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Problem Set 4

1. (To be solved in a group) Consider the Black-Scholes model with stock returns following

d
é =pdt +odZz,

t

Assume that the interest rate is r and the stock pays no dividends. Consider an Asian
call option on the stock paying

max(0, Sp — K)

at time T', where

ti=J73

Assume p=0.1, 0 = 0.3, r =0.05, Sy = 100, T'=1, J = 252.

(a)
(b)

()

Show that, conditionally on In S(¢;_1), In S(¢;) is normally distributed under Q.

Using 10,000 simulated paths of the stock price under Q, estimate the price of the
Asian call option with strike prices K = 80, 100, 120. Derive the 95% confidence
intervals around your price estimates.

Use antithetic variates to reduce the variance of your estimates. Use 5,000 paths
to have a fair comparison with the direct Monte Carlo approach. To use antithetic
variates, for each path reverse the sign of each normal random variable used to
generate it. Derive the 95% confidence intervals around your price estimates and
compare them to the intervals obtained without variance reduction.

Use the control variates to reduce the variance of your estimates. In particular, for
an Asian call option with strike K, use the discounted payoff of a European call
option with the same strike price as the control variate. Use 500 simulated stock
price paths to estimate the loading on the control variate, b*, and 9,500 paths
to estimate the option price for K = 80, 100, 120. Derive the 95% confidence
intervals around your price estimates and compare them to the intervals obtained
without variance reduction.



2. (To be solved in a group) Consider a firm with assets valued at A;. Firm’s total asset
value evolves according to

dA
T::,udt—i-adZt

The firm has multiple bonds outstanding maturing at various points in time. Assume

that the firm will default on all of its debt obligations as soon as the total asset value
A, falls below A.

(a)

Using Monte Carlo simulation, estimate the default probability p, for bonds ma-
turing at date 7. You need to decide how many simulations to use to achieve
reasonable accuracy. Justify your choice.

Plot p, as a function of 7 for 7 = 1,2, ..., 10. Also, compute the term structure of
forward hazard rates, \;, defined by

t—1

1 —p; = exp(— Z As)

s=0

Plot the term structure of forward hazard rates.

Use the following parameter values:
Ag=1, A=04, n=0.1, 0 =0.3

Using control variates, improve the accuracy of your estimation. (Hint: for any
t, you can compute the probability of A; < A) analytically).

Repeat the exercise in item (2a) for A = 0.1 and A = 0.85. Comment on your
results: what conclusions can you draw from this exercise about the term structure
of default risk of corporate bonds?
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