Problem Set 7, #4

10.40 Thermodynamics Fall 2003
Problem Set 7

Problems 10.4 & 10.5 Text

Solution:
104

_[ :n J-: J': ®; sin o, sin o) dodoydy

o)
o . I, (D
J: J: J.: sin o sin o, doydoudy
where y =, —7;. Now to compute the definite integrals /,, and /, with d,,, ;= d,, ;=d,,
I, =(~cos o | ) (~cos o, |5) (2m - 0) =21 (2)(2) = 8n 2)

<(I>‘.j> =

[

Iz=—J: JZI:%EP[zcosa cos o ~ sin o, sma cos Y] sin o sma da, dady | 3

[

j I [cos o cés o sin o, — (ﬁ Sin 20L"]sirlz o, Cos 'y] do.dy
4na r3 2 4 : . .’
d2 —n . sin 20, "
e _.L el
47'C8r _[z“r [ sin cr.cos‘y] = r3 | Ocosyd'y
n
—cF = |
L= Jd = cos 'ydy- ssiny| =0 (4)

0

Now substituting Egs. (2) and (4) into Eq. (1)
<®,>=1/1=0/8n=0 &)

‘With uniform weighﬁng to all orientations, this result is expected.
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‘Expanding the exponential term in a Taylor series, the Boltzmann-averaged potential energy
<®;> becomes

<(Dq> =1 4/ 1 3 (1
where
n
EI: j:f:( kT 2(kT) ...]smal.smajda‘.dajdy
T eR J.n (I)l’ (D3 . ‘ |
= . ‘[0 . j kT 2(kT) smoc,.smajdoc;.doejdy
wheze '
dm ldm : .
@, ﬁl [2 cos @ cos @ ~ sin o sin o, cosy] )
e, _
If'we truncate after the second term in the expansion, then
) 0
= —== 3
I3 I! kT 87[: kT 81[: ( )

where I; and ], are given in Problem 10.4. Now to evaluate ,, again truncating after the second did
‘before, then the integration can be done analytically.

I~r _r‘_[ ((D ~—'L]sma sin oy, doy; doy, dy “)
T (I)2
r Iu_[ Sm oy, sin o doy; do; dy ®)
but J, = 0. Now substituting Eq. (2) into Eq. (5).
' : - P
L L et Lo T (6)
(4me )" r'kT
where
Tt ! T n 2x
Is= }: j:]: 4 cos® o coszaj sin oy sinoy, do; doy dy = (:31 cosaoti] . (:34- cosaaj) . Y .
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I, =- '[o J: _‘: 4cosa, oS0y sinztx‘. sinzaj cos Y do, d(xj dy

3 n
/ [ 4 sin ai]
6= |73
3 3 i
. pdTt
I =Jz J::J: sin’o, sin’ a, coszyda;dajd'y

0
cos o, " cos oL " =
_ i i Y , sin%y
I, = [ 3 COSO‘;J . ( 3 cosotj] ] [2+ 2 J

1,=(4/3) (4/3) 2n/2) = _l_g_n

19
J‘z r sin® o cos o, cosy dat, dy =0
0 %o j i J

Y

Therefore, substituting into Eq. (6)
—d; &, [32n l6n] 48ndl, & -
I,= = +0+ = .
(4me )" kT | 9 9 9(4ne )’ rkT

and with Eq. (1):

L. =9 d> d
<P>=—=— S— L . ED!
i I3 3 (47;8',') ZrﬁkT Q (8)
which is Eq. (10-83).
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