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Design Problems Under Uncertainty

Nonlinear Optimization

minimize p(x)

subject to g;(z) >0, i =1,...,n,

Chance Optimization

ma&i&ize Probability . ( pi(z,w) >0, i=1,...,n; )

subject to ¢;(z) >0, i=1,...,n,4

Chance Constrained
Optimization

minimize p(x)

subject to Probability,, ) ( gi(z,w) >0, i =1,..,n, ) > 1 - A

Robust Optimization

minimize p(x)

subject to g;(z,w) >0, i=1,...,n, VYweQ

Distributionally Robust
Chance Constrained
Optimization

minimize p(x)

subject to w ~ pr(w,a), a € A
Probability ,, o, ( gi(z,w) >0, i=1,...,n5 ) >1-A, Vaec A
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Design Problems Under Uncertainty

minimize  p(x)

Nonlinear Optimization zeR™ SOS / Moment Based SDP Relaxation
subject to g;(z) >0, i =1,...,n, ll:
maximize Probabilit i(r,w)>0,1=1,...,n
Chance Optimization zER™ Yor () ( Pi(,@) 2 S0S / M t Based SDP Relaxati
subject to ¢;(z) >0, i=1,...,n,4 j\> oment base claxation
Chance Constrained miileig}jze p(z) > SOS / Moment Based SDP Relaxation
Optimization subject to Probability,, ) ( gi(z,w) >0, i =1,..,n, ) > 1 - A
minimize  p(x)
Robust Optimization zER SOS / Moment Based SDP Relaxation
subject to g;(z,w) >0, i=1,...,n, VYweQ
Distributionally Robust minimize  p() jl> $0S / M ¢ Based SDP Relaxati
: z oment Base elaxation
Chance Constrained subject to  w ~ pr(w,a), a € A

Optimization

Probability ,, o, ( gi(z,w) >0, i=1,...,n5 ) >1-A, Vaec A
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» SOS and Moment based SDP for nonlinear optimization under uncertainty.

» GloptiPoly package for Moment SDPs and Yalmip package for SOS SDPs.

Moment/SOS Optimization - GloptiPoly [” Standard SDP (Conic Optimization)
2 L |
*  Yalmip Interior-point based SDP solvers Solution
e.g., MOSEK, SEDUMI,SDPTS3,...
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» SOS and Moment based SDP for nonlinear optimization under uncertainty.

» GloptiPoly package for Moment SDPs and Yalmip package for SOS SDPs.

Moment/SOS Optimization . GloptiPoly [/ Standard SDP (Conic Optimization)
2 L |
*  Yalmip Interior-point based SDP solvers Solution
e.g., MOSEK, SEDUMI,SDPTS3,...

» |In order to use “Non-Interior-Point” based SDP solvers to solve large scale SDPs, we need to either:

1) Extract the constructed SDP from Ylamip/GloptiPoly or 2) Construct the Moment/SOS SDP directly.

Standard SDP (Conic Optimization)

Moment/SOS
Optimization

Non-Interior-Point based SDP solvers q:fl> Solution
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> To construct the SOS SDP:

Example: min p(x)
X

SOS program:

maximize vy
g

subject to  p(x) —v € SOS

Yalmip SOS:

sdpvar x y gamma
p = (l+x*y)"2-x*y+(l-y) "2
F = sos (p- gamma)

solvesos (F, - gamma, [], gamma)
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> To construct the SOS SDP:

Example: min p(x)
X

SOS program:

maximize vy

sdpvar x y gamma

p = (1+x)74 + (1-y)"2;

SOS SDP

» monhomials

v = monolist ([x y],degree(p)/2);
X = sdpvar (length(v)) ;

sdpvar x y gamma
p = (l+x*y) "2-x*y+(l-y) "2
F = sos (p- gamma)

solvesos (F, - gamma, [], gamma)

v p _sos = v’/ *X*v; , SOS polynomial
subject to  p(x) —y € SOS
F = [coefficients((p- gamma)-p sos, [x y]) == 0, X >= 0]
3 * g
Linear constraints PSD
Yalmip SOS:

Fall 2019

MIT 16.S498: Risk Aware and Robust Nonlinear Planning




> To construct the SOS SDP:

Example: min p(x) SEPVEE X ¥ Gemme SOS SDP
X
p = (1+x)74 + (1-y)"*2;
SOS program: -
v = monolist ([x yl,degree(p)/2); > monomials
maximize 1y X = sdpvar (length (v)); _
v p _sos = v’/ *X*v; , SOS polynomial
subject to  p(x) —y € SOS
F = [coefficients((p- gamma)-p sos, [x y]) == 0, X >= 0]
Linear constraints PSD
Yalmip SOS:
sdpvar x y gamma Lecture 5: Duality of SOS and Moment Based SDPs, Page 82

p = (l+x*y) 2-x*y+ (1l-y) "2

minimize C e X Standard SDP
. XeRan
F = sos (p—- gamma)
subject to A e X = b Linear constraints
solvesos (F, - gamma, [], gamma) X =0 PSD
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» To construct the Moment SDP:

Example P~ zmini%gize 34 21 + 2xo + 322 + 2z129 + 322 + x5 + 25
xre

Moment SDP
P :miniymize 3 + 2y10 + 2y01 + 3y20 + 2y11 + 3Yo2 + Ya0 + Yo4
subject to

_?Joo

Yo1
Yo1
Y20
Y11

| Yo2

Y10
Y20
Y11
Y30
Y21
Y12

Yo1
Y11
Yo2
Y21
Y12
Yo3

Y20
Y30
Y21
Y40
Y31
Y22

Y11
Y21
Y12
Y31
Y22
Y13

Yo2
Y12
Yo3
Y22
Y13

Yo4 |

GloptiPoly

mpol x1 x2

P =3+2*x1+2*x2+3*x17"2+2*x1*x2+3*x2"2+x1"4+x2"4;
P = msdp (min (p))

[status,ob]j] = msol (P)

Fall 2019
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» To construct the Moment SDP:

Example P° zmini%gize 34 21 + 2xo + 322 + 2z129 + 322 + x5 + 25
xre

Moment SDP

P2 . =minimize 3+ 2y10 + 2yo1 + 3Y20 + 2y11 + 3Yo2 + Y0 + Yos
Y Yoo — 1 Mo (y) =

subject to

_?Joo

Yo1
Yo1
Y20
Y11

| Yo2

Y10
Y20
Y11
Y30
Y21
Y12

Yo1
Y11
Yo2
Y21
Y12
Yo3

Y20
Y30
Y21
Y40
Y31
Y22

Y11
Y21
Y12
Y31
Y22
Y13

Yo2
Y12
Yo3
Y22
Y13
Yo4 |

GloptiPoly

mpol x1 x2

P =3+2*x1+2*x2+3*x1"2+2*x1*x2+3*x2"2+x1"4+x2"4;
P = msdp (min (p))

[status,obj] = msol (P)

Moment Sb® Standard Dual SDP .
Vector y ‘ Moment and Localizing ‘ manlJmlze
Matrices .
subject to

Lecture 5: Duality of SOS and Moment Based SDPs, Page 82

bTy

C— 2211 y; A; =0

MIT 16.S498: Risk Aware and Robust Nonlinear Planning 11

Fall 2019




> To construct the Moment SDP:

Example P° zmini%gize 34 21 + 2xo + 322 + 2z129 + 322 + x5 + 25
xe
Moment SDP ) .
Yoo Y10 Yor Y20 Y11 Yoz
Py . =minimize 34 2y10 + 2yo1 + 3y20 + 2y11 + 3Yo2 + Y40 + You dor Y20 g1 bso b2 i
Y — 1 Mo, (y) = Yor Y11 Yo2 Y21 Y12 Yo3 =0
. yOO Y20 Y30 Y21 Y40 Y31 Y22
sub_]ect to Y11 Y21 Y12 Y31 Y22 Y13
| Yo2 Y12 Yo3 Y22 Y13 Yod |
GloptiPoly
mpol x1 x2
P =3+2*x1+2*x2+3*x1"2+2*x1*x2+3*x2"2+x1"4+x2"4;
P = msdp (min (p))
[status,obj] = msol (P)
Moment SDP Standard Dual SDP

maximize bly

vector v M Moment and Localizing gy v
Matrices C—>" v =0

subject to
Lecture 5: Duality of SOS and Moment Based SDPs, Page 82

Example: First-order Augmented Lagrangian Algorithm for Moment SDP based Chance Optimization
https://github.com/jasour/rarnop19/tree/master/Lecture9 SDP Algorithms/First-Order-Algorithm Moment ChancOpt

Fall 2019
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Probabilistic Safety Verification
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Nonlinear Probabilistic Systems

e Uncertain Dynamical Model
Trr1 = f(xg, ug, wk) * Source of uncertainties: xo~ pr(xy), wy ~ pr(wy)
x(k) = [x1(k),....,2n (k)T € x CR® oo > States
u(k) = [ur(k), ..., um(k)]T cl{ c R™ --» Given Control Inputs
w(k) — [wl (]g)) ._"wl(k)]T cQC R e » Probabilistic uncertainty ~ pr(wy)
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Example:

Xp4+1 = X + vy cos(0y,) states: (x,y) position
Vi+1 = Vi + VrSin(6y) control inputs: (6, v) yaw angle and velocity

Planned Control Inputs:

01 A B B A A A A A A A A A A A A a
. Yva_e_eyvvvvyvvv

< 0.09995 - 7

00999< \ \ \ \ \ \
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states: (x,y) position

Xik+1 = X T+ (vk+a)1k) COS(Qk + a)zk) T w3, control inputs: (6, v) yaw angle and velocity
_ . uncertainty: (w, w-, W=z, W
Vir1 = Yk T (Vptwq,)sin(0; + wy, ) +wy, y: (@1, 0, 03, 04)
Control Noise Wind Disturbance

Planned Control Inputs:
0.1 f—8—5——5—6—5—9—5—8—6——5—9—5—3

< 0.09995 -

00999 | | | | |
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Xps1 = Xk + (Ut w1,) cos(@k + a)zk) + w3,
Vir1 = Yk T (VT w1, )sin(0; + w3, ) +wy,

w,~Uniform[—0.1,0.1]
Probability distributions: |

wo~Uniform[—1,1]

w3, wy~Beta[—0.1,0.1]

Planned Control Inputs:

nnnnnnnnnnnnnnnn
Vv v vvevy v vvveveyvvvev
'

< 0.09995 -

00999< \ \ \ \ \ \

0.5

2.5
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Probability distributions of states of the system

X ~p(xXx)
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» For safety verification, we need to obtain probability distributions of the states of the system.

» For this, we need to propagate initial probability distribution of the states through nonlinear dynamics
of the system.
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Probabilistic Safety Verification

» Given:
* Nonlinear uncertain dynamical system
* Probity distribution of uncertainties
. Cand.ldate Plan, i.e., nomlnal control inputs and trajectories nominaloath
* Nonlinear safety constraints
Uncertain
» Goal: We want to validate the safety of the system at each time step k. Obstacle

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019
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Probabilistic Safety Verification

» For this purpose:

 We use moment representation of the probability distributions.
* We propagate the moments of initial uncertainties through uncertain
dynamics of the system.

nominal\path

Uncertain
Obstacle

y(k): Sequence of the moments

S f———

P .
- Time k
.,‘ & - - -
/ ./’ L
‘7’ ,’
Yi .I /
_’. ! ll
[N !
[ [}
-‘ \ \
. \
\ 7 5
\ '\ \\ ,/ .I /
A \ \\ P 4 < 4
WA S~ - s
3 ~ . Te-e- P i’ 7
© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/ ~ <. LT L - - 7 I N |t| a I p rO b a b | I |St | C u N Ce rta | nty
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Probabilistic Safety Verification

» For this purpose:

 We use moment representation of the probability distributions.
* We propagate the moments of initial uncertainties through uncertain
dynamics of the system.

nominal\path

Uncertain
Obstacle

» Using the information of the moments at time step k: y(k): Sequence of the moments

S f———

P .
- Time k
.,‘ 4 -, - T
R
A .
Yi .I /
_’. ! ll
[ [
- |
-‘ \ \
; \
\ .
Uy doo
o N S5
AYRERRN Se -7 RO
. S~ -~ e *
s - S : e - . 7 . . ope . .
© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/ M : S~ - - P 7 I N |t| d I p ro b a b | I |St IC Unce rta | nty
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Probabilistic Safety Verification

» For this purpose:

 We use moment representation of the probability distributions.
* We propagate the moments of initial uncertainties through uncertain
dynamics of the system.

nominal\path

Uncertain
Obstacle

» Using the information of the moments at time step k: y(k): Sequence of the moments

* We calculate Risk, i.e., probability of satisfying safety constraints ~_-.-=7000 .

==

. . . . . . . . . N :
© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/ b . ~
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Probabilistic Safety Verification

» For this purpose:

 We use moment representation of the probability distributions.
* We propagate the moments of initial uncertainties through uncertain
dynamics of the system.

nominal\path

Uncertain
Obstacle

lity distribution)

et

T

» Using the information of the moments at time step k: Uncertainty set (Support of probab

* We calculate Risk, i.e., probability of satisfying safety constraints

T — ="

* Uncertainty Set, i.e., reachable set y

* . - 7 ) . . . . . .
© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use/ ~ . T . ,‘ e I n |t| a I p ro b a b | I |St IC Unce rta | nty
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Probabilistic Safety Verification

» For this purpose:

 We use moment representation of the probability distributions.
* We propagate the moments of initial uncertainties through uncertain
dynamics of the system.

nominal\path

Uncertain
Obstacle

» Using the information of the moments at time step k:

* We calculate Risk, i.e., probability of satisfying safety constraints
* Uncertainty Set, i.e., reachable set y

* Probability distribution of states of the system i

© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/
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Probabilistic Safety Verification

» Main ldea is to find a polynomial approximation of

i) Indictor functions and ii) Probability density function
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Probabilistic Safety Verification

» Main ldea is to find a polynomial approximation of

i) Indictor functions and ii) Probability density function

1) To calculate the risk, we find polynomial approximation of the indictor function of the safety constraint set

Indicator function IIC

Obstacle Set

risk = Bl

risk —

* D. Henrion, J. B. Lasserre, and C. Savorgnan “Approximate Volume and Integration for Basic Semialgebraic Sets”, SIAM Rev., 51(4), 722-743, 2009.
* A.Jasour, A. Hofmann, B. C. Williams, "Moment-Sum-Of-Squares Approach for Fast Risk Estimation in Uncertain Environments", IEEE Conference on Decision and Control, 2018.
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Probabilistic Safety Verification

» Main ldea is to find a polynomial approximation of

i) Indictor functions and ii) Probability density function

2) To obtain Uncertainty Set, we find polynomial approximation of the indictor function of the uncertainty set
using the moment information.

m——

A Indicator function IIC

Unknown Uncertainty Set

Uncertainty Set: K = {z € R" : Ix(x) = 1}
Semialgebraic approximation of the Uncertainty Set:

/Cd:{.TERn:Pd(CE) > 1}

* A.Jasour, C. Lagoa, “Reconstruction of Support of a Measure From Its Moments”, 53 rd IEEE Conference on Decision and Control, Los Angeles, California, 2014
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Probabilistic Safety Verification

» Main ldea is to find a polynomial approximation of

i) Indictor functions and ii) Probability density function

3) We find polynomial approximation of the probability density function using the moment information.

minimize ||pr(z) — pa(2)||5
pa(z)ERg|[z] 1

True unknow probability density function (pdf)

Polynomial approximation of pdf

* D. Henrion, J. B. Lasserre, M. Mevissen “Mean Squared Error Minimization for Inverse Moment Problems”, Journal Applied Mathematics and Optimization archive Volume 70 Issue 1, Pages
83-110, 2014.

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019
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Probabilistic Safety Verification:

1) Uncertainty (Moment) propagation through nonlinear uncertain dynamics

2) Risk estimation in presence of nonlinear safety constraints
3) Uncertainty set construction from the moment information

4) Probability density function construction from the moment information

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



1) Uncertainty (Moment) propagation through nonlinear uncertain dynamics
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Linear systems and Gaussian Uncertainty Propagation:

Xp+1 = Xp + Uy + W1, _control inputs: velocity v,, and vy,
yk+1 =Yr T Uyk + wzk | Uy, = Uk cos(@k);e_mg !x 1\
vy, = Uy Sin(@y) o= ssacsuive
xo~Normal(0,0.0001) ” | - Yk kSIN(0k) A
1 Yo~Normal(0,0.0001) ,« | : |
w;~Normal(0,0.05) | 0 .
' w,~Normal(0,0.05) | < | e PR R e R R

358 -
3
e
>
25 dg=""
- 8-
2 Normal
= 15
1k
05 4
0 =
-0.5F .
1 | u L L | 1 L L
=1 -0.5 4] (eR5) 1 i) 2 2.5 3
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Linear systems and Gaussian Uncertainty Propagation:

/ (fTr X xT)

Xik+1 = Akxk + Bukuk +Bwk(l)k

xo = N(xo,Z xo)
wi = N(®,X wk) / (X, Z xk)

(JEO’Z xo)
 We only need first and second moments to represent probability distributions

Distribution of states at time k: N (X}, Z xk)

* Mean: Elxis1] = Xg41 = ApXy + By Uy +By,, Wk

e Covariance:

E[(ar1—E?[xpq11] = X — Akz xkA’;; + Ba)kz ka(z;k

Xk+1
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Nonlinear Probabilistic Systems

e Uncertain Dynamical Model
Trr1 = f(xg, ug, wk) * Source of uncertainties: xo~ pr(xy), @y ~ pr(wy)
x(k) = [x1(k),....,2n (k)T € x CR® oo > States
u(k) = [ur(k), ..., um(k)]T cl{ c R™ --» Given Control Inputs
w(k) — [wl (]g)) ._"wl(k)]T cQC R e » Probabilistic uncertainty ~ pr(wy)

 We need higher order moments to represent probability distributions.
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Nonlinear Probabilistic Systems

Example: z(k+1) = oz*(k) + w(k)

x(0) ~ pr(x) Unmodeled parameter~ pr(9) Disturbance at time k ~pr(wy)

» We want to find the moments of probability distribution of the state at time step k = 2.

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Nonlinear Probabilistic Systems

Example: z(k+1) = oz*(k) + w(k)

x(0) ~ pr(x) Unmodeled parameter~ pr(9) Disturbance at time k ~pr(wy,)

» We want to find the moments of probability distribution of the state at time step k = 2.

* Byrecursion, states attime k = 2:  x(2) = 53513(0)4 + 5w(0)2 + 252x(0)2w(0) + w(1)

J

Y

Initial states, unmodeled parameter, and disturbances k = 0,1
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Nonlinear Probabilistic Systems

Example: z(k+1) = oz*(k) + w(k)

x(0) ~ pr(x) Unmodeled parameter~ pr(9) Disturbance at time k ~pr(wy,)

» We want to find the moments of probability distribution of the state at time step k = 2.

* Byrecursion, states attime k = 2:  x(2) = 53:C<0)4 + 5w(0)2 + 252x(0)2w(0) + w(1)

J

Y

Initial states, unmodeled parameter, and disturbances k = 0,1

* Momentoforder e attimek =2:  y, (2) = E[z*(2)] = E[(6°2(0)* 4 dw(0)? + 26%2(0)w(0) + w(l))a]
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Nonlinear Probabilistic Systems

Example: z(k+1) = oz*(k) + w(k)

x(0) ~ pr(x) Unmodeled parameter~ pr(9) Disturbance at time k ~pr(wy,)

» We want to find the moments of probability distribution of the state at time step k = 2.

* Byrecursion, states attime k = 2:  x(2) = 53513(0)4 + 5w(0)2 + 252x(0)2w(0) + w(1)

J

Y

Initial states, unmodeled parameter, and disturbances k = 0,1

* Momentoforder e attimek =2:  y, (2) = E[z*(2)] = E[(6°2(0)* 4 dw(0)? + 26%2(0)w(0) + w(l))a]

* Momentofordera =1 Yz __, (2) = Y53 Yz, (0) + Ys, Yuws (O) + 2y52 Yxs (O)ywl (O) + Yo (1)
\

J

Y

Given moments of uncertainties:  E[0%] = ys5.,  Elw®*(k)] = yu.. (k) E[x*(0)] = y.. (0)
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Nonlinear Probabilistic Systems

Example: z(k+1) = oz*(k) + w(k)

x(0) ~ pr(x) Unmodeled parameter~ pr(9) Disturbance at time k ~pr(wy,)

» We want to find the moments of probability distribution of the state at time step k = 2.

* Byrecursion, states attime k = 2:  x(2) = 53513(0)4 + 5w(0)2 — 252x(0)2w(0) + w(1)

J

Y

Initial states, unmodeled parameter, and disturbances k = 0,1

* Moment of order a attime k = 2:  y, (2) = E[z%(2)] = E[(632(0)* + 6w(0)2 + 2622(0)%w(0) + w(1))"]

* Momentofordera =1 Yz __, (2) = Y53 Yz, (0) + Ys, Yuws (O) + 2y52 Yxs (O)ywl (O) + Yo (1)
\

J

Y

Given moments of uncertainties:  E[0%] = ys5.,  Elw®*(k)] = yu.. (k) E[x*(0)] = y.. (0)

Assumption: uncertainties are independent
E[x%(0)8%w% (k)w® (k")] = E[x%(0)]E[6%]E[w® (K)|E[w% (k)] = Y, (0)¥s,, Yo, K)Ve,, (K)

Otherwise, we need to use joint moments of uncertainties.

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019
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Nonlinear Probabilistic Systems

e Uncertain Dynamical Model
Trr1 = f(xg, ug, wk) * Source of uncertainties: xo~ pr(xy), wy ~ pr(wy)
x(k) = [x1(k),....,2n (k)T € x CR® oo > States
u(k) = [ur(k), ..., um(k)]T cl{ c R™ --» Given Control Inputs
w(k) — [wl (]g)) ._"wl(k)]T cQC R e » Probabilistic uncertainty ~ pr(wy)
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Nonlinear Probabilistic Systems

e Uncertain Dynamical Model
Trr1 = f(xg, ug, wk) * Source of uncertainties: xo~ pr(xy), wy ~ pr(wy)
x(k) = [x1(k),....,2n (k)T € x CR® oo > States
u(k) = [ur(k), ..., um(k)]T cl{ c R™ --» Given Control Inputs
w(k) — [wl (]g)) m,wl(]g)]T cQC R e » Probabilistic uncertainty ~ pr(wy)

Uncertainty Propagation: Moment propagation

» By recursion of the dynamical model, we can write the states in terms of the uncertain parameters and control input as
follows: L1

zi(k) = Py, ,(x(0),u(j)i=0, w()|[=), i=1,...n

Then, moment of order a reads as

Yoo (k) = Eloy™ (k)...aqm (k)] = E[Pp 5" () Pr," (]

Fall 2019
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Nonlinear Probabilistic Systems

Uncertainty Propagation: Moment propagation

Yoo (k) = Elo™ (k)...apm (k)] = E[Pp, 7" () Pro," (]

» Given the control inputs up to time step k — 1 and moments of uncertainties

Moments of initial states: 0 - 0 5 (0 Moments of uncertainty w;, at time step j:
- = Hi|x Y isek N - N\ —

Initial slcates ‘

uncertainties
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Nonlinear Probabilistic Systems

Uncertainty Propagation: Moment propagation

Yoo (k) = Elo™ (k)...apm (k)] = E[Pp, 7" () Pro," (]

» Given the control inputs up to time step k — 1 and moments of uncertainties

Moments of initial states: 0 - 0 5 (0 Moments of uncertainty w;, at time step j:
- = Hi|x Y isek N - N\ —

Initial slcates

uncertainties

and also considering that uncertainties at each time step k are independent, i.e.,

1

Bl (0)--an (0] ()" ()’ ()-8 (7)) = W (O}t (1)t (1)

{ o
Y J Y Y

Initial states Moments of initial states
Uncertainties at time j Moments of uncertainty w at time j

Uncertainties at time j’ —Moments of uncertainty w at time j'
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Nonlinear Probabilistic Systems

Uncertainty Propagation: Moment propagation

Yoo (k) = Elo™ (k)...apm (k)] = E[Pp, 7" () Pro," (]

» Given the control inputs up to time step k — 1 and moments of uncertainties

Moments of initial states: 0 - 0 5 (0 Moments of uncertainty w;, at time step j:
- = Hi|x Y isek N - N\ —

Initial slcates ‘

uncertainties

and also considering that uncertainties at each time step k are independent, i.e.,

1

Bl (0)--an (0] ()" ()’ ()-8 (7)) = W (O}t (1)t (1)

{ o
Y J Y Y

Initial states Moments of initial states
Uncertainties at time j Moments of uncertainty w at time j

Uncertainties at time j’ —Moments of uncertainty w at time j'
Known coefficjents

We can rewrite the moments of states at time Yoo (k) =25 ¢ {ywﬁj (0)Yewy, (0) - Yoo, (k — 1)}
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Nonlinear Probabilistic Systems

e Uncertain Dynamical Model

Ti1 = f(zk, f({,k7w‘]?> *  Source of uncertainties: x,~ pr(xy), Wy ~ pr(wy)

*

Brobabilistic uncertainty ~ pr(wy,)

states’. in‘buts

Known coefficI'ents

Moments of states at time k Yoo (k) = Zj C; {yxﬁj (O)Qw% (O).”yw”j (k — 1)}

\ A

Moments of initial states —
Moments of uncertainty w at time 0 —

nominal path

Sequence of the moments I , _
Moments of uncertainty w attime k — 1

T ——

o LT T TS e .
ot e O Time k
./ e e . .
y 7
A .
Yi .I /
{ ! ll
i 1
U
" 1 \
1 \‘ \\ . 4
3 \ \\ ,/ /I ,-, © source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/
e
\ \-\ S ~ - > s ./ /'
.\ ‘o Seo___- - - /.
. N R . o . o . .
N e e =~ Initial probabilistic uncertainty

Fall 2019
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Nonlinear Probabilistic Systems

e Uncertain Dynamical Model

Ti1 = f(zk, f({,k7w‘]?> *  Source of uncertainties: x,~ pr(xy), Wy ~ pr(wy)

*

states inputs  Probabilistic uncertainty ~ pr(wg)

Known coefficI'ents

Moments of states at time k Yoo (k) = Zj C; {yxﬁj (O)Qw% (O)”.yw”j (k — 1)}

\ A

Moments of initial states —
Moments of uncertainty w at time 0 —

nominal path

Sequence of the moments

Moments of uncertainty w at time k — 1

T ——

......
_____

S PR ' ‘ Time k N
Propagated moments> * Riskattime k
V1

* Uncertainty Set at time k

/ . © source unknown. All rights reserved. This content is
X excluded from our Creative Commons license. For more
R S So P 4 information, see https://ocw.mit.edu/help/faq-fair-use/

~ = ,

S T =~ Initial probabilistic uncertainty

* Probability distribution at time k
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2) Risk estimation in presence of nonlinear safety constraints
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Let

—

c R™ Multivariate random variable with known probability distribution p?“(.??)
o U .

Represent an uncertain position of a robot

—

© source unknown. All rights reserved. This content is
L]
Exa m p I e: excluded from our Creative Commons license. For more
information, see https://ocw.mit.edu/help/faq-fair-use/
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° X(w): Uncertain unsafe region represented by a semi-algebraic set ( represent safety constraints)

X(w): ={zeR":; <Pjlz,w) <uj,j=1,...,0}

o Uncertain parameter: W & R™ ~ pr(w)
e Polynomial: Pj R x R™ -5 R

° lj,Uj e R

Example: Obstacle with uncertain location/size/geometry

08 o

0.6

0.4

02
o,

08

-08 -

of
) A # 0%
&

0.6

Nonconvex Uncertain Set

Fall 2019
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Given:

e z€R"~ pr(x) e weR"~ pr(w) e Uncertain Set X (w)

Risk: probability of collision with obstacle (probability of violating safety constraints)

rlsk — PrObablhtYpr(a:),pr(w) {SIZ‘ S X( )}

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019
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Given:

e z€R"~ pr(x) e weR"~ pr(w) e Uncertain Set X (w)

Risk: probability of collision with obstacle (probability of violating safety constraints)

rlsk — PrObablhtYpr(a:),pr(w) {CIS‘ S X( )}

Find: Lower/Upper bounds of the risk using
the moments information

: .

P - : |
\ . .
. \

risk \

PL

I‘lSk — I‘lSk —

© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/
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Given:

e z€R"~ pr(x) e weR"~ pr(w) e Uncertain Set X (w)

Risk: probability of collision with obstacle (probability of violating safety constraints)

rlsk — PrObablhtYpr(a:),pr(w) {CIS‘ S X( )}

Find: Lower/Upper bounds of the risk using o
the moments information TV

: .

P - ‘ |
\ . .
3 \

risk VN

PL

I‘lSk — I‘lSk —

Why Upper and Lower bound of Risk ?

© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/
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Challenges:
» Risk calculation problem is computationally challenging

» It involves a multivariate integral over a nonconvex set

rlsk — PrObablhtYpr(a:),pr(w) {CIS‘ S X( )}

|
— f{(x,w):{lngj(w,w)guj}§:1 }pr($)pr(w)dx1...dxndw1...dwm i

» Multivariate integral
» In general, It does not have any analytical solution
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Approaches:
» Sampling Based Methods

> Indicator Function Based Methods
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» Sampling Based Methods like Monte Carlo relies on finite number of uncertainty samples
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» Sampling Based Methods like Monte Carlo relies on finite number of uncertainty samples

Priox = Probability,,, ;) prw)12 € x(w)} = f{(m,w):{ljgpj(x,w)guj b }pr(aj)pr(w)dazl...d:z:ndwl...dwm

71N

* N samples from the distributions of uncertainties (x, w) j=1
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» Sampling Based Methods like Monte Carlo relies on finite number of uncertainty samples

P := Probability,,. ., 17 € X(w)} = f{(x D) {1, <P; (x w)<u;}e_ }pr( x)pr(w)dxy...dr,dw ...dw,,
K

* N samples from the distributions of uncertainties (x, w)

j|N
g=1

1 (a:,w)ElC:{(a:,w ) {l; <Pj(z,w) <u3} 1}

k — N Z 1 Ic = i
Pris )= 0 Otherwise
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» Sampling Based Methods like Monte Carlo relies on finite number of uncertainty samples

Plisk = PrObablhtyPT(x) P""(W){x e x(w)}t= f{(:z; w):{l; <P; (:I; w)<u; }E }pr(x)pr(w)dxl“'dxndwl'"dwm
IC

* N samples from the distributions of uncertainties (x, w)

j|N
gj=1

1 (w,w)ElC:{(a:,w ) {l; <Pj(z,w) <u3} 1}

k — N Z 1 Ic = i
Pris )= 0 Otherwise

« Law of large numbers th—>ooPmsk — Prisk
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» Sampling Based Methods like Monte Carlo relies on finite number of uncertainty samples

Plisk 1= PrObablhtyPT(x) P""(W){x = X } T f{(:z; w):{l; <P; (:I; w)<u; }E }pr(x)pr(w)dxl“'dxndwl'"dwm
K
* N samples from the distributions of uncertainties (x, w)j ;-V:l

1 (w,w)ElC:{(a:,w ) {l; <Pj(z,w) <u3} 1}

) k — N Z 1 I = ,
Fris I= 0 Otherwise
* Law of large numbers Hm v oo PRk — Prisk
» For safety Probability (Failure) < A Probability(Success) > 1 — A

Acceptable Risk Level
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» Sampling Based Methods like Monte Carlo relies on finite number of uncertainty samples

Plisk = PrObablhtyPT(x) P"“(W){x e x(w)}t= f{(:z; w):{l; <P; (:I; w)<u; }E }pr(x)pr(w)dxl"'dxndwl'"dwm
IC

* N samples from the distributions of uncertainties (x, w)

j|N
g=1

1 (a:,w)ElC:{(a:,w ) {l; <Pj(z,w) <u3} 1}

) k — N Z 1 Ic = ,
s 7= 0 Otherwise
* Law of large numbers th—>ooPmsk — Prisk
» For safety Probability (Failure) < A Probability (Success) > 1 — A
ﬁ Acceptable Risk Level ﬁ
Estimation of Probability: Pﬂsk <A PN cess =1 —A

Fall 2019
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» Sampling Based Methods like Monte Carlo relies on finite number of uncertainty samples

Plisk = PrObablhtyPT(x) P"“(W){x e x(w)}t= f{(:z; w):{l; <P; (:I; w)<u; }E }pr(x)pr(w)dxl"'dxndwl'"dwm
IC

* N samples from the distributions of uncertainties (x, w)

j|N
g=1

1 (a:,w)ElC:{(a:,w ) {l; <Pj(z,w) <u3} 1}

) k — N Z 1 I = ,
Fris I= 0 Otherwise
* Law of large numbers lim n 00 Phig — Prisk
» For safety Probability (Failure) < A Probability(Success) > 1 — A

) 4

Acceptable Risk Level

) 4

Estimation of Probability: Pﬂsk <A PN cess =1 —A
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» Sampling Based Methods like Monte Carlo relies on finite number of uncertainty samples

Probability (Failure) < A Probability(Success) > 1 — A
Estimation of Probability: PN Hisk < A PN ccess =1 —
Probability (Failure) < A Probability(Success) > 1 — A
Upper bound Estimation: PYS , < A Lower bound Estimation: P, < A
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» Sampling Based Methods like Monte Carlo relies on finite number of uncertainty samples

Probability (Failure) < A Probability(Success) > 1 — A
Estimation of Probability: PN Hisk < A PN ccess =1 —
Probability (Failure) < A Probability(Success) > 1 — A
Upper bound Estimation: PYS , < A Lower bound Estimation: P, < A

» Sampling based methods like Monte Carlo Do Not provide such upper/lower bound
estimations of the risk. (They provide probabilistic upper/lower bound)

» Hence, chance constraints are not guaranteed to be satisfied.
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Approaches:

» Sampling Based Methods

> Indicator Function Based Methods
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> Indicator Function Based Methods

P;isk = PrObabﬂitypr(x),pr(w) {$ < X(W)}: f({(x,w);{ljSPj(;c,w)guj}gzl }p?“<CC)p7“<w)daj1...dajndw1,,,dwm
[

= [ pr(x)pr(w)de;...depdw ... dwy, K

| = [Tipr(z)pr(w)dzy...dz,dw; ...dw, = B[Ik]

Indicator function Set JC Indicator function IIC

1 V(zr,w) €K,
I = -
0 V(iz,w) ¢ K ’ 0
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> Indicator Function Based Methods

risk ‘= Probability ...y pr(w){m € x(w)}= f({(x,w)z{ljSPj(x,w)guj}gzl }pr(:c)pr(w)dazl...dazndwl...dwm
Y

= [ pr(x)pr(w)de;...depdw ... dwy, K

| = [Tipr(z)pr(w)dzy...dz,dw; ...dw, = B[Ik]

Indicator function Set JC Indicator function IIC

1 V(zr,w) €K,
I = -
0 V(iz,w) ¢ K ’ 0

» If we describe (approximate) the indicator function, we can calculate the integral easily.
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> Indicator Function Based Methods

risk -= Probability,, .y .17 € x(w)} = E[Ix]

risk -

* Probability Bounds and Indictor function approximations
1) Markov Bound
2) Chebyshev Bound

3) Chernoff Bound
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1) Markov Bound

* Letx = 0 be arandom variable with probability distribution pr(x)

Probability . {z > a} < E[Ix] = %

~ L
IICNCL

. Eis an upper bound approximation of the indicator function Indicato fion IIC
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1) Markov Bound- Higher order extension

* Letx = 0 be arandom variable with probability distribution pr(x)

Ef|z|"]

an

Probability . y{z > a} < E[Ic] =

|x|™
[ ]

is an upper bound approximation of the indicator function

amn

2

8

Indicato

MIT 16.S498: Risk Aware and Robust Nonlinear Planning
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2) Chebyshev Bound

* Let x be a random variable with probability distribution pr(x)

m . 11nean

Probability,,..{|r —m| > ko} < - o2 E[(z — m)?]

y a

“1e e ﬁ E[y] El(z—m)?
Probability,,.,){|z — m| > ko} = Probability ., ){(z —m)* > k*c?} —) < E[Ix] = =% =} [(xUQm) I _ L
Markov Bound
2
~ Yy _ (xz—m)
I’C ~ a = k202
Indicato IIC
1
. (”7];”12)2 is an upper bound approximation of the indicator function
o
r=m — ko r=m-+ ko
< > < >
K=Ax:|lx —m| > ko}
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3) Chernoff bound

* Let x be a random variable with probability distribution pr(x)

E[etm]

Probability,,. ) {z > a} < =5 for every t > 0
v
N N o _ Bl _ Ele™]
Probability ., {z > a} = Probability,,., {e"* > e} Markou Boond > < Ellk] a ete

tx

Zw is an upper bound approximation of the indicator function
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Probability Bounds and Indictor function approximations

Markov Bound

Chebyshev Bound

Chernoff Bound

e Poor polynomial indictor functions.

Fall 2019
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Probability Bounds and Indictor function approximations

Markov Bound Chebyshev Bound Chernoff Bound

» To improve the probability bounds, we need to look for better approximation of Indicator function

Polynomial Approximation of Indictor function .

Indicator function

Probability,,. . {z > a} < E[p(z)]
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> Indicator Function Based Methods

risk -= Probability,, .y .17 € x(w)} = E[Ix]

risk -

* Probability Bounds and Indictor function approximations
1) Markov Bound
2) Chebyshev Bound

3) Chernoff Bound

4) Polynomial based Bound
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Polynomial based Probability Bound
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Polynomial based Probability Bound

*  Sum-of-Squares Program for Upper/Lower Bound Probability Estimation
* Moment Program for Upper/Lower Bound Probability Estimation (Dual Optimization)

 Modified SOS/Moment Program for Probability Estimation in High Dimensions
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Sum-of-Squares Program
for
Upper/Lower Bound Probability Estimation
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Upper Bound Probability Estimation

* .

1
Ic =

0

V(z,w) € K,
Viz,w) ¢ K

K

rsk -= Probability,,. .y o) {7 € x(w)} = f{(a;,w):{ljng(zc,w)guj}le }pr(x)pr(w)dwl...dxndwl...dwm

= [Irpr(z)pr(w)dx;...dz,dw, ...dw,, = E[Ik]

B : simple box that contains safety set

Assumption: After rescaling of polynomials B =[-1, 1]"+m

Polynomial approximation

‘ndictor functioj

l l
l l
l | >

A

v

MIT 16.S498: Risk Aware and Robust Nonlinear Planning
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Upper Bound Probability Estimation

A 77 Polynomial approximation
d

I
Indictor functioj

l l
l l
| | >

A
v

A
\4

Polynomial Pd(g;, w) is an upper bound approximation of indicator function IIC and monotonically converges as its
degree (] increases.

Prisk < E[Pd(xaw)] 11rnd—)oo E[Pd (33, CU)] — Prisk

F. Dabbene, D. Henrion, ”Set approximation via minimum-volume polynomial sublevel sets”, European Control Conference (ECC), Switzerland, 2013.
D. Henrion, J. B. Lasserre, C. Savorgnan, "Approximate volume and integration for basic semialgebraic sets”, SIAM Review, 51(4), pp.722-743, 2009.

30 Fall 2019
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Upper Bound Probability Estimation

Prisk S E[,Pd(xa UJ)]

limg_y o0 E[Pd(xa w)] = Prisk

E[Pa(z,w)]

} SOS Conditions

Fall 2019

MIT 16.S498: Risk Aware and Robust Nonlinear Planning



Upper Bound Probability Estimation

e Probability distributions of uncertainties

x € R" ~ pr(z)

weR™ ~ pr(w)

Pl :

risk -

* Uncertain safety set

= Probability,,, ;) prw) 1T € x(w)}

X(w):={xeR":[; <Pj(z,w) <uj,j=1,...,0 }

Upper Bound

} SOS Conditions

E[Pd (CIZ, w)] > Prisk

Fall 2019
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Example 1

x ~ pr(x) : Uniform(|—1, 1])

Probabilit reir:x(05—2x)>0 W ' ' ' ' ' ' ' : '
yp'r‘(fv){ \{ ( | ) = }: } SOS Program

Safety constraint 12f Pi—50 (x) -

1 ' ’ ' ' ‘ ' ' ' ' 1T |
Upper bound of Probability % : :
Prisk < E[Pd(fc)] ’_E;'B- | :

I R | _
g Il:1dictor functioh

04 I : .

| L]

) d=2>5 d = 25 d :. 50 % 08 -06 -04 02 : 02 04 > 0.6 0.8 1

{z:2(0.5—x) >0}

D. Henrion, J. B. Lasserre, and C. Savorgnan “Approximate Volume and Integration for Basic Semialgebraic Sets”, SIAM Rev., 51(4), 722-743,20009.
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Example 1

x ~ pr(x) : Uniform(|—1, 1])

3 3 . 1-4 T T T Li T T T T T
Probability,,.,){z € {z : (0.5 —z) > 0}}
\ Y ; SOS Program
Safety constraint 12} Pa=s0(x) 1
1 T T T T T T T T T 1k -
Upper bound of Probability § : :
E 0.8F ' I
Prisk < E[Pd(fc)] 2 | :
i ! 1
i E 06k : : i
= I ;
g8 Indictor function
04 I : .
! 1
! 1
! [
i 02 ! [
! [
! [
I
= > < : ="
d=2>5 d = 25 d = 50 % 08 -06 -04 02 0 02 0.4 0.6 0.8 1
https://github.com/jasour/rarnop19/blob/master/Lecturel0 Probabilistic Saf *
ety Verification/Risk Estimation/Example 1/Example 1 MomentSDP upper. {,’]j : x(05 — CC) Z O}

B\ Henrion, J. B. Lasserre, and C. Savorgnan “Approximate Volume and Integration for Basic Semialgebraic Sets”, SIAM Rev., 51(4), 722-743,20009.
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https://github.com/jasour/rarnop19/blob/master/Lecture10_Probabilistic_Safety_Verification/Risk_Estimation/Example_1/Example_1_MomentSDP_upper.m

Example 2
(x1,x2) ~ pr(z) : Uniform([—1, 1]?)

Probability,,. )1 (21, ¥2) € {(z1,22) : x1 (2] + x3) — (@] + xjr; + x3) > 0}}

Safety constraint

SOS Program B = [_17 1]2

Pa=20(z) P.isk < E[Pi(z)]

0.8

0EF

04

0.2

L 1 L 1 i i
o 02 0.4 0.6 0.8 1

D. Henrion, J. B. Lasserre, and C. Savorgnan “Approximate Volume and Integration for Basic Semialgebraic Sets”, SIAM Rev., 51(4), 722-743,20009.
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Example 3
(x1,22) ~ pr(x) : Uniform([—1,1]?)

Probability,,. )1 (21, ¥2) € {(z1,22) : x1 (2] + x3) — (@] + xjr; + x3) > 0}}

Safety constraint

SOS Program B=[-1, 1]2

Pa=20(z) P.isk < E[Pi(z)]

D. Henrion, J. B. Lasserre, and C. Savorgnan “Approximate Volume and Integration for Basic Semialgebraic Sets”, SIAM Rev., 51(4), 722-743,20009.
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Lower Bound Probability Estimation

P:isk e PI‘Obabﬂitypr(x)’pr(w) {33 c X(w)}

K

— f{{(a;,w):{ljng(x,w)guj}le }pr(x)pr(w)dazl...dxndwl...dwm: E[Ik]

1

A
e N
l !
] |

>

}_C

Polynomial 1 — ﬁd(x, w) is an lower bound approximation of indicator
function IIC and monotonically converges as its degree ( increases.

1 — E[Py(z,w)] < Prisk limg_oo 1 — E[Pi(z,w)] = Prisk

Indictor function

Fall 2019
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Polynomial based Probability Estimation

* Probability distributions of uncertainties .

re€R" ~pr(z) weR™~pr(w)

Pk = Probability,,. ..y .17 € x(w)}

risk -

Uncertain safety set
X(w):={rxeR":l; <Pjlx,w) <uj,j=1,...,0}

Upper Bound

E[Pd (.CE, UJ)] > Prisk

} SOS Conditions

Lower Bound

7 E[Pd <£E, W)] < Prisk

} SOS Conditions

Fall 2019
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Example 1

x ~ pr(x) : Uniform(|—1, 1])

Probabilit reir:x(05—2x)>0 W ' ' ' ' ' ' ' : '
yp'r‘(fv){ \{ ( | ) = }: } SOS Program

Safety constraint 12f Pi—50 (x) -

1 ' ’ ' ' ‘ ' ' ' ' 1T |
Upper bound of Probability % : :
Prisk < E[Pd(fc)] ’_E;'B- | :

I R | _
g Il:1dictor functioh

04 I : .

| L]

) d=2>5 d = 25 d :. 50 % 08 -06 -04 02 : 02 04 > 0.6 0.8 1

{z:2(0.5—x) >0}

D. Henrion, J. B. Lasserre, and C. Savorgnan “Approximate Volume and Integration for Basic Semialgebraic Sets”, SIAM Rev., 51(4), 722-743,20009.
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Example 1
x ~ pr(x) : Uniform(|—1, 1])

Probability,,.,){z € {z : (0.5 —z) > 0}}
| J

Y SOS Program
Safety constraint - ' | L
ol Pa=50()
E .
_ = ost Indictor function :
1 — E[Pd(xﬂ S Prisk & :
ey E osl :
Lower bound of Probability g™ .
0.2 04 I
Oo ]. ™ / b nzk E

degree

{z:2(0.5—2x) > 0}
D. Henrion, J. B. Lasserre, and C. Savorgnan “Approximate Volume and Integration for Basic Semialgebraic Sets”, SIAM Rev., 51(4), 722-743,2009.
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Example 1
x ~ pr(x) : Uniform(|—1, 1])

Probability,,.,){z € {z : (0.5 —z) > 0}}
| J

Y SOS Program
1.4 T T T T T T T T T
Safety constraint _
ol Pa=50()
N ——
5 :
_ = ost Indictor function :
1 — E[Pd(xﬂ S Prisk & :
L I
.. E osl !
Lower bound of Probability g™ .
02 I T o4} :
I
Oo]. » / " nzk E
s w8 m x w s 6 & = e
https://github.com/jasour/rarnop19/blob/master/Lecture10 Probabilistic Safet {33 . CU(O5 — 33) Z 0}

y Verification/Risk Estimation/Example 1/Example 1 MomentSDP lower.m

D. Henrion, J. B. Lasserre, and C. Savorgnan “Approximate Volume and Integration for Basic Semialgebraic Sets”, SIAM Rev., 51(4), 722-743,2009.
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https://github.com/jasour/rarnop19/blob/master/Lecture10_Probabilistic_Safety_Verification/Risk_Estimation/Example_1/Example_1_MomentSDP_lower.m

Numerical Improvements

* Obtained polynomial approximation of indicator function oscillates near the boundary of the set (Gibbs phenomenon)

polynomial approximaton
o o
m )

o
=

2
)
T

* The quality of probability bounds do not really improve for degree
greater than d

Prisk < E[Py(z)] |

Probability,,.,){z € {z : (0.5 —z) > 0}}

x ~ pr(x) : Uniform([—1,1])

1-EPs(2)] <Ppisel~— 1d_
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Numerical Improvements

e Reformulating SOS program in terms of “Orthogonal polynomial basis” instead of the “standard power basis”,
Improve the probability bounds.

* Polynomials in “standard power basis”:

p(x) =), paz® p(x) A:/PB\(Ax)
coefficiéﬁts ™ monomials vector of coefficients vector of monomials in x

Monomial (powers of variables):

2

Example: p(x) = 22T + bxs — 2212 + 22325 x

(877

— 01,02
—371 332 ;En

e SOS polynomials in “standard power basis”:

Qes™ Q#0  p(x) = B(x)"QB(x)

J

PSD Matrix

Example: p(x) = 22T + bxy — 2323 + 22324

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Numerical Improvements

e Reformulating SOS program in terms of “Orthogonal polynomial basis” instead of the “standard power basis”,
Improve the probability bounds.

* Polynomials in “Orthogonal polynomial basis” : p(:l?) — E paBa(x)
(87
/

coefficients Polynomial Basis

Example: Chebyshev Polynomial Basis

Chebyshev Polynomial degree O: Chebyshev Polynomial degree 1: Chebyshev Polynomial degree a:
To(z) =1 Ti(z) =x To(z) = 22T (x) — Ta—1(2)
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Numerical Improvements

e Reformulating SOS program in terms of “Orthogonal polynomial basis” instead of the “standard power basis”,
Improve the probability bounds.

* Polynomials in “Orthogonal polynomial basis” : ( ) Z pa ( )

coeff|C|ents Polynomial Basis

Example: Chebyshev Polynomial Basis ?%“’
1\

T (z) =22° —1

Ty (x) = 4a® — 32

Ty(x — 8z* — 82 +1
To(x) =1 Ts(z) = 162° — 202° + 5z

) =

) =

)

Chebyshev Polynomial degree 0: ;

)
Ts(x) = 322° — 482* + 1827 — 1

) =

) =

) =

) =

) =

Chebyshev Polynomial degree 1:
T (z) = 64z” — 1122° + 562> — Tz

Ty(z) == Ty(z) = 1282° — 25625 + 1602* — 3227 + 1

Ty(z) = 2562° — 576z + 432z° — 120z + 9z

Tho(z) = 5122'% — 12802° + 11202° — 4002* + 502> — 1
To(x) =2xTy(x) —Th_1(x) Ty (z) = 10242 — 28162° + 281627 — 12322° + 2202° — 11z

Chebyshev Polynomial degree «:
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Numerical Improvements

e Reformulating SOS program in terms of “Orthogonal polynomial basis” instead of the “standard power basis”,
Improve the probability bounds.

* Polynomials in “Orthogonal polynomial basis” : p(:E) — E paBa(x)
(87
/

coefficients Polynomial Basis

Example: Chebyshev Polynomial Basis

Chebyshev Polynomial degree O: Chebyshev Polynomial degree 1: Chebyshev Polynomial degree a:
To(z) =1 Ti(z) =x To(z) = 22T (x) — Ta—1(2)

Example: p(x) :l8x4 —8r? + 1+ 49}3 = Ty(x) + 4T1(x)

Monomial Basis Chebyshev Polynomial Basis

* Chebyshev Polynomials are orthogonal f Tn(g;)Tm (q;)dg; =0 forn#m

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



(0%

Monomial Basis x%, a=1,...,20
Il Asthe power increases, monomial basis converge in the
. interval [0 1]

7 |+ Hence, adding the higher order monomials (increasing the
7 f ] degree of polynomial indicator function ) may not improve the
7 _/-"' 720 probability bounds.

6" vf V'w’ ‘v N7 N

'\') XU X
Chebyshev Polynomial Basis B "‘; '; d ‘f’ -"; A ,bo \'A’"/'A
I‘ ‘)‘\ %

f

AU

0\
To(z), a=1,...,20 A“" -. 3&
4 & " Y

\ wa

‘V"'ﬂ A'A' /] " ’;v;
' | it
% 9‘% gl
f «; ' ‘|

/ ‘ IN \'I
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Numerical Improvements

e Reformulating SOS program in terms of “Orthogonal polynomial basis” instead of the “standard power basis”,
Improve the probability bounds.

* Polynomials in “Orthogonal polynomial basis” : p(:l?) — E paBa(x)
(87
/

coefficients Polynomial Basis

Example: Chebyshev Polynomial Basis

Chebyshev Polynomial degree O: Chebyshev Polynomial degree 1: Chebyshev Polynomial degree a:
To(z) =1 Ti(z) =x To(z) = 22T (x) — Ta—1(2)

e SOS polynomials in “Orthogonal polynomial basis” :

Qes™ Q»0  px)=B(x)"QB(x)

)

PSD I\Y/Iatrix ™ Vector of Polynomial Basis, e.g., Chebyshev basis

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



1 Upper / Lower bound of Probability

Standard SOS

Improved results using Chebyshev SOS program T Chebyshev SOS -

Example 1

|

x ~ pr(x) : Uniform(|—1,1])

Probability ., {z € {z : (0.5 —z) > 0}}
\ J
Y
Safety constraint

14

| Pa=100() | _
- g
E 0.8 E oaf
g g
g 7
% ] 3 - E D&
= Standard SOS £
" ... Standard SOS  —»
02 _Chebyshev 505 o2t Chebyshev SOS—,
0 - - -'—*“’J - - - h\"‘—‘- - E'| —UTE —ﬂfﬁ —074 —ﬂfz [IJL\ n; ﬂ_‘:\J Dfﬁ u.ra. 1
—1 -8 0.8 —0.4 1.2 o o2 04 0.6 08 1 x
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Moment Program
for
Upper/Lower Bound Probability Estimation
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Dual of moment SDP

. ’ minimize C. T
Primal Conic Program T (&, 2)n

subject to A*(x) =0
xe K™

Dual Conic Program

N

maximize (y,b)y,
Y,s

subject to ¢— A(y) = s
s e K.

N

minimize
Pa(x,w)

subject to

/B Pa(z,w)pr(x)pr(w)dedw

Pa(z,w)—1>0 V(z,w) €K

Py(x,w) >0

Fall 2019
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Dual of moment SDP

. . minimize C, T maximize ,b)v.
Primal Conic Program . (e T)va Dual Conic Program Y,s W, v,
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s € K.
N\
minimize Palz,w)d
inimiz /B d(z,w)dp
subject to Py(r,w)—1>0 V(r,w)eK
7Dd(wi) > 0

W by X e given probability measure of uncertainties

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019




Dual of moment SDP

. . minimize C, T maximize  (y,b)v;
Primal Conic Program x (e T)va Dual Conic Program Y,s W, v,
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s € K.
N\
measure space continuous function space
LA IZE / dp minimize / Pa(x,w)du
bject to i < Pt °
SUbLJEE o ,u_ . subject to Py(z,w)—1>0 V(r,w)eK
supp(jt) C Pa(z,w) >0
W by X e given probability measure of uncertainties
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Dual of moment SDP

. . minimize C, T maximize  (y,b)v;
Primal Conic Program z & z)v; Dual Conic Program y,s (@, 0)v,
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s € K.
S
measure space continuous function space
LA IZE / dp minimize / Pa(x,w)du
bject to i < Tetne) °
SUbLJEE o ,u_ . subject to Py(z,w)—1>0 V(r,w)eK
supp(f) C Pa(z,w) >0
W by X e given probability measure of uncertainties

4 pdf of measure p
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Dual of moment SDP

. . minimize C, T maximize (y,b)v.
Primal Conic Program x (e T)va Dual Conic Program Y,s W, v,
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s € K.
N\
measure space continuous function space
max}_tmize / ot minimize / Pa(x,w)dp
bject to  ji < Potne) o
SR = ,u_ subject to Py(r,w)—1>0 V(r,w)eK
supp(fi) C K

Pa(x,w) >0

W by X e given probability measure of uncertainties

4 pdf of measure p

{4* : Optimal solution

MIT 16.S498: Risk Aware and Robust Nonlinear Planning
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Dual of moment SDP

. . minimize C, T maximize (y,b)v,
Primal Conic Program x (e T)va Dual Conic Program Y,s W, v,
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s € K.
N\
measure space continuous function space
maX}_Lmlze / di m;?(linj?e /B Pz, w)dp
subject to i 5 ,u_ . subject to Py(z,w)—1>0 V(r,w)eK
supp(jt) C Pa(z,w) >0
W by X e given probability measure of uncertainties

4 pdf of measure p

{4* : Optimal solution W PrOba’bﬂityp’r'(aj),pr(w){x € x(w)}
- f{(wi)“{lj <Pj(z,w)<uy }5:1 }p’l“(x)p’l“(w)da:‘dw
. - |
< /C > — f{(x,w);{ljng(x,w)Suj}§:1 }d/,b = fd,a

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Dual of moment SDP

) . minimize (¢, )y, maximize  (y, b)v,
Primal Conic Program z Dual Conic Program Y,s
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s € K.
S
measure space continuous function space
max}_tmize / dp minimize / Pa(x,w)du
et e Pa(z,w) B
subject 1o 11 s ,u_ subject to Py(z,w)—1>0 V(r,w)eK
supp(p) C K Pa(z,w) >0
W by X e given probability measure of uncertainties
moment space polynomial space
maximize o
Yy .
subject to My(y) < M,
] a(9) h a(v) _ Moment and
M4(P;y) Localizing Matrix

Fall 2019
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Dual of moment SDP

moment space polynomial space

maximize o

y . ﬁm
subject to  Mg(y) < Ma(y) Moment and

Md(Pjg) Localizing Matrix

Similar to SOS program, we can describe the moments in terms of orthogonal basis, e.g.,
Chebyshev polynomials.

Standard Moment Yo = E[z?]

Chebyshev Moment ¢ = E[T,,]
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Dual of moment SDP

moment space polynomial space

maximize o

y . ﬁm
subject to  Mg(y) < Ma(y) Moment and

Md(pjg) Localizing Matrix

Similar to SOS program, we can describe the moments in terms of orthogonal basis, e.g.,
Chebyshev polynomials.

Standard Moment Yo = E[z?]

Chebyshev Moment ¢ = E[T,,]

Example: Orthogonal moment based chance optimization
https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 5 Orthogonal Moments ChanceOpt

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019


https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_5_Orthogonal_Moments_ChanceOpt

Modified SOS/Moment Program
for
Probability Estimation in High Dimensions
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* Probability distributions of uncertainties * Uncertain safety set

reR" ~pr(z) weR™~ pr(w) X(w):={z eR":l; <Pj(z,w) <wu;,j=1,....0 }

Pk = Probability,,. ..y .17 € x(w)}

risk -

» Described SOS program looks for a Multivariate polynomial Approximation

* (n+m)-dimensional polynomial
* Multivariate SOS Optimization

» Modified Method looks for a Univariate Polynomial

e SOS program that looks for a univariate polynomial
* Univariate SOS Optimization

MIT 16.S498: Risk Aware and Robust Nonlinear Planning 111
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* Probability distributions of uncertainties * Uncertain safety set

z€R" ~pr(z)  weR™~pr(w)

* .

risk ‘= Probability,. .y ,r 1T € x(w)}

X(w):={reR":l; <Pjlz,w) <uj,j=1,...,0}

» Described SOS program looks for a Multivariate polynomial Approximation

* (n+m)-dimensional polynomial
* Multivariate SOS Optimization

Rn—l—m

» Modified Method looks for a Univariate Polynomial

e SOS program that looks for a univariate polynomial
* Univariate SOS Optimization

N

R

A. Jasour, A. Hofmann, B. C. Williams, "Moment-Sum-Of-Squares Approach for Fast Risk Estimation in Uncertain Environments", IEEE Conference on Decision and Control, 2018.

Fall 2019
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1) Unsafe Set Involving One Polynomial

Y(w):={zxeR": |} <Plz,w) <u }

2) Unsafe Set Involving Multiple Polynomials

X(w): ={xeR": 1, <Pj(zr,w) <u;,j=1,...,0}

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Unsafe Set Involving One Polynomial

X(w):={zeR":; <Pr,w) <uj }

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Unsafe Set Involving One Polynomial

X(w):={zeR":; <Pr,w) <uj }

> Define random variable 2 € R

z="P(z,w)

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Unsafe Set Involving One Polynomial

X(w):={zeR":; <Pr,w) <uj }

> Define random variable 2 € R

z="P(z,w)

P>I<

ris

i := Probability,,  {z € x(w)} = Probability,, {1 <z <uy}

4 74
R R

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Unsafe Set Involving One Polynomial

nsk = Probability,,  {z € x(w)} = Probability, {li <z <wui}|= E[l, 4,1

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Unsafe Set Involving One Polynomial

P := Probability, , {z € x(w)} = Probability, {i <z <wui}|= E[ly, 1]

ris

Pd<z) - Rd [z] polynomial approximation of Indicator function of JC = [11, ul]

Pd(z) c Rd[z] polynomial approximation of Indicator function of ]6

1 = E[Pa(2)] < P < E[Pa(2)]

" g = limg o0 B[Py(2)] = limg 00 1 — E[Py(2)]

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Unsafe Set Involving One Polynomial

P} = Probability ,  {z € x(w)} = Probability,, {l1 <z <u1}|= B, )

ris

» Hence, to calculate the upper/lower bound of probability we need to
* Find the polynomial indicator function of the interval [l{, uq],i.e., Py(z),Pa(2)

« Moment of new random variable z (to calculated the expected values)

1 — E[Py(z)] <Pz < E[Py(2)]

risk —

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Unsafe Set Involving One Polynomial

» Moments of 2

X(w):={zxeR": |} <Plr,w) <u; }
z="P(z,w)

¥

A/mfx = E[2%] = E[P*(z,w)| = )_; j aiymim]
Moments of & Moments of 53/ T~ Moments of W

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



lllustrative Example
e 1~y = U[—0.5,0.5) . q ~ pg = Beta(3 — V2,34 v/2)

P*

ris

= Probability;; e 1—0.4 < 0.5(x — ¢q) <0}

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



lllustrative Example
e &~ 1y = U[-0.5,0.5] +q ~ 1g = Beta(3 — V2,3 + V2)
P} = Probability;; e, 1—0.4 < 0.5(x — ¢q) <0}

> let z=0.5(x—q)

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



lllustrative Example
e~ g1y = U[=0.5,0.5] +q ~ fig = Beta(3 — 2,3+ v/2)
P} = Probability;; e, 1—0.4 < 0.5(x — ¢q) <0}

> Llet 2z =0.5(x—q)

Probabilityy geto{—0.4 < 0.5(z —¢) <0} = Probability, {-0.4 <z <0}

R2 | >R

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019




Chebyshev based polynomial approximations of the indicator functions of order d=66

1.5 | 1.5
— —|ndicator Function — —Indicator Function

1 1
0.5 L 0.5 |
| | | |
| | | |
0 b-w-.n.-.ad : : A 0 : L&AAJ :

-1 —-04 O 1 -1 —04 O ‘

4 <
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1 1 1
0.5
0
0 = ‘ ‘ 0 E— | ‘ -1 ‘ ‘ ‘
0 10 20 0 10 20 0 10 20 0 20 40 60
« « o o
Moments of Moments of (W Moments of < Moments of 2
in the Chebyshev basis
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- E[Pu(2)] < P;

risk —

d * d 2z
1 - Zz 0 CT; mT < Prlsk — Zi:O cr, T,

< E[Pa(2),

Polynomial order d 20 30 40 50 60 06
UpperBound | Pu | 0.92 [ 0.879 | 0.859 [ 0.822 | 0.804 | 0.798 | Px_ =0.7
owerBound | D1 | 0.401 | 0.485 | 0.511 | 0.562 | 0.586 | 0.591
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Example: Uncertain Obstacle

1

Uncertain Obstacle

0.9

-1 | Uncer’;ain Locgtion oflRobot

-1 -0.5 0 0.5 1
L1

Y(w)={z €R?: -0.1< —27 +0.5(x? —23) +0.1w < 0.2}

A. Jasour, A. Hofmann, B. C. Williams, "Moment-Sum-Of-Squares Approach for Fast Risk Estimation in Uncertain Environments", IEEE Conference on Decision and Control, 2018.
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1 = (1) :
- Uncertain Obstacle :;(0) | Lyl " U —0.5, 05]
- "'(xr1’xr2) 7 -

0.5 o ~ U[—0.8, —0.5]
S 0 w ~ Beta(4,4)
-0.9]

- e i o o o G i o o 1
-1 | ~ Uncertain Location of Robot | i
o -0.5 0 0.5 1
L1

Y(w)={z €R?: -0.1< —27 +0.5(x? —23) +0.1w < 0.2}
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1_
0_5: Lyl " U_O5, 05]
20 Tpo ~ U[—0.8, —0.5]
0.5/ w ~ Beta(4,4)

11 | | | | | | | | | |

-1 -0.5 0 0.5 1

Yw)={zeR?: -0.1< —2f+0.5(x% — 23) + 0.1w < 0.2}

P*

ris

« = Probability,, [-0.1 < —z% +0.5(z% —2%,) +0.1w < 0.2}

rl"uwT‘Q"uw
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1_
0.5, rr1 ~ U[—0.5,0.5]
20 Tpo ~ U[—0.8, —0.5]
0.5/ w ~ Beta(4,4)

11 | | | | | | | | | |

-1 -0.5 0 0.5 1

Y(w) ={z € R?: —01<—:1:1+05( 2 —25) +0.1w < 0.2}

I_ _______________________ I

{-0.1 <~z +0.5(22, — 22%,) +0.1w1< 0.2}

_______ wgasChny 200

P} = Probability,, {—0.1 <£<0.2}

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019
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Results:

P = Probability, . {-0.1< —a}; +0.5(27, —a7,) +0.1w < 0.2}
Pt = Probabilityﬂz{—().l <2z<0.2}
multivariate SOS proposed univariate SOS
Polynomial order | (] 10 20 30 d 88
Upper Bound | py, 0.54 | 0.50 | 0.495 Du 0.48
Computation time| ¢, () | ~2.6 | ~76 | ~3689 || tu(s) | ~17 Plig = 0.32
Lower Bound | p; 0.13 | 0.15 | 0.161 D 0.169
Computation time ti(s) | ~4.5 | =70 | ~3156 || t;(s) | =15
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Results:

Py = Probability, . {-0.1 < —ap +0.5(27; —27,) +0.1w < 0.2}
Pt = Probabilityﬂz{—().l <2z<0.2}
multivariate SOS proposed univariate SOS
Polynomial order | (] 10 20 30 d 88
Upper Bound | py, 0.54 | 0.50 | 0.495 Du 0.48
Computation time| ¢, () | ~2.6 | ~76 | ~3689 || tu(s) | ~17 Plig = 0.32
Lower Bound | p; 0.13 | 0.15 | 0.161 D 0.169
Computation time ti(s) | ~4.5 | =70 | ~3156 || t;(s) | =15
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Example: 3D Random Pattern

Y(w) ={x € R3:0.84 < P(x1, 10,73, w) < 1},

~

-w ~ U[0,0.1]

A. Jasour, A. Hofmann, B. C. Williams, "Moment-Sum-Of-Squares Approach for Fast Risk Estimation in Uncertain Environments", IEEE Conference on Decision and Control, 2018.
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mm)(0.1)

m) (0.07)
—;(0)
e 3D Uncertain Obstacle
g 0 e w~ UJ[0,0.1]
0 Y(w) ={z € R?:0.84 < P(z1, 79, 73,w) < 1},
; — Uncertain Location of Robot _ _ _ _ _ _ _ _ _ _
R L 1 |
-1 -0.5 0 0.5 g4 0 v e L1, L2, $3NU[ 04704] :
T L2 L e e e e e e e e e e e e e e e e e = =

{O 84 <: P(CEl,ZQ,ZE‘g, ) < 1}

* L “ 1
PI’ISk o PrObabllltyM$1 7:“’5132 7:U’£U3 7Mw

\

x = Probability , 10.84 <z <1}

ris
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Results:

Plig = Probability, ., {0.84 <P(21,22,23,w) < 1}
e = PQ)bablhtyuz{O 84<z<1}
multivariate SOS proposed univariate SOS

Polynomial order d 10 20 30 d 48

Upper Bound | p,, 0.81 | 0.78 - || pu 0.77 Pl = 0.519
Computation time | ¢, (s) | ~12 ~7459 | — tu(s) | =5

Lower Bound D1 0.189 | 0.239 — D] 0.25
Computation time | ;(s) ~11 ~6657 | — t1(s) O
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Results:

P*

risk —

= Probability,, {0.84 < P(x1, 29, 23,w) < 1}

nu'wg 7,“/:23 ,,U,w

Polynomial order

Upper Bound

Computation time

Lower Bound

Computation time

ris

x

multivariate SOS

proposed univariate SOS

d 10 20 30 || d 48
Du 0.81 0.78 — Do 0.77
tu(s) | ~12 ~7459 | — tu(s) | =5
DI 0.189 | 0.239 | — 2 0.25
ti(s) | =11 ~6657 | — ti(s) | ~b

P*

ris

x = Probability,, {0.84 <z <1}

Fall 2019
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Results:

Plig = Probability, ., {0.84 <P(21,22,23,w) < 1}
e = PQ)bablhtyuz{O 84<z<1}
multivariate SOS proposed univariate SOS

Polynomial order d 10 20 30 d 48

Upper Bound | p,, 0.81 | 0.78 - || pu 0.77 Pl = 0.519
Computation time | ¢, (s) | ~12 ~7459 | — tu(s) | =5

Lower Bound D1 0.189 | 0.239 — D] 0.25
Computation time | ;(s) ~11 ~6657 | — t1(s) O
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2) Unsafe Set Involving Multiple Polynomials

X(w) =4z eR": [; <Pj(r,w) <uj,j=1,...,0 }
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2) Unsafe Set Involving Multiple Polynomials

X(w) =4z eR": [; <Pj(r,w) <uj,j=1,...,0 }

»let 7 =|21,..,2), 2j =Pjlz,w), j=1,..,¢
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2) Unsafe Set Involving Multiple Polynomials

X(w) =4z eR": [; <Pj(r,w) <uj,j=1,...,0 }

»let 7 =|21,..,2), 2j =Pjlz,w), j=1,..,¢

P} := Probability , {z € x(w)j Probability, {Z € [l1,u1] x [l2,ua]... X [l¢, ue]}

4 4
Rn—l—m Rg
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Unsafe Set Involving Multiple Polynomials

= Probability,, , {z € x(w)}= Probability, {Z € [l1,u1] X [l2,ua]... X [lg, ue]}

rlsk

PICj (ZJ) Upper bound polynomial approximation of interval ]Cj — [lj, Uj]

obtained by solving univariate SOS optimization.
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Unsafe Set Involving Multiple Polynomials

= Probability,, , {z € x(w)}= Probability, {Z € [l1,u1] X [l2,ua]... X [lg, ue]}

rlsk

PICj (ZJ) Upper bound polynomial approximation of interval ]Cj — [lj, Uj]

obtained by solving univariate SOS optimization.

14
szl PICJ- (Z]) Upper bound polynomial approximation of hypercube (11, u1] X [lo, us)... X [lg, ug]
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Unsafe Set Involving Multiple Polynomials

P} = Probability, {z € x(w) }= Probability, {Z € [I1,u1] x [l2, ug]... X [y, us]}

PICj (ZJ) Upper bound polynomial approximation of interval ]Cj — [lj, Uj]

obtained by solving univariate SOS optimization.

14
szl PICJ- (Z]) Upper bound polynomial approximation of hypercube (11, u1] X [lo, us)... X [lg, ug]

Moments of random vector Z:

14 ' / '
mgl,...,ae = E[Hj:l 2;’] = E[szl 733% (2, q)] = Zzy aijmfm;]-
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Unsafe Set Involving Multiple Polynomials

risk = Probability {z € x(w) }= Probability, {Z € [I1,u1] x [l2, ug]... X [y, us]}

PICj (ZJ) Upper bound polynomial approximation of interval ]Cj — [lj, Uj]

obtained by solving univariate SOS optimization.

14
szl PICJ- (Z]) Upper bound polynomial approximation of hypercube (11, u1] X [lo, us)... X [lg, ug]

Moments of random vector Z:

mgl,. = E[HJ 123 '] = [H] 179% (z,q)] =) i,5 digT; m;]

Upper Bound Estimation:

I‘lSk — [H] IPIC (Z])]
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Polynomial based Probability Bound

*  Sum-of-Squares Program for Upper/Lower Bound Probability Estimation
* Moment Program for Upper/Lower Bound Probability Estimation (Dual Optimization)

 Modified SOS/Moment Program for Probability Estimation in High Dimensions
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Probabilistic Safety Verification:

1) Uncertainty (Moment) propagation through nonlinear uncertain dynamics

2) Risk estimation in presence of nonlinear safety constraints

4) Probability density function construction from the moment information
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Uncertainty Set from the moment information

Input: Finite sequence of the moments ¢y = [yo, Ceey yd]

Output: Uncertainty set /C, i.e., support of probability distribution whose moments are Yy = [yo, ceey yd]

A

probability distribution pr(z)

Yo = E[z?] = [ 2%r(z)dz

<

support set (uncertainty set) K
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Uncertainty Set from the moment information

Main Idea: We aim at finding polynomial approximations of indicator function of the support set.

1 reC Unknown Uncettainty Set

s

——

0 Otherwise

Uncertainty Set: K = {z € R" : Ixc(z) = 1}

Indicator function

 Polynomial order of d

* Upper bound Polynomial approximation of Indicator function

N K, =

Uncertainty Set: £ = {z € R" : Ic(x) = 1}

{x e R" : Py(x) > 1}
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Polynomial approximations of indicator function of the support set.

polynomial P(x) = Upper bound of Ix(x)
B : simple box that contains safety set

Assumption: After rescaling of polynomials B =[-1,1]" Cq = {x c R"™ - Pd(CE) > 1}
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Polynomial approximations of indicator function of the support set.

polynomial P(x) = Upper bound of Ix(x)

/Cd:{xER“:Pd(a:) > 1}

* We don’t have the information of the uncertainty set JC
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Polynomial approximations of indicator function of the support set.

polynomial P(x) = Upper bound of Ix(x)

/Cd:{xER”:Pd(a:) > 1}

* We don’t have the information of the uncertainty set JC

 We will replace the condition Pd(g;) —1>0 Y € JC with other constraint in terms of the given
moments
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Polynomial approximations of indicator function of the support set.

condition

Given moments
* Probability distribution pT( )

Supported on ICd—{a:ER” Pi(x)—1>0} <:> Md Pd( )—1) ) = 0

* Moments of distribution supported on the set X; = {x € R" : Py(x) > 1} should satisfy the localizing matrix

moments Y, = E f xr p?“ ) * Localizing matrix in terms of moments up to order d

Fall 2019
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Polynomial approximations of indicator function of the support set.

P4 = minimize Pa(x)dx
Pa(z)eRalz] /B
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Polynomial approximations of indicator function of the support set.

P4 = minimize Pa(x)dx
Pa(z)eRalz] /B
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Polynomial approximations of indicator function of the support set.

P:gs — minimize / Pd (a:)d:c » Linear function in terms of coefficients of polynomial

Pa(z)€ERq|x] B

) LMI in terms of given moments and coefficients of polynomial
subject to My ((Pg(x) — 1)y) =0 =
LMI in terms of coefficients of polynomial
Uncertainty Set: Ky={z €R": Py(x) > 1}
Theorem:
Limg oo Py(x) — I Limg 0o Kg — K
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Example: Moments of Uniform distribution

a+1l a+1
— 0577 —(205) a=0,..d

Input: Finite sequence of the moments Yo = (o11)
" I I I I I I | ———Ir';dicator
d=1
—d =2
—d =10
Pd (x) —d =20
—d_= 50

0.5

K

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 O.i-4 O.i6 0.8 1
support set (uncertainty set)
/Cdz{a:E]R”:Pd(.r)—IZO}

https://github.com/jasour/rarnop19/blob/master/Lecturel0 Probabilistic Safety Verification/Uncertainty Set Construction/Example 1 Uniform/Example Uniform.m

Fall 2019
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https://github.com/jasour/rarnop19/blob/master/Lecture10_Probabilistic_Safety_Verification/Uncertainty_Set_Construction/Example_1_Uniform/Example_Uniform.m

* To minimize the regions inside the support where Pd(:c) is below 1, we maximize the values of Pd(a:) inside the support
set while still trying to bring its values as low as possible everywhere else.

-—-—-Indicator

d=1
—d=2
—d =10
—d =20
—d =50

1.5 ! ! ! ' ! ! ! '

77({(.1:)

0.5

Fall 2019
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* To minimize the regions inside the support where Pd(:c) is below 1, we maximize the values of Pd(a:) inside the support
set while still trying to bring its values as low as possible everywhere else.

P*d — minimize / Pala Uncertainty Set:
Pd(ac)ERd[x]
subject to My ((Pa(z) —1)y) =0 Ka={z e R": Py(z) > 1}
Pd(a:) >0
A Z
N
*d B .
Psos %gglgﬁz[g] o Pa(x)dz —wph Uncertainty Set:
subject to M, ((Py(z) — h)y) =0
: Kq={xeR": Py(x)>1
Pa(z) > 0 4 =12 o(z) 2 1)
I<h<1+A

wp, A @ Positive design parameters
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Example: Moments of Uniform distribution

a+1l a+1
Input: Finite sequence of the moments 7, = 0.5 (=0.5) a=20,..d

(a+1)
Improved SOS wp, =12, A =0.2
15 _ ! :
: © | =—-Indicator 1.5 ! ! ! ! ! :
d=1 i § ; i § ---Indicator
—d =10 Pd(x) : ; : —d=2
—d =50 | ' —d=20
1 : —d =50
L e S S /S e I anmmn e ; 3

Pa(=) Pa(a) |
!
| 5
| ! |
05 .................................... 3 : 05 i
|
| :
!
o= w —— 0 ol j
i I i i I i I i i i i i i

-1 -0.8 -06 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -1 -0|8 -0.6 -Of4 -O_‘2 é) OI2 0.4 0‘6 O|8 1

X X

Ky = {z €R": Py(z) — 1> 0}

https://github.com/jasour/rarnop19/blob/master/Lecturel0 Probabilistic Safety Verification/Uncertainty Set Construction/Example 1 Uniform/Example uniform Improvedl.m
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https://github.com/jasour/rarnop19/blob/master/Lecture10_Probabilistic_Safety_Verification/Uncertainty_Set_Construction/Example_1_Uniform/Example_uniform_Improved1.m

Example: Moments of Beta distribution

Input: Finite sequence of the moments Yo = ;Lig—jya_l, Yo = 1 a=20,..d

Improved SOS wp = 1.2, A =0.2

- —-Beta(4,4)

2
10

20
50

’Cd: {:13 S Rn’ : Pd(lli) — 1 > 0} - -—-Indicator

1.5
'P(g(:]’:)

i i i i
-0.8 -0.6 -0 4 -0.2
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https://github.com/jasour/rarnop19/blob/master/Lecture10_Probabilistic_Safety_Verification/Uncertainty_Set_Construction/Example_2_Beta/Example_Beta.m

Uncertainty Set of Uniform distribution

Input: Finite sequence of the moments of uniform probability distribution Yy = [yo, ceey yd]

Output: Uncertainty set /C, i.e., support of uniform probability distribution whose moments are

Yy = [yoa ooy yd]
» We will use the property of uniform distributions to improve the results of SOS program
e Kg={z € R Py(x) — 1 >0}

» On the boundary
Pa(x) —1=0

Fall 2019
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Uncertainty Set of Uniform distribution

Input: Finite sequence of the moments of uniform probability distribution Yy = [yo, ceey yd]

Output: Uncertainty set /C, i.e., support of uniform probability distribution whose moments are

Y = [Y0s -+ Yd]
» We will use the property of uniform distributions to improve the results of SOS program
. | | | | | | | | | » On the boundary ‘ ‘ Pa(x) —1=
:Ign(%ic;ator b I I | I \/ | I | ———(Ijnc:iiciator
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Uncertainty Set of Uniform distribution

Let:

Yy — [y(), cony yd] : Finite sequence of the moments of uniform probability distribution

OJC :Boundary of the support set K

Md (y) : Moment Matrix

Define: scaled moment matrix M, (y) = N.x My (y)

Weight matrix  Element-wise product

v

My(y) = E[Bd(ZIZ)Bg ()] Elements of the matrix: E[xo‘xﬁ] = Ya+8

My(y) = N. x My (y)

v

Elements of the matrix: P+lo]+|8] E[:Baajﬁ]
n+|a|

Dimension of the random variable

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Uncertainty Set of Uniform distribution

My (y) = N. + Mg (y)

My (y) = E[By(x)B] (z)]

> Entries are: E[maxﬁ] = Yo+3

My(y) = N. x My (y) » Entries are: n‘gi||z||5| E[ZEO‘QZ‘B]
la| =0 |8l =0 la| =0 [B]=1
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Uncertainty Set of Uniform distribution

Let: P be a vector such that My (y)p = 0

> Polynomial P(x) = > pax™whose vector of coefficients is p vanishes on the boundary of support set.

Plr) => par®=0 Vzeok
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Uncertainty Set of Uniform distribution

Mg ((Pa(x) = h)y) = 0

I1<h<1+A

WL, Wh, A Positive design parameters

Uncertainty Set: g ={x € R" : Py(z) > 1}

» We aim at “pushing” the coefficients of the polynomial Pd(x) — las close as possible to the null space of M4 (y)
by minimizing the term ||M,(y)(p — 1)]]2

> In this case obtained polynomial P;(x) becomes close to 1 at the boundary of support set while we still aim at having
Pa(x) larger than 1 inside the support set.

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Moments of Uniform distribution

0.5¢tt _(—0.5)a*1 _
(a(+1) ) a=0,..d

Input: Finite sequence of the moments 7, =

Improved SOS  wys = 10, wy, = 1.2, A =10.2
1.5 ! ! ! ! !

P(g (;’]’:)

0.5

' ' I I I I ' '
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Kqg={zeR" ?(Pd(:v)—l >0}

https://github.com/jasour/rarnop19/blob/master/Lecturel0 Probabilistic Safety Verification/Uncertainty Set Construction/Example 1 Uniform/Example Uniform Improved2.m
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https://github.com/jasour/rarnop19/blob/master/Lecture10_Probabilistic_Safety_Verification/Uncertainty_Set_Construction/Example_1_Uniform/Example_Uniform_Improved2.m

Example: Moments of Union of Uniforms distributions

_ a+1l__ a+1
Input: Finite sequence of the moments 1, = (=0.4) (=0.8)

0.7t —(0.3)>T! _
0.4 (atD) 0D+ a=0,..d

* 1y, are moments of Uniform probability over the union of the sets [—0.8, —0.4] and [0.3, 0.7]

Improved SOS wp; = 10, wp, = 1.2, A =0.2

1.8 I I f T I T T
Pd (x) % ; ———Icrj"lcilt_‘:lator
1.6 > I RN e DAYy T S>SLSSN _ 1
' d=4
—d = 10
1.9 ——————————— """""""""""""""""""""""""""""""""""""""""""" —d = 20 H
S| E— N ey £ S .
\ : I
P(g(:i’:) :
1 :
osl- A Fa LN 15" (17 AL [ETTPRIOT: FOPPISTRRPP SR RRPS SRTRRREE E ........................ _|
1 : 1
1 : 1
3 i i
06 ................ B : ................. ..................................................................................... : ........................
1 1 : 1
1 1 : 1
i : : 1
O a4 F I SR b N SN S SN SO (VRN \ DU, SN
| | i
i 7 g é i
02 [ (T AT ,' T S S SO S-S ......................... NIRRT RPN ¥
Ka=k Ka=K
Ol e h_ _______ _ _____ e —————— ‘ ........ R h S S —
i i 1 i i i i 1 i
-1 -0.8 -0.6 -0. 4 -0.2 O 0.2 0.4 0.5 0.8 1
=

https://github.com/jasour/rarnop19/blob/master/Lecturel0 Probabilistic Safety Verification/Uncertainty Set Construction/Example 1 Uniform/Example Uniform Union.m

MIT 16.S498: Risk Aware and Robust Nonlinear Planning 169

Fall 2019



https://github.com/jasour/rarnop19/blob/master/Lecture10_Probabilistic_Safety_Verification/Uncertainty_Set_Construction/Example_1_Uniform/Example_Uniform_Union.m

Probabilistic Safety Verification:

1) Uncertainty (Moment) propagation through nonlinear uncertain dynamics

2) Risk estimation in presence of nonlinear safety constraints

3) Uncertainty set construction from the moment information

_____________________________________________________________________________________________________________________________
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Probability Density Function from the moment information

Input: Finite sequence of the moments ¢y = [yo, Ceey yd]

Output: Polynomial approximation of Probability density function (pdf)

Yo = E[z*] = [ 2%pr(z)dx pa(x): polynomial approximation of pr(x)

probability distribution pr(x) Yo = E[z%] = [ 2%pa(2)dz

<

support set (uncertainty set) K

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Probability Density Function from the moment information

Main Idea: We aim at finding polynomial approximations of the probability density function.

pr(x) : probability distribution function (pdf)

pq(x) : polynomial approximation of pdf

P*d — minimize ||pr(z) — pa(z)|2 = / (pr(z) — pa(e))? da
pa(x)€ERy[x] B

B C R™ : simple box

» In the unconstrained optimization pr(a;') is unknown.

»> We will use the given moments to represent pr(a:)
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Probability Density Function from the moment information

P*d — minimize ||pr(z) — pa(z)|2 = / (pr(z) — pa(e))? da
pa(x)€ERy[x] B

Jg (@) = pa(x))” da =§fB pA(a)dz — 2 Ji pd(x)pr(x)dwéﬁfB pr?(a)de

> We rewrite each term in terms of the moments.
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Probability Density Function from the moment information

P*d — minimize ||pr(z) — pa(z)|2 = / (pr(z) — pa(e))? da
pa(x)€ERy[x] B

fB (pr(x) — pd(a:))2 dx :fB p3(z)dz — 2 fB pa(x)pr(z)dr + fB pr?(x)dx

T
P 1\éﬁz(yleb)P

Unknown Coefficients vector of polynomial Moment matrix of Lebesgue measure fB dx

pPa(x) Known Moments y;.p,
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Probability Density Function from the moment information

P*d — minimize ||pr(z) — pa(z)|2 = / (pr(z) — pa(e))? da
pa(x)€ERy[x] B

T
P 1\éﬁz(yleb)P

Unknown Coefficients vector of polynomial Moment matrix of Lebesgue measure fB dx

pa(x) Known Moments y;.p,

r Lecture 4, page 158:

- [ pi(x)dz = E[pi(z)] = E[(p” Ba())(p” Ba(x))"] = E[pT B4(x) B} (x)p]= p"E[Ba(z) B} (#)]p = p"Ma(y1cs) P

Expected value with respect Polynomial of order d:
" P Coefficients vector and monomials :

 to Lebesgue measure pd(il') _ pTBd(ZB) !
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Probability Density Function from the moment information

P*d — minimize ||pr(z) — pa(z)|2 = / (pr(z) — pa(e))? da
pa(x)€ERy[x] B

__________________________________________________________

~a
given moment vector of pr(x)

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Probability Density Function from the moment information

P*d — minimize ||pr(z) — pa(z)|2 = / (pr(z) — pa(e))? da
pa(x)€ERy[x] B
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Probability Density Function from the moment information

P*d — minimize ||pr(z) — pa(z)|2 = / (pr(z) — pa(e))? da
pa(x)€ERy[x] B

___________________________________________________________________________________

P Ma(Yies)P 2ply conftant
Unknown parameter It does not affect the optimization

and can be ignored
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Probability Density Function from the moment information

P*d — minimize ||pr(z) — pa(z)|2 = / (pr(z) — pa(e))? da
pa(x)€ERy[x] B

__________________________________________________________________________________

P’ My (Yier)P ‘/QPTy conftant
Unknown parameter It does not affect the optimization

and can be ignored

d Ce .
P*% =minimize p"My(yies)p —2pTy
p y :  Given moment vector of pr(x)

Yieb - Known moment of Lebesgue measure fB dx
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Probability Density Function from the moment information

d Ce .
P*% =minimize p"My(yies)p —2pTy
p y :  Given moment vector of pr(x)

Yieb © Known moment of Lebesgue measure fB dx

» Unique solution of Convex Quadratic Program  p* = Md(yleb)_ly

M, (yleb) : Moment matrix of Lebesgue measure is nonsingular for all d

* Proposition 1: Didier Henrion , Jean B. Lasserre , Martin Mevissen, “Mean Squared Error Minimization for Inverse Moment Problems” Applied Mathematics and Optimization archive
Volume 70 Issue 1, August 2014 Pages 83-110
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Probability Density Function from the moment information

d Ce .
P*% =minimize p"My(yies)p —2pTy
p y :  Given moment vector of pr(x)

Yieb © Known moment of Lebesgue measure fB dx

» Unique solution of Convex Quadratic Program  p* = Md(yleb)_ly

M, (yleb) : Moment matrix of Lebesgue measure is nonsingular for all d

» Obtained polynomial pdf p,;(x) with coefficients p* shares the same moments ( up to order d ) as the pdf pr(x)

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Probability Density Function from the moment information

d Ce .
P*% =minimize p"My(yies)p —2pTy
p y :  Given moment vector of pr(x)

Yieb © Known moment of Lebesgue measure fB dx

» Unique solution of Convex Quadratic Program  p* = Md(yleb)_ly

M, (yleb) : Moment matrix of Lebesgue measure is nonsingular for all d

» Obtained polynomial pdf p,;(x) with coefficients p* shares the same moments ( up to order d ) as the pdf pr(x)

From the obtained solution: Md(yleb)P* =5
y = Ma(yiep)P* = E[Ba(2) B; (2)|p* = E[Ba(2) B; (z)p*] = E[Ba(2)pa(z)]

v v
Given moments of Expected value with respect
pdf pr(x) to Lebesgue measure [pdx = [ Bg(x)pq(x)dr = E,, () [Ba(x)]c—> Moment vector up to order d
« of pdf p(x)

Expected value with respect to
probability measure [ pg(x)dx
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Probability Density Function from the moment information

Input: Finite sequence of the moments ¢y = [yo, cees yd]

Output: Probability density function (pdf) pT(:U)

P*4 = minimize ||pr(x) — pd(x)l\g pa(x) : Polynomial approximation of pr(x)
pa(x)ERy[x]

pa(x) = p' By(x) p=Ma(yies) Y

Moment matrix of Lebesgue measure fB dx

coefficients Known Moments y;p,

Limg_ oo | |p’l“($) — pd(x> ‘ |2

* Proposition 2: Didier Henrion , Jean B. Lasserre , Martin Mevissen, “Mean Squared Error Minimization for Inverse Moment Problems” Applied Mathematics and Optimization archive
Volume 70 Issue 1, August 2014 Pages 83-110
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Probability Density Function from the moment information

Input: Finite sequence of the moments y = [yo, Ceey yd]

Output: Probability density function (pdf) p?“(:l?)

T
pd(;p) — (Md(yleb)_1y> Bd(x) Polynomial approximation of pr(x)

» Obtained p,(x) is guaranteed to share the same moments with pr(x).

» Obtained p,(x) is NOT guaranteed to yield a nonnegative approximation.
(Hence, obtain p;(x) is not a probability density function )
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Probability Density Function from the moment information

Input: Finite sequence of the moments y = [yo, Ceey yd]

Output: Probability density function (pdf) p?“(:l?)

T
pd(;p) — (Md(yleb)_ly> Bd(x) Polynomial approximation of pr(x)

» Obtained p,(x) is guaranteed to share the same moments with pr(x).

» Obtained p,(x) is NOT guaranteed to yield a nonnegative approximation.
(Hence, obtain p;(x) is not a probability density function )

» We can add nonnegativity condition to the optimization problem.

xd _ . . . T T '
P*9 — minimize ||p7‘(az) — pd($)||g P mmi)mlze P Ma(yies)P —2p Y Convex Quadratic
pd(x)ERd [CU] :>
subject to  Pa(z) =0 subject to pg(x) >0 SOS(py (X))
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Example 1

_ 1 1
Input: Finite sequence of the moments Yooz = (a1 +1) (2 +2) + (a1 +2)(ca+1)

* vy, are moments of density pr(x{, x,) = x; + x,

.
b -
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Example 2

14+(—1)°
d+2

Input: Finite sequence of the moments y, =

* y, are moments of density pr(x) = |x|

L2

pq(x),d =20,30,50
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Example 3

: , 1
« y, are moments of density pr(x) = \/m 1 » 1y, are moments of density pr(x) = |Z — x?|
1.5 - . -
— 3 X), d — 20, 50 i)
pa(x) ,d = 20,50 oo\, Pa) /
1"\ ;__.*;i
1R 5

. ,.—-':'-3:"'_'

\ rd \ ™\ / -
N\ p 0.4} "
|

0 : : :
=1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X
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Probability Density Function from the moment information

Input: Finite sequence of the moments ¢y = [yo, Ceey yd]

Output: Probability density function (pdf) p?“(.CL‘)

A

probability distribution pr(z)

Yo = E[z?] = [ 2%r(z)dz

<

support set (uncertainty set) K
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Probability Density Function from the moment information

Input: Finite sequence of the moments ¢y = [Z/O; Ceey yd]

Output: Probability density function (pdf) p?“(.CL‘)

Particular Case: moments belong to Lebesgue measure

Output: p,(x) Polynomial approximation of Lebesgue measure

» We can recover the set K by looking at the level sets of pg, i.e., {x:py(x) = %}
A

density function: 1

Yo = E[z%] = [ 2%dx

<

- >
support set (uncertainty set) JC
MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019




Example 4: Recovering Geometric Objects

K= {xeR?: (x; €[0,1]Ax2 €[0.8,1]) v (x € [0,0.3] A x2 € [0.6,0.8]) v (x1 € [0, 1] A x> € [0.4,0.6]) v

(x1 € [0,0.3] Axp €[0.2,04]) v (x; € [0, 1] A xp € [0, 0.2])}

Input: moments of Lebesgue measure on the set K
Output: polynomial approximation of the Lebesgue measure on the set K (density function 1)

. . L . 1
* Obtained polynomial approximation p4(x) is used to recover the set. ~ Recovered set {x: pq(x) = 7 }

q

d=3 d=5 d=8 d=10

* Didier Henrion, Jean B. Lasserre , Martin Mevissen, “Mean Squared Error Minimization for Inverse Moment Problems” Applied Mathematics and Optimization archive Volume 70 Issue 1,
August 2014 Pages 83-110
* Teague, M.R. “Image analysis via the general theory of moments™. J. Opt. Soc. Am. 70(8), 920-930 (1980)
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Example 5: Recovering Geometric Objects

Input: moments of Lebesgue measure on the set K Output: Recovered set

set K d=3 d=5 d=8 d=10

set K d=3 d=5 d=8 d=10
MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019




Probabilistic Safety Verification:

1) Uncertainty (Moment) propagation through nonlinear uncertain dynamics

2) Risk estimation in presence of nonlinear safety constraints
3) Uncertainty set construction from the moment information

4) Probability density function construction from the moment information
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Moment Based Uncertainty Propagation

* A.Jasour, "Convex Approximation of Chance Constrained Problems: Application in Systems and Control", School of Electrical Engineering and
Computer Science, The Pennsylvania State University, 2016.

* A.Jasour, B. C. Williams, "Sequential Convex Chance Optimization for Flow-Tube based Control of Probabilistic Nonlinear Systems", IEEE Conference
on Decision and Control, 2019.

Risk Estimation

* D. Henrion, J. B. Lasserre, and C. Savorgnan “Approximate Volume and Integration for Basic Semialgebraic Sets”, SIAM Rev., 51(4), 722-743, 20009.

A. Jasour, A. Hofmann, B. C. Williams, "Moment-Sum-Of-Squares Approach for Fast Risk Estimation in Uncertain Environments", IEEE Conference
on Decision and Control, 2018.

J.B. Lasserre. ”"Volume of sub-level sets of polynomials”, 18th European Control Conference (ECC), 2019.

J.B. Lasserre, “Volume of Sublevel Sets of Homogeneous Polynomials”, SIAM Journal on Applied Algebra and Geometry, 2019.

Uncertainty Set Construction

* A.Jasour, C. Lagoa, "Reconstruction of Support of a Measure From Its Moments”, 53 rd IEEE Conference on Decision and Control, Los
Angeles, California, 2014.

Probability Density Function Construction

* D. Henrion, J. B. Lasserre, M. Mevissen “Mean Squared Error Minimization for Inverse Moment Problems”, Journal Applied Mathematics
and Optimization archive Volume 70 Issue 1, Pages 83-110, 2014.
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