16.485: Visual Navigation for Autonomous Vehicles (VINAV) Fall 2020

Lecture 7

Lecturer: Luca Carlone Scribes: Luca Carlone, Markus Ryll

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor(s).

This lecture introduces the principles of two standard and well-known quadrotor controllers. First, we dis-
cuss an almost globally-stable geometric controller, which provides a state-of-the-art approach to perform
aggressive maneuvers with quadrotors. The second controller is a lightweight cascaded Proportional Deriva-
tive (PD) controller, which works well near hovering. Reading the section about the near-hovering controller
is optional and such controller is only reviewed as an example of “old-style” quadrotor control design.

In the following we will refer to the variable names depicted in Fig. 7.1.

RW—[XB yB g/]

RW_[xd yd ;V]

Figure 7.1: Quadrotor - most important variables are labeled. The figure shows the world frame w, the
current quadrotor body frame s, and the desired quadrotor frame d (this is where we want our drone to go
to). Note that we cannot simultaneously control the position/velocity and roll and pitch, so we only attempt
to track a desired yaw direction (indicated by the vector &), rather than the full attitude R}y. The rotations
on the left are a reminder that the columns of the rotation R}’ correspond to the axis of the body frame
(e.g., ) expressed in the reference frame w (hence @} ); the same holds for the rotation R}).

7.1 Notation and definitions

In the rest of these lecture notes, the subscript [-]q will indicate that [-]4 is the desired value of [], e.g. p¥
refers to the desired position while p% is the current position (in the world frame).
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Figure 7.2: The geometric control loops for position and attitude control.

Also in this lecture we will use the common model with the reference frame rotated by 45° with respect to
the quadrotor propeller axes (see Fig. 7.1). This definition is more common as we can align the x-axis with
a camera frame (with the camera standing between two quadrotor arms), in a way that is not occluded by
the quadrotor arms. This is the same model used in the Lab 3 exercises.

7.2 Geometric Controller

This section reviews the geometric controller presented in [3] that we adapt to our reference frame conventions
(Fig. 7.1).

A quadrotor has 4 control inputs (the speed of the 4 rotors) but has 6 degrees of freedom (3 for its translation
and 3 for its rotation). Since we have less inputs than controls, we will not be able to control independently
all the degrees of freedom. Intuitively, if the quadrotor has a pitch or roll angle, its dynamics will force it
to move, hence the quadrotor cannot simultaneously keep a desired position and a desired roll and pitch.
Therefore, in this lecture we will only discuss how to control 4 degrees of freedom, and in particular the
quadrotor position p¥ and the yaw angle 1. We denote with p¥ and 14 the desired position and the desired
yaw. We equivalently define the yaw angle with a vector in the horizontal plane ¥ = [cos(¢) sin(v) 0]T.

In the following, we first present the control law and then provide some intuition about its effectiveness.

7.2.1 Tracking Errors and Control Design

In Lecture 6 we have seen that the quadrotor dynamics satisfy:

mpY | —mges R O
A B R (71)

Noting that the first two rows of F are always zero in our quadrotor model, we rewrite eq. (6.9) in Lecture
6 as follows:

[ f_B ] — Fw (7.2)

where F is now a 4 x 4 invertible matrix. Since F' is constant, we can always move back and forth from w
to [f2; 7P] and for this reason in the following we will directly think about [fE ; 7"] as our control inputs

mp*| _ | —mge zg 01 f2
el =[] <[5 ][] "

and write (7.1) as:
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7.2.2 Tracking Errors

One might think about the geometric controller as a PD (Proportional Derivative) controller, but with error
metrics that respect the Lie group structure of the rotations. The errors are defined as follows:

e, =p" —py (position error) (7.4)

e, =v" —vy (linear velocity error) (7.5)
1

er =3 [(Ry)"RY — (R‘]’B")TRZV}V (rotation error) (7.6)

e, =w® — (RY)"RYw, (angular velocity error) (7.7)

The position and (linear) velocity errors are quite straightforward and indeed resemble what one would use
in a standard PD controller; again p¥ and v} are the desired position and velocity which is assumed to
be given'. However, the expressions of the rotation and angular velocity errors are more involved. While,
we are going to provide some intuitions about these tracking error in the following paragraph, we can
think about the rotation and angular velocity errors as carefully-designed vectors where e measures the
mismatch between the current quadrotor rotation R} and the desired rotation R}], and where e,, measures
the mismatch between the current body-frame quadrotor angular velocity w® and the desired body-frame
angular velocity wy.

Intuition for the rotation error: Let us discuss the intuition behind the rotation error in (7.6). In
the Lie group lectures, we mentioned that the angular distance between two rotations R} and R} can be
computed as:

disto (Ry/, RYY) = || log((Ry) " RY)"|| (7.8)

It turns out that the logmap for SO(3) can be simply computed as (see,
e.g., https://en.wikipedia.org/ wiki/Axis%E2Y,80%93angle_representation):

if R=1,

0
log(R) = { -2 [R—R"] otherwise (7.9)

where 6 is the rotation angle.

Therefore, we can develop the log inside the angular distance (7.8) as:

W W 0 W w W W
log((RY)TRE)" = ——((RY)TRY — (RY)TRY)” (7.10)
from which it should be clear that the rotation error in (7.6) is simply a vector parametrization of the relative
error between the desired rotation R and the actual rotation R} (up to scale).

Intuition for the angular velocity error: The intuition behind the angular velocity error in (7.7) is
even simpler. The basic observation is that the desired angular velocity wy and the current angular velocity
wP live in two different reference frames. The vector w® lives in the body frame of the quadrotor, while wy
lives in the desired body frame of the quadrotor (cf. Fig. 7.1). For these two quantities to be comparable,
we should express them in the same reference frame. In (7.7), the term (RY)TRYwq, has the effect of first

expressing wy in the world frame “w” (via the multiplication by RY) and then transform it to the current
body frame “s” (via the multiplication by (R¥)T = RE).

n Lecture 9-11 we will discuss how to obtain the desired positions and velocities using trajectory optimization


https://en.wikipedia.org/ wiki/Axis%E2%80%93angle_representation
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7.2.3 Controller

We can now introduce the geometric controller. For given desired state pYy, ] (and the corresponding
tracking errors e,, e,, er, e,,), and some positive constants ky, k., kg, k., the control inputs f2, 7" are chosen
as follows:

12 = (—kpep — kye, + mges + mpy) - Rl es, (7.11)
T% = —kpep — ke, + w” x Jw® — J (W]« (RY) " Riwy — (RY) Ry wy), (7.12)
- . S_— L pw [ (zx&y)xzY zy xa&y w .
where the desired attitude R} is computed as R} = [H(ngxa':ZV)ng"H , IIzgvxﬁg”H , 23] € SO(3), and:
—kye, — kye, Y
2y = RYe; = — 2o~ KvCo T Mges £ mbq (7.13)
| — kpep — kue, +mges + mpY ||
Here, we assume that the denominator of (7.13) is non-zero,
| — kpep — kye, + mges + mpy || # 0, (7.14)
and that the desired trajectory satisfies
| - mges + mpal| < B (7.15)

for a given positive constant B.

The control moment 7" given in (7.12) corresponds to a tracking controller on SO(3). For the attitude
dynamics of a rigid body described by eq. (7.3), (in both the rotational part) this controller exponentially
stabilizes the zero equilibrium of the attitude tracking errors. Similarly, the expression in the parentheses
in (7.11) corresponds to a tracking controller for the translational dynamics on R3. The total thrust fZ
and the desired direction 2} of the third body-fixed axis are chosen so that —if there is no attitude tracking
error— the control input term fZR) es reduces the position and velocity errors. Therefore, the trajectory
tracking error will converge to zero provided that the attitude tracking error is identically zero. Certainly,
the attitude tracking error may not be zero at any instant. As the attitude tracking error increases, the
direction of the control input term f2 R} es of the translational dynamics deviates from the desired direction
of RYes. This may cause instability on the complete dynamics. In (7.11), we carefully design the total
thrust f? so that its magnitude is reduced when there is a larger attitude tracking error. The expression of
f2 includes the dot product of the desired third body-fixed axis z}} = R}]e3 and the current third body-fixed
axis z\¥ = R} es. Therefore, the magnitude of f? is reduced when the angle between those two axes becomes
larger. A stability proof can be found in [3].

Intuition about the design of the thrust f? and the desired rotation R}: Let us consider the

translational dynamics in eq. (7.3):
mp" = —mges + R} f° (7.16)

Of course, if we compare (7.16) with (7.3) we realize that we can only apply a force f® along the local z of
the quadrotor, but let’s put that aside for a moment. In the ideal case where we had the freedom to apply
forces in any direction, an ideal force to apply would be:

i]éeal = R\])Bv(_kpep — ke, + mges + mpy) (717)

since when we substitute such force into (7.16) we get:

mp” = —mges — kpe, — kye, + mges + mp,; <~ (7.18)
mp" = —kpe, — kye, + mpy = (7.19)

(using e, = €, and P~ — pg = €,) (7.20)

meé, = —kpep, — ky€p (7.21)
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which is now a simple linear system describing the dynamics of the position errors. By suitable tuning of
the gains k, and k, we can ensure that this system converges to zero position (and velocity) error.

Since the drone dynamics restrict the thrust to be along the local body zY of the quadrotor, the basic idea
of the geometric controller is to project the “ideal” thrust force (7.22) along the local body z¥ to get:

w

fz = (—kpep — kye, + mges +mpy) -z = (—kpe, — kye, + mges + mpy)) - R} es (7.22)
which matches the thrust design in eq. (7.11).

Note that f2 matches the “ideal” force fJ., when the local body 2z} points in the direction of —k,e, —
kye,+mges+mpY . This is indeed the rational for choosing this vector as the desired local body 2}y in (7.13).
The desired local body «}] and y are built such that the yaw angle matches the desired yaw angle ZY, see
Fig. 7.1, and the axis are orthogonal.

Intuition about the design of the torque 72: Similarly to the previous case, we can substitute the
torque 7" in eq. (7.12) back into the rotational dynamics (7.3):

juﬁB = —w” x Jw® —krer — kye, +w® x Jw® + J(*[WB}X(R‘;)TR‘;‘*’(Z + (Rg)TR‘()ivwd) — (7'23)
Jw® = —krer — ke, + T (—[w’]x (RY)T Riwa + (RY) Ry wa) (7.24)

Now we observe that:

d

= o (@" = (BY)TRjw) = " — (RY)T Rijwa — (BY) T Rjws — ()T Rjwg =

€u
@" — (Ry[w’]x) " Rijwa — (BY)T Ry [wa] xwa — (RY) T Rjjwa =
(recalling that [w®]! = —[w

@° + [w]« (RY) Ryjwa — (RY) Ry wa =

Plx and [wg]xwgq = 0)

Noting that this expression matches terms present in (7.24), eq. (7.24) can be written as:
jéw = —k‘ReR — kwew (729)

which again is a simple linear system describing the rotation and angular velocity error dynamics. By suitable
tuning of the gains kg and k,, we can ensure that this system converges to zero rotation and angular velocity
€rror.

7.3 Near-Hovering Controller

This section is optional and is given as an example of how quadrotor controllers were designed before the
geometric controller was proposed. The presentation is mostly based on [4].

The aerial robot is controlled by nested feedback loops as shown in Fig. 7.3. The inner attitude control
loop usually utilizes an onboard IMU with accelerometers and gyroscopes to control the roll ¢, pitch 6, and
yaw 1 and runs typically at a high frequency (200 Hz — 2 kHz), while the outer position control loop uses
estimates of position and velocity of the center of mass to control the trajectory in three dimensions. The
controllers are derived by linearizing the equations of motion at an operating point that corresponds to the
nominal hover state, p¥ = p{, 0 = ¢ =0, ¢ = 9o, p*¥ = 0, and 6 = ¢ = 1) = 0, where the roll and pitch
angles are small (cos(¢) = 1, cos() =~ 1, sin(¢) = ¢, and sin(9) =~ 6).
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Figure 7.3: The nested control loops for position and attitude control.

At this hover state, the nominal thrusts from the propellers must satisfy

Tio = _mf ’ (7.30)

meaning that the thrust of each propeller is in charge of compensating for 1/4 of the gravity force mg™.

In order to produce this torque, at hovel, the motor speeds must be set to:

m
Wi0 = Wp = Hﬁ, (7.31)

where g = [|g%]| (=~ 9.81m/s?).

7.3.1 Attitude Control

We will now discuss the attitude controller to track trajectories in SO(3) that are close to the nominal hover
state where the roll ¢ and pitch 6 angles are small. Using the rotational part of the Newton-Euler equation
(see eq. (6.8) in the previous lecture), with angular velocities of the rotors w = [w |wy| wa|wa| w3|ws| walwa]]?,
yields to

Jw® = —w® x Jw® + 7" = (7.32)
j‘-bB = —w® x J‘*’B + T:igrag + Tt]irust — (733)

Vaerllotll fierllosll —y/esllogll —y/Eesliofl] PR
B _ B B 2|02
Tt ==t x T\ Sieniobll (JSerllosll aerllosll —3erllogll| fwshuws] | T3Y

—Cq Cd —Cd Cd wawy
where we assumed that the arms are mounted at 45° as in Fig. 7.1.

Let us call the rotational velocity components w® = [p, ¢, r]. Assuming that ||p}|| = ||p5]| = ||p5]] =
l|p%]] = ||p"]| and that J is a diagonal matrix with J = diag[Jze Jyy J=z|, we can reformulate (7.34) as

i 1
ToaD = \/g0f|PB|(w1w1| + wa|wa| — ws|ws| — walwal) = qr(Tzz — Tyy) (7.35)

) 1
Tyyd = \/;CflpBl(—uhlwﬂ + wzlws| + w3|ws| — walwa|) = pr(Tea — Jz2) (7.36)

jzzf = Cd(*wl‘wﬂ + w2|w2| - ’LU3|’LU3| + U)4|’U.)4|) 7PQ(u7yy - jmm) (737)
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The last term in eq. (7.37) is small, since J,,» ~ Jyy because of the symmetry. Additionally, we assume the
component of the angular velocity in the zy direction, 7, is small so the rightmost terms in (7.35) and (7.36)
which are products involving r are also small compared to the other terms.

Before using the expressions above, we reparametrize the vector of desired rotor speeds in terms of the
nominal motor speed wy, and the deviations Awp, Awg, Awe, Aw,y:

wg 1 1 -1 -1 [wy+ Awr wp + Awp 1 1 1 1 wg
wil 1111 Aw,g Awy | 1|1 1 =1 —1f |wd
wil T 1 -1 1 -1 Aoy | T aw | Tal-1 11 <1 |wy| (T3
wd 1 -1 -1 1 Awy Awy 11 -1 1] |

where the nominal rotor speed required to hover in steady state is wy, (see eq. (7.31)), and the deviations
from this nominal vector are Awp, Awg, Awy, and Awy. The term Awp results in a net force along the zg
axis, while Awg, Awy, and Awy, produce moments causing roll, pitch, and yaw, respectively.

Now we linearize (7.35), (7.36) and (7.37) about the hovering operating point and write the desired angular
accelerations in terms of the new control inputs

ay/EellePllen

Po= ———F—— Awy, (7.39)

o4 %IIPBHwhA (.40)

qa = we, .
jyy

. deqw

Py = szzh Awy. (7.41)

As near the nominal hover state ¢> ~ p,é ~ ¢, and 1/} ~ r, we use proportional derivative control laws that
take the form
Awg = kp,¢(¢d — ¢) + ka,¢(pa — p)
Awy = kpyg(ed — 0) + /Cdﬁ (qd — q) (7.42)
Awy = kp (g — ) + kap(ra —71) .

where ¢4, 04, 14 are the desired roll, pitch, and yaw angles. Substituting (7.42) into (7.38) yields the desired
rotor speeds.

7.3.2 Position Control

The 3D position controller is used to follow three-dimensional trajectories with modest accelerations so the
near-hover assumptions hold. Let’s define again, p] as the desired position and p* as the current position

(both in the world frame). Let the unit vector tangent to the trajectory at point pj be t= IEAIl WH and the
desired velocity vector be p}. We define the position and velocity errors as

e, = ((py — p%) - A)A+ ((pY +p) b)b (7.43)

and
= py —p". (7.44)

where 7 and b are unit vectors orthogonal to £. Note that the position error e, 1gnores the error in the
tangent direction £ and only considers the position error in the normal directions 7o and b.
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We calculate the commanded acceleration, p, from PD feedback of the position and velocity errors:

I.j = kpep + kqe, + py (745)

This and very similar control approaches have been presented in [1,2, 4], which also show how to convert
this desired acceleration into the desired roll, pitch, and yaw angles ¢4, 04, 4.
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