .  For a plate with density p = 1, the mass M equals 

the area. If the plate is divided into vertical strips of height y(z), then M = y(x)dz and My = $ xy(x)dz. 

For a square plate 0 5 z, y 5 L, the mass is M = L2 and the moment around the y axis is M, = L3/2. The 

center of mass is at (f, ij) = (LIZ, LIZ). This point is the centroid, where the plate balances. 

A mass rn at a distance z from the axis has moment of inertia I = mw2. A rod with p = 1 from z = a to 

z = b has I, = b3/3 - a3/3. For a plate with p = 1 and strips of height y(z), this becomes I,, = I ~ ~ ~ ( x ) d x .  
The torque T is force times distance. 

l z = ' O  6 3 4 5 ~ = 3 . 6  3 7 f = a = y  3 g z = ? = g  1 1 f = + g  lr 4 l S T = $ , y = $  

1 5 z = O = -  y 2 1  I = ~ ~ ~ ~ d z - 2 t ~ z ~ d z + t ~ ~ ~ d z ; ~ = - 2 ~ z ~ d z + 2 t ~ ~ d z = 0 f o r t = ~  

23  South Dakota 25 2r2a2b 27 Mz = 0, My = 29 ? 31 Moment 

3 5 1 = C m n r ~ ; ; C m n r i w ~ ; 0  3 5 1 4 ~ ~ $ ; 1 4 ~ L $ ; $  
37 $; solid ball, solid cylinder, hallow ball, hollow cylinder 39  No 

4 1  T m d m  by Problem 40  so T rr 6, m, @, 4 

- 
1 4 8 M = 1 + 4 = 5; M, = l(1) + 4(0) = 1, Mx = l(0) + 4(1) = 4;T = g and = 5. 

1 1 0  M = 3(%ab) ;  MY = 3xb(l- z)dz = 1% - x3b  710 a = - and by symmetry M, = *;Z = 9 3ab 2 - - a 3 



8.6 Force, Work, and Energy (page 346) 

and Tj = %.Note that the centroid of the triangle is at (f ,! .) 
12 Area M = J,' xdx + J:(2 - x)dx = 1which is (base) (height); M, = J,' x2dx + 1: x(2 - x)dx = 1so that 

-x = = 1; Mz = Iy (strip length at height y)dy = $,' y(2 - 2y)dy = $ and j j  = = i.Check: centroid 
of triangle is (1, i). 

14  Area M = J,'(x -x2)dx = &; M, = I,' x(x - x2)dx = & and H = 9= (also by symmetry); 

~ ~ = J , ' ~ ( f i - ~ ) d ~ = & a n d T j = $ = # .  

16 Area M = i ( ~ ( 2 ) ~  M,-*(o)~)= 9; = 0 and H = 0 by symmetry; Mz for halfcircle of radius 2 minus 

Mz for halfcircle of radius 1= (by Bumple 4) %(z3 - 1') = s and g = s = e .  
18 I, = J"$,x2 (strip height) dx = $_o$~x2 adz = $. 

m a 420 I, = x 2 ( 2 ~ ~ ) d x= (integral 34 on last page) [:(2x2 - a2)d- + $sin-' El?, = 7. 
22 Around x = c the moment of inertia is I = $(x - c)l (strip height) dx = x2 (strip height) dx- 

2c J x (strip height) dx + c2 J (strip height) dx = I, -0 + (c2) (area). This is smallest when c = 0; 

the moment of inertia I is smallest around the centroid. 
24 Pappus cut the solid into shells (radius of shell = y, length of shell = strip width at height y). Then 

V = 2rgM. This is the same volume as if the whole mass is concentrated in a shell of radius g. 
26 The triangle with sides x = 0, y = 0, y = 4 - 2% has M = 4 and j j  = $ by Example 3. Then Pappus says that 

the volume of the cone is V = 2r($)(4) = q.This agrees with i r ? h  = ?r(4)2(2). 
28 Rotating a horinontal wire along y = 3 produces a cylinder of radius 3 and length L. Certainly Tj = 3. 

The surface area is 2+(3) (L) (correct for a cylinder: A = 2mh). Rotating a vertical wire produces a 

washer: inner radius 1,outer radius L + 1,A = r((L + 1)' - 12)= r(L2 + 2 L). Pappus has 
-y = 6+ 1and area = 2r($ + l )L = r(L2 + 2L) which agrees. 

SO The surface is a cone with area 2rgM = 2 r ( y ) d s  (by Pappus). This agrees with Section 8.3: area 
of cone = side length (s = JS)times middle circumference (2rr = rm). Problem 11in Section 8.3 
gives the same answer. 

52 Torque = F - 2 F + 3 F - 4 F . a * + 9 F - 10F= -SF. 
54 The polar moment of inertia is lo= $(x2 + y2)dA, which is Iz+ I,. For a disk this is $+ $= id2 '  

The radius of gyration is F = fi= d g = 4-The rotational energy is $Iow2 = q.This is 

also iMpw2 = i(ra2)($)w2, when the whole mass M turns at radius F. 
56 J = 5 is smaller for a solid ball than a solid cylinder because the ball has its mass nearer the center. 
58 Get most of the mass close to the center but keep the radius large. 
40 The velocity is ua = 9 after a drop of h = y (this is equation (11) or (12): kinetic energy = loss of 

I 

potential energy). Take square roots u = c f i  with c = d*; multiply by sina for vertical velocity $. 
Integrate 2= c a s h  a or * = csin adt to find 2 f i  = c(sin a ) t  or T = at the bottom y = h.fi 

42 (a) False (a solid ball goes faster than a hollow ball) (b) False (if the density is varied, the center of mass 
moves) (c) False (you reduce Izbut you increase I, :the y direction is upward) (d) False (imagine the 
jumper as an arc of a circle going just over the bar: the center of mass of the arc stays below the the bar). 

8.6 Force, Work, and Energy (page 346) 

Work equals force times distance. For a spring the force F = k is proportional to the extension x (this is 
1 3Hooke's law). With this variable force, the work in stretching from 0 to zis W = kx dx = %hr . This equals 

the increase in the potential energy V. Thus W is a definite integral and V is the corresponding indefinite 
integral, which includes an arbitrary constant. The derivative dV/dx equals t he  force. The force of gravity is 



8.6 Force, Work, and Energy (page 346) 

F = ~ M m / x ~and the potential is V = -GMm/x. 

In falling, V is converted to kinetic energy K = #mv2. The total energy K + V is constant (this is the 
law of conservation of energy when there is no external force). 

Pressure is force per unit area. Water of density w in a pool of depth h and area A exerts a downward force 
F = w h A  on the base. The pressure is p = wh. On the sides the pressure is still wh at depth h, so the total 
force is I whl dh, where I is the side length at depth  h. In a cubic pool of side s, the force on the base is 
F = wr3, the length around the sides is I = 4m, and the total force on the four sides is F = 2 m s 3 .  The work 

1to pump the water out of the pool is W = $ whA dh = z w s  4. 

12.4 ft lb; 2.424 .. . ft lb 3 24000 lb/ft; 83 i  ft lb 5 lox ft lb; lox ft lb 7 25000 ft lb; 20000 ft lb 
9 864,000 Nkm 115.6. lo7 Nkm 13 k = 10 lb/ft; W = 25 ft lb 15 / 60wh dh = 48000cu, 1 2 0 0 0 ~  

1 7  ~ W A H ~ ;  iwAH2 19 96OOw 2 1  1 - ) 23 (800) (9800) kg 25 f force 

2 (a) Spring constant k = 7ir~:'= 26 pounds per inch 
/:=W(b) Work kxdx = 25(:) = 225 inch-pounds or foot-pounds (integral starts at no stretch) 

676(c) Work W = kxdx = 2 5 ( v )  = inch-pounds. 

4 W = J;(~OX - xS)dx = [10z2- $1; = 116;V(2) -V(0) = 36 so V(2) = 41; k = = 20 - 3x2 = 8 at x = 2. 
6 (a) At height h the burnt fuel weighs 100(&) = 4h so mass of fuel left = 100 - 4 h  kg 

(b) Work = $ Fdz = ~ t ~ ( 1 0 0- 4h)gdh = (1250) (9.8) Newton-km = 12,250,000 joules. 
88 The side length at height h is 800(1- A)= 800 - f h  so the area is A = (800 - gh)2 . The work is 

W = IwhAdh = lOOh(800- :h)ldh = 1 0 0 [ ( 8 0 0 ) ~ ( ~ ) ~  
+ y]= R]h. 

- 1 6 0 0 ( f ) v 3+ 
4 1 = 

1 0 1 0 [ q  - 16(5)5~ 

10 The change in V = --is AV = G ~ M ( &  -rn)= GmM- 20 = 22B&A1 The first factor R1 R1-10" 

is the distance (20 feet) times the force (30 pounds). The second factor is the correction (practically 1.) 
1 2  If the rocket starts at R and reaches x, its potential energy increases by G ~ m ( b  - $). This equals $mu2 

1 v 2  1 v 2(gain in potential = loss in kinetic energy) so H - 1= ,KM and x = (g- .rM)-l. If the rocket -
= & or v = d y  =reaches x = oo then 25,000 mph. 

1 4  A horizontal slice with radius 1foot, height h feet, and density p lbs/ft3 has potential energy ~ ( 1 ) ~ h ~ d h .  
Integrate from h = 0 to h = 4 :1,'xphdh = 8*p. 

16 (a) Pressure = w h  = 62 h lbs/ft2 for water. (b) = so l = f h  (c) Total force F = / whldh = 

$:062h(th)dh = v ( 3 0 ) '  = 1,488,000 ft-lbs. 
1 8  (a) Work to empty a full tank: W = $ W A H ~  = +(62)(25~)(20)'= 1110,000~ ft-lbs = 973,000 ft-lbs 

(b) Work to empty a half-full tank: W = I;,, wAhdh = = 2112, 5 0 0 ~  ft-lbs = 730,000 ft-lbs. 

w m 2 T .  For a cylinder (Problem /:=wAhdh/ 
17) W = iwAH2 = wrr2$. So the work for a cone is half of the work for a cylinder, even though the 
volume is only one third. (The cone-shaped tank has more water concentrated near the bottom.) 

22 The cross-section has length 10 meters and depth 2 meters at one end and 1meter at the other end. Its area 
is 10 times 1; = 15 m2; multiply by the width 4m to find the total volume 60m3. This is of the box 
volume (10)(2)(4) = 80, so 31of the volume is saved. The force is perpendicular to the bottom of the pool. 
(Extra question: How much work to empty this trapezoidal pool?) 

2
20 Work to empty a cone-shaped tank: W = w d s d h  = 


