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Moment-SOS Relaxations

Convexification
> » SOS Relaxation > Semidefinite Program

Dual optimization

Nonlinear-Nonconvex Optimization

!

> Moment Relaxation
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Moment-SOS Relaxations: Applications in Robotics and Control

Motion Planning

* A. Majumdar, R. Tedrake, “Funnel libraries for real-time robust feedback motion planning”, international journal of robotics and research(lJRR), Volume: 36 issue: 8, page(s): 947-982, 2017

¢ S.Singh, A. Majumdar, J.J. Slotine, M. Pavone “Robust Online Motion Planning via Contraction Theory and Convex Optimization”, IEEE International Conference on Robotics and
Automation (ICRA), 2017

* A. Majumdar, M. Tobenkin, R.Tedrake, “Algebraic verification for parameterized motion planning libraries”, American Control Conference (ACC), 2012

Planning and Controllers for UAV
e R. Deits, R. Tedrake” Efficient mixed-integer planning for UAVs in cluttered environments”, IEEE International Conference on Robotics and Automation (ICRA) 2015.

* A.J. Barry, A. Majumdar, R. Tedrake, “Safety verification of reactive controllers for UAV flight in cluttered environments using barrier certificates”, IEEE International Conference on Robotics
and Automation (ICRA) 2012.

Legged Robots

* M.Posa, T. Koolen, R. Tedrake, “Balancing and Step Recovery Capturability via Sums-of-Squares Optimization”, Robotics: Science and Systems, 2017

* |. R. Manchester, M. M. Tobenkin, M. Levashov, R. Tedrake “Regions of Attraction for Hybrid Limit Cycles of Walking Robots”, 18th IFAC World Congress, Volume 44, Issue 1, Pages 5801-
5806

Real-Time Planning

* A. A Ahmadi, A. Majumdary, “Some applications of polynomial optimization in operations research and real-time decision making”, Optimization Letters, Volume 10, Issue 4, pp 709—
729, 2016.

Controller Design
* A. Majumdar, A. A. Ahmadi, and R. Tedrake, “Control Design Along Trajectories via Sum of Squares Optimization” , International Conference on Robotics and Automation (ICRA), 2013
e J. Moore, R. Tedrake, “Adaptive control design for underactuated systems using sums-of-squares optimization”, American Control Conference 2014

e R.Tedrake, I. R. Manchester, M. Tobenkin , J. W. Roberts, “LQR-trees: Feedback Motion Planning via Sums-of-Squares Verification”, International Journal of Robotics Research, Volume 29
Issue 8, Pages 1038-1052, 2010
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Moment-SOS Relaxations: Applications in Robotics and Control

Validation

e D. Wagner, D. Henrion, M. Hromcik. Measures and LMIs for Adaptive Control Validation. To be registered as a LAAS-CNRS Research Report, March 2019. To be presented at the IEEE
Conference on Decision and Control, Nice, France, December 2019.

* A. A. Ahmadi, Pablo A Parrilo, “Sum of Squares Certificates for Stability of Planar, Homogeneous, and Switched Systems” IEEE Transactions on Automatic Control, 2017

* S.Shen, R. Tedrake, “Compositional Verification of Large-Scale Nonlinear Systems via Sums-of-Squares Optimization” , American Control Conference (ACC) 2018

Environment Representation

e A. A. Ahmadi, G. Hall, A. Makadia, and V. Sindhwani, “Sum of Squares Polynomials and Geometry of 3D Environments” Robotics: Science and Systems, 2017
Control and Analysis
¢ M. Korda, D. Henrion, C. N. Jones. Controller design and region of attraction estimation for nonlinear dynamical systems. , October 2013, updated in March 2014,

* A. Oustry, M. Tacchi, D. Henrion. Inner approximations of the maximal positively invariant set for polynomial dynamical systems. HAL 02064440, March 2019. IEEE Control Systems Letters,
Vol. 3, No. 3, pp. 733-738, 2019. To be presented at the IEEE Conference on Decision and Control, Nice, France, December 2019.

e M. Korda, D. Henrion, J. B. Lasserre. Moments and convex optimization for analysis and control of nonlinear partial differential equations. LAAS-CNRS Research Report 18088, April 2018.
Submitted for publication. Presented at the SIAM Conference on Applications of Dynamical Systems, Snowbird, Utah, USA, May 2019.

* M. Korda, D. Henrion, C. N. Jones. Controller design and value function approximation for nonlinear dynamical systems. LAAS-CNRS Research Report 15100, March 2015. Automatica,
67(5):54-66, 2016.
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Moment-SOS Relaxations

Convexification
N

Nonlinear-Nonconvex Optimization > > S’\ﬁs Relaxation > Semidefinite Program
Y

Dual optimization

> Moment Relaxation

> What is the cost of convexification?
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Nonlinear Optimization: variables (x4, x,)

1 . 1 o 3
P* =minimize 0 Tt A ey At 42 Z
vER? 371 107! L 2 29
. ] 1 . 1 . 9 . 29
subject to r € K={r e R?: ——a + -2} — —a? — —a5 + — >0

16 4 4 100 400 —

}

Interior-point method
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Nonlinear Optimization: variables (x4, x,)

* B Lg 21 4 9 _ (4 o 3
P :IIllilé%‘lzlze g:r:l — 1—0.’1:l +4x] + vywe + 4oy, — 4l + 5 Interior-point method
. 1 1 . 1 . 9 . 29
subject to reK={reR?: ——af + -0 — —22 — — 324+ = >0 @
) { 6T I T T 0" T a0 = O

Moment SDP: variables are moments y, o, = E[xflxgz] y=[ypa=0,..,6]

3 L 1 21 ' 3
Pom :n'nn];nlz-o 5'?}(50 - ]—O;U.-m + 4dy20 + y11 + dyos — dyo2 + o Yoo

subject to  yoo = 1
M;(y) = 0, M3_2(gy) = 0

» Number of Moments in R™ up to order 2d:

(n_;?d) - (QQTG(P! = 28

Solution of SDP Solution of SDP

Fall 2019
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Nonlinear Optimization: variables (x4, x,)

* . . . 1 (; 21 4 2 4 s :3
P :IIllilé%‘lzlze 371~ 797 + 4 + xyae + 4oy — das + 5
. ] 1 . 1 . 9 . 29
subjectto reK={reR?: ——at + -3 — 2?2 — — 224+ = >
) { T C R T T,

Interior-point method

Moment SDP: variables are moments y, o, = E[xflxgz] y=[ypa=0,..,6]

. g 21 | 3
Plom =minimize  Syeo — —~ya0 + 4y20 + y11 + 4yoa — dyo2 + S Yoo
y 3 10 2

subject to  yoo = 1

Mi(y) = 0, My _2(gy) = 0

» Number of Moments in R™ up to order 2d:

(n_;?d) - (QQTG(P! = 28

SOS SDP: variables are coefficients of polynomial

P, . =maximize v

%05 NER04
subject to  p(x) —~v —o1(x)g(x) € SOSq
o1(x) € SOS3

» Number of coefficients of a 2d-degree polynomial in R™: C

(ntfd) - (QQTGU;)! = 28 Solution of SDP

Fall 2019
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Moment-SOS Relaxations

Convexification
Nonlinear-Nonconvex Optimization > S’\ﬁs Relaxation > Semidefinite Program
>

Dual optimization

oment Relaxation

> What is the cost of convexification ?

Convexification increases the dimension of the search space.

» Number of variables of the original nonlinear optimization: 7,

(")

» Number of variables Moment SDP:
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Moment-SOS Relaxations

Convexification
Nonlinear-Nonconvex Optimization > S’\ﬁs Relaxation > Semidefinite Program
>

Dual optimization

oment Relaxation

> What is the cost of convexification ?

Convexification increases the dimension of the search space.

» Number of variables of the original nonlinear optimization: 7,

Cost of solving challenging problems ni2d
> Number of variables Moment SDP: ( ' n )

Pros:
» Moment-SOS relaxations solve difficult and challenging mathematical problems.

» They provide insights into challenging problems where no other solid and comprehensive approach exist.
(e.g., existing approaches for nonlinear robust and chance constrained optimizations work for particular class of problems,...).

Fall 2019
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Moment-SOS Relaxations

Moment-SOS Relaxations o
Large Scale Problems »  Large Scale Semidefinite Programs

» Current SDP solvers are interior-point based solvers.

» In the absence of problem structure, sum of squares problems are currently limited, roughly speaking, to a
several thousands variables (variables in SDP).

» How to address large scale problems?
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Moment-SOS Relaxations

» How to address large scale problems?

1) Modified SOS optimization to generate i) smaller SDP’s or ii) other types of convex constraints like LP.

Approaches:
i) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQS),
i) Bounded degree SOS (BSOS)
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Moment-SOS Relaxations

» How to address large scale problems?

1) Modified SOS optimization to generate i) smaller SDP’s or ii) other types of convex constraints like LP.

Approaches:
i) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQS),
i) Bounded degree SOS (BSOS)

2) Take advantage of structure of the problem (sparsity) to generate smaller SDP’s.
Approaches:
i) Spars Sum-of-Squares Optimization (SSOS)
ii) Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)
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Moment-SOS Relaxations

» How to address large scale problems?

1) Modified SOS optimization to generate i) smaller SDP’s or ii) other types of convex constraints like LP.

Approaches:
i) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQS),
i) Bounded degree SOS (BSOS)

2) Take advantage of structure of the problem (sparsity) to generate smaller SDP’s.

Approaches:
i) Spars Sum-of-Squares Optimization (SSOS)
ii) Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)

3) Efficient Algorithms for Large Scale SDP’s (Lecture 9)
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Moment-SOS Relaxations

» How to address large scale problems?

1) Modified SOS optimization to generate i) smaller SDP’s or ii) other types of convex constraints like LP.

Approaches:
i) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQS),
i) Bounded degree SOS (BSOS)

2) Take advantage of structure of the problem (sparsity) to generate smaller SDP’s.

Approaches:
i) Spars Sum-of-Squares Optimization (SSOS)
ii) Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)

3) Efficient Algorithms for Large Scale SDP’s (Lecture 9)

4) Reformulate original optimization problem to reduce the size of the optimization (Lectures 10 and 11)
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Topics

1) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQOS)
Modified SOS optimization that results in LP and Second order cone program © Boston Dynamics. Allrightsreserved. This content s

excluded from our Creative Commons license. For more
information, see https://ocw.mit.edu/help/fag-fair-use/

6-link pendulum Atlas
Applications:

Control and analyze of high dimensional systems

* A. A. Ahmadi and A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite Optimization”, SIAM Journal on
Applied Algebraic Geometry, 2019.
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Topics

1) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQOS)
Modified SOS optimization that results in LP and Second order cone program

2) Bounded degree SOS (BSOS)
Modified SOS optimization that results in smaller SDP’s.

* Jean B. Lasserre, Kim-Chuan Toh, Shouguang Yang, “A bounded degree SOS hierarchy for polynomial optimization”, EURO Journal on Computational Optimization
March 2017, Volume 5, Issue 1-2, pp 87-117
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Topics

1) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQOS)
Modified SOS optimization that results in LP and Second order cone program

2) Bounded degree SOS (BSOS)
Modified SOS optimization that results in smaller SDP’s.

3) Sparse Sum-of-Squares Optimization (SSOS)
Takes advantage of sparsity of the original problem to generate smaller SDP.

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured

sparsity,” SIAM Journal on Optimization, vol. 17, no. 1, pp. 218-242, 2006.

Zheng, Y., Fantuzzi, G., & Papachristodoulou, A. “Sparse sum-of-squares (SOS) optimization: A bridge between DSOS/SDSOS and SOS optimization for sparse

polynomials”, arXiv preprint arXiv:1807.05463. 2018
Fall 2019
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Topics

1) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQOS)
Modified SOS optimization that results in LP and Second order cone program

2) Bounded degree SOS (BSOS)
Modified SOS optimization that results in smaller SDP’s.

3) Sparse Sum-of-Squares Optimization (SSOS)
Takes advantage of sparsity of the original problem to generate smaller SDP.

4) Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)
Combination of 2 and 3

Tillmann Weisser, Jean B. Lasserre, Kim-Chuan Toh., “Sparse-BSOS: a bounded degree SOS hierarchy for large scale polynomial optimization with sparsity”, Math.
Prog. Comp. (2018) 10:1-32
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Topics

1) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQOS)
Modified SOS optimization that results in LP and Second order cone program

2) Bounded degree SOS (BSOS)
Modified SOS optimization that results in smaller SDP’s.

3) Sparse Sum-of-Squares Optimization (SSOS)
Takes advantage of sparsity of the original problem to generate smaller SDP.

4) Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)
Combination of 2 and 3
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(Scaled) Diagonally-Dominant SOS Optimization
(DSOS, SDSOS)

A. A. Ahmadi and A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite Optimization”, SIAM Journal on Applied Algebraic
Geometry, 2019.
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Nonlinear Optimization and Nonnegative polynomials

Unconstrained Optimization: . _ ,
maximize vy —— linear function
yeER
mini%lize p(x) j‘> subject to | p(x) — v >0, VreR" — Convex optimization
me T —
Polynomial Nonnegativity Constraint
p(:l?) c R[x] Replace with convex constraints” |

Constrained Optimization:

Ce maximize i i
minimize  p(z) j‘> R Y ——— linear function
reR | subject to | p(x) =~y >0, Vee{z e R" : g;(x) >0, i=1,....,m}|

subject to ¢g;(x) >0, 1 =1,....m
J 97’( ) = 0, T Polynomial Nonnegativity Constraint

Y

uoneziwijdo xaAuo)

Replace with convex constraints

p(:l:),g@(.:c) = R[JZ’], t=1,....m

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Sum of squares Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

p(z) € Rlz] 505 plz) =S h2(2) hi(z) € Rlz], i=1,..,¢

Nonnegative Polynomials

e If polynomial p(x) is SOS, then it is p(x) = 0 for all

SOS Polynomials

PSD Matrix representation of SOS polynomials

p(z) = B(x)" QB(x) QeS", Q0
PSD I<Aatrix

where B(x) :vector of monomials in x

J
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Sum of squares Polynomials

p(x) € SOS <:> Q€ S" Q7 0 > Nonnegative Eigenvalues > SDP

PSD Matrix
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Sum of squares Polynomials

p(x) € SOS <:> Q€ S" Q7 0 > Nonnegative Eigenvalues > SDP

PSD Matrix

» To avoid SDP and obtain computationally cheap convex optimizations, we obtain relaxed condition for PSD
matrices.

» For this, we use the following Results:

1) Gershgorin Circle Theorem
2) Diagonally Dominant Matrix (dd)
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Gershgorin Circle Theorem plm

Qun Q12 Qi3] » Diski(Q11, R = |Qi2| + |Q13]) R3 R R,

Q= | Q2 QQQ QQ%—@Mv DiSkQ(QQQ,RQ — |Q21| —+ |Q23|) 0 /Q S
@31 Q32 Q334 " Disk3(Qz3, R3 = |Q31| + |Q32]) Q1 QZ}/ Real

\
Gershgorin Discs
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Gershgorin Circle Theorem

Q11
Q= |Q2
(31

> D’iskl(Qu, Rl — |Q12| —+ |Q13|)

(12 le_
Q22 (234
Q32 Q33

3X3 )
—g—Rx—v DZSkQ(QQQ,RQ — |Q21| + |Q23|)

g D?:Skg(Qgg,Rg — |Q31| + |Q32|)

» Eigenvalue of () lies within the Gershgorin discs.

R3

Alm

Q1

\
Gershgorin Discs

Q 6 R?’LX?’L

-

Eigenvalues € Ul Disk;(Qii, Ri = ) ;4 1Qiz]), i=1,...,

S

Fall 2019
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Gershgorin Circle Theorem

Qll C'21‘.2 6213-

Q — (221 Q22 QQB-

> D’iskl(Qu, Rl — |Q12| —+ |Q13|)

3X3 )
—g—Rx—v D?;SkQ(QQQ,RQ — |Q21| + |Q23|)

Q31 Q32 Q334

g D?:Skg(Qgg,Rg — |Q31| + |Q32|)

» Eigenvalue of () lies within the Gershgorin discs.

R3

Alm

R,

Q1

\
Gershgorin Discs

2w

Q 6 R?’LX?’L

-

Eigenvalues € LID’?:S]C@(Q@@’ R; = Zg’;&j |Qij|)a 1 =1,...,

S

We use Gershgorin Circle Theorem to obtain relaxed PSD condition in terms of entries of matrices.

Fall 2019
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Gershgorin Circle Theorem plm

Qi Q2 Qi » Disk1(Q11, Ry = |Q12| + |Q13]) Rs R R,
Q= |Q2a1 Q2 Qs € R3X3 | Disks(Qas, Ro = |Qa1] + |Qa23]) /Q .
Q31 Qa2 Qss- Q.. / |0 Qy/ Real

g D?:Skg(Qgg,Rg — |Q31| + |Q32|)

» Eigenvalue of () lies within the Gershgorin discs. Gershgorvin Discs

Q 6 R?’LX?’L

Eigenvalues € Ul Disk;(Qii, Ri = ) ;4 1Qiz]), i=1,...,

-

S

e We use Gershgorin Circle Theorem to obtain relaxed PSD condition in terms of entries of matrices.

R
Qi Q12 Qi3 3 |‘_3:_'|_‘ .
Q=102 Q Qos| €5 ] >
O Qus Qs @Ry Q' Qu O 0

Fall 2019
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Alm

Gershgorin Circle Theorem
Qu Qo Ql.‘j- P Disk1(Q11, 1 = [Qu2] + [Qu3])  Rs R R,
Q= ?21 ?22 QQ%—@—R—> DiSkQ(QQQ,RQ — |Q21| -+ |Q23|) 0 /Q .
o3 Qa2 Css " Disks(Q33, Rz = |Q31] + |Q32]) ! QZ}/ rea
» Eigenvalue of () lies within the Gershgorin discs. Gershgorvin Discs

S

Q c R7xn > Eigenvalues < ?’ZID?:S]C?;(QM, Rz — Zz’;éj |Q’ij|)a 1 = 1, cens

e We use Gershgorin Circle Theorem to obtain relaxed PSD condition in terms of entries of matrices.

R
Qi Q12 Qi3 3 |‘_3:_'|_‘ .
Q=102 Q Qos| €5 ] >
O Qus Qs @Ry Q' Qu O 0

Smallest Eigenvalue > min;—1 23 (Q; — R;)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Gershgorin Circle Theorem

Q11 @i Ql.‘j- > DiSkl(Qllle — |Q12| -+ |Q13|) R
Q = | Q2 sz QQB-—@M» Disks(Qas, Ro = |Qa1] + |Qa23])
Q31 @32 Q33

g D?:Skg(Qgg,Rg — |Q31| + |Q32|)

» Eigenvalue of () lies within the Gershgorin discs.

Alm

R,

@

\
Gershgorin Discs

Q 6 R?’LX?’L

Figenvalues €

-

" Disk;(Q, R =

S

D iz 1Qigl), =1,

e We use Gershgorin Circle Theorem to obtain relaxed PSD condition in terms of entries of matrices.

R
Qi Q12 Qi3 3 |‘_3:_'|_‘ .
Q=102 Q Qos| €5 ] >
O Qus Qs @Ry Q' Qu O 0

PSD — Smallest Eigenvalue > min;—1 2.3 (Qs; — R;)

>0

Fall 2019
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Gershgorin Circle Theorem plm

Qu Q12 Qi » Diski(Qu1, By = [Qi2| +|Qu3]) Rz R R,
Q= ?21 ?22 Qs | € R3X3, Disks(Qas, Ro = |Qa1] + |Qa23]) - .
D31 @32 QSS_ > Diskg(Qgg, Rs = |Q31| + |Q32|) Ql QZ}/ Real

» Eigenvalue of () lies within the Gershgorin discs. Gershgorvin Discs

Q c R7xn > Eigenvalues < ?’ZID?:S]C?;(Q?;@, Rz — Zz’;éj |Q’ij|)a 1 = 1, cens

S

We use Gershgorin Circle Theorem to obtain relaxed PSD condition in terms of entries of matrices.
R3

Qu Q12 Qi3 s | o | e o Q11 > R1 = |Q12| + Q13
Q= |Qiz2 Qa Q3| cs ] | g
Q13 Q23 Q33 (Q33-Rz) @33 ' Qo 0 Q22 Q22 > Ra = |Q12] + |Q23
PSD — Smallest Eigenvalue > min;—q 23 (Q;; — R;) >0 Qs > Ry = |Qus] + |Qos)
AR —>

1 | "o ‘ e X
< 1 >

‘O (@33~ Ri) Q33 ' Q1 Q22
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Alm

Gershgorin Circle Theorem
Qi Q2 Qi » Disk1(Q11, Ry = |Q12| + |Q13]) Rs R R,
Q — ?21 ?22 QQ%-@M» D?:SkQ(QQQ, RQ — |Q21| + |Q23|) 0 /Q >
251 Qo Qs " Disk3(Q3z3, Rz = |Q31] + |Q32]) 1 QZ}/ e
» Eigenvalue of () lies within the Gershgorin discs. Gershgorvin Discs
Q) € R*=" :: > Eigenvalues € Ui Disk;(Qii, Ri = ;. |Qisl), i=1,...,n
e We use Gershgorin Circle Theorem to obtain relaxed PSD condition in terms of entries of matrices.
R3
Qi Q2 Q13 3 I "' '|_‘ o Q1 > Ri = [Qu2] + [Q13]
Q= |Qi2 Q2 Q3| cs ] | -
Qi3 Q23 Q33 (Q33-R3) W33 O O Q22 Q22 > Ro = [Q12| + [Q23

PSD — Smallest Eigenvalue > min;—q 23 (Q;; — R;) >0 Q33 > R3 = |Q15\ + |Q23,|

Diagonally Dominant Matrix (dd): Q cS" Q% > Zz‘;éj ‘Q@j|, 1 = 1, s Q S (?d C S_T
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Nonnegative Polynomials

p(a’:) > () Relaxation
p(a) = BT (2)QB(x) NS
p(x) € SOS < > @ < S > Nonnegative Eigenvalues > SDP
PSD Matrix

A. A. Ahmadi and A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite Optimization”, SIAM Journal on Applied Algebraic
Geometry, 2019.

Fall 2019
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Nonnegative Polynomials

p(a’:) > () Relaxation
p(a) = B (2)QB(x) NS
p(x) € SOS < > @ < S > Nonnegative Eigenvalues > SDP

PSD Matrix Relaxation

Diagonally Dominant Matrix

A. A. Ahmadi and A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite Optimization”, SIAM Journal on Applied Algebraic
Geometry, 2019.
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Nonnegative Polynomials

p(a’:) > () Relaxation
p(a) = BT (2)QB(x) N
p(x) € SOS < > @ < S > Nonnegative Eigenvalues > SDP
PSD Matrix Relaxation

\—Y—J

Diagonally Dominant Matrix
Zij

Qi’é > Z’L;’éj Zij L= 19 ey T

—2ii < Qij < zij, Vi,j1F# ]

A. A. Ahmadi and A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite Optimization”, SIAM Journal on Applied Algebraic
om 019
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Nonnegative Polynomials

p(a’:) > () Relaxation
p(a) = B (2)QB(x) NS
p(x) € SOS < > @ < S > Nonnegative Eigenvalues > SDP

PSD Matrix Relaxation

p(r) = B ()QB(x) NS
p(x) € DSOS < DQESI 5 Qu> Y |Qyl i=1.m

Diagonally Dominant Matrix

Zij

Qi’é > Z’L;’éj Zij L= 19 ey T

—2ii < Qij < zij, Vi,j1F# ]

A. A. Ahmadi and A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite Optimization”, SIAM Journal on Applied Algebraic
om 019
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Nonnegative Polynomials

p(a’:) > () Relaxation
p(a) = BT (2)QB(x) N
p(x) € SOS < > @ < S > Nonnegative Eigenvalues > SDP
PSD Matrix Relaxation

p(r) = B ()QB(x) NS
p(x) € DSOS < DQESI 5 Qu> Y |Qyl i=1.m

Diagonally Dominant Matrix

Zij

Nonnegative Polynomials

SOS Polynomials Ineal Qii = Zq;géj Zij, t=1,...n

DSOS Polynomials — X5 < Qz‘j < 245 Vi, j 1 ?’é.]

A. A. Ahmadi and A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite Optimization”, SIAM Journal on Applied Algebraic
om 019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Unconstrained optimization

minimize p(x)

yER

maximize vy
QRES™,y

subject to  p(x) — v = B! (2)QB(z)

Q€ Sy

recR™
maximize vy

subject to  p(x) —vy >0, Ve eR"
~SOS Programing: SOS SDP &

Q c SY
DSOS Programing: Linear Program &
maximize 7y
QRES™,y
subject to  p(z) —~v= B! (2)QB(x)

Fall 2019
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Unconstrained optimization

mlé’lé%}ze p(x)

maximize vy
yER
subject to  p(x) —vy >0, Ve eR"

~SOS Programing: SOS SDP

maximize -y
maximize 7y 7 Qili .
QES™ Yy . subject to p(az) — 7= 21—1 Ui(az) (33) — Bd(x)QUBd(a?)
subject to  p(x) —v= B’ (x)QB(x) oi(x) = By ()QiBg,(x), i =1,....,m
Qe St Q:€ST,i=0,..,m
DSOS Programing: Linear Program & "DSOS Programing: Linear Program &
maximize 7y
maximize vy 7 @iliZo
QES™ Y Subject to ( ) Y — Z =1 Ué( ) ( ) — Bd(x)QUBd(':U)
subject to  p(z) —~v= B! (2)QB(x) oi(x) = BT(T)Q%Bd (), i=1,....,m
Q € S4q Q;€87,,i=0,..

Constrained optimization
p(x)

re K={rxecR":qg;(x) >0, i

minimize
TrER™

subject to =1,....m

maximize vy
vyER
subject to p(x) —~v >0, Vre K

~SOS Programing: SOS SDP

U
5

Fall 2019
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Nonnegative Polynomials

» DSOS programming searches a small subset of nonnegative polynomials SOS Polynomials
set (conservative).

DSOS Polynomials
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» DSOS programming searches a small subset of nonnegative polynomials
set (conservative).

» To improve the results, we need to increase the search space.
» For this, we define “scaled-diagonally-dominant SOS” Polynomials (SDSOS).

Nonnegative Polynomials

SOS Polynomials

DSOS Polynomials

Nonnegative Polynomials

SOS Polynomials
SDSOS Polynomia
DSOS Polynomials

Fall 2019
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Scaled Diagonally Dominant Matrix (sdd)

Q) € S™ is sdd, If there exist a diagonal matrix J) with positive diagonal entries, such that D@D isdd.
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Scaled Diagonally Dominant Matrix (sdd)

Q) € S™ is sdd, If there exist a diagonal matrix J) with positive diagonal entries, such that D@D isdd.

1 0 2 1> 0+ |2 [X
Q=10 3 0| ¢&dd 3> 10|+ (0] V]
2 0 4] > 12|+ 0 M
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Scaled Diagonally Dominant Matrix (sdd)

Q) € S™ is sdd, If there exist a diagonal matrix ]J) with positive diagonal entries, such that D@D isdd.

1 0 2 1>10l+ 2 [X
Q=10 3 0 ¢dd 3>10/+ 0 V]
2 0 4 4>12[+0 M
10 o1t 0o 2]t 0o o] [t o 1] L= [0[+[1] M
0 1 0|10 3 0[]0 1 0ol=10 3 0| €dd 3>10/+(0 V]
00 5] |2 0 4]0 0 5 1 0 1 1>10/+ 1 #]
\ : ]| : /| Y |
D=0 @ D=0
> () is sdd.
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Scaled Diagonally Dominant Matrix (sdd)

Q & S™ is sdd, If there exist a diagonal matrix ) with positive diagonal entries, such that DQD is dd.

1 0 2 1> 0] +1]2] [X
Q=10 3 0 ¢dd 3>10/+ 0 V]
2 0 4 4>12+]00 M
10 o1t 0o 2]t 0o o] [t o 1] L= [0[+[1] M
0 1 0|10 3 0[]0 1 0ol=10 3 0| €dd 3>10/+(0 V]
00 5] |2 0 4]0 0 5 1 0 1 1>10/+ 1 #]
\ Y )\ Y )\ : ] \ . J
D=0 Q) D=0 bOT
|
(2 (2 T
> (Q is sdd. | Oda © Sgaq © ST

Every dd matrix is sdd matrix with D = |
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Scaled Diagonally Dominant Matrix (sdd)

To characterize the “sdd” matrices in terms of its element, we use the following result:

() € 8" issdd if and only if it can be written as () = ZZ G=1,...mi<j MY

where, MY ¢ S§™
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Scaled Diagonally Dominant Matrix (sdd)

To characterize the “sdd” matrices in terms of its element, we use the following result:

() € 8™ issddif and only if it can be writtenas ) = ) . i=1... mi<s MY

where, MY ¢ S™ with zero every where except at most for 4 entries
(M) g5, (M"Y )5, (M) 35, (M)

(M*"7)i; (M)
(M) (M),

which makes the 2 X 2 matrix symmetric and positive semidefinite.
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Scaled Diagonally Dominant Matrix (sdd)

To characterize the “sdd” matrices in terms of its element, we use the following result:

() € 8™ issddif and only if it can be writtenas ) = ) . i=1... mi<s MY

where, MY c S™ with zero every where except at most for 4 entries
(M) g5, (M"Y )5, (M) 35, (M)

(M*"7)i; (M)
(M) (M),

which makes the 2 X 2 matrix [ symmetric and positive semidefinite.

1 0 2

Example: Q= [0 3 U] ¢dd ., € sdd j‘> Q = Zij:1.2.3.i<j Mii — M2 & M3 4 pr23

2 0 4

VB (12 (B (12 1 2 0 0 0 10 2 0 0 0
(M2)11, (M%) 12, (M2)21, (M%)22 jl> Q=10 3 0l =10 15 O[+1|0 0 O|+1]0 1.5 0
(4’1\113)11, (]\'{13)13, (17\-'113)31, (ﬂ'f[ls);g;; | 2 0 4 0 U O 2 0 4 0 0 O

J \ ‘ )

- - Y !
(ﬂ'123)2‘2: (A'{23)233 (17\"{23)323 (ﬂ,{23)33 M12 ]\/{13 ]\/{23
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Scaled Diagonally Dominant Matrix (sdd)

To characterize the “sdd” matrices in terms of its element, we use the following result:

() € 8™ issddif and only if it can be writtenas ) = ) . i=1... mi<s MY

where, MY c S™ with zero every where except at most for 4 entries
(M) g5, (M"Y )5, (M) 35, (M)

(M) (M),

which makes the 2 X 2 matrix . iy
[(M""ﬂ)j@- (M)

] symmetric and positive semidefinite.

1 0 2
Example: Q= |0 3 0| ¢dd, € sdd j‘> Q=2 i—123ic; M7 = M2 4 M3+ M33

2 0 4
1 0 2 0O 0 0
+ (0 0 0 4+1]0 1.5 O
2 l 0 4 070 O

1 2 1.5 0
=0 [2 ;_,J&(] [
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Scaled Diagonally Dominant Matrix (sdd)

gq C Sogq TSI
»

Every dd matrix is sdd matrix with D = I Every sdd matrix is sum of psd matrices M
p(z) = BT (2)QB(x)
p(x) € SOS Qest :> app
< > PSD Matrix
p(z) = BT (z)QB(x)
p(z) € DSOS < D Qesy [
p(xz) = B" (2)QB(x)
p(x) € SDSOS < > qesn, s
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Scaled Diagonally Dominant Matrix (sdd)

() € 8™ issddif and only if it can be writtenas () = ZZ G=1,...mi<j MY

where, M% € S™ with zero every where except at most for 4 entries
(M7 )i, (M) 55, (M) i, (M)

(M*")  (M"Y);
(M )i (M)

which makes the 2 X 2 matrix symmetric and positive semidefinite.
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Scaled Diagonally Dominant Matrix (sdd)

() € 8™ issddif and only if it can be writtenas () = ZZ G=1,...mi<j MY

where, M% € S™ with zero every where except at most for 4 entries
(M7 )i, (M) 55, (M) i, (M)

(M*")  (M"Y);
(M )i (M)

which makes the 2 X 2 matrix symmetric and positive semidefinite.

(M) (M),) o |trace() =+ 20 20 det() = Mde 20|, 1 (M) 4 (M) ;5 >0
(M) (M9);5] 77 - ij ij i3y (A7
A1 >0, Ay >0 2) (M*7)3(M*7) 55 — (M*Y)i (M) i > 0
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Scaled Diagonally Dominant Matrix (sdd)

() € 8™ issddif and only if it can be writtenas () = ZZ G=1,...mi<j MY

where, M% € S™ with zero every where except at most for 4 entries
(M7 )i, (M) 55, (M) i, (M)

(MW7) (M),

which makes the 2 X 2 matrix . iy
(M) (M"Y);;

] symmetric and positive semidefinite.

(M) (M),) o |trace() =+ 20 20 det() = Mde 20|, 1 (M) 4 (M) ;5 >0
(M%) (M7);;] 77— N ; ij j i
A >0, A>0 2) (M) (MY)j5 — (M) :(M"7); >0

|Cix + d;]|2 < e @fz =1,....m

~ Second Order Cone
2(MY)ij ] < (MY 4+ (M),

Tt .. ViZAW
e F. Alizadeh and D. Goldfarb, “Second-order cone programming,” Mathematical programming, vol. 95, no. 1, pp. 3-51, 2003. H [(A[ )m (ﬂ[ )33
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Scaled Diagonally Dominant Matrix (sdd)

Q) € S™ is sdd, If there exist a diagonal matrix J) with positive diagonal entries, such that D@D isdd.

1 C Sgaqa C S
/

Every dd matrix is sdd matrix with D = [ Every sdd matrix is sum of psd matrices MY

p(z) = B' (2)QB(x)

p(z) € SOS < >\Q§S§’:J _>SDP

PSD Matrix
p(x) =
p(x) € DSOS < > Q< S, > LP
p(z) = B' (z)QB(x
p(a’:) € SDSOS < > Q€ St > Second Order Cone Program (SOCP)
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Scaled Diagonally Dominant Matrix (sdd)

Q) € S™ is sdd, If there exist a diagonal matrix J) with positive diagonal entries, such that D@D isdd.

gq C Sogq TSI
»

Every dd matrix is sdd matrix with D = [ Every sdd matrix is sum of psd matrices MY
T
p(z) = B" (z)QB(x)
p(z) € SOS < >lQeS$J

Nonnegative Polynomials

PSD Matrix
SOS Polynomials

= BT (2)QB(x
( )Q ( ) : SDSOS Polynomia
> Q €S}, DSOS Polynomials

p(z)
p(z) € DSOS <

p(x) = BT(.’E)QB(.CC‘) (Appendix 1)
p(a’:) € SDSOS < > Q€ St > Second Order Cone Program (SOCP)
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Unconstrained optimization

minimize p(x)

rER™
maﬁierﬁlize Y %
subject to  p(x) —vy >0, Ve eR"
~SOS Programing: SOS SDP &
e
subject to  p(x) — v = B! (2)QB(z)
Q c SY
~SDSOS Programing: SOCP &
subject to  p(z) —~v= B! (2)QB(x)
Q € Sgqa

minimize  p(x)

rER™
subject to

re K={rxecR":qg;(x) >0, i

Constrained optimization

=1,....m

maximize vy
vyER
subject to p(x) —~v >0, Vre K

~SOS Programing: SOS SDP

U
5

mazgiill’nize Y
s ’&Zi()
subject to ( ) Y= Z =1 Ué( ) ( ) — Bd(x)QUBd(a?)
Uz( ) BT (T)Q%Bd (T) L= ]-a ey TN
Qi € S+,?; =0,....,m
“SDSOS Programing: SOCP &
maximize  y
’YSQ'&lZi()
Subject to p(ﬂ?) — 7 — Z’;’?’?_l O_i(':U) (:U) — Bd(x)QUBd(':U)
Uz( ) BT (T)Q%Bd (T) L= ]-a ey TN
Qi8S 1=0,.

Fall 2019
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SDSOS/DSOS Programming

SPOTT: MATLAB package for DSOS and SDSOS optimization written using the SPOT toolbox.

© Boston Dynamics. All rights reserved. This content is

* A. Ahmadi and A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite excuded from our Creative Commons license. For more
Optimization”, SIAM Journal on Applied Algebraic Geometry, 2019. B

 A. Ahmadi, A. Majumdary, “Some applications of polynomial optimization in operations research and real-time decision
making”, Optimization Letters, Volume 10, Issue 4, pp 709-729, 2016.

 A.Majumdar, A. A. Ahmadi, R. Tedrake,, “Control and verification of high-dimensional systems with DSOS and SDSOS
programming”, 53rd IEEE Conference on Decision and Control 2014

6-link pendulum Atlas ™

Applications:
Control and analyze of high dimensional systems
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pP* :miniﬁgize 3+ 221 4 20 + 327 + 2wy 20 + 3235 + 2] + 25
T

—SDSOS Programming in SPOT

v

x = msspoly("x",2); variables 1, xo

spotsosprog;
prog.withlndeterminate(x);

prog
prog

DSOS/SDSOS Programing

v Vv

v

p = 3+2*x(1)+2*X(2)+3*x(1)"M2+2*X (1) *X(2) +3*x (2)"2+X (1) M+x(2)"4; p(r)

v

[prog,gamma] = prog.newFree(l); variable v

v

prog = prog . withSDSOS (p-gamma) ; p(x) —~v € DSOS/SDSOS/SOS

sol = prog . minimize ( -gamma,@spot_mosek) ; » SDP solver, solve SDSOS programming

double(sol .eval (gamma)) » obtained lower bound

SOS Polynomials

Plos =2.5074 = P* Plles = 208TT <P, PRl =1<Pg,, SDSOS Polynomia
DSOS Polynomials

https://github.com/jasour/rarnop19/blob/master/Lecture6 modified-SOS/SDSOS-DSOS/Example SDSOS 1.m
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https://github.com/jasour/rarnop19/blob/master/Lecture6_modified-SOS/SDSOS-DSOS/Example_SDSOS_1.m

P* =minimize (1 + ;I.fz)g — a0+ (1 — :r_:2)2
relR2

subject to x € K={x € R? :3 — 209 — 2% — a5 >0, —x; — a9 — 129 >0, 1+ x129 > 0}

-SDSOS Programming in SPOT
d=1;
x = msspoly("x",2);

relaxation order
variables 1, xo

v Vv

prog = spotsosprog, - > DSOS/SDSOS Programing

prog = prog.withIndeterminate(x); >

p = (I+x(L)*X(2))"2-X(1)*X(2)+(1-X(DI"2 > p()

0=[3-2*x(2)-x(1)"2-X(2)"2; -x(1)-x(2)-x(1)*x(2) ; 1+x(1)*x(2)]; » K

[prog,gamma] = prog.newFree(l); »variable y

mos=monomials(x,0:2*d); — vector of monomials up to order 2d
[prog,coeffsl] = prog.newFree(length(mos)); sl = coeffsl®*mos; » o1with coefficients ¢,

[prog,coeffs2] = prog.newFree(length(mos)); s2 = coeffs2”"*mos; » oowith coeflicients ¢y

[prog,coeffs3] = prog.newFree(length(mos)); s3 = coeffs3"*mos; » oywith coefficients ¢y

prog = prog . withSDSOS (p-gamma-[sl s2 s3]*g); » p(z) — v — (0191(x) + 0292(x) + 0393(2)
prog = prog . withSDSOS (sl1); > o, C ngg*og*

prog = prog . withSDSOS (s2); > o, € SDSOS

prog = prog . withSDSOS (s3); > 55 € SDSOS

sol = prog . minimize ( -gamma,@spot_mosek); > SDP solver, solve SDSOS programming
double(sol .eval (gamma)) » obtained lower bound

SOS Polynomials

P, 549 = p* -
sos = 0.7549 SDSOS Polynomia
p:l

07549 = P74 == e m e mm e e oo .
DSOS Polynomlals
Pa, = 0.6891 Pdw“ = (0.6935 s = 0.6937 P:’;‘:m 0.6937

dsos 0.5 Psdsos P*z s — 06585 P
https://github.com/jasour/rarnop19/blob/master/Lecture6 modified-SOS/SDSOS-DSOS/Example SDSOS 2.m
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019
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https://github.com/jasour/rarnop19/blob/master/Lecture6_modified-SOS/SDSOS-DSOS/Example_SDSOS_2.m

1, 21 3

P* =minimize —x "ot b ax? oo + 4t — 422+ =
rER? 3 L 10 1 1 2 2 2 2
1 1 1 . 9 29 _
subjectto z €K ={rcR?: - —2% 1 TC}——:I}Z——T +—2>0
) { 16" FT T 700 200 = U
*3 » * o
P s = 0.4684 =P SOS Polynomials
" SDSOS Polynomia
P"d“““ 0.3114 < P"O" sdsos = 0.3132 Psdsos 0.3538 .
DSOS Polynomials
Pdsos = —0.0341 < Psdsos :;E(m = —0.0061 P:;zo,a,- = —0.0353

https://github.com/jasour/rarnop19/blob/master/Lecture6 modified-SOS/SDSOS-DSOS/Example SDSOS 3.m

Main Benefit:
SDSOS/DSOS can scale to problems where SOS programming ceases to run due to memory/computation constraints.

* A.Ahmadiand A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite Optimization”, SIAM Journal on Applied Algebraic Geometry,
2019.
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https://github.com/jasour/rarnop19/blob/master/Lecture6_modified-SOS/SDSOS-DSOS/Example_SDSOS_3.m

lllustrative Example:

T ER?'L

n
P* =minimize =5+ Z(.L‘Z —1)? pt =5, " =11 1]T c R
_ ? _ ? 700
i=1

Number of variables  polynomial of order 2

e SOS: Variables:200  Relaxation Order=1 time= 286.5458 (s) p*= sdp solver: mosek
e SDSOS: Variables:200  Relaxation Order=1 time= 3.6338 (s) p'= sdp solver: mosek
e DSOS: Variables:200 Relaxation Order=1 time=2.6824 (s) p*=5 sdp solver: mosek

https://github.com/jasour/rarnop19/blob/master/Lecture6 modified-SOS/SDSOS-DSOS/Example SDSOS compare Uncons.m
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https://github.com/jasour/rarnop19/blob/master/Lecture6_modified-SOS/SDSOS-DSOS/Example_SDSOS_compare_Uncons.m

Bounded Degree SOS

* Jean B. Lasserre, Kim-Chuan Toh, Shouguang Yang, “A bounded degree SOS hierarchy for polynomial optimization”, EURO Journal on Computational Optimization March 2017, Volume 5,
Issue 1-2, pp 87-117
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Nonnegative polynomial

plx) >0, Vie K={zxeR":qg;(x) >0, i=1,...,

m}
SDP

Putinar’s Positivity Certificate

p(x) = oo(x) + 3.2, 0i(x)gi(x)

oi(xr) € SOS3., 1 =0,....,m

SDP

p(ﬁ)—zm10eﬁ( )gi(z) =
oi(v) = By, (2)QiBy,(x), i
Qi € 8?_,? =0,...,m

Relaxation

() oBd()
=1,.

Fall 2019
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Nonnegative polynomial plx) >0, Vie K={zxeR":qg;(x) >0, i=1,...,

m}
SDP

Putinar’s Positivity Certificate

p(z) = oo(x) + 32;%, 0i(x)gi(2) SDP fi((w)) %Tl(jgi?gi ()T)

O-’z(x) S SOSQdia ’2::0,...,?7’1 Q'i €8+,i:0,...,

Relaxation

a() oBd()
=1,.

LP

Krivine-Stengle’s Positivity Certificate

Let K={xeR":0<g;(x) <1, 7=1,...,m} (normalized polynomials)

Relaxation

Fall 2019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning




Nonnegative polynomial plx) >0, Vie K={zeR":qg;(x) >0, i=1,...,m}

SDP
Relaxation

Putinar’s Positivity Certificate

m X) — mIO'g, i 0By
p(x) = 0o0(x) + 2imy 0i(2)g9i(7) SDP (i(( )) %T(T)i?z%fz ()T) ? - )1 .

oi(z) € SOSaq,, 1=10,....,m Qi eSY.i=0,..,m
LP
Relaxation

Krivine-Stengle’s Positivity Certificate

Let K={xeR":0<g;(x) <1, 7=1,...,m} (normalized polynomials)
p(x) = > Aapgi™ (@)-gnm (@) (1 — g1 ()71 (1 = g (2))"m
o, 3 € N

Unknowns: )\ag Finitely many Nonnegative scalars

Theorem 2.23. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Nonnegative polynomial plx) >0, Vie K={zeR":qg;(x) >0, i=1,...,m}

SDP
Relaxation

Putinar’s Positivity Certificate
- mo N p(x) =222 oi(@)gi(x) = Ba(x) oBd( )
p(ﬂj) T O-O(:E) + Zézl oF) (a:)g@(aj) SDP Uz( ) BT (T)Q@Bd (T) J 1

oi(r) € SOS3q,, 1=10,....,m Qi eSY.i=0,..,m

LP
Relaxation

Krivine-Stengle’s Positivity Certificate

v e K pla) =30 s (@)-gi (@) (1= g1(2) " (1= (@)™, p(a) >0
+ n
< - plx) >0 VzeK
, x) >0
g K plx) =2 Aapg™ (@)gpm (@) (1 = g1(2))"..(1 = g (@) 7 )Or
| i - p(x) <0 |

91(x) =0org;(x) =1

Theorem 2.23. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Nonnegative polynomial plx) >0, Vie K={zeR":qg;(x) >0, i=1,...,m}
SDP

Relaxation
Putinar’s Positivity Certificate

m z) — > oi(x)gi(z) = Ba(x)QoBa(x
p(.’L‘) = Uo(ﬂ:‘) =+ Zé:l oF) (-CU)Q@(J?) SDP (i(( )) ZBT(T)(QSL;Z ()T) 2 (: )1;Q,fn(; )

oi(x) € SOSsq,, 1 =0,....m Qi €St i=0,....m

LP

Relaxation
Krivine-Stengle’s Positivity Certificate

Let K={xeR":0<g;(x) <1, 7=1,...,m} (normalized polynomials)
p(:lZ) — Z )\Q{/@g?l( r)..g8m (x)(1 — g1 (x ))61...(1 — gm(m))ﬁm sLinear con/sltraints
a. 3 e N on

Unknowns: )\ag Finitely many Nonnegative scalars

e Determiningif p(x) > 0, Vx € K leads to a linear optimization feasibility problem.

e Theorem 2.23. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
e Sherali H.D., Adams W.P. A hierarchy of relaxations between the continuous and convex hull representations for zero-one programming problems, SIAM J. Discr. Math. 3, pp. 411-430, 1990,
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P* =minimize p(x)
reRm
subject to r e K={x e R":¢;(x) >0, i=1,....m}
maximize vy
vyER
subject to p(x)—~v >0, Vre K
. maximize 7y
SDP Relaxation v,Q: |7,
subject to P(@) —v =320, 0i()gi(x) = Ba(2)QoBa()
oi(x) = Bg: (2)Q; By, (), i=1,....m

Q, eSS 1=0,....m

LP Relaxation Pi? —maximize 7

’}':Aar{j ZU

Let d € N subject to p(a:) v = Z )\qq gl gl (:;)(1 _ g (I))/B
Va,3 e N™
Z;n: 1 QG T ﬁ), < d

* Theorem: [ot K be compact (Archimedean).

e Theorem 5.10. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

/ wd4+1 c 1
Pid <P limg_,o0o P7" =P*

(L = gm ()"
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» LP-relaxations suffer from several serious theoretical and practical drawbacks:

» The LPs of the hierarchy are numerically ill-conditioned.

It involves products of arbitrary powers of the g;(x) 'sand (1 — g;(x))’s.
In particular, the presence of large coefficients is source of ill-conditioning and numerical instability.

» The sequence of the associated optimal values converges to the global optimum only asymptotically and not in finitely
many steps. (Appendix Il)

» Finite convergence even does not hold for convex optimizations. (In standard SOS finite convergence takes place for SOS-
convex problems)
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» LP-relaxations suffer from several serious theoretical and practical drawbacks:

» The LPs of the hierarchy are numerically ill-conditioned.

It involves products of arbitrary powers of the g;(x) 'sand (1 — g;(x))’s.
In particular, the presence of large coefficients is source of ill-conditioning and numerical instability.

» The sequence of the associated optimal values converges to the global optimum only asymptotically and not in finitely
many steps. (Appendix Il)

» Finite convergence even does not hold for convex optimizations. (In standard SOS finite convergence takes place for SOS-
convex problems)

Bounded Degree SOS (BSOS):
Hierarchy of convex relaxations which combines some of the advantages of the SOS and LP hierarchies.
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Bounded Degree SOS (BSOS):
Hierarchy of convex relaxations which combines some of the advantages of the SOS- and LP- hierarchies.

m oo(z) € SOSaq
» SOS p(ﬂﬂ') :égo(ﬂj) :_I_ Zi:l O-’E('T)g’&(x) CT,L(.CU) € S0S59,, 1 =1,....,m
Relaxation . '
> 1P p(x) = Aapgi (@)gar (@)1 = g1(x))? (1 = g (2))"m
Relaxation Y, 3 e N 5
D i1+ By <
> i:giation p(:l?) = 0y (:1}) — Z Aapgit(z)..gbm(x)(1 — gi1(2))Pr. (1 — g (x))m
Va,3 €N
S .I'(l-j + B, <d
oo(x) € SO !
k € N:Degree of SOS polynonial d € N:degree of LLP representation
Determines the size of SDP Determines the number Linear Constraints

* Jean B. Lasserre, Kim-Chuan Toh, Shouguang Yang, “A bounded degree SOS hierarchy for polynomial optimization”, EURO Journal on Computational Optimization March 2017, Volume 5,
Issue 1-2, pp 87-117
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maximize
P =minimize p(x) :II: ~ER !
subject to r € K={x e R":¢g;(x) >0, i=1,....,m} subject to  p(z) =7y =0, VzeK
mdximize ol SOS SDP Relaxation || P =maximize -y LP Relaxation
WSQ f'?’b [a%
) . subject to
subJect to plx)—vy—=>_._,0i(z)gi(z) = Ba(x)QoBa(x)
0i(x) = By (2)Q;By,(x), i =1,. 7= Aap T (@)gi (2) (1= g1(2)P (1= g ()P
¢ 3 c N™
Q;, €S, 1=0,....m Z;nzl aj+ G <
P =maximize ~ Bounded SOS Relaxation

s )\ﬁr '3>[] Q(]

it to p(@) — 3= S Nas g8 ()9 (2 (1 = 1 (271 = g ())77= By (2)Qo Balx)
YV a, 8 € N™

i p .
2jmr @i+ 0y = d Qo € S

e Theorem: Let ik ¢ N be fixed. Pk < Pgil limg_,s P = P*

> Finite convergence (Like standard SOS) (Finite co}r;vergence condition : Rank condition of the dual (moment) problem) (Appendix Ill)
» Unlike standard SOS, the size of SDP is fixed(n:; )

e Section 1.1, Jean B. Lasserre, Kim-Chuan Toh, Shouguang Yang, “A bounded degree SOS hierarchy for polynomial optimization”, EURO Journal on Computational Optimization March 2017, Volume 5, Issue 1-2, pp 87-117
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Example 1

3

(Pr) = g —% +z2 —al +T1 —2
s.t. 0 <+ ?,r‘f }-31% +2x110 }Q.r% -|--&r§ +2r3zy <1
0 <ga= 3‘1“‘1? +2.1£§ —4aq19 —0—3.1.% —0—21‘3 —drgry <1 P:rgi:ll — —(0.57491 = P*
0 <ga= a7 +6x5 —4drixe Hag +06r; —drary <1
0 <gy= 112 +-I;r-§ —3r 110 +.r§ +-I.-rf —3rary <1
0 <gs= 22} +52% +3z122 +22§ +b6xF +3z3z4 <1
0 <.
(P2) f= z{ed +ziz; —ziz3
Example 2 st. 0 <g1= 27 +a3 <1
0 <g2= 33% +2:vg —drixrs <1 .
0 <g3= 2 +6xf —8zze+25 <1 P" = —0.037037
0 <g ] 43z <1
0 <gs 2 423 1
0 g r 0< )
Fixed size of SDP -
: sk = *xk=3 xk=3 __ *R=90 _ wk—3
k= Prhs8 = 0041855 PS5 = —0.037139 PiI5Y = —0.037087 Pz 0.037073  prk=53 — _0 037046
:4 :4 k:ﬁl *k:4 _ *kz‘d _ ‘ f;
=4 PE=1 — 0038596 P51 = —0.037046 PISY = —0.037040 PGt = —0.037038  Pl5t = —0.037037

More examp|953 https://github.com/jasour/rarnop19/blob/master/Lecture6 modified-SOS/Bounded Degree SOS/BSOS Examplel.m

https://github.com/tweisser/Sparse BSOS/tree/master/test suite/Dense

Code: https://github.com/tweisser/Sparse BSOS

e Jean B. Lasserre, Kim-Chuan Toh, Shouguang Yang, “A bounded degree SOS hierarchy for polynomial optimization”, EURO Journal on Computational Optimization March 2017, Volume 5,
Issue 1-2, pp 87-117
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https://github.com/tweisser/Sparse_BSOS
https://github.com/jasour/rarnop19/blob/master/Lecture6_modified-SOS/Bounded_Degree_SOS/BSOS_Example1.m
https://github.com/tweisser/Sparse_BSOS/tree/master/test_suite/Dense

Topics

1) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQOS)
Modified SOS optimization that results in LP and Second order cone program

2) Bounded degree SOS (BSOS)
Modified SOS optimization that results in smaller SDP’s.

3) Spars Sum-of-Squares Optimization (SSOS)
Takes advantage of sparsity of the original problem to generate smaller SDP.

4) Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)
Combination of 2 and 3
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Sparse SOS

e H.Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured
sparsity,” SIAM Journal on Optimization, vol. 17, no. 1, pp. 218-242, 2006.

e Zheng, Y., Fantuzzi, G., & Papachristodoulou, A. “Sparse sum-of-squares (SOS) optimization: A bridge between DSOS/SDSOS and SOS optimization for sparse
polynomials”, arXiv preprint arXiv:1807.05463. 2018
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» Take advantage of structure (sparsity) of the problem to solve smaller SDP
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» Take advantage of structure (sparsity) of the problem to solve smaller SDP

1) PSD Constraint obtained form SOS/Moment Relaxation.

* (Under some conditions)We can replace Constraint of the form () >= ( by PSD constraints of set of smaller matrices.

Example: 2 10 2 10 2 1 0 0 0 0 ‘< PSD :
O=11 1 1 11 1 =11 05 olelo o5 1 $ () is PSD becasue
0O 1 2 0O 1 2 0 0 0 0o 1 2 9

11 Jo5 1
{1 0.5]%0 {1 2]%0
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» Take advantage of structure (sparsity) of the problem to solve smaller SDP

1) PSD Constraint obtained form SOS/Moment Relaxation.

* (Under some conditions)We can replace Constraint of the form () >= ( by PSD constraints of set of smaller matrices.
Example: 2 10 2 10 2 1 0 0 0 0 O
Q=11 11 1 1 1] =11 05 ()+00.51|$
0 1 2 0O 1 2 0O 0 0 0o 1 2

2) SOS relaxation of nonnegative Polynomials

1s PSD becasue :
2

11 Jo5 1
{1 0.5]%0 {1 2]%0

e (Under some conditions) We can replace constraint of p(T) € SOS by SOS constraints of low dimensional polynomials.

Example:
p(x1, %5, x3) = 2(1 + x4 + x3 + x¥ + x1 x5 + x2 + x,x3 + x3) |$ p(x1, X2, x3) = p1(x1, X2) + P2(x2, X3)
p1(xg, x2) = (1 +x9)° + (x1 + x3)°
P2 (%2, %3) = (1 +x5)% + (x5 + x3)°
Polynomial p(x4, x5, x3) is SOS because p; (x4, x,) abd p, (x5, x3) are SOS.
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Sparse Polynomials

Polynomial: p(x) : R™ — R p(x) = paz® aumber of coefficients (n—i—d) _ (ntd)!

n n!d!

» Fully dense polynomial: Polynomial is fully dense if all the coefficients are nonzero
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Sparse Polynomials

Polynomial: p(x) : R™ — R p(x) = paz® aumber of coefficients (n—i-d) _ (ntd)!

n n!d!

» Fully dense polynomial: Polynomial is fully dense if all the coefficients are nonzero

» Sparse polynomial: Polynomial is sparse if the number of nonzero coefficients is much smaller than the number of
the total coefficients

Number of nonzero coefficients: 4

Number of all coefficients: (2;5) — % = 21

Example: Sparse Polynomial ~ p(x1,x2) = 0.56 + 0.5x; + 2x5 + 0.75x7 x5
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Sparse Polynomials

Polynomial: p(x) : R™ — R p(x) = paz® aumber of coefficients (n—i-d) _ (ntd)!

n n!d!

» Fully dense polynomial: Polynomial is fully dense if all the coefficients are nonzero

» Sparse polynomial: Polynomial is sparse if the number of nonzero coefficients is much smaller than the number of
the total coefficients

Number of nonzero coefficients: 4

Number of all coefficients: (2;5) — (M _ 21

Example: Sparse Polynomial ~ p(x1,x2) = 0.56 + 0.5x; + 2x5 + 0.75x7 x5

> Correlative Sparsity: It describes coupling between the variables x4, ..., x,, of a polynomial p(x) : R™ — R

* \Variables x; and x; are coupled if they appear simultaneously in a monomial of the polynomial.
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Sparse Polynomials

Polynomial: p(x) : R™ — R p(x) = paz® aumber of coefficients (n—i-d) _ (ntd)!

n n!d!

» Fully dense polynomial: Polynomial is fully dense if all the coefficients are nonzero

» Sparse polynomial: Polynomial is sparse if the number of nonzero coefficients is much smaller than the number of
the total coefficients

Number of nonzero coefficients: 4

Number of all coefficients: (2;5) — (M _ 21

Example: Sparse Polynomial ~ p(x1,x2) = 0.56 + 0.5x; + 2x5 + 0.75x7 x5

> Correlative Sparsity: It describes coupling between the variables x4, ..., x,, of a polynomial p(x) : R™ — R
* \Variables x; and x; are coupled if they appear simultaneously in a monomial of the polynomial.

Example:  p(xq,x,,%x3,%4) = 0.56 + 0.5x; + 2x;x5 + 0.75x3 x2 Coupled variables: (x1, x2) , (X3, X4)

Missing Coupled variables: (xq, x3), (xq,x4), (X2, x3), (X3, X4)
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Sparse Polynomials

Polynomial: p(x) : R™ — R p(x) = paz® aumber of coefficients (n—i-d) _ (ntd)!

n n!d!

» Fully dense polynomial: Polynomial is fully dense if all the coefficients are nonzero

» Sparse polynomial: Polynomial is sparse if the number of nonzero coefficients is much smaller than the number of
the total coefficients

Number of nonzero coefficients: 4

Number of all coefficients: (2;5) — (M _ 21

Example: Sparse Polynomial ~ p(x1,x2) = 0.56 + 0.5x; + 2x5 + 0.75x7 x5

» Correlative Sparsity: |t describes coupling between the variables x4, ..., x,, of a polynomialp(a:) :R*" - R
* \Variables x; and x; are coupled if they appear simultaneously in a monomial of the polynomial.
Example:  p(xq,x,,%x3,%4) = 0.56 + 0.5x; + 2x;x5 + 0.75x3 x2 Coupled variables: (x1, x2) , (X3, X4)
Missing Coupled variables: (xq, x3), (xq,x4), (X2, x3), (X3, X4)

* Number of all possible coupling between variables x4, ..., x,, : (7’21)

e Polynomial has correlative sparsity if the number of coupled variables is much smaller than the Number of all possible coupling
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Sparse Polynomials

» Sparse polynomial: Polynomial is sparse if the number of nonzero coefficients is much smaller than the
number of the total coefficients.

» Correlative Sparsity: Polynomial has correlative sparsity if the number of coupled variables is much smaller
than the Number of all possible coupling
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Sparse Polynomials

» Sparse polynomial: Polynomial is sparse if the number of nonzero coefficients is much smaller than the
number of the total coefficients.

» Correlative Sparsity: Polynomial has correlative sparsity if the number of coupled variables is much smaller
than the Number of all possible coupling

» Correlative sparsity is a special case of the sparsity.

» Correlative sparsity implies the sparsity, but the converse is not necessarily true.

p(xX1, X9, X3,X4) = X1Xp + X1X3 + X3%X4 + XpX3 + XpX4 + X3%3° Sparse Polynomial

Number of nonzero coefficients: 6 With NO correlative sparsity

Number of all coefficients: (4210) — % = 1001
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» (Under some conditions)Constraint of the form p(a:) & S () Scan be replaced by SOS constraints of low dimensional
polynomials.

p(z) € SOS <Ifand only if> p(x) =, pe(Xk) pr(X,) e SOS

X} Coupled set variables of p(x)

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal on
Optimization, vol. 17, no. 1, pp. 218-242, 2006.
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» (Under some conditions)Constraint of the form p(a:) & S () Scan be replaced by SOS constraints of low dimensional
polynomials.

p(x) € SOS <Ifand only if> p(z) => . pe(Xk)  pu(Xy) e SOS

X} Coupled set variables of p(x)

p(z) = BT (2)QB(x) . _ T .
O c Si < If and only |f> p(il?) Zk n (xc)gijk(\x‘) Qk e S+ O, <n

matirx

Cx X 1 monomial vector

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal on
Optimization, vol. 17, no. 1, pp. 218-242, 2006.
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» (Under some conditions)Constraint of the form p(a:) & S () Scan be replaced by SOS constraints of low dimensional

polynomials.

p(z) € SOS <Ifand only if> p(x) =, pe(Xk) pu(Xy) e SOS
X}.: Coupled set variables of p(x)

p() = B (1)QB(x) < If and only if> p(.:c) — Zk Zg(x)f?kzkg) Qr € ka Cr <n

mn
Q = S+ C; X Cy,

: Cx X 1 monomial vector
matirx
H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal on

Optimization, vol. 17, no. 1, pp. 218-242, 2006.
Example:
p(ry1, w9, x3) = p1(w1,22) + p2(x2,23)

p(x1, 20, 13) = 222 + 22129 + 25 + 27073 + 273
p(’r) c SOS <:> pi(z1,z2) = (\/§$1 + V 0.51172)2 e SOS
po(z2, 23) = (V0.525 + +/213)% € SOS

Fall 2019
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» (Under some conditions)Constraint of the form p(a:) & S () Scan be replaced by SOS constraints of low dimensional

polynomials.

p(z) € SOS <Ifand only if> p(x) =, pe(Xk) pu(Xy) e SOS
X}.: Coupled set variables of p(x)

p() = B (1)QB(x) < If and only if> p(.:c) — Zk Z%(:E)}?kzk(\il:) Qr € ka Cr <n

mn
Q = S+ C; X Cy,

: Cx X 1 monomial vector
matirx
H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal on

Optimization, vol. 17, no. 1, pp. 218-242, 2006.

Example:
p(r1, 20, 13) = 233% + 22129 + yg + 2x0x3 + 21‘% p(ﬂfl; $2,$3) = P1 (m, :1?2) —HOQ(:EQ, :L‘g)
p(x) € SOS <:> p1(x1,22) = (V221 + V0.52)% € SOS
pa(xa, x3) = (v/0.525 + V/223)% € SOS
T
T 2 1 0] [x T T
, 2 1| |z T2 0.5 1| |a9
p(ry,r0,T3) = | 1 1 1§ |z <:> , _ | 1
ey el o1 2| | pla, @2, 23) LJ [1 []-5] LJ B [373] [ 1 2] [373]
Q€ Ss Q€82 Q: €83
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» (Under some conditions)Constraint of the form p(a:) & S () Scan be replaced by SOS constraints of low dimensional
polynomials.

p(z) € SOS <Ifand only if> p(x) =, pe(Xk) pr(X,) e SOS

X} Coupled set variables of p(x)

p(z) = BT (2)QB(x) . _ T .
O c Si < If and only |f> p(il?) Zk« n (xc)gijk(\x‘) Qk e S+ O, <n

matirx

Cx X 1 monomial vector

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal on
Optimization, vol. 17, no. 1, pp. 218-242, 2006.
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» (Under some conditions)Constraint of the form p(a:) & S () Scan be replaced by SOS constraints of low dimensional

polynomials.

p(x) € SOS < Ifandonyit > P(T) = D . Pr(Xk) pr(Xy) € SOS
X} Coupled set variables of p(x)

p() = B" (2)QB(x) If and only if p(.:z:) — Zk Z%(:E)}?kzk(\il:) Qi € ka Cr <n

Q E S‘n;
+ Cr X C
k% Lk :
: Cr X 1 monomial vector
matirx

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal on

Optimization, vol. 17, no. 1, pp. 218-242, 2006.
> (Under some conditions) Constraint of the form X >= () can be replaced by PSD constraints of smaller matrices X ;. >= ()

: _ T
X =0 If and only if X—ZkEkaE\gj X, =0 Ch < n
n X n matirx Cr X Ck/ C, X1 Cy X Cj, matirx
matirx  constant matrix

R. Grone, C. R. Johnson, E. M. Sa, and H. Wolkowicz, “Positive definite completions of partial Hermitian matrices,” Linear Algebra and its Applications, vol. 58, pp. 109-124, 1984.
J. Agler, W. Helton, S. McCullough, and L. Rodman, “Positive semidefinite matrices with a given sparsity pattern,” Linear Algebra. Appl., vol. 107, pp. 101-149, 1988.
A. Griewank and P. L. Toint, “On the existence of convex decompositions of partially separable functions,” Math. Prog., vol. 28, no. 1, pp. 2549, 1984.
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» (Under some conditions)Constraint of the form p(a:) & S () Scan be replaced by SOS constraints of low dimensional
polynomials.

p(x) € SOS <Ifand only if> p(z) => . pe(Xk)  pu(Xy) e SOS

X} Coupled set variables of p(x)

p(z) = BT (2)QB(x) ' _ T .
O c Si < If and only |f> p(il?) Zk n (xc)gijk(\x‘) Qk e S+ O, <n

matirx

Cx X 1 monomial vector

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal on
Optimization, vol. 17, no. 1, pp. 218-242, 2006.

> (Under some conditions) Constraint of the form X >= () can be replaced by PSD constraints of smaller matrices X ;. >= ()

X =0 <lfand onlyif>X =D E?XkE\k X =0 Cl < n

n Xn matirx Chk XCF Cp Xn Cy X Cy matirx

matirx i
Example: matirx
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» (Under some conditions)Constraint of the form p(a:) & S Scan be replaced by SOS constraints of low dimensional
polynomials.

p(z) € SOS < Ifandonlyit > P(T) = D . Pr(Xk) pr(Xy) € SOS
X} Coupled set variables of p(x)

ple) = B ()QB() plz) = Xy, 2 ()Quzn @) 0
f and only if k ~k k~k Qr €S CrL<n
Q € Sf_ It and only C;'c/x . ~ +

matirx

Cx X 1 monomial vector

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal on

Optimization, vol. 17, no. 1, pp. 218—-242, 2006.

> (Under some conditions) Constraint of the form X >= () can be replaced by PSD constraints of smaller matrices X ;. >= ()

X =0 < Ifand onlyif>X =2 E?XkE\k Xy = 0 Cl, <n

n Xn matirx Chk XCF Cp Xn Cy X Cy matirx

matirx matirx

R. Grone, C. R. Johnson, E. M. Sa, and H. Wolkowicz, “Positive definite completions of partial Hermitian matrices,” Linear Algebra and its Applications, vol. 58, pp. 109-124, 1984.
J. Agler, W. Helton, S. McCullough, and L. Rodman, “Positive semidefinite matrices with a given sparsity pattern,” Linear Algebra. Appl., vol. 107, pp. 101-149, 1988.
A. Griewank and P. L. Toint, “On the existence of convex decompositions of partially separable functions,” Math. Prog., vol. 28, no. 1, pp. 25-49, 1984.
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» (Under some conditions)Constraint of the form p(a:) & S Scan be replaced by SOS constraints of low dimensional
polynomials.

p(z) € SOS < Ifandonlyit > P(T) = D . Pr(Xk) pr(Xy) € SOS
X} Coupled set variables of p(x)

ple) = B ()QB() plz) = Xy, 2 ()Quzn @) 0
f and only if k “k k~k Qrcd Crp <n
Q € Sf_ It and only C,‘C/x . ~ +

matirx

Cx X 1 monomial vector

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal on

Optimization, vol. 17, no. 1, pp. 218—-242, 2006.

> (Under some conditions) Constraint of the form X >= () can be replaced by PSD constraints of smaller matrices X ;. >= ()

X =0 < Ifand onlyif>X =2 EZXkE\k Xy = 0 Cl, <n

n Xn matirx Chk XCF Cp Xn Cy X Cy matirx

matirx matirx

R. Grone, C. R. Johnson, E. M. Sa, and H. Wolkowicz, “Positive definite completions of partial Hermitian matrices,” Linear Algebra and its Applications, vol. 58, pp. 109-124, 1984.
J. Agler, W. Helton, S. McCullough, and L. Rodman, “Positive semidefinite matrices with a given sparsity pattern,” Linear Algebra. Appl., vol. 107, pp. 101-149, 1988.
A. Griewank and P. L. Toint, “On the existence of convex decompositions of partially separable functions,” Math. Prog., vol. 28, no. 1, pp. 25-49, 1984.

» Results rely on sparsity pattern of polynomials and Matrices and its graph representation, and Chordality of sparsity graph
(the classical theory of graph and cliques).
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Undirected Graph > Undirected graphGg ) Set of nodes of the graph E Set of edges of the graph
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Undirected Graph > Undirected graphGg ) Set of nodes of the graph E Set of edges of the graph

e We use undirected graph to represent polynomials and symmetric matrices.

p(xq,%X0,%3) = 1+ x; + X3 + xZ 4+ x1 X5 + X2 + x,x3 + x2

g, &)

Coupled variables: (x4, x,), (x5, x3) H K:.)

Edges between coupled variables

sparsity pattern of polynomial

0 o © o ¥ G(V.£) ¥
X1 X2 0 0 | @ o 23 34
v X9 Xoo Xoz3 Xou| @ Edges: Nonzero entries of matrix
0 Xoz X33 X34|© X24
0 Xoy X3 X4y | O

sparsity pattern of matrix

Fall 2019
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Undirected Graph > Undirected graphGg ) Set of nodes of the graph E Set of edges of the graph

Cycle: A cycle of length k in a undirected graph is a sequence of nodes (v4, V5, ..., V) such that (v;,v;;4) i =1, ..,k —1and
(vq, V) are the edges. 1

cycle of length
3

cycle oflength4 @&
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Undirected Graph > Undirected graphGg ) Set of nodes of the graph E Set of edges of the graph

Cycle: A cycle of length k in a undirected graph is a sequence of nodes (v4, V5, ..., V) such that (v;,v;;4) i =1, ..,k —1and
(vq, V) are the edges. 1

cycle of length
3

cycle oflength4 @&

Chord: is an edge that connects 2 nonadjacent nodes in a cycle.

cycle of length 5 with 2 chords
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Undirected Graph > Undirected graphGg ) Set of nodes of the graph E Set of edges of the graph

Cycle: A cycle of length k in a undirected graph is a sequence of nodes (v4, V5, ..., V) such that (v;,v;;4) i =1, ..,k —1and
(vq, V) are the edges. 1

cycle of length
3

cycle oflength4 @&

Chord: is an edge that connects 2 nonadjacent nodes in a cycle.

cycle of length 5 with 2 chords
Chordal graph
Chordal Graph: An undirected graph is chordal if every cycle of the length k = 4 has a chord,
(if there are no cycles of length > 4)
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Undirected Graph 3 undirected graphg ) Set of nodes of the graph £ Set of edges of the graph

Cycle: A cycle of length k in a undirected graph is a sequence of nodes (v4, V5, ..., V) such that (v;,v;;4) i =1, ..,k —1and
(vq, V) are the edges. 1

cycle of length
3

cycle oflength4 @&

Chord: is an edge that connects 2 nonadjacent nodes in a cycle.

cycle of length 5 with 2 chords
Chordal graph
Chordal Graph: An undirected graph is chordal if every cycle of the length k = 4 has a chord,
(if there are no cycles of length = 4)

Clique: a cligue of a graph is a subset of nodes that construct a complete graph (i.e. each node in the clique is connected to
all the nodes in the clique.)
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Undirected Graph 3 undirected graphg ) Set of nodes of the graph £ Set of edges of the graph

Cycle: A cycle of length k in a undirected graph is a sequence of nodes (v4, V5, ..., V) such that (v;,v;;4) i =1, ..,k —1and
(vq, V) are the edges. 1

cycle of length
3

cycle oflength4 @&

Chord: is an edge that connects 2 nonadjacent nodes in a cycle.

cycle of length 5 with 2 chords
Chordal graph
Chordal Graph: An undirected graph is chordal if every cycle of the length k = 4 has a chord,
(if there are no cycles of length = 4)

Clique: a cligue of a graph is a subset of nodes that construct a complete graph (i.e. each node in the clique is connected to
all the nodes in the clique.)

Maximal Clique: a clique is maximal if it is not a subset of another clique.
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Theorem
1 . : :
Let G(V, &) be a chordal graph with maximal cliques {C,,C — 2,...,C; }.Then, Matrix X & S™ with sparsity pattern G(V, £)

is PSD if and only if there exist PSD matrices X, € SlCk| > ()

X =0 < If and only if >X = >, F¢ X, Ee, Xy € Sl =0 Ci] < m

Matrices constructed form l

the maximal Cliques Number of the nodes

» Constraint of the form X > (Jcan be replaced by PSD constraints of smaller matrices Xk = 0 in maximal Cliques

Example:

- -— - ~~o

Maximal cllqge" * / ~<

c\@e

~ ~
~~—_ - ~—m -

Chordal gr &ph .

1: Perfect Elimination and Completable Graph theory, Theorem 7, R. Grone, C. R. Johnson, E. M. Sa, and H. Wolkowicz, “Positive definite completions of partial
Hermitian matrices,” Linear Algebra and its Applications, vol. 58, pp. 109-124, 1984.
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Theorem
1 . : :
Let G(V, &) be a chordal graph with maximal cliques {C,,C — 2,...,C; }.Then, Matrix X & S™ with sparsity pattern G(V, £)

is PSD if and only if there exist PSD matrices X, € SlCk| > ()

X =0 < If and only if >X = >, F¢ X, Ee, Xy € Sl =0 Ci] < m

Matrices constructed form l

the maximal Cliques Number of the nodes

> Constraint of the form X = (Jcan be replaced by PSD constraints of smaller matrices Xk = 0 in maximal Cliques
Example:
2 1 0
X=11 1 1
0 1 2
X =0
__________ Iyl_aX|ma| clique
Maximalclique/‘ "‘g(};/é’:) RRRY
// /, \’\\ \\\
3 X €820 Xye 80 () X =0 ‘o' ‘@ @
T Chordal graph: v
X — zk EckaEcA e N ’/

1: Perfect Elimination and Completable Graph theory, Theorem 7, R. Grone, C. R. Johnson, E. M. Sa, and H. Wolkowicz, “Positive definite completions of partial
Hermitian matrices,” Linear Algebra and its Applications, vol. 58, pp. 109-124, 1984.
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Theorem
1 . : :
Let G(V, &) be a chordal graph with maximal cliques {C,,C — 2,...,C; }.Then, Matrix X & S™ with sparsity pattern G(V, £)

is PSD if and only if there exist PSD matrices X, € SlCk| > ()

X =0 < If and only if >X = >, F¢ X, Ee, Xy € Sl =0 Ci] < m

Matrices constructed form l

the maximal Cliques Number of the nodes

» Constraint of the form X > (Jcan be replaced by PSD constraints of smaller matrices Xk = 0 in maximal Cliques

Example:
2 1 0 2 1 0 10 0 0
R R i I o [ A R P R

01 2 0 1 2 0 0 ' 0 1

| cli

Maximal cllquef"'""‘*G(v,fé:j”"M‘az(lrp\a\ clque
3 X €800 X,e80l -0 {HE—) X =0 i Y 1@)
T Chordal graph:._ v
X = Zk Ecka;ECk e e

1: Perfect Elimination and Completable Graph theory, Theorem 7, R. Grone, C. R. Johnson, E. M. Sa, and H. Wolkowicz, “Positive definite completions of partial
Hermitian matrices,” Linear Algebra and its Applications, vol. 58, pp. 109-124, 1984.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Theorem
1 . : :
Let G(V, &) be a chordal graph with maximal cliques {C,,C — 2,...,C; }.Then, Matrix X & S™ with sparsity pattern G(V, £)

is PSD if and only if there exist PSD matrices X, € SlCk| > ()

X =0 < If and only if >X = >, EgkaEck X, € Slekl = ¢ Chl < n
Matrices constructed form l
the maximal Cliques  Nymber of the nodes
» Constraint of the form X >= (Jcan be replaced by PSD constraints of smaller matrices Xp =0 in maximal Cliques
Example: . (Appendix IV)
2 1 0 2 1 0 1 0 0 0
X111<:>11101[?&”3?8}+10 {015;}[8(1)(11
0 1 2 0 1 2 0 0 v 0 1

- —_~~ - ~~o

Maximal cllqge" ~<

3 X, e895%0 Xoe8%l =0 —> X =0 O\r& ﬂ

Chordal gr &ph
X = Zk EgkX;gEck

~ ~
~~—_ - ~—m -

1: Perfect Elimination and Completable Graph theory, Theorem 7, R. Grone, C. R. Johnson, E. M. Sa, and H. Wolkowicz, “Positive definite completions of partial
Hermitian matrices,” Linear Algebra and its Applications, vol. 58, pp. 109-124, 1984.
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SDP

minimize (e X
X

subject to A; e X =0, 1 =1,....,m.
X=0. Xe&8m

Sparsity pattern of matrix X : Chordal graph G(V, &)

minimize C e X v

X

subject to A, e (Z Eg;XkEck) =b;, 1=1,...,m.
k.

Xp=0k=1,2. .. X, e SlCxl
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Theorem

Let G(V, &) be a chordal graph obtained from the polynomial p(x) with maximal cliques {C,,C — 2....,C;}
Then, polynomial p(x) is SOS if and only if:

p(z) € SOS <Ifand only if> p(x) => . pe(Xk) pr(X,) € SOS

X : Nodes in clique Cy

» Constraint of the form p(;zj) & S S can be replaced by SOS constraints on low dimensional polynomials.
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Theorem

Let G(V. &) be a chordal graph obtained from the polynomial p(x) with maximal cliques {C,C—2.....C}
Then, polynomial p(x) is SOS if and only if:

p(z) € SOS <Ifand only if> p(z) => . pe(Xk)  pu(Xy) e SOS

X} Nodes in clique C;

» Constraint of the form p(;zj) & S S can be replaced by SOS constraints on low dimensional polynomials.

p(xq, %0, %3 ) = 2(1 + x1 + x5 + xZ + x1 x, + X% + x,%5 + x5)

Coupled variables: (x4, x5), (x5, x3) @ @ @

Edges between coupled variables

Polynomial with sparsity pattern

gV, &)
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Theorem

Let G(V. &) be a chordal graph obtained from the polynomial p(x) with maximal cliques {C,C—2.....C}
Then, polynomial p(x) is SOS if and only if:

p(z) € SOS <Ifand only if> p(z) => . pe(Xk)  pu(Xy) e SOS

X} Nodes in clique C;

» Constraint of the form p(;zj) & S S can be replaced by SOS constraints on low dimensional polynomials.

p(xl,xz,xg)=2(1+x1+x3+x12+x1x2+x12+x2x3 +x§) premeTT T e
1/ / \

Maximal clique S~ .- "

Maximal clique

I
Coupled variables: (x4, x5), (x5, x3) \@\‘*@

Edges between coupled variables QRN Sl

gV, &)

-
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Theorem

Let G(V. &) be a chordal graph obtained from the polynomial p(x) with maximal cliques {C,C—2.....C}
Then, polynomial p(x) is SOS if and only if:

p(z) € SOS <Ifand only if> p(z) => . pe(Xk)  pu(Xy) e SOS

X} Nodes in clique C;

» Constraint of the form p(;zj) & S S can be replaced by SOS constraints on low dimensional polynomials.

________ Maximal clique
Maximal cllqu,e——‘ Teal el . C
\\ 2

- ~
e N\ N
(31 / ’ \ N
’ \

Coupled variables: (x4, x3), (x2, x3) ‘H d

Edges between coupled variables Teeeoo--T e ae- -

gV, &)

p(xq, %0, %3 ) = 2(1 + x1 + x5 + xZ + x1 x, + X% + x,%5 + x5)

p(xq1,x2,x3) €SOS iff p(xy,x3) =p1(x1,%3) € SOS + po(x3,x3) € SOS

- 2 2 o 22 o 2
p(x1,x2,x3) = (1 +x1)° + (1 +x2)° + (1 +x3)° + (%2 + x3) G(V,€&) is a Chordal graph
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Theorem

Let G(V. &) be a chordal graph obtained from the polynomial p(x) with maximal cliques {C,C—2.....C}
Then, polynomial p(x) is SOS if and only if:

p(z) € SOS <Ifand only if> p(z) => . pe(Xk)  pu(Xy) e SOS

X} Nodes in clique C;

» Constraint of the form p(a:) & S S can be replaced by SOS constraints on low dimensional polynomials.

________ Maximal clique

p(xq, %0, %3 ) = 2(1 + x1 + x5 + xZ + x1 x, + X% + x,%5 + x5) Maximal clique Tt .

e Y N
1 / ’ \ S
’ \

Coupled variables: (x4, x3), (x2, x3) ‘H d

Edges between coupled variables Teeeoo--T e ae- -

gV, &)

p(xq1,x2,x3) €SOS iff p(xy,x3) =p1(x1,%3) € SOS + po(x3,x3) € SOS

- 2 2 o 22 o 2
p(x1,x2,x3) = (1 +x1)° + (1 +x2)° + (1 +x3)° + (%2 + x3) G(V,€&) is a Chordal graph

p(z1, 29, 23) € SOS —— p(x1, 29, 23) € SSOS
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Unconstrained optimization

minimize p(z)
€T

SOS Program:

maximize 7y
QES™ )y

subject to  p(x) —~v € SOS

SSOS Program:

maximize vy
QES™,y

subject to  p(x) —~v € SSOS

Fall 2019
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Unconstrained optimization

minimize p(z)
€T

SOS Program:

maximize 7y
QES™ )y

subject to  p(x) —~v € SOS

SSOS Program:

maximize vy
QES™,y

subject to  p(x) —~v € SSOS

Constrained optimization

minimize  p(z)
€T

subject to  g;(x) >0, i =1,...,n

SOS Program:
maximize vy
Y04

T

subject to  p(x) —v — > oy(w)gi(x) € SOS
1=1

oi(x) € SOS24,, 1 =0,...,m
SSOS Program: ,

maximize vy
Y504

subject to

should preserve the correlative sparsity of g;

Fall 2019
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m A
p(&i’) — 7~ Z?‘,_l@-z x}g@ c SS50S5

o;(x) € SOS3;., i =0,....,m

g;(x) should preserve the correlative sparsity of g;(x)

» Example:
g;(X):is a polynomial in terms of subset of variables X
0;(X): SOS polynomial in terms of variables X

More information:

e Section 4.2: H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems
with structured sparsity,” SIAM Journal on Optimization, vol. 17, no. 1, pp. 218-242, 2006.

e Lemma 3:, Tillmann Weisser, Jean B. Lasserre, Kim-Chuan Toh., “Sparse-BSOS: a bounded degree SOS hierarchy for large scale polynomial optimization with
sparsity”, Math. Prog. Comp. (2018) 10:1-32

Example: https://github.com/jasour/rarnop19/blob/master/Lecture6 modified-SOS/Sparse SOS/Example SSOS compare Cons.m
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https://github.com/jasour/rarnop19/blob/master/Lecture6_modified-SOS/Sparse_SOS/Example_SSOS_compare_Cons.m

Sparse SOS using Yalmip

1) Copy “corrsparsity.m” to the folder of /modules/sos, and replace the original corrsparsity.m.

https://github.com/zhengy09/sos csp

2) Add the “ops.sos.csp = 1” to the Yalmip SOS optimization code.

* Zheng, Y., Fantuzzi, G., & Papachristodoulou, A. “Sparse sum-of-squares (SOS) optimization: A bridge between DSOS/SDSOS and SOS optimization for sparse
polynomials”, arXiv preprint arXiv:1807.05463. 2018

e Zheng, Y., Fantuzzi, G., & Papachristodoulou, A. (2018, December). Decomposition and completion of sum-of-squares matrices. In 2018 IEEE Conference on
Decision and Control (CDC) (pp. 4026-4031). IEEE.

sparsePOP 3.03 (MATLAB Package)

This package also provides the optimal solution x* of SSOS optimization.

https://sourceforge.net/projects/sparsepop/

e H.Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured
sparsity,” SIAM Journal on Optimization, vol. 17, no. 1, pp. 218-242, 2006.
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https://github.com/zhengy09/sos_csp
https://sourceforge.net/projects/sparsepop/

Example 1: Unconstrained Optimization : -
P P (Number of Clique)*(Size Of the Clique) cputime  cputime
(sparseSQS) (S0S)

Jes(@) = ; ((: + IDIHI)Z +5(Tit2 — IHS)E Number of variables n cll.str €obj sparse dense
4 {Iz’+1 _ 21,_!:4_2)4 4 ].D{;I‘i _ 101.!:_'_3)4): 16 ‘3*14: 3.56-T 0.6 3059.5
40 3*38 8.4e-7 1.4 —
100 3*98  5.he-7 3.8 —
J=1{1.3,5,...,n—3} 200 3198 3.0e-7 3.4 —
400 3*398 3.ﬁe—7 19.3 —s

v

Objective function

Example 2: Unconstrained Optimization

ki e

fev(x) = Z (1_-1.{2 +523) +1— Z{l + Ij)Ij) ’ Broyden banded function
= 1 n || clstr €obj  sparse dense
Ji={j|j#imax(l,i—5)<j<min(n,i+1)}. 6 6*1  8.0e-9 11.3 11.6
7 7*1  1.9e-8 69.5 69.5
8 7*2  2.8e-8 164.1 37
9 7*3 9.1e-8 240.3 1835.6
10 7*4  6.2e-8 348.7 8399.4

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured
sparsity,” SIAM Journal on Optimization, vol. 17, no. 1, pp. 218-242, 2006.
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lllustrative Example:

P* =minimize

mn
—_— Fa PR 2
nim =5+ (1) =5
1=1

(1,1,....,1]7 e R"

Number of variables  polynomial of order 2

e SOS: Variables:200  Relaxation Order=1 time= 286.5458 (s) p’=

e SDSOS: Variables:200  Relaxation Order=1 time=3.6338 (s) p'=
e DSOS: Variables:200 Relaxation Order=1 time=2.6824 (s) p*=5
e Spars SOS: Variables:200 Relaxation Order=1 time=0.2374 (s) p=

e SparsPOP: Variables:200 Relaxation Order=1 time=0.95 (s) p=

https://github.com/jasour/rarnop19/blob/master/Lecture6 modified-SOS/SDSOS-DSOS/Example SDSOS compare Uncons.m

https://github.com/jasour/rarnop19/blob/master/Lecture6 modified-SOS/Sparse SOS/Example SSOS compare Uncons.m

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

sdp solver: mosek

sdp solver: mosek

sdp solver: mosek

sdp solver: mosek

x'=[1,..,1] sdpt3
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https://github.com/jasour/rarnop19/blob/master/Lecture6_modified-SOS/SDSOS-DSOS/Example_SDSOS_compare_Uncons.m
https://github.com/jasour/rarnop19/blob/master/Lecture6_modified-SOS/Sparse_SOS/Example_SSOS_compare_Uncons.m
https://time=0.95

Topics

1) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSQOS)
Modified SOS optimization that results in LP and Second order cone program

2) Bounded degree SOS (BSOS)
Modified SOS optimization that results in smaller SDP’s.

3) Spars Sum-of-Squares Optimization (SSOS)
Takes advantage of sparsity of the original problem to generate smaller SDP.

4) Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)
Combination of 2 and 3
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Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)

» Combines Bounded degree SOS (BSOS) and Chordal-Sparse SOS.

Tillmann Weisser, Jean B. Lasserre, Kim-Chuan Toh., “Sparse-BSOS: a bounded degree SOS hierarchy for large scale polynomial optimization with sparsity”,

Math. Prog. Comp. (2018) 10:1-32

» Takes advantages of sparsity of the original problem to reduce the size of the bounded degree SOS.

» It relies on “Running Intersection Property” (Chordal sparsity of the graph)
e M. Tacchi, T. Weisser, J. B. Lasserre, D. Henrion,”Exploiting Sparsity for Semi-Algebraic Set Volume Computation”, https://arxiv.org/abs/1902.02976

e J. R.S. Blair, B. Peyton. An introduction to chordal graphs and clique trees. Pages 1-29 in Graph Theory and Sparse Matrix Computation, Springer, New York,
1993

Example:https://github.com/jasour/rarnop19/blob/master/Lecture6 modified-SOS/Sparse Bounded Degree SOS/SBSOS Examplel.m

> MATLAB Code
https://github.com/tweisser/Sparse BSOS

This package also provides the optimal solution x* of SBSOS optimization.

Fall 2019
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https://arxiv.org/abs/1902.02976
https://github.com/tweisser/Sparse_BSOS
https://github.com/jasour/rarnop19/blob/master/Lecture6_modified-SOS/Sparse_Bounded_Degree_SOS/SBSOS_Example1.m

Table 6 Comparison Sparse-BSOS (k = 2)

Example 1: Constrained Optimization (Chained Singular Function)

Chained Singular rel. Sparse-BSOS
Number of variables Solution rk Time (s)
[= Z ((Xj +10x41)7 + 50842 — Xj33)° + (41 — 2Xj42)° +10(x; — Xj+3)4) n = 500 d=1 —14485¢—02% 10 19.6
jeH d=2 —97833-10 1 178
n = 600 d=1 —2.7372e—03* 1.0 40.1
H={2i—-1:i=1,....,n/2 -1} d=2 —1.2640e—09 1 21.4
n =700 d =" —1.7548e—03%* 1.0 41.6
=2 —1.7613e09 1 253
K={xeR" : 1- Z.X‘; >0 =1 cuy gy el PeElas (i n = 800 d=:1 —1.9438e—03* 1.0 58.9
iel d=2  2.1935¢-09 1 29.0
n =900 d=:] —1.8924e—02% 1.0 43.5
* Tillmann Weisser, Jean B. Lasserre, Kim-Chuan Toh., “Sparse-BSOS: a bounded degree SOS hierarchy for large scale d=2  —2.6072e09 1 33.5
polynomial optimization with sparsity”, Math. Prog. Comp. (2018) 10:1-32 n = 1000 d=1 —4.49]14e—02% 10l 355
=2 —9.3508e-10 1 39:5

App|ication <mR6 """"" ;?m

N R4 i
M. Giamou, F. Maric, V. Peretroukhin, J. Kelly “Sparse Bounded Degree Sum of Squares Optimization for Certifiably Globally Optimal : ._4
Rotation Averaging”, https://arxiv.org/pdf/1904.01645.pdf, 2019 i | :
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https://arxiv.org/pdf/1904.01645.pdf

1) (Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSOS)
Modified SOS optimization that results in LP and Second order cone program

2) Bounded degree SOS (BSOS)
Modified SOS optimization that results in smaller SDP’s.

3) Spars Sum-of-Squares Optimization (SSOS)
Takes advantage of sparsity of the original problem to generate smaller SDP.

4) Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)
Combination of 2 and 3
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(Scaled) Diagonally Dominant Sum-of-Squares Optimization (DSOS, SDSOS)

e A. Ahmadi and A. Majumdar,” DSOS and SDSOS Optimization: More Tractable Alternatives to Sum of Squares and Semidefinite
Optimization”, SIAM Journal on Applied Algebraic Geometry, 2019.

Code: https://github.com/anirudhamajumdar/spotless/tree/spotless isos

Bounded Degree Sum-of-Squares Optimization (BSOS)

* Jean B. Lasserre, Kim-Chuan Toh, Shouguang Yang, “A bounded degree SOS hierarchy for polynomial optimization”, EURO Journal on Computational
Optimization March 2017, Volume 5, Issue 1-2, pp 87-117

Code: https://github.com/tweisser/Sparse BSOS

Sparse Sum-of-Squares Optimization (SSOS)

e H.Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program relaxations for polynomial optimization problems with structured
sparsity,” SIAM Journal on Optimization, vol. 17, no. 1, pp. 218-242, 2006.

Code: https://sourceforge.net/projects/sparsepop/

* Zheng, Y., Fantuzzi, G., & Papachristodoulou, A. “Sparse sum-of-squares (SOS) optimization: A bridge between DSOS/SDSOS and SOS optimization for sparse
polynomials”, arXiv preprint arXiv:1807.05463. 2018

Code: https://github.com/zhengy09/sos csp

Sparse Bounded Degree Sum-of-Squares Optimization (SBSOS)

e Tillmann Weisser, Jean B. Lasserre, Kim-Chuan Toh., “Sparse-BSOS: a bounded degree SOS hierarchy for large scale polynomial optimization with sparsity”,
Math. Prog. Comp. (2018) 10:1-32

Code: https://github.com/tweisser/Sparse BSOS
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https://github.com/tweisser/Sparse_BSOS
https://github.com/zhengy09/sos_csp
https://sourceforge.net/projects/sparsepop/
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https://github.com/anirudhamajumdar/spotless/tree/spotless_isos

Appendix I: SDSOS/DSOS Polynomials
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Polynomial p(z) € R|x] Nonnegative Polynomial p(a?) >0

Sum-Of-Squares Polynomials

p(z) € SO0S —— plz) =1, hi(z) < >

where h;(z) € Rlz], i =1,...,¢

p(z) = B(z)"QB(x)

where ) € S

Diagonally-Dominant-Sum-Of-Squares Polynomials

p(x) € DSOS

p(a) = 32 aimi(x) + 32, ; B (mi(x) +my(2)? + 32, ; B (ma(x) —my(2))? <

- | . '+ g _ :
for some nonnegative scalars «;, 5,5, 5, for some polynomials m;(x), m;(x)

where ) €

> (@) = Bx)"QB(x)

Scaled-Diagonally-Dominant-Sum-Of-Squares Polynomials

p(a:)lE SDSOS <
p(x) =3, aimi (@) +32, 5 (Bfmae)+55my () +30, (Bmi(x) =B m; ()
for some scalars o; > 0, 3 ¥ ‘3::: 3 ‘3 y for some polynomials m; (), m;(x)

)

p(z) = B(z)" QB(x)

where Q € 87,

Fall 2019
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Appendix Il: Convergence of LP Relaxation
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P* =minimize  p(x)
-T:ER?L

subject to r e K={x eR":¢9;(x) >0, i=1,....m}

% . .
P" =maximize v
YER

subject to  p(x) —~v >0, Vre K

SDP Relaxation

p(z) — v = oolz) + 7 o) gi () " € R,00(x) € SOSyy, oi(x) € SOS2q,,i=1,....m

v

if ,.}/* :p(m*) — P* p(-’L‘ )_’“r =0 00(3:.*) € Z:’?’il 07(.1‘*)9?(.23*) — 0

Fall 2019
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P* =minimize  p(x)
-’I:ER?L

subject to r e K={x eR":¢9;(x) >0, i=1,....m}
AN

% . .
P" =maximize v

vER
subject to  p(x) —~v >0, Vre K optimal solution” V" = P(z")
p(z) — v = oolz) + 7 o) gi () I~4* € R, 0p(x) € SOS2y, o;(x) € SOSoy,,i=1,....m

if o cintK . oo(z*) + Zm Loi(at)gi(at) =0 Hence, This constraint is imposed by
- 1= g ot
gi(x*) >0 : oi(z") i =0,.

( The same situation for * € JK)
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P* =minimize 22 — 22 + 2
€ZT

subject to z € K={z:x2(2—2x) >0}

SOS
Relaxation
* . .
P.,« = maximize
YER,00(2)€SOS,01(2)ESOS
subject to % =20+ 2—~ =op(z) + o1 (2)x(2 — 2)
Obtained solution (Yalmip)
V=1 —— =1

i

op(x) = (—{).‘29157{)596593 — 0.0571934472478x1 + (].348740011438:1?12)2+ (—0.956549252584 + 1.50888962843x1 — {).55228259(]362:1:12)2

o1 (x) = (—0.653185546681 + 0.653173513801x1)°

> Atx*=1€intK
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P* =minimize p(z)
meR'ﬂ,

subject to ze K={x eR":0<g;(z) <1, i=1,...m}

% . .
P" =maximize v
vER

subject to  p(x) —v >0, Ve e K : —> * =

LP Relaxation

p(x) — " 0N 500 (1) g (@) (1= g1 (2))P (1 = g (2)) T4 ER, Ay >0

ok * * *) =" =0 * o * sk *
if 77 = p(a®) = PP Z0 SN g (0% g () (L g1 (27)P (1~ g

D

Section 5.4.2, Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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P* =minimize p(z)
meRﬂ,

subject to ze K={x eR":0<g;(z) <1, i=1,...m}

% . .
P" =maximize v

YER
' % c R ! !
subject to - p(z) —v >0, Vo e K optimal solution” 7" =plaT) - == - - e e e
LP Relaxation ._K'- x;
C A0 (@) g () (1= g1 ()7 (1 = g ()P I9* €R, Aoy >0

if 2* ¢ intK 2 Z)\aeg?l(x*) gom (z*)(1 —gl(x*))ﬁ‘ (1 gm(x*))ﬁm > ()
gi(x*) >0 L—gi(z*) >0

Section 5.4.2, Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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P* =minimize p(z)
meRﬂ,

subject to ze K={x eR":0<g;(z) <1, i=1,...m}

% . .
P" =maximize v

vER
' ¥ cR ! !
subject to - p(z) —v >0, Vo e K optimal solution” 7" =plaT) - == - - e e e
LP Relaxation ._K'- x;
plz) =7 oA 590 (@) gi (2) (1 = g1 () (1 = gin ()P Iy €R, A5, >0

£t € intK s T Aag? (1) g (1) (1 — g1 (0)7 (L = ga(27)) P > 0 o, comergence
R ‘ , . ZT’ Laj+ 3, < d tozero
g?(fﬁ')>0 1—97(1*)>U

e Hence, y* (optimal solution of the original problem ) can not be attained. * convergence cannot be finite  [im_, P’Ed — P~

e Section 5.4.2, Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Example:

P* =minimize p(x) = 2° — x 1.
zER™ vt =5 e mtK
subject to r e K={r e R" :g1(x) =2 >0, go(x)=1—2 > 0} |:> *
SubJ v A = 5 = p(x*) = —0.25

‘ LP Relaxation
\7].32? —=maximize vy

Y Aap =0

wbiect o ple) = = 2. Aag g () g () (1 = g1(2)Pr (1 = g ()P
vV a,3eN”

Slow monotone convergence to —0.25:

P2=—- P*=—- P°=-03 P/°=-027 P;'S=-02695
Example: P* =minimize p(z) =z — 2°

rER™ 0
subject to r e K={reR":g1(x) =2 >0, g2(x) =1 —2a >0} |:> p(z*) =0

LP Representation

p(x) —v* = gi(x)g2(r) —— v —2° =2(1 —x) .

Some of g;(x)’s, (1 — g;(x))'s are zero. Hence, finite convergence can take place.

e Example 5.5. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Appendix lll: Bounded Degree SOS
Lagrangian Perspective
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To gain more insight into how the BSOS optimization works, consider the following Nonlinear optimization and its dual:

P* =minimize p(x)
IL'ER'”'

subject to g\ (2)...g%m () (1 — g1 (2))Pr (1 — g ()P >0, v 0,48, <d

Lagrange multipliers

Lagrange function  [,(\, 1) = Z )\ag GO (@) g% (2) (1 = g1 (2))P1 (1 = g ()P
Z?H ﬁ < (f
Dual Optimization: P, :maxgmize mirﬁimize L(x,\) ' nonlinear optimization
: reR™ X

subject to A > 0

To solve minimize L(x, \), we can use SOS relaxation.
rER™
o maximize vy '
. Ly, !
maximize S >

: + Thi Its in BSOS f |lati
subject to L(z,\) —~v >0 subject to L(x,\) — vy € SOS, 1 "= restsin ormulation
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'maximize 7y
: s QO = 0

For k = 0, this is results in “Krivine-Stengle’s Positivity Certificate” based LP.

(brutal simplification of minigﬂze L(xz,\))
:I:E T

e For k > 0, this is results in “BSOS” relaxation.

(tractable simplification of mini%lize L(x,\))
:I:E TL
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'maximize 7y
: s QO = 0

For k = 0, this is results in “Krivine-Stengle’s Positivity Certificate” based LP.

(brutal simplification of IIliIli%lize L(xz,\))
TERT™

e For k > 0, this is results in “BSOS” relaxation.

(tractable simplification of mini%lize L(x,\))
rEeER™

» Hence, )\aﬁ in LP and BSOS are approximation of the Lagrange multipliers.

» Based on KKT optimality condition: )\056 g?l (*)..gsm (x*)(1 — ¢ (3;*))51 (1 — gm(aj*))ﬁm — 0

. m

> Hence, when finite convergence in BSOS occurs : )\aﬁ g?l (T*) o (T*) (1 — 1 (T*))ﬁl (1 — Jm (ﬂi*))ﬁm =0
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'maximize 7y
: ) QO % 0

For k = 0, this is results in “Krivine-Stengle’s Positivity Certificate” based LP.

(brutal simplification of mim%ﬂze L(x,\))
TERT™

e For k > 0, this is results in “BSOS” relaxation.

(tractable simplification of IIlil‘li%lize L(x,\))
rEeER™

» Hence, )\aﬁ in LP and BSOS are approximation of the Lagrange multipliers.
> Based on KKT optimality condition: Aaﬁ g?l (T*) O m (T*)(l — g1 (-’E*))ﬁl (1 — gm(:;!:*))ﬁm —

» Hence, when finite convergence in BSOS occurs : Aaﬁ g?l (T*) xm (T*) (1 — g1 (T*))ﬁl (1 — Om (m*))ﬁm = (

. m

e Section 9.2: Jean B. Lasserre,”An Introduction to Polynomial and Semi-Algebraic Optimization”, Cambridge University Press, 2015

e Jean B. Lasserre, Kim-Chuan Toh, Shouguang Yang, “A bounded degree SOS hierarchy for polynomial optimization”, EURO Journal on Computational Optimization March 2017, Volume 5, Issue
1-2, pp 87-117
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Appendix IV:
Maximal Clique and Principal Submatrix
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Maximal Clique and Principal Submatrix 2 1 0|@
X=|11 1@
* Matrix X € S™ with sparsity pattern defined by Graph G (), £) 0 1 2|©®
e (. is maximal clique of graph G(V. &) with |Ck| nodes.
e IWE)
e Define matrix E¢, € RIC:x" as follows: (
1, if Cp(i) = j \ H 9 )
EC;\-; c R|Ck|><ﬂ [ECk}-ij — \\\\ —/‘:%'\ //,’
0, otherwise | 77
Where C. (i) is i — th nodein C, Cy C
Maximal clique Maximal clique

® ® © nodesinthe graph .
1 0 0] @
0O 1 0| @

2 1
Ee, € R2x3 Ec, = nodes in C, Xe, = EchEgl - L 0.5]

- Extracts the Principal submatrix of X defined by

0 1 0]@ 51 the indices in cliques C;, Co
Ec, € R**? EFe, = [0 0 1]@ nodes in Cs Xe, = Ee, XE¢, = [010 2]
. - ?1?_1007’21100+010T0.51010
X:E61X1E61+ECQX2EC2-O12_010 1 o5/0 1 0o o 1] [1 2floo0 1

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




MIT OpenCourseWare
https://ocw.mit.edu/

16.S5498 Risk Aware and Robust Nonlinear Planning
Fall 2019

For information about citing these materials or our Terms of Use, visit: https://ocw.mit.edu/terms.



https://ocw.mit.edu/terms
https://ocw.mit.edu

	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	Slide Number 38
	Slide Number 39
	Slide Number 40
	Slide Number 41
	Slide Number 42
	Slide Number 43
	Slide Number 44
	Slide Number 45
	Slide Number 46
	Slide Number 47
	Slide Number 48
	Slide Number 49
	Slide Number 50
	Slide Number 51
	Slide Number 52
	Slide Number 53
	Slide Number 54
	Slide Number 55
	Slide Number 56
	Slide Number 57
	Slide Number 58
	Slide Number 59
	Slide Number 60
	Slide Number 61
	Slide Number 62
	Slide Number 63
	Slide Number 64
	Slide Number 65
	Slide Number 66
	Slide Number 67
	Slide Number 68
	Slide Number 69
	Slide Number 70
	Slide Number 71
	Slide Number 72
	Slide Number 73
	Slide Number 74
	Slide Number 75
	Slide Number 76
	Slide Number 77
	Slide Number 78
	Slide Number 79
	Slide Number 80
	Slide Number 81
	Slide Number 82
	Slide Number 83
	Slide Number 84
	Slide Number 85
	Slide Number 86
	Slide Number 87
	Slide Number 88
	Slide Number 89
	Slide Number 90
	Slide Number 91
	Slide Number 92
	Slide Number 93
	Slide Number 94
	Slide Number 95
	Slide Number 96
	Slide Number 97
	Slide Number 98
	Slide Number 99
	Slide Number 100
	Slide Number 101
	Slide Number 102
	Slide Number 103
	Slide Number 104
	Slide Number 105
	Slide Number 106
	Slide Number 107
	Slide Number 108
	Slide Number 109
	Slide Number 110
	Slide Number 111
	Slide Number 112
	Slide Number 113
	Slide Number 114
	Slide Number 115
	Slide Number 116
	Slide Number 117
	Slide Number 118
	Slide Number 119
	Slide Number 120
	Slide Number 121
	Slide Number 122
	Slide Number 123
	Slide Number 124
	Slide Number 125
	Slide Number 126
	Slide Number 127
	Slide Number 128
	Slide Number 129
	Slide Number 130
	Slide Number 131
	Slide Number 132
	Slide Number 133
	Slide Number 134
	Slide Number 135
	Slide Number 136
	Slide Number 137
	Slide Number 138
	Slide Number 139
	Slide Number 140

