
Logistical and Transportation Planning _ Fall 2006


Problem Set 3 

Due: Thursday, October 19 

Problem 1 

(a) If Bo did not have to wait, then he arrived while the system was empty. For an M/M/1 

queueing system, the probability to be in the state with no customer is: 

λ 
P = 1− ρ with ρ = .0

µ 
If Alvin had to wait, then Bo was still in service when he arrived, since no customer 

can go into the building between Bo and Alvin’s arrivals. The probability that Bo’s 

service is longer than 2 minutes is e 
−2µ . Therefore, the probability that Bo did not 

have to wait at all for the service but that Alvin did have to wait is: 

⎛
 ⎞
λ

e


−2µ =
0.2696
P
=
 1
−
⎜⎜
⎝


⎟⎟
⎠
µ


(b) The probability that Bo finds 8 customers is the steady state probability of their being 

8 customers in an M/M/1 system at a random point in time. This is just ρ 8 (1− ρ) . If 
only one customer is in service when Alvin arrives, then it must be Bo. This means 

that in the two minutes between Bo and Alvin’s arrivals exactly 8 departures must 

have occurred from the system. Since we are talking about the departure process of 

customers already in the system we can think of them as departing according to a 

Poisson process of rate µ . 
Therefore the probability of exactly eight customers leaving during the two minutes is 

the probability of having 8 poisson occurances in two minutes which is given by: 

(2µ)8 
e 

−2µ 

. Plugging in our known values of λ = 0.4 customers per minute and 
8! 

µ = 1 customer per minute. We get that the probability of the event described in part 

(b) is: 

ρ 8 (1− ρ) (2µ)8 
e 

−2µ

= 3.39 ⋅10 −7 

8! 
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Problem 2 
By Arwxiniz Ifigol$sso~'93 

The stale lransitiflth diagram is 

I 

[in# . itaxi; and j pasengors waiting 

1 


1 

Note that, i f  there are taxis aait.ing.t,hen no pItSseagers will have to wait, arrd if  
there are passerlgers waiting, i t  m ~ a tl ~ t fbecause there are no taxis available. Thl~s, 
states that have 11ol.hi > 0 ant1 j > O are not. po~;.-ihlt. 

The balaric~erll~at ions are 

0.2, ~ 0 , 2  (0.8)(0.2), TO,, 2 / 0 . 8 ) ~ ~ ( 0 . 2 )lio,~= = = (0.8) (0.2),q~ = for i = 0,1,2,. .. 

lJO w m 

E[#of taxis waiting] = = ri(0.83' '"0.2) = (0.8)'' 6(0.8)"'(0.2)x i ~ i , ~  
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(c) 	k t  W he: the number of pasMiengm that leave in one hour bmsuse iel~egarriue 
when there is no more mom. i .~ . ,  t.he system is in state (0,3), and let T lw the 
mo~tnt,of time in one I I O I I ~Ellel the s,mt.ernis in state (fl, 3). . .\sarni~~gstearly 
stat,c, tve have 

To be consisier~fwith i l ke  not,ation of the prcll,lern, we'll use. jPi] ror lllp sI,md,v 
state probabilities, i r~steatlof {r i) as i ~ rtile pmvinns problem. 

The state transitinndiagram for any Marko~ian(i.e., n~~rn~ryless)queue looki~as 
fo~lows 

The only (IilFerenw betwe~nsur,h a qrlllletr~arkd all M]M,/l queue is Ihat. hew t h e  
arri~slmcl ~ r v i c erates are allowed ladepend 011 tile~labenT tlte system. The l~alance 
equations are 
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(a) ,4ppFying [.hegeneral formula, IW 11ave 

Then 

Sr, we sw lhat in st eacly slate, the nantber of cusf omers in the system f01lo1'li 
a Poisun prnf, 1vil,11nlersrl X/p,  The rrmt.iari riF t,irne the wrwr is I~tsy ,p, is 
m111alto 1 - Po = 1 - e - A / ~ L .Tile systen~r~achessteady-state as loa~gas 

So all we n w l  t,o rqn i r e  js I . h ~ tX < x anrl 11. > 0. 

(c) 	 Sirkcc the pnaf Tor the steady slate number of people in the s y k m  is Poimn with 
nipan X/EL, we have k= XJlr. F3v 1,ittle's law, we have = i l i f , bcir~gcarehi1 
ta mrr~ertd~erthat we rr~rlstuse the avemrjte arrival raw A. The average arrival 
rate can Ire computed as 

Hence, 

A tentpliag, hut r n ~way to corarpt1t.eIV is to  say 
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The reason that this approach is wrong is that  the probakil i~that a ra~ldolnly 
c110fencustomer anives when there are k custornes present in the system, say Q c ,  is 
not equal to the stenrly state probability Pk ithat there are k customers in the system. 
In fact, 

Qk = Pz{k customers prsent when ratldornlv d~dsetlcustomer arrive) 

-	- # who arrive ~vh i l ethe1-e are k prese~~t 

tots! # of custon~~rs
who arrive over a 1 0 x 1 ~  period [O, TJ 

- .[length of time there are k y m n t )  x Ak-
AT 

Using Qkinstead of Pk in the ;stimmation above, we get, the c o m t  awswr. Rwre 
is a theorem, called PASTA (Poison Arrivals See Time Averages), which states Ellat 
IT t,he customer arrival process is Poisson, then Qk= Pk. Ttl this m,the arrival 
p r o m  is  not Poisson, hecause the! arrival rate chang~rvi th the date of tlle system. 

Problem4 
&Ama:nlaI~goEfi~on'93 


N(t) = # sf broken down hum at time t 

W~en 

Pr{N($tAt) = :V.(t)A 1) = 1At +o(At) 

(btisw break down at a rate of one per  hour) and 

Pr{iV(lt +At) = N(b)- 1) = /t(iV(r))Al:~ o j h t )  

where the 5rnction p(N( t ) )is determind by: 

(1) 	The totd number of mechxnin employed, k, and 

(2)V i e  mignment of mechanics l o  the N(t)  broken down h u m  

The problem i s  to make ilmisions ( 1 )  and (2) to minimize fxpw1,dcost per h o ~ ~ r ,  
E[C].The cast C per hew consists of 

C = wages + cost of l>uwnot in service: 

= 	$ 1 o k + ~ 4 0 ~ l . ~ - ( r ) m  



1n st.eadystate, we have 

utliere:v is the average number of broken down hrtse, so 

T7e number of l>uwsN(i)behatw amnuling to a cliscwte state Markov prmm 
with a transition diagram rvhid~is identical to t,he one in ?,helaqi, problem, with 

= I and pi to be determined. 

(i): Service rate proportional to k. Svppme that k, the total nurnher of rneclhanics, 
has been decided upon, f(.ewllthat the steady F;tate prol~abilitfesfor N(1) will: 
be 

Suppase T were tn increase!service rate * i j .  The11Po,PI,. . . ,e-,ursuld ihcrease, 
and 17,Pj+l , ... u*oulcldmwme, so R = C54 would decrease. Since T tmtlld 
like t a  minimize JV,it must be optimal to make dl service r a t s  pi a.5 lwge M 

pmiMe. Til%ar.(.this means is that whenever one or more bus* are broken, all 
mechania will be working, so pt = (1J2]k for i = 4 2 , .  ... Note that it makes 
no difference whether all k mgchanics finish reparing the first bus to break down 
before starting work on the second bus to break d m ,  or whether they split up 
when the second bus breaks dmm. Since pi is constant, this is equitdent to an 
lI /ki/ l  queue, for which = A/(p - A) = 1/[5/2- 1) = 2 / [ k  - 2) (thus, k 
has to be at least three far stability), sa 

Differentiating with respect to k and setting equal to zero we get 

Thus the optimal number of mechanics must be either four or five. 13% have 
2

E[qlk=8=80and E[Cll,=, = 76-3 

so k* =5 minimizes cost per hour. 
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Problem 5 

For each scenario, the total cost per minute is TC i = 1⋅ Li + Ci with i = 1 or 2 . We have 

to find the expected number of cars for each scenario. 

If there is only one server, the system can be modeled as an M/M/1 system with infinite 

capacity. According to the formula derived in class we have 

1
λ 40 L = = = 0.6 .1 

µ1 − λ 1 15 −1 40 

If there are two parallel servers, the system can be modeled as an M/M/2 system with 

infinite capacity. The corresponding state transition diagram is the following: 
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λ λ λ λ λ 

0 1 2 n… 

µ2 2µ2 2µ2 2µ2 2µ2 

⎧
λP0 = µ2 P1 ⎧
 λ 
P = P1 0 

µ2 

⎪ 
⎪⎪

λP1 = 2µ2 P2 ⎪

⎪

λP2 = 2µ2 P3 thus ⎨


⎛
⎨ n−1

⎞
λ
⎪ 
⎪ 
⎪⎩


⎪ 
⎪
⎩


M
 P for n1 ≥
1
P
 =
⎜⎜
⎝


⎟⎟
⎠


n 
2µ2λPn−1 = 2µ2 Pn 

λ 
1− 

∞ 2µ2 5
∑
P = 1i ⇒
 P0 = =


λ 11
i=0 1+ 
2µ2


Now, we can compute the expected number of cars in the system:

n−1

⎛
 ⎞
∞ ∞ λ

∑
 ∑
L
 nP P1 =
 =
 n
⎜⎜

⎝

⎟⎟
⎠


2 n 
2µ
=1 =1 2n n 

λ 
Let’s have α = , then 

2µ2 

∞⎛
⎜ 
⎝


⎞
⎟ 
⎠


⎛
⎜
⎝


⎞
⎟
⎠


α
d
 d
 1

∑
n
α
n−1 =
P1 ∑
 nα
L P1 =
P1 =
P1 =
2 (1− )2d
α
 α
 −α
d
 1
 α
n=1 

1 λ 
P = 0.87 Therefore L = 2 2 0 

⎛
 ⎞
 µ
λ 
1− 

2µ2 

⎜⎜
⎝


⎟⎟
⎠


C1 f
C
2If the two total costs are equal, then : C1 − C2 = L2 − L1 = 0.27 ⇒


Problem 6
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(a) The sta.te t r a~s ition &amcam of this BI/k1/2 quaei~igsystem i s  

The balsulce equatians and the normnlizat ion equation are 

APo = f l l  


A& = 2 p f i  


PQ+PI+ P2=1 


PL= $Po = pPO P,= +PI = )pP, = $p2PP Using the nwmdhntion equnt ion? 

J" 

Tile expectecl naunhr of men who are h z w ~serving a cnstamer at any give11time is gicm b?; 

(h) Using the chta collected, n-e h a w  the Followii~qnat.ion: 

It gives p = I (the otber r o o t ,  -4.is rncming1ess). Note that the actual arrit-al rate of 

customers is A' = A(1 -P2).Since 40.000 customers receiwd scrt-ice during 10.000hours, 

dpPSince p = I,  we haw P2= 7= &.Therefore 
I+w,PZ 

4 4 
-X = - = t i  

(1-PC) 4J5 


The nurnLer of customers lcst  during tliese 10,000hmrrs is 
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Problem 7 

(a) Tl2e state, A,  can he thought of as khe number of service phases. It is not 

equal to the number of custamers in the system, The s p s t ~ mis busy when in 

states 1or 2. Hence, 

PI+p2saver utilization factor = 
Fo+P1 CP2 


The steady state equations are: 


This implies that the service utiilization factor 

(b) Again, k is the number of service phases to he completed. 

(c) The steady-stateequations a e ;  
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and Cp==o = getFPk 1. Solving for Poin this last equation, assuming A < 1,we 
P 


Server utilization is then 

($1 The fract-ionoi customers n-ho experience the Erlang orcler 2 service time is 

;he fraction of customers who arriw to an empty system, Hence this fraction 

:s equal to Po. 

(e) If a customer findsthe system in state 0, then the servicetime has a mean of -2 

f l  
minutes. For all the other states, the servicetime has anegative exponential probability 

1
density functionwithmean -. Thaefore,we have two casB to consider: 

fl 

Extra Ouestion: 

Giwn k service phases to be completed?I4rCis equal t.o k. Hence, 
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1 


The other quantities follow suite: 

L, = XIS; 


1 '  = IVg +IVsF = FVg+ -2 

[t + A  

L = XIS,' 
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