
   

 

   
 

   

      

    

   

        

  
 

  
   

      
   
  

    

        

     

 

  

 
  

   

&)$&') <NKTSions for Homework 1 

1 &0*./+-,     1 

f(x)
Definition 1 MLRP: g(x) is increasing in x. 

Definition 2 FOSD: F (x) ≤ G(x)∀x 

Show that MLRP ⇒ FOSD
f(x0)Proof: MLRP implies that there exists x0 such that = 1. If not then f(x) > g(x)∀x 
g(x0  

or f(x) < g(x)∀x. But since f(x)dx = g(x)dx = 1, neither of these cases are possible. 

We have two cases: 

x x
C1: x < x0 : f(x) ≤ g(x) → f(x) ≤ g(x) → F (x) ≤ G(x)−∞ −∞

∞ ∞
C2: x > x0 : f(x) > g(x) → 

x f(x) ≥
x g(x) → 1 − F (x) ≤ 1 − G(x) → F (x) ≤ G(x) 

2 &0*./+-, 2 

You want to design an experiment, that is a random variable Y (that takes value in [0;1], 
for simplicity, and is characterized by the joint distribution p(θ,y) ) such that the 
distribution of posteriors generated by this experiment is given by f(p). In the 
“experiment” the posterior will be given by Pr(θ1|y) and the probability that this posterior 
arises is simply Pr(y) . In the statement, the probability that posterior p arises would be 
given by f(p). Therefore, we’d like to take Pr(θ1|y)=p and Pr(y)=f(p) (for y=p) which 
directly defines p(θ1,y)=pf(p) ;Pr(θ2|y)=1-p ; p(θ2,y)=(1-p)f(p). Does such a random 
variable exists ? 

We have p(θ,y)≥0 for all y,θ and 

∫ p(θ,y)dydθ =∫ p(θ1,y)dy+∫ p(θ2,y)dy 

=∫pf(p)dp+∫(1-p)f(p)dp (by construction, since p(θ1,y)=pf(p) for y=p  ) 

=p0 + (1-p0 ) =1  (by hypothesis) 

Therefore such an experiment exists (we can construct a random variable Y such that 
the joint distribution of (Y,θ) is p(θ,y) since p is non negative and sums up to 1) and 
the prior is given by Pr(θ1)=∫ p(θ1,y)dy =p0 as wanted 

We can then define the likelihood functions using Bayes rule and we have Pr(y|θ1)= Pr(θ1| 
y)Pr(y)/Pr(θ1)=pf(p)/p0 and similarly for Pr(y|θ2) . You can then directly verify that the 
experiment defined by the outcome y, these likelihood functions and the prior p0 generate posteriors 
distributed according to f. 
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  3 &0*./+-, 3 

1. We are given u (a, s) therefore we can derive v (a, p) :

v (a1, p) =  pu (a1, s1) + (1− p)u (a1, s2) = 7 + 3p

v (a2, p) =  pu (a2, s1) + (1− p)u (a2, s2) = 11− 6p

The upper envelope of v (a, p) will be the V (p) (it indicates the maximum expected utility that 

the agent can reach if faced with probability of s1 equal to p): 

V (p) = max v (a, p) 
a 

11 

7 

V(p) 

10 

5 

z 

0.4 10.25 p 
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At p = 0.4 the optimal decision is a2 since: 

v (a1, p) = 10 (0.4) + 7 (0.6) = 8.2 

v (a2, p) = 5 (0.4) + 11 (0.6) = 8.6 

2. We are given the likelihood matrix:

⎤⎡⎤⎡ 

L =
 ⎢⎣ Pr(y1|s1) Pr(y2|s1) ⎥⎦
=
 ⎢⎣ λ1 (1− λ1) ⎥⎦
Pr(y1|s2) Pr(y2|s2) λ2 (1− λ2)

The probability of observing the two signals is: 

Pr (y1) =  Pr(y1|s1) Pr(s1) + Pr(y1|s2) Pr(s2) = 0.4λ1 + 0.6λ2

Pr (y2) =  Pr(y2|s1) Pr(s1) + Pr(y2|s2) Pr(s2) = 1− 0.4λ1 − 0.6λ2

Let’s calculate the posterior probabilities: 

Pr(y1|s1) Pr(s1) 0.4λ1
Pr(s1|y1) =  = 

Pr (y1) 0.4λ1 + 0.6λ2
Pr(y2|s1) Pr(s1) 0.4 (1− λ1)

Pr(s1|y2) =  = 
Pr (y2) 1− 0.4λ1 − 0.6λ2

1• If λ1 = λ2 = the information system has no value because the same signal y1 is as likely to2 

appear in the two states of nature. Whenever λ1 = λ2 the information system has no value. 

1• If λ1 = and λ2 = 0  the the likelihood matrix is the following:2 ⎤
⎡
 

L =
 ⎢⎣ 1 1 
2 2 ⎥⎦
0 1

Posteriors in this case are: 

Pr(s1|y1) = 1

Pr(s1|y2) = 0.25

3
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And probabilities of the two signals are: 

Pr (y1) = 0.2 

Pr (y2) = 0.8 

— When observe y1: 

v (a1, 1) = 10 

v (a2, 1) = 5 

therefore the optimal choice as a function of the signal is: 

a (y1) =  arg  max  v (a, p = 1) =  a1
a 

Hence: 

V (1) = 10 

— When observe y2: 

v (a1, 0.25) = 7.75 

v (a2, 0.25) = 9.5 

therefore the optimal choice as a function of the signal is: 

a (y2) = arg max v (a, p = 0.25) = a2
a 

hence: 

V (0.25) = 9.5 

We can know calculate VY as: 

VY = (9.5) 0.8 + (10) 0.2 = 9.6 
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We can now calculate the value of information as: 

Z = VY − V (0.4) = 9.6− 8.6 = 1

3. We know that the Blackwell theorem gives general conditions under which one information system¡ ¢
1 1is preferred to another. So we just have to prove that the information system λ1 = α + β, λ2 = β2 2 ¡ ¢

1is a garbling of the information system λ1 = , λ2 = 0  .2 

We have to find a Markov matrix M : ⎤⎡ 

M =
 ⎢⎣ m11 m12 ⎥⎦
m21 m22 

m11 +m12 = 1

m21 +m22 = 1

mij ≥ 0

such that the following relationship between the likelihood matrices holds: 

⎡
 ⎤⎡⎤⎡⎤ 
1 1 α+β 1− α+β2⎢⎣ ⎢⎣⎥⎦ 

m11 m12 ⎥⎦
=
 ⎢⎣ ⎥⎦2 2 2 

0 1  β 1− βm21 m22 

You can verify that such matrix M exists and is equal to the following: 

⎤⎡ 

α 1− α
M =
 ⎢⎣ ⎥⎦

β 1− β
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