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Question 1

(a) In lecture, Glenn proved that Stahl’s model has no pure strategy Nash equilibrium. This proof relied
on an “undercutting” argument: if firms set prices p; = p > ¢ for all ¢, then any firm could increase profits by
deviating to p — €. Such undercutting behavior may not be possible in this setting, as firms are restricted to a
discrete set of possible prices. If, for instance, p;1 = ps = i, neither firm can deviate to i — € because i —eis
not in their choice set.

(b) We seek to characterize the set of parameters (s, ) such that p; = ps = § is a mutual best response.

If pp = py = i, the consumer buys % units of the good from firm ¢ with probability % Profits are there-
fore 11 = mp = % . i . % = 3—32 If firm 1 deviates to p; = 0, she earns profit 0. If she deviates to some p; > %,
then she sells to none of the u shoppers, nor to any of the %(1 — p) costly searchers who visit firm 2 first; firm

1 may, however, sell to the %(1 — p) costly searchers who visit firm 1 first. These consumers will purchase from

firm 1 iff
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Here, we use the fact that a consumer’s net utility from purchasing at price p is u(p) = fol_p(l —x)dx—p(l—p) =
3(1—p)%
Setting py = 3, (1) becomes
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Suppose s > % and firm 1 set p; = % Then, firm 1’s profit is %(1 — ). A deviation from p; = % to p1 = % is
profitable iff p < i.
Note that we need not consider deviations to % or 1. Intuitively, the fact that these prices are above the

price set by a monopolist (%) indicate that they cannot be optimal in this duopoly setting; % and 1 are strictly
dominated by %

So, p1 = % is a best response to po = § if either (i) s < % or (ii) x > i. By symmetry, these conditions
guarantee that p; = ps = i is a mutual best response, and therefore a pure strategy Nash equilibrium.

1Solutions based on those of Adam Harris, Anton Popov, and Sam Grondahl.



(c) Setting a price of either 0 or 1 results in the firm earning zero profits. Recall that in a mixed-strategy
Nash equilibrium, if a firm is mixing over a set of prices P (i.e. p € P = ¢*(p) > 0), then the firm’s expected
profit must be equalized across all p € P. Since it seems unlikely that the firm’s equilibrium expected profit is
zero, and, moreover, 0 and 1 are weakly dominated by the other prices in the choice set, we can conclude that
0*(0) =o*(1) = 0.
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This means that in any mixed-strategy Nash equilibrium, firms will mix over {7, 5}.

; decreasing the price from % to % both increases the firm’s

As noted previously, p = % is also dominated by p =
) and increases the probability of purchase. So ¢* ( %) =0.

profit from those who purchase (% (1 — %) < % (1 —
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For simplicity, I only consider the case where s > 5. Note that, under this condition, a costly-search con-
sumers who finds price % at the first firm he visits will not search. Searching is optimal iff
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which is equivalent to s < 5, which is false, since s > 3—52 > %a. Therefore, this is an equilibrium in which

costly-searchers never search. Thus, firm 1’s profit from setting prices %, %, respectively, is
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| If po=1, get all shoppers.  If po=1%, get half shoppers. | Get half of costly-searchers.
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If po=1%, get no shoppers.
| If p2=1%, get half shoppers. i Get half of costly-searchers.
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Since we must have m; (4) = 1 (3), this is a mixed-strategy Nash equilibrium iff o = %

Question 2 (a) If the consumer does not do an additional search, her utility is

v—p"+x—Ns

If the consumer does an additional search, there are two possible results. First, the consumer might find that
the newly searched product has €;; < . In this case, utility is v — p* + 2 — (N + 1)s. Second, the consumer
might find that the newly searched product has €;; > x. In this case, utility is v — p* 4+ ¢€;; — (N + 1)s. So, if the
consumer does an additional search, her expected utility is

v—p"+Pr(e; <z)x+Pr(e; >x)Ele; | e >a] — (N+1)s



Since the idiosyncratic term ¢;; is distributed U[0,1],Pr(e;; < 2) = x and E[e;; | €;; > 2] = ZFL. Substituting
in and simplifying, expected utility becomes

1+ a2

v—p"+ —(N+1)s

Subtracting the consumer’s utility without an additional search, we find that the expected net benefit from an

additional search is )
5(1 —z)?—s=A(x)

(b) The consumer searches again if and only if A(z) > 0, so A(x) = 0. Inverting A gives
z=1-—12s

Note that we need to assume z < %, or else the consumer will never search.

(c) A consumer who visits firm j buys from firm j if and only if u;; > u. Equivalently,
v—pjte;>v—p +(1-V2s)
& 65 =2 (1=V2s) = (p" —pj)

Again using the fact that e ~ UJ0, 1]
Pr (buy from j | visiting j) = V25 + (p* — p;)

(d) To find the equilibrium price p*, we will first find a firm j ’s optimal deviation p if all other firms set p*.
Then, the equilibrium is characterized by p (p*) = p*. Firm j ’s optimal deviation solves the profit maximization
problem

p(p") = argmax (p; — o) (V25 + 5" — 1))

pj
The first-order condition is
(\/2S+p* —p;—) —(pj—0¢)=0

Solving for p; gives
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p(p*) = 3 (c+v2s+p )
The equilibrium condition p (p*) = p* then implies that the symmetric pure strategy Nash equilibrium price is
p*=c+V2s.

(e) In lecture, we saw a model of differentiated search where there were two firms. We showed that that
model had a symmetric pure strategy Nash equilibrium
pf=c+ ¥t
2—4/2s/t

The model we considered in this question is like that from lecture, but with ¢ = 1 and with infinitely many
rather than just two firms. We can show that, for all s € [0, %),
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Therefore, the model presented in lecture (with ¢ = 1 ) has higher equilibrium prices that the model in this
question. This difference is explained by the number of competing firms. In a model with only two firms, a
consumer quickly runs out of firms to search: if she searches both firm 1 and firm 2 and finds both options
unfavorable, then she is forced to choose the lesser of these two evils. In a model with infinitely many firms,
the consumer always has the option of searching again. The fact that the consumer always has this alternative
means that consumers are less ”captive,” forcing firms to set prices lower.

Question 3

Open ended
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