
   
    

 
                 

              
                

              
                  

       

                     

14.05 – Intermediate Macroeconomics 

Problem Set 2, Fall 2025 

Exercise 1 

In the variants of the Solow model we have seen so far, we assumed the production function 
featured constant returns to scale in capital and labor. This assumption might be violated 
in practice if there are scarce factors, such as land or natural resources, that also affect 
production. This exercise develops a version of the Solow model with scarce factors. We 
do this using a variant of the Solow model in continuous time analyzed in the first part of 
Lecture 6. Suppose output is now given by 

Y (t) = AK(t)αL(t)βZ1−α−β , (1) 

where α + β < 1. Here, Z can be interpreted as the supply of the scarce factors such as 
land. The coefcient, 1 − α − β > 0, can be interpreted as the share (or the “importance”) 
of the scarce factors in aggregate output. Unlike K(t) and L(t), scarce factors cannot be 
accumulated—at least not as easily. We capture this feature by assuming that Z is constant. 
To simplify the notation we also adopt the normalization Z = 1, so that output is given by 

Y (t) = AK(t)αL(t)β . (2) 

The rest of the model is as before. Specifcally, the dynamics of capital and labor are 
respectively given by, 

K̇(t) = sY (t) − δK(t) (3) 
L̇(t) = L(t)n (4) 

for some constants s ∈ (0, 1), δ > 0 and n ≥ 0, and taking initial values K(0) and L(0) as 
given. 
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a) (3)-(4) can be combined to describe the dynamics of the model in terms of capital per 
labor, k(t) = K(t)/L(t) and output per labor, y(t) = Y (t)/L(t). Carry out this analysis 
and show that the following equation continues to hold in this setting, 

k̇(t) = sy(t) − (δ + n)k(t). (5) 

For the rest of the exercise, suppose population growth is zero, n = 0, so that the 
population is constant at a particular level, L(t) = L > 0. 

b) Use (2) to characterize y(t) in terms of k(t) and L. How does a greater population level, 
L, afect output per labor, y(t), keeping k(t) as well as the other parameters constant? 
Is this the same or diferent than what we had in lectures? How does the efect depend 
on the share of scarce resources, 1 − α − β? Provide an intuition for these results. 

c) Combining your analysis from the frst two parts, obtain a diferential equation that 
features only k(t) and the parameters of the model (including L). Characterize the steady 
state level of capital and output per labor, k and y. How does a greater population level, 
L, afect k? How does it afect y? Is the proportional efect2 on y the same as, greater 
than, or smaller than the proportional efect on y(t) that you analyzed in part b)? Provide 
an intuition for this result. 

Exercise 2 

In the variants of the Solow model we have seen so far, the population was either constant, 
or it was growing at a constant rate, which did not afect the behavior of per-labor variables 
very much. This exercise analyzes a model in which population growth responds to changes 
in output per labor, an idea that was emphasized by Thomas Malthus more than 200 years 
ago. We also assume there are scarce factors in production, as in the frst exercise. 

Specifcally, consider the model in the frst exercise with the only diference that popula-
tion growth is now given by 

L̇(t) 
n(t) = = η(y(t) − ȳ), (6)

L(t) 

where ȳ  > 0, η > 0, and L(0) is given. The rest of the model is unchanged. In particular, 
we continue to assume that the production function is given by (2) with α + β < 1. 

a) Provide an economic interpretation of (6). What happens to population growth when 
y(t) is below ȳ  (say when y(t) is close to zero)? Is this intuitive? And what happens to 
population growth when y(t) exceeds ȳ? 

∂ ln b2In general, when we say proportional efect of a on b, we consider .∂ ln a 

2 



b) (3) and (6) can be combined to obtain the (intensive form) dynamics in terms of k(t). 
Carry out this analysis and show that 

k̇(t) = sy(t) − (δ + η(y(t) − ȳ))k(t). (7) 

As you have seen in part b) of the frst exercise, output per labor, y(t), in this model also 
depends on the level of the population, L(t). This implies that the dynamics of the model 
are now more complicated. In particular, the diferential equation (7) cannot be solved in 
isolation. Rather, the diferential equations (6) and (7) jointly determine the evolution of 
{L(t), k(t)}, starting from an initial condition, {L(0), k(0)}. That said, the steady state of 
the system is relatively less complicated. In the rest of this exercise, we focus on a steady 
state in which L(t) = L∗ > 0 and k(t) = k∗ > 0 for each t. 

c) Characterize the steady state levels of {L∗, k∗} as well as output per labor, y ∗, in terms of 
the parameters. Consider the comparative statics with respect to the level of productivity, 

∗A. In particular, suppose the productivity doubles. Does this increase y and k∗? Why 
or why not? Does this increase L∗? Why or why not? 

d) In lectures, we have seen that output per labor (or more broadly, the living standards) 
remained roughly unchanged for much of the human history (until the Industrial Revolu-
tion), even though there has been technological progress along the way. Use your analysis 
in c) to provide an interpretation for this fact. 

Exercise 3 

Consider the neoclassical growth model in continuous time. Output per labor is given by 
y(t) = f(k(t)), where f(•) is a neoclassical production function and k(t) denotes the capital 
per labor. There is no population growth or technological progress (that is, L/L˙ = 0 and 
Ȧ/A = 0). We now also introduce government spending to the model, denoted by g(t). The 
economy’s resource constraint is given by: 

k̇(t) = f(k(t)) − δk(t) − c(t) − g(t) (8) 

1−θ−1cThe representative household has per-period utility u(c) = 1−θ and discount rate ρ. 
old(t) = 0.The economy is initially (at time t = 0) at the steady state corresponding to g 

Denote the consumption and capital per labor at this old steady-state with {c ∗,old, k∗,old}. 
At time 0, Congress approves an increase in military spending. The announcement comes 

new(t) = ¯as a surprise. After the announcement, the government spending is g g > 0 for each 
t ≥ 0. Hence, the government spending increases permanently. For the purposes of this 
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exercise, you can think of the government spending as purely wasteful (as it will be spent 
outside the country). Furthermore suppose that government spending is not too large, so 

g < f(k∗,old) − δk∗,oldthat it satisfes ¯ . 
First suppose government spending is fnanced by taking resources lump-sum from con-

sumers (i.e., a lump-sum tax), so that the Euler equation is not afected by the change. 

a) Characterize the new steady-state levels of consumption per labor and capital per labor, 
{c ∗,new, k∗,new}. How do the new steady-state levels, {c ∗,new, k∗,new}, compare with the old 
steady-state levels, {c ∗,old, k∗,old}? Provide a brief intuition. 

b) Draw the phase diagram and show how the economy transitions to the new steady-state. 
What is the impact on consumption per labor and capital per labor in the short run? 
What about the long run? 

Now consider the same exercise under the assumption that the government spending is 
fnanced with a distortionary tax on capital income τ , which you can think of as a positive 
constant τ > 0.3 That is, the net return on investment is now given by rt = (1−τ)(f ′(kt)−δ). 

c) Characterize the steady-state levels of consumption per labor and capital per labor, de-
noted by {c ∗,dist, k∗,dist}. How do these levels compare with the steady-state levels without 
distortionary taxation, {c ∗,new, k∗,new}? Provide a brief intuition. 

d) Draw the phase diagram and show how the economy transitions to the new steady-state. 
What is the impact on capital per labor in the short run? What about the long run? 

Exercise 4 (2021 exam question) 

Consider the competitive equilibrium of the neoclassical growth model. Time is discrete, 
t ∈ {0, 1, . . . }. As usual, frms rent capital and hire labor. Now, however, the policymaker 
pays a subsidy χ > 0 to frms renting capital, so the proft maximization problem of the 
representative frm at time t becomes 

πt ≡ max F (k, n) − wtn − (1 − χ)rtk 
k,n 

where F (•) as usual is a neoclassical production function. Household preferences take the 
CRRA form: 

1−θ − 1c 
u(c) = 1 − θ 

3Ultimately τ is chosen so that total tax revenues equal ḡ at the steady state. You do not need to solve 
this fxed point loop; just think of τ as a positive constant. 
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The household problem is almost exactly as studied in class, with the sole exception that now 
the policymaker levies a tax on households to fnance the capital subsidy χ given to frms. 
In this problem you will explore the implications of the subsidy under diferent assumptions 
on its tax fnancing. 

a) Suppose frst that the subsidy is fnanced with a lump-sum tax on households τt. That 
is, the household budget constraint becomes 

ct + kt+1 = wt + rtkt + (1 − δ)kt + πt − τt 

(i) What does the government budget constraint imply about the relationship between 
τt, χ, rt, and kt? [Hint: the tax revenue that the government collects from households 
will need to be equal to the amount that it is paying out as subsidies to frms.] 

(ii) Derive the optimality conditions for the household and frm problem. Combining 
those optimality conditions with (i) the household budget constraint, (ii) the ex-
pression for frm profts, and (iii) the government budget constraint, derive a pair 
of diference equations that characterize the dynamic evolution of consumption ct 

and capital kt. Compare your system with the standard planner’s system 

ct + kt+1 = (1 − δ)kt + f(kt), 
−θ ct = 1 − δ + f ′(kt+1). 

βc−θ 
t+1 

Is it diferent? If so, why? 

(iii) Does χ afect the steady-state levels of capital k∗ and consumption c ∗? If so, how? 
In particular, is it possible that k∗ exceeds the golden rule level of the capital stock? 

(iv) Suppose that the economy is initially at steady state. Then, at t = 0, the subsidy 
χ is unexpectedly and permanently removed (i.e., we go from χ > 0 to χ = 0). 
Graphically illustrate the transition paths of capital k(t) and consumption c(t), 
using the phase diagram for the continuous-time version of the model. 

b) Suppose instead that the subsidy is fnanced with a tax τt
ℓ on household labor income; 

that is, the household budget constraint becomes 

ct + kt+1 = (1 − τt
ℓ)wt + rtkt + (1 − δ)kt + πt 

and total tax revenue at time t is τt
ℓwt. Repeat exercises (i) - (iv) from a) for this 

alternative economy. [Hint: This should be much less work than item a).] Explain the 
diferences (if any) compared to item a). 
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c) Finally suppose that the subsidy is fnanced instead with a tax τt
k on household capital 

rental payments received from frms; that is, the household budget constraint becomes 

ct + kt+1 = wt + (1 − τt
k)rtkt + (1 − δ)kt + πt 

and total tax revenue at time t is τt
krtkt. Repeat exercises (i) - (iv) from a) for this 

alternative economy. [Hint: This should be much less work than item a).] Explain the 
diferences (if any) compared to item a). 
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