Final Exam, #3

10.40 Thermodynamics Fall 2003
Final Exam

Problem 3

3. (20 points) A protein system exists such that each protein molecule is either in
its native form (N) or its denatured form (D). The N and D forms have different
energy distributions (density of states) with the following structures:

on(E)|  RTOIM on(E)| N-form
I T—
H LN .......
0 i 0 |
Ep-ob Ep Ep+op En—on Ex En+on

(a) (10 points) Explain under what circumstances you would expect the chemical
equilibrium constant to follow the van't Hoff equation (In K vs. 1/T is a straight
line). Back up your explanation with appropriate numerical analysis.

(b) (10 points) Describe briefly using appropriate equations how the situation
would differ for the gas phase equilibrium that we discussed in class:

H, + Y2 O, = H,0O
Recall: the semi-classical canonical partition function Q,, is given by

Qu = [ ¢ w(E)(E)

where o(E) is the density of energy states.
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Solution:
(a)

, : —AH>  AS’ 0 0
The van’t Hoff equation has the form: In K = RTrxn + R”“ , Where AH"y, and AS"n

are assumed to be constant.

Applying material learned during class lecture,

QD
K (T):—N D
Cc Q'[\]]
0 Ep+op
Q,\? _ je—E/kTa)(E)dE _ J‘ g E/KT LDdE
—o0 Ep-op

Q,\? _ —kTLD {e—(ED+aD)/kT _e—(ED—o—D)/kT } _ _kTLDe—ED/kT {e—aD/kT _e+aD/kT}

Similarly,

QNN :_kTLNe—EN/kT {e—o-N/kT _e+o-N/kT}

—Ep /KT —op /KT +op KT
QP —KTLpe ™/ feroltl —gro/iT}

Q'{l\l _kTLNe—EN/kT {e—aN/kT _e+o—N/kT}

Ke (T):

Taking the natural log of K:

QD L (E _E ) {e—GD/kT_e+aD/kT}
In KC(T)zlnﬁzlnL_z_ DkT - +In {e—aN/kT_e+oN/kT} (2)

In order for the protein system to exhibit van’t Hoff behavior, the bracketed term should
not exhibit temperature dependence. There are two conditions that will fulfill this
criterion.

1. o, =0, Then numerator and the denominator of the bracketed term are the same and
the In(1) =0, so the term vanishes.

2. 0,0, < KT This condition can be applied to a greater number of systems and is

more likely to occur. The exponential terms can be expanded as a MacLaurin series that
can be truncated after the second term.

ey ] PRl [
[ ]_ - -2 ©)

{e—aN/kT_e+0N/kT} _O-N_( +O-Nj B {_ZO'N} _O'N
KT KT KT
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Plugging Eq. (3) in (2) yields,

Ke (T):In%—(E%TEN)Hn[ﬁJ
N

Eqg. (4) follows van’t Hoff behavior, since InK vs. 1/T is a straight line.

(b)

All participants in the gas phase formation of water can be modeled as ideal gases,
whereas the protein in part (a) were modeled using the density of states information.

As done in class,

q (9,9,9,9, )
Kc (T) = i 72 : i 2 = KtKrKer
A, (00,) (@090, (000 ),,

InK. (T)=InK, +InK, +InK, +InK,

Now, we will examine the temperature dependence of each of the K;j’s in order to
determine the temperature dependence of Eq. (5).

Using the ideal gas models that we derived in class and abstracting the temperature
dependence yields,

1T T
e e

InK, = f(ij
T

The electronic part of the equilibrium constant follows van’t Hoff behavior.

1T
K,=f (e—j = f (¢"") where f is some function.

Examining the temperature dependence of the rotational part,

T3/2
K=o e |-o(T)

So, the rotational part of the equilibrium constant is not a function of temperature.

K,=h L =h(T*
=N g =T
InK, =In|h(T*)]
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Although the translational portion does not follow van’t Hoff behavior, as long as it is
small, which it should be, the equilibrium constant will van’t Hoff behavior.

The vibrational part of the equilibrium constant is the most complicated one to analyze.

3
H (e—gvi,Hzo I2t ) (1 o~ T )(1 o o T )1/2

K — i=1

v (e—ev‘Hz /2T )(e_%z 14T ) (1_ e‘HV‘Hzo T )

The first set of terms in Eq. (9) all have e dependence, so they will follow van’t Hoff
behavior.

However, the remaining terms require further investigation. Taking the natural log of
these terms and noting that 6; >>T means that e®'" will be small. We can expand the
natural log of these terms in a Taylor series and truncate after the second term.

In (1_eﬂ‘%/T ) 1o T o g0l

Applying Eg. (10) to (9)

3

-6, IT -6, IT -0, IT

InK,=—e ™ —1e ™ +§ g "
-

If the 6;’s are similar, then Eq. (11) reduces to,
InK, ~ 2™

Since e T will be small, the contribution of InK, to the equilibrium constant will be

small. Thus, the deviation from van’t Hoff behavior of the equilibrium constant due to
the vibrational part will be negligible.

Plugging Egs. (6), (7), (8), and (12) into (5) yields,
-3/4 0 3 —6GIT i
InKC(T):In[h(T )}+Ing(T )+5e +f(Tj

The translational and vibrational portions of the equilibrium constant have very different
temperature dependencies. As long as both of these terms are small and/or cancel each
other out, the equilibrium constant will follow van’t Hoff behavior.
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