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Robust Optimization Based Planning

design parameters

minimize Objective Function(design parameters)

subject to satisfy constraints for all possible values of uncertainties

Mathemqtical qumulation

minimize p(x)

subject to  g;(x,

w) >0, 1=1,...,n4,
v
Uncertainty

‘v’wEﬂZ

Uncertainty Set
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Example:

e Assets with uncertain rate of return:
Wi S [li,ui],i = 1, ,4-

* Xx; invested money in asset i ®1X1 + Wy % 4‘_\Ie'a,3x3 + waxy

&
e Uncertain Constraints: o

Achive a return higher than "r*“ = {w1x1 + Wy X, + W3X3 + Waxy =17}

Robust Optimization

minimize x1+ o + x3+ 4
L1,L2,Lr3,T4

subject to  wixy + woxe + w3ws +waxy > 1 Yw; € [l uil], 1=1,...,4
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Example:

Robust Optimization

minimize x1+ o + x3+ 4
L1,L2,L3,L4

Chance Constrained Optimization

minimize X1+ o + I3+ x4
L1,X2,Tr3,T4

subject to iProbability(wiz + wexs +wsxs +wazy >77) > 1 - A
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Example: Safe Control

e Uncertain Dynamical Model * Unsafe Sets

Tyl = f’g:ck,’tgk,uqf) Xobs; = 12 Pobs; () <0}, i =1,...,¢

*

states in?outs Bounded Uncertainty € [Ls, ur] e Safe Sets

Xsafe = 1T Pobs; (x) >0 ,i=1,..., 0}
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Example: Safe Control

e Uncertain Dynamical Model * Unsafe Sets

Tyl = f’g:ck,’gk,uqf) Xobs; = 12 Pobs; () <0}, i =1,...,¢

*

states in?outs Bounded Uncertainty € [l, ux] e Safe Sets

Xsafe = 1T Pobs; (x) >0 ,i=1,..., 0}

» Source of uncertainty at time k:
i) uncertain states x € [[,, ,u,, | and ii)disturbance w; € [Ij, uy]
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Example: Safe Control

e Uncertain Dynamical Model * Unsafe Sets

Tyl = fgwk,qk,wg) Xobs; = 12 Pobs; () <0}, i =1,...,¢

states in?outs Bounded Uncertainty € [l, ux] e Safe Sets

Xsafe = 1T Pobs; (x) >0 ,i=1,..., 0}

» Source of uncertainty at time k:
i) uncertain states x € [[,, ,u,, | and ii)disturbance w; € [Ij, uy]

» Uncertain Safety Constraints:  x:(k + 1) € xsafe Yw € [k, ux] Va(k) € [l , Uy, ]
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Example: Safe Control

e Uncertain Dynamical Model * Unsafe Sets

Lr+1 = fgvmkaq’wo‘%k) Xobs; = {{B :pObS?:(:U) < 0}7 =1, ..

*

states in?outs Bounded Uncertainty € [l, ux] e Safe Sets

Xsafe — {33 :pobsé(aj) >0,1=1,..

» Source of uncertainty at time k:
i) uncertain states x € [[,, ,u,, | and ii)disturbance w; € [Ij, uy]

» Uncertain Safety Constraints:  (x:(k + 1) € xsafe Yw € [k, ux] Va(k) € [l , Uy, ]

L

!

Robust Optimization

minimize ||ug| |§
U

subject to ipobsi (:E(k + 1)) > 0‘5:1 Vw € [Zka ’U;k] \V/T(k) S [l:m:aua:k] ;

U € U Lhk4+1 — f(xkjukvwk)
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Example: Safe Control

e Uncertain Dynamical Model * Unsafe Sets

Lr+1 = fgvmkaq’wo‘%k) Xobs; = {{B :pObS?:(:U) < 0}7 =1, ..

*

states in?outs Bounded Uncertainty € [l, ux] e Safe Sets

Xsafe — {33 :pobsé(aj) >0,1=1,..

» Source of uncertainty at time k:
i) uncertain states x € [[,, ,u,, | and ii)disturbance w; € [Ij, uy]

> Uncertain Safety Constraints: [ w(k + 1) € Xsare Vw € [lg,ur] Va(k) € [y, ug, ]

Ll

!

Robust Optimization

minimize ||uz[3
Wl e ey

subject to | Pobs; (f (:Uk;,uk;,wk;)) > O‘f?:l Vw € [lka Uk] Va(k) € |ley, s, ] i
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Example: Safe Control

Robust Optimization

_____________________________________________________________________________________

Chance Constrained Optimization

minimize ||u[5
up
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Example: Safe Control

Examples on safe control of uncertain nonlinear dynamical systems in pages 23, 30, 64, 121
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Challenges
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Robust Optimization

minimize p(x)

subject to ¢g;(z,w) >0, i=1,...,n,, Ywe

Objective function and constraints are polynomial functions.
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Existing Methods For Robust Optimization:

» Sampling based Approaches

e R.Tempo, G. Calafiore, and F. Dabbene, Randomized Algorithms for Analysis and Control of Uncertain Systems,
Communications and Control Engineering Series, Springer-Verlag, London, 2013.

> Particular Classes of Constraints and Uncertainties

e A.Ben-Tal, L. El Ghaoui, A. Nemirovski. “Robust Optimization”, Princeton University Press, Princeton, 2009.

* Uncertain Conic Optimization

* Uncertain Quadratic Problems

* Uncertain Semidefinite Problems
e Ellipsoidal Uncertainty

e Norm-Bounded Uncertainty
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Existing Methods For Robust Optimization:

» Sampling based Approaches

e R.Tempo, G. Calafiore, and F. Dabbene, Randomized Algorithms for Analysis and Control of Uncertain Systems,
Communications and Control Engineering Series, Springer-Verlag, London, 2013.

> Particular Classes of Constraints and Uncertainties

e A.Ben-Tal, L. El Ghaoui, A. Nemirovski. “Robust Optimization”, Princeton University Press, Princeton, 2009.

* Uncertain Conic Optimization

* Uncertain Quadratic Problems

* Uncertain Semidefinite Problems
e Ellipsoidal Uncertainty

e Norm-Bounded Uncertainty

In This Lecture: We use Sums-of-Squares approach to address a general class of Robust Optimizations.
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Topics

» Formulation of Robust Optimization

» Robust Sets for Robust Optimization
» Robust Games

» Distributionally Robust Chance Constrained Optimization
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Robust Sum-of-Squares
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Nonnegative Polynomials

p(x) >0, Vreyx

Robust Nonnegative Polynomials

p(.’L‘,(IJ)ZO, Vo € v VwESP

Uncertainty

Uncertainty Set

Fall 2019
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Nonnegative Polynomials
p(z) >0, Vxex

Robust Nonnegative Polynomials

p(:L',cIJ)ZO, Vo € v VwESB

Uncertainty Uncertainty Set

Application: Stability Analysis of Uncertain Nonlinear Systems
Given a dynamical system X = f(x, w) Vw € ()

e Stability in presence of uncertainties
* To prove this, we need to find an energy function V (x) with following properties

Fall 2019
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Robust Nonnegative Polynomial

p(fL',ﬁIJ)ZO, Vo € x ‘v’wegl

Uncertainty Uncertainty Set

NS

SOS Relaxation:
Let y={zc€R":qg,.(x)>0,i=1,...,n,} Q={weR":g,.(w)>0,i=1,..,n4}

Ny

gi(r,w) € SOS%., 1 =1,...,n4
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Robust Nonnegative Polynomial

p(:L',(f)ZO, Vo € x ‘v’wegl

Uncertainty Uncertainty Set

NS

SOS Relaxation:

Let xy={xe€R":¢g,.(x)>0,i=1,...,n.} Q={weR": g, (w)>0,1i=

Yalmip:  SOS(p(w,w) — 37 04 (w,w) gy () = 327 G4, w) guoy ()
SOS(o;(x,w)) i=1,...,n,
SOS(7;(x,w)), i=1,...,ng
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Example: Stability Analysis of Uncertain Nonlinear Systems

2 e Uncertain Parameter: w € [3 5]

@ Q={w:(w—-—3)(5—-w) >0}
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Example: Stability Analysis of Uncertain Nonlinear Systems

2 e Uncertain Parameter: w € [3 5]

@ Q={w:(w—-—3)(5—-w) >0}

> We look for polynomial Lyapunov function V(Qj) = fod:[] Co ™
' Stability Conditions: SOS Conditions:
Vix) =0 on x=0 »1 CQ =

- Vel ——

Viz) —€l|z||2 € SOS

e>0

—V(x,0)>0 Vx £ 0 Vo € Q— —V(x, w)(Zrellx]|5 — —V(z) —€||z]|? = o1(z,w)(w —3)(5 —w) € SOS

V(x)(:>:10 Vx # 0

aV(x) +0V(x). _oV(x) 3 1 oV (x)
* 2= g, V2T

axz
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* Uncertain Nonlinear system is stable for Uncertain Parameter: w € [3 5]

V(x) V(x)

For: w & [3 5]
V' (x) does not satisfy the stability conditions.

0.5 2 1 o
05 05 ¢ 0
<141 1 -1

o VEe=D_— L Vwe=0

https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Robust SOS/Example 1 Lyapunov.m

Based on : J. Lofberg "Modeling and solving uncertain optimization problems in YALMIP" 17th World Congress, The International Federation of Automatic Control, Seoul, Korea, July 6-11, 2008
https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Robust SOS/Example 2 Lyapunov.m
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https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Robust_SOS/Example_1_Lyapunov.m
https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Robust_SOS/Example_2_Lyapunov.m

Example: Safety Verification

e Uncertain nonlinear dynamical system €T = f((L‘, u, OJ)

e Bounded Uncertainty (0 & () e Unsafe Set X obs e Initial state x(0) e Policy u(x)
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Example: Safety Verification

e Uncertain nonlinear dynamical system €T = f((L‘, u, OJ)

e Bounded Uncertainty (0 & () e Unsafe Set X obs e Initial state x(0) e Policy u(x)

> Given policy u(x) is safe if there exist a function V()

V(z(0)) =0 V(r) > 1 Vo € Xobs
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Example: Safety Verification

e Uncertain nonlinear dynamical system €T = f((L‘, u,

e Bounded Uncertainty (y & Q e Unsafe Set X obs

w)

e Initial state x(0)

e Policy u(x)

> Given policy u(x) is safe if there exist a function V()

V(z(0)) =0 V(r) > 1 Vo € Xobs

(Barrier function)

V(x,w) =

oV (x)
ox

fl@,u(z),w) <0V,

Vw € ()

Fall 2019
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Example: Safety Verification

e Uncertain nonlinear dynamical system €T = f((L‘, u, OJ)

* Bounded Uncertainty () € ) * Unsafe Set X obs e Initial state x(0) * Policy u(x)
> Given policy u(x) is safe if there exist a function V() (Barrier function)
V(x(0)) =0 V(z) =21 V& € Xobs V(r,w) = agg"';)f(m,u(x),w) <0Vx, Ywe

w(z): V(r,w)<0Ve, Ywe

> x is constrained to evolve within the {x: V(x) < 0}

X ( O-level set of the function V(x))
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* Uncertain nonlinear dynamical system * Library of motion primitives

T T —vsiny + w '@lf’des,l =0
x= 1|y |. x=f(x,uw)=| 7y | = v Cos Y | s B !
b J " Vdes2 = —20m /180 Vdes.3 = 20m/180

Vdesy = —457/180 Ydes,s = 45m/180
e Wind Disturbance: w € [—0.05 0.05]

Polynomial dynamics: Taylor expansion of nonlinear dynamics to degree 3

X
State-feedback control input for motion primitives:
i =—K = Wgaai)y 4= Ly wen B

https://www.quantamagazine.org/a-classical-math-problem-gets-pulled-into-the-modern-world-20180523/

A. Ahmadi, A. Majumdary, “Some applications of polynomial optimization in operations research and real-time decision making”, Optimization Letters, Volume 10, Issue 4, pp 709-729, 2016.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Fall 2019


https://www.quantamagazine.org/a-classical-math-problem-gets-pulled-into-the-modern-world-20180523/

* Uncertain nonlinear dynamical system * Library of motion primitives

T T —vsiny + w '@lf’des,l =0
x= 1|y |. x=f(x,uw)=| 7y | = v COs 1 s B !
b J " Vdes2 = —20m /180 Vdes.3 = 207 /180

Vdes,s = 457 /180

e Wind Disturbance: w € [—0.05 0.05]

| o V( :U) =1
Vi) <1 ~
o State-feedback control input for motion primitives:
o4 dale
Unsafe i =—K = Wgaai)y 4= Ly wen B
02f .
v @
L4

X

https://www.quantamagazine.org/a-classical-math-problem-gets-pulled-into-the-modern-world-20180523/

A. Ahmadi, A. Majumdary, “Some applications of polynomial optimization in operations research and real-time decision making”, Optimization Letters, Volume 10, Issue 4, pp 709-729, 2016.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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https://www.quantamagazine.org/a-classical-math-problem-gets-pulled-into-the-modern-world-20180523/

* Uncertain nonlinear dynamical system

Library of motion primitives

des2 = —207 /180

'iilf.’des,l =0
A
Vdoss = 207 /180

Vdes,s = 457 /180

T T —vsiny + w
x= 1|y |. x =f(x,u,w)= | ¥y v COs 1
(0 P u
Ydesa = —A57 /180
e Wind Disturbance: w € [—0.05 0.05]
orsicies — - *
08| . V(:I;) i 1 . . +
@
. ;‘,X .
o
04 Safe . f
Unsafe . ‘ ] @
= +
02 . ‘ . .i- .
| X & O
+
(S . .+’ . . .
. ® *
r +
-
-02 '.‘I.'
i
- +

X

X
k control input for motion primitives:

K (0 = tgeis); 4= 1, e JHis

https://www.quantamagazine.org/a-classical-math-problem-gets-pulled-into-the-modern-world-20180523/

A. Ahmadi, A. Majumdary, “Some applications of polynomial optimization in operations research and real-time decision making”, Optimization Letters, Volume 10, Issue 4, pp 709-729, 2016.

Fall 2019
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https://www.quantamagazine.org/a-classical-math-problem-gets-pulled-into-the-modern-world-20180523/

Barrier Function

1
Viz) <0
0 Sample path (xg, ye )« ___Qb§!§§!___¢x$et
ﬁ X obs {
o i |

14

1

0.5 ]

J § 0.5
L

https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Robust SOS/Example 3 Barrier SafetyVerification.m
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Robust_SOS/Example_3_Barrier_SafetyVerification.m

Topics

» Formulation of Robust Optimization
» Challenges

» Robust Games
» Distributionally Robust Chance Constrained Optimization
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Robust Optimization minimize  p(x)
rex

subject to g(x,w) <0, Yw € Q2

* Designvariables: © € Yy C R"

 Uncertain parameters: w € ) C R™
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Robust Optimization minimize  p(x)
. TEX

subject to g(x,w) <0, Yw € Q2

* Designvariables: © € Yy C R"
'« Uncertain parameters: w € ) C R™

ll ”

should satisfy “safety/design constraints” for all possible values of uncertainty “w”.

g(x,w) <0 Yw e N

» Design variables
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Robust Optimization minimize  p(x)
; TEY

subject to g(x,w) <0, Yw € Q2

* Designvariables: © € Yy C R"
'« Uncertain parameters: w € ) C R™

» Design variables “x” should satisfy “safety/design constraints” for all possible values of uncertainty “w”.

g(x,w) <0 Yw e N

Robust design variable set:
Set of all design variable “x” that satisfies “safety/design constraints” for all possible values of uncertainty “w”.

Yr={r € x:g(r,w) <0, Vw € O}
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Robust Optimization minimize  p(x)
; TEY

subject to g(x,w) <0, Yw € Q2

* Designvariables: © € Yy C R"
'« Uncertain parameters: w € ) C R™

» Design variables “x” should satisfy “safety/design constraints” for all possible values of uncertainty “w”.

g(x,w) <0 Yw e N

Robust design variable set:
Set of all design variable “x” that satisfies “safety/design constraints” for all possible values of uncertainty “w”.

Xr=1{rcx:g(x,w) <0, VweQ} | > XdR—{ﬂ?Ex:pf(ﬂi‘)EU}

Polynomial of order d

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Robust Optimization minimize  p(x)
. TEX

subject to g(x,w) <0, Yw € Q2

* Designvariables: © € Yy C R"
| « Uncertain parameters: w € {) C R™ _

ll n” { l 14

should satisfy “safety/design constraints” for all possible values of uncertainty “w

g(x,w) <0 Yw e N

» Design variables

Robust design variable set:
Set of all design variable “x”

xr={z € x:g(z,w) <0, YVwe Q} | > XR—{H?EX:pf(ﬂi‘)EU}

Polynomial of order d

(I n”

that satisfies “safety/design constraints” for all possible values of uncertainty “w
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Robust Set:
xr=1{r € x:g(z,w) <0, Vw € Q}
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Robust Set:
xr=1{r € x:g(z,w) <0, Vw € Q}

Xr = {r € x : max g(x,w) <0}
wel

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Robust Set:
xr=1{r € x:g(z,w) <0, Vw € Q}

Xr = {r € x : max g(x,w) <0}
wel
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Robust Set:
Xr =17 € x:g(z,w) <0, Vw € O}

ﬂ Xr = {zr € x : max g(x,w) < 0}

we
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Robust Set:
xr=1{r € x:g(z,w) <0, Vw € Q}

Xr = {r € x : max g(x,w) <0}
wel

Inner Approximation of Robust Set % = {x € x : pg(z) < 0}

Pd(«fz) > 9(55'; w*) = Hlé‘:%( g(fL', CU) (Worst case uncertainty)
w
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Robust Set:
xr=1{r € x:g(z,w) <0, Vw € Q}

Xr = {r € x : max g(x,w) <0}
wel

Inner Approximation of Robust Set % = {x € x : pg(z) < 0}

Pd(«ll) > g(:c,w*) = Imax g(.’L‘, w) (Worst case uncertainty)

ﬁ o wel
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Robust Set:
xr=1{r € x:g(z,w) <0, Vw € Q}

Xr = {r € x : max g(x,w) <0}
wel

Inner Approximation of Robust Set % = {x € x : pg(z) < 0}

Pd(«ll) > g(:c,w*) = Imax g(.’L‘, CU) (Worst case uncertainty)

o x| R L

— palx) > glz,w) Vo €y, YweQ

S AN
SOS Relaxation pa(z) —glr,w) >0 Ve y, Yw e )

* Look for polynomial p;(x) such that polynomial p;(x) — g(x, w) be a nonnegative polynomials on the sets
x and ()
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SOS Program

Let y={x€eR":qg,.(x)>0,i=1,...,n,} Q={weR:g,;(w)>0,i=1,..,n,}

e Sets X,Q are Archimedean.

minimize / pa(z)dx
pd(x) JB
T ny
SllbjCCt to pd(x) o Q(Ta w) o Z O-?Z("Ea W),(};I;i(.’ﬁ) _ Z a'vl(maw).(}wi(w) = 00 (.’13,&))
i=1 i=1
0’0(.13,,&)) € SOS5
x C B : simple box oi(z,w) € §OS4;, i =1,...,n,
Assumption: After rescaling polynomials B = [—1, 1]" oi(z,w) € SOS,, 1 =1,...,n,

e Section 3.3, Jean B. Lasserre, , “Tractable approximations of sets defined with quantifiers” Math. Program., Ser. B, 151:507-527, 2015.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




SOS Program

Let xy={zeR":qg,.(x)>0,i=1,...,n,} Q={weR":g,,(w)>0,i=1,...,n,}

e Sets X,Q are Archimedean.

minimize / pa(z)dx
/B

pa(x)
e g L —
subject to | pa(z) — g(z,w) — Z o (1, w) gy, (1) — Z 7i(r,w)gy,;(w) = op(r,w)
i=1 i=1

0'0(:13,,&)) € SOSy,
oi(r,w) € SOSa., i=1,...,n,
gi(x,w) € SOSay,, i =1,....,ny

e Section 3.3, Jean B. Lasserre, , “Tractable approximations of sets defined with quantifiers” Math. Program., Ser. B, 151:507-527, 2015.
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SOS Program

Let x={zeR":¢g,.(x)>0,i=1,...n,} Q={weR":g,,(w)>0,i=1,...n,}
e Sets X,Q are Archimedean.

minimize / pa(z)dx
/B

pa(x)
e g L —
subject to | pa(z) — g(z,w) — Z o (1, w) gy, (1) — Z 7i(r,w)gy,;(w) = op(r,w)
i=1 i=1

oi(r,w) € SO, 1=1,...,n,

(Pa(@) — g(z,w) = 32,7, oi(@, w)gui(T) — 3202 04(7, W) gus (W)
SOS(oi(r,w)) i=1,....,n, SOS(7;(x,w)), i=1,....n,

e Section 3.3, Jean B. Lasserre, , “Tractable approximations of sets defined with quantifiers” Math. Program., Ser. B, 151:507-527, 2015.
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Robust Set

Inner Approximation of Robust Set

Xk ={r € x:palr) <0} Cxp={zrex:g(z,w) <0, VweQ}

Theorem: Let polynomial p;(x) be the solution of SOS program (p,(x) > g(x,w) Vo € x, Vw € Q)

d— oo : Xt — xR

Because: Limd%oc.pd(:z:') — g(CI?,UJ*) — maé( g(ﬂ%f«d)
weE

xr=1{r € x:9(z,w) <0, Vw € Q}

— : <
{z € x: max g(z,w) <0}

* g(x, w") is upper semi-continuous, Lemma 1, Jean B. Lasserre, , “Tractable approximations of sets defined with quantifiers” Math. Program., Ser. B, 151:507-527, 2015.

. (!lim fBlpd(x) —g(x,w")|dx = 0, Theorem 1, Theorem 3, Corollary 2, Jean B. Lasserre, , “Tractable approximations of sets defined with quantifiers” Math. Program., Ser. B, 151:507-527,
2015.
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Example

Robust Safety Set
xr={rex=[-22": 22 +w?-1<0, Ywe Q=[-05 0.5] }

x“
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Example

Robust Safety Set

xe={rex=[-2 2: 224+ w*—-1<0,

XR + Setof all x for which the point (x, w) lies inside
the red region Vw € ()
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Example

Robust Safety Set
xr={rex=[-22": 22 +w?-1<0, Ywe Q=[-05 0.5] }
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Example

Robust Safety Set
xr={rex=[-22": 22 +w?-1<0, Ywe Q=[-05 0.5] }

Xr={r:2°<1-w?} —05<w<05

yr={r:—V1-052<z<v1-05%
Xr = {r:—0.866 <z < 0.866}
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Example

Robust Safety Set
xr={rex=[-22": 22 +w?-1<0, Ywe Q=[-05 0.5] }

o y
9(z,w") = max g(z, w)

- max 2+ w?—1
wEN=[—0.5 0.5]

__________________________________________________________________________________________________________

i w* = —0.5,0.5  (Worst case uncertainty)
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Example

Robust Safety Set
xr={rex=[-22": 22 +w?-1<0, Ywe Q=[-05 0.5] }

o y
9(z,w") = max g(z, w)

- max 2+ w?—1
wEN=[—0.5 0.5]

__________________________________________________________________________________________________________

i w* = —0.5,0.5  (Worst case uncertainty)

Xk ={rexipa(z) <0}  palz) > glr.w") = max g(z,w)
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Example

Robust Safety Set
xr={rex=[-22": 22 +w?-1<0, Ywe Q=[-05 0.5] }

o y
9(z,w") = max g(z, w)

- max 2+ w?—1
wEN=[—0.5 0.5]

__________________________________________________________________________________________________________

i w* = —0.5,0.5  (Worst case uncertainty)

Replaced with

=@ <0 ) 2 o) = magole) T )2 g e e
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| |
| wlo):a? +w?—1<0}

glr,w) =a2%+w?* -1
weQ=[-05051 gl
rex=[-22] \

—0.5k 0.5 :
________________________________________________ LW
L y
9(z,w") = maxg(z,w)

= max 2+ w? -1

weN=[—0.5 0.5]
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x A
https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Robust Set/Example 1 RobustSet.

a

glr,w) =a2%+w?* -1

1A ‘ Wt = t — 2 E’Q -
weEQ=[-0505 gla,w* = 0.5) ! +00;"" 12 T
:I:‘EX:[—Q 2] \\ g(x.u.d — .O)—‘J; +(_ .t) - XR
\ /
/
2
1.5
1 E minimize / palx)da
palx) B
0.5 E subject to  pg(r) — g(r.w) — ZJ.,-_(,.z:,w)_g,,.,;(x:) -y 0i(1,w)gui(w) = og(r, w) E

O’[_}(.’l-‘,u.x') < S()SQJ

oi(r,w) e SOSsy,, i =1,....n,

Gi(r.w) € SOSog,, i=1.....n,|
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https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Robust_Set/Example_1_RobustSet.m

Summary

Robust Optimization minimize  p(x)
. TEX

subject to ¢g(z,w) <0, Yw € ()

. » Designvariables: © € y C R"
| « Uncertain parameters: w € () C R™
>05 Program minimize /pd(:r)d:}:
pa () /B oi(r,w) € SOSy,, i =1,....n,
y - . 5’-;'_(;?15»-‘) € SO,S'QJ{._, i=1.....,n,
subject to  pg(x) — g(r,w) Zm T, W) g, (2 ZU’ T, W), (W) = ooz, w) oolz.w) € SOS
DLy W - 2d
« Based on worst case scenario pa(x) > g(z,w") = mf%cg(x w)  w*: worst case uncertainty
we
Determlnlstlc Optimization
mlmmlze p(x) N

subject to .CCEXR {rex:pilx) <0} Cxpr={zcx:g9(xw) <0, Vwe N}
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Robust Set : Yr={r € x:g(r,w) <0, Vw € O}

Let Q={weR":g,.(w)>0,i=1,...,n,}

/ pa(z)dx
/B

minimize
pa(x)

subject to  py(z) — g(z,w) — Z 0i (T, W) gz () — Z 0i (7, W) g (w)

oo(x,w) € SOSyy,
0o (.’13, CU) oi(z,w) € SOSy,, i =1,....n,

g; (:L‘: Lu’) c bTO,SIQd_F-, 1 =1,....ng

Fall 2019
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Extension 1: Coupled Uncertainty

Robust Set :

Let Q={weR:g,.(w)>0,i=1,....,n4}

/ pa(z)dx
/B

minimize
pa(x)

1=1

SllbjCCt to pd(x) o Q(Ta w) o Z O-?Z("Ea w)g:m’,(m) _ Z a'vl(maw)gwi(w) = 00 (.’13,&)

oo(x,w) € SOSyy,

) oi(r,w) € SOSsy,, i =1, ..

C_T.;;(LL‘:W) € SOSa,, i =1,...,

Ny

» Uncertainty set depends on design variables x

weQ,={weR": g, (z,w) >0, j

Fall 2019
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Extension 1: Coupled Uncertainty

Robust Set : Yr={r € x:g(r,w) <0, Vw € O}

Let Q={weR:g,.(w)>0,i=1,....,n4}

minimize / pa(z)dx
/B

pa(x)
o M //’_5\\ UU(I:(}J) € S0S5
subject 10 pu(e) — g(,0) — D 7i(, ) (2) = D 00,0 = 00(5,9) o055 11
i=1 i=1 S

g; (:L‘: Lu’) c SOSQJ_F., 1 =1,....ng

Inner Approximation of Robust Set XdR ={z € x : pg(x)

» Uncertainty set depends on design variables

weQ, ={weR": g, (r,0) >0, j=1,...,n4}

 We can apply the same methodology, to obtain the inner approximation.

d __ .
Xr = {7 € x 1 pa(x) < 0}
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Example: Control of Uncertain Nonlinear System
Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)

xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: |Initial states (x1 (0), x,(0), x5 (0)) € Xp

Uncertain Parameter w(k) € Q) = [ wy , @]
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Example: Control of Uncertain Nonlinear System

Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)
xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: |Initial states (x1 (0), x,(0), x5 (O)) € Xp

Uncertain Parameter w(k) € Qy = [ wy , @]

» Source of uncertainty at time k:

Coupled uncertainty (x; (k), x,(k), x3(k), w(k)) € Q, = {(x1, x5, x3, @) = 0.1 — x% — x2 — x5 — w? > 0}
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Example: Control of Uncertain Nonlinear System

Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)
xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: |nitial states (x1 (0),x,(0), x5 (O)) € Xp

Uncertain Parameter w(k) € Q) = [ wy , @]

» Source of uncertainty at time k:

Coupled uncertainty (x; (k), x,(k), x3(k), w(k)) € Q, = {(x1, x5, x3, @) = 0.1 — x% — x2 — x5 — w? > 0}

» We want to find a set of control inputs at time k that steer states (x;(k + 1), x,(k + 1), x3(k + 1)) to the neighborhood of the

_ N 2 _ 2 _non3
given way-point (0,0,0.9), i.e. a ball around the way-point 1% — (xcl)—zo) — (x; 20) — (x30 :'9) = 0, for all possible values of

uncertainty (x; (k), x5 (k), x3(k), w(k)) € Q, = {(x1, x5, %3, w) = 0.1> — x? — x2 — x% — w? > 0}.
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Example: Control of Uncertain Nonlinear System

Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)
xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: |nitial states (x1 (0),x,(0), x5 (O)) € Xp

Uncertain Parameter w(k) € Q) = [ wy , @]

» Source of uncertainty at time k:

Coupled uncertainty (x; (k), x,(k), x3(k), w(k)) € Q, = {(x1, x5, x3, @) = 0.1 — x% — x2 — x5 — w? > 0}

» We want to find a set of control inputs at time k that steer states (x;(k + 1), x,(k + 1), x3(k + 1)) to the neighborhood of the

_ N 2 _ 2 _non3
given way-point (0,0,0.9), i.e. a ball around the way-point 1% — (xcl)—zo) — (x; 20) — (x30 :'9) = 0, for all possible values of

uncertainty (x; (k), x5 (k), x3(k), w(k)) € Q, = {(x1, x5, %3, w) = 0.1> — x? — x2 — x% — w? > 0}.
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Example: Control of Uncertain Nonlinear System

Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)
xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

2 N ( 1o 2 Yy A o (I Qulk 2
U ={u(kr): 1 (”"”—(k)“(l")) - (—‘l’l(k)“(k)) - (1'2‘1’1(’{') U'(iiz(k)H (k)) >0, Vag, wy € gzr}

https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Robust Set/Example 2 RobustSet DynamicalSys.m
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https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Robust_Set/Example_2_RobustSet_DynamicalSys.m

Example: Uncertain Nonlinear System

1, | |

‘ | I | | l | |

Result of SOS Program U g‘g —

{u(k) : pg(u) <0} ={u(k):0.36 < u(k) <0.54}

C Ur =4u(k):0.34 <u(k) <0.56}

0.5 |
E Inner approximation of robust cgntrol input
3
= Ur ) <0}
0
_05 | | | l | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

U
» Any control input that respects the obtained control bound, is robust in presence of uncertainties.

Fall 2019
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Extension 2: Multiple Safety Constraints

Xr=1{r€x:9i(r,w) <0i=1,...,n, Ywe Q}

> Let pg ((E) be a polynomial obtained by solving SOS program for single constraint gi(sl:'j w)

Xk = {x € x:ph(x) <0}

» Inner approximation of Robust set: ﬂ?zglxji%,

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Extension 3: Failure Set

Robust Set:
Set of all design variable “x” that satisfies “safety/design constraints” for all possible values of uncertainty “w”.

Robust Set: xr=1{r € x:g(z,w) <0, Vw € Q}

Failure Set:
Set of all design variable “x” that Does NOT satisfy “safety/design constraints” for some values of uncertainty “w”.

Failure Set: XF = {'L cX: 9(35;(—0) >0, dw € Q}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Extension 3: Failure Set

Robust Set:
Set of all design variable “x” that satisfies “safety/design constraints” for all possible values of uncertainty “w”.

Robust Set: xr=1{r € x:g(z,w) <0, Vw € Q}

Failure Set:
Set of all design variable “x” that Does NOT satisfy “safety/design constraints” for some values of uncertainty “w”.

Failure Set: XF — {.L c X : g(:c,w) > 0, Jw € Q}

We can apply the same methodology to obtain the outer approximation of the failure set.

> xr={rcx:g(r,w) >0, dwecQ} Z{xGX:mé‘g}z{g(W)ZO}

e Corollary 4, Jean B. Lasserre, , “Tractable approximations of sets defined with quantifiers” Math. Program., Ser. B, 151:507-527, 2015.
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Extension 3: Failure Set

Robust Set:
Set of all design variable “x” that satisfies “safety/design constraints” for all possible values of uncertainty “w”.

Robust Set: xr=1{r € x:g(z,w) <0, Vw € Q}

Failure Set:
Set of all design variable “x” that Does NOT satisfy “safety/design constraints” for some values of uncertainty “w”.

Failure Set: XF — {.L c X : g(:c,w) > 0, Jw € Q}

We can apply the same methodology to obtain the outer approximation of the failure set.

> xr={rcx:g(r,w) >0, dwecQ} Z{xGX:mé‘g}z{g(W)ZO}

> xrF C Xt ={xex:pi(x) >0}  where pa(r)>g(r,w) Vo€ x, YweD

e Corollary 4, Jean B. Lasserre, , “Tractable approximations of sets defined with quantifiers” Math. Program., Ser. B, 151:507-527, 2015.
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Extension 3: Failure Set

Robust Set:
Set of all design variable “x” that satisfies “safety/design constraints” for all possible values of uncertainty “w”.

Robust Set: xr=1{r € x:g(z,w) <0, Vw € Q}

Failure Set:
Set of all design variable “x” that Does NOT satisfy “safety/design constraints” for some values of uncertainty “w”.

Failure Set: XF — {.L c X : g(:r;,w) > 0, Jw € Q}

We can apply the same methodology to obtain the outer approximation of the failure set.

> xr={rcx:g(r,w) >0, dwecQ} Z{xGX:mé%{g(W)ZO}

> XF C Xt ={xex:pi(x) >0}  where pa(r)>g(r,w) Vo€ x, YweD

» SOS Program d— 00 X}i; — XF

e Corollary 4, Jean B. Lasserre, , “Tractable approximations of sets defined with quantifiers” Math. Program., Ser. B, 151:507-527, 2015.
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Topics

» Formulation of Robust Optimization
» Challenges

» Robust Sum-of-Squares
» Robust Sets for Robust Optimization

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Fall 2019



Robust Games

Based on worst case scenario

Instead of looking for a set of all robust design values x, i.e., X p, we look for single optimal robust design value x*

2-Player game formulation

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

SOS Approach

Fall 2019



Robust Games

Objective function: p(x1, x2)
Constraints: g;(z1,22) >0, i =1,...,n,, Yy e Q
Two Sets of Variables: 1 € Q C R™and 25 € R™

Two-Player Game: P, = maxiemize minimize {p(z1,x2) subject to (z1,z2) € K}
L1&X1 L2

r1 € X1 K ={(z1,22) : gi(x1,22) >0, i =1,....,n4}
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Robust Games

Objective function: p(x1, x2)
Constraints: g;(z1,22) >0, i =1,...,n,, Yy e Q
Two Sets of Variables: 1 € Q C R™and 25 € R™

Two-Player Game: P, = maxiemize minimize {p(z1,x2) subject to (z1,z2) € K}
L1&X1 L2

r1 € X1 K ={(z1,22) : gi(x1,22) >0, i =1,....,n4}

» In this game:

e Action set of player xq: x4,

* Action set of player x; : {x;: g;(x1,x;) = 0,i =1, ...,n,4} once player x; has chosen action.

» Player x; tries to maximize the objective function and Player x, tries to minimize the objective function.
* Player x, takes action after player x; chooses an action.

Example: Pplayers x; and x, : ego and agent vehicles

Players x; and x, : design parameter and disturbance
Fall 2019
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Two-Player Game: p_— maxiemize minimize {p(z1,x2) subject to (z1,z2) € K}
Tr1E€X1 L2

1 € X1 K ={(z1,22) : gi(x1,22) >0, i =1,...,n4}

» From the point of view of player x4, this is a robust optimization:

* Player x; has to choose an action which is the best possible against the worst action by player x,.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Two-Player Game: p _ maXiemize minimize {p(z1,x2) subject to (z1,z2) € K}
r1EX1 L2

1 € X1 K ={(z1,22) : gi(x1,22) >0, i =1,...,n4}

» From the point of view of player x4, this is a robust optimization:

* Player x; has to choose an action which is the best possible against the worst action by player x,.

e If player x; knew the optimal value function of the player x,

J(x1) = minimize {p(x1,x2) subject to (z1,x2) € K}

2
sk
x5(1)
Then P, reduces to optimization

P, = maximize J(x1)
T1EX1
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» In general there is no closed-form expression for optimal value function

J(x1) = minimize {p(x1,x2) subject to (z1,x2) € K}  (parametric optimization)

X2
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» In general there is no closed-form expression for optimal value function

J(x1) = minimize {p(x1,x2) subject to (z1,x2) € K}  (parametric optimization)

T2
» We find the polynomial approximation of (unknown) optimal value function J(x;)

Ja(x1) < J(x1) = minimize {p(xq,x2) subject to (x1,22) € K}

T2
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» In general there is no closed-form expression for optimal value function

J(x1) = minimize {p(x1,x2) subject to (z1,x2) € K}  (parametric optimization)

T2
» We find the polynomial approximation of (unknown) optimal value function J(x;)

Ja(x1) < J(x1) = minimize {p(xq,x2) subject to (x1,22) € K}

T2

» Similar to the methodology of the Robust set:

Ja(xy) < plxy,x0) V(1,22) €K |::> Ja(xy) < J(xy) = minillnize {p(x1,22) subject to (x1,22) € K}
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» In general there is no closed-form expression for optimal value function

J(x1) = minimize {p(x1,x2) subject to (z1,x2) € K}  (parametric optimization)

T2
» We find the polynomial approximation of (unknown) optimal value function J(x;)

Ja(x1) < J(x1) = minimize {p(xq,x2) subject to (x1,22) € K}

T2

» Similar to the methodology of the Robust set:

Ja(x1) < play, z2) Y(xy, 22) € K |::> Ja(z1) < J(x1) = mini?flize {p(x1,22) subject to (z1,22) € K}

» Look for polynomial J;(x;) such that polynomial p(x{, x,) — J;(x;) be a nonnegative polynomial on N4
the set K.
p(x1,x0) — Jg(x1) > 0 V(x1,20) € K

e SOS Condition

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Two-Player Game: p_— max&mlze minimize {p(z1,x2) subject to (z1,z2) € K}
Tr1E€X1 L2

1 € X1 K ={(z1,22) : gi(x1,22) >0, i =1,...,n4}

' SOS Program .
g /BJ,(.,)

maximize alxy)dxz
Jd(ﬂjl)
Ng
subject to  p(x1,22) — Ja(x1) E oi(x1,22)gi(T1,22) = 001, T2)
=1 00(:1:1,332) € SOSy .
x1 C B : simple box oi(xry,x9) € SOSoq.. 1 =1,...,n,
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Two-Player Game: p_— max&mlze minimize {p(z1,x2) subject to (z1,z2) € K}
Tr1E€X1 L2

1 € X1 K ={(z1,22) : gi(x1,22) >0, i =1,...,n4}

' SOS Program .
g /BJ,(.,)

maximize alxy)dxz
Jd (J}l )
................................................. - @C@ @B @ @ @ el O
Ja(x1) E oi(x1,22)gi(x1,22) = 00(T1, T2)
=1 00(:1:1,332) € SOS5

oi(r1,22) € SOSoy., i =1,...,n4

plxy, x2) — Ja(x1) > 0 V(z1,22) € K

Yalmip: SOS(p(x).20) — Ja(z1) = 320 oilay. w2)gi(w1, 22))
SOS(o; (a1, x2))
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Two-Player Game: p_— max&mlze minimize {p(z1,x2) subject to (z1,z2) € K}
Tr1E€X1 L2

1 € X1 K ={(z1,22) : gi(x1,22) >0, i =1,...,n4}

" s0S Program .
g /BJ,(.,)

maximize alxy)dxz
Jd (J}l )
................................................. L eds”dsdstttstdsttte”dtddstdsttrtttttstdddddts
subject toi p(x1,z2) — Ja(x1) ZO; T1,%2)gi(T1,22) = oo(T1, T2)
| i 1=1 00(:1:1,332) € SOS5 ¥
X1 € B :simple box e i 02) € 8085, i =1,y
Theorem led—)oo Jd (33‘1) —> J(:Cl)

Strong Sense Convergence, Theorem 2.2: J. B. Lasserre, “Min-max and robust polynomial optimization”, Journal of Global Optimization, Volume 51, Issue 1, pp 1-10, 2011

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Two-Player Game: p_— max&mlze minimize {p(z1,x2) subject to (z1,z2) € K}
Tr1E€X1 L2

1 € X1 K ={(z1,22) : gi(x1,22) >0, i =1,...,n4}

" s0S Program .
g /BJ,(.,)

r1EX1

d

» If ] is continuous and x7 is the unique global maximizer of P, then x;¢ — x{ as d — o

maximize alxy)dxz
Jd(ﬂjl)

................................................. - @C@ @B @ @ @ el O

subject toi p(x1,z2) — Ja(x1) ZO; T1,%2)gi(T1,22) = oo(T1, T2)
| i =1 ()’0(:131, mg) € SOSoy 3
X1 C B :simple box e e L 02) € $OSa, =1, g
Theorem led—)oon(xl) — J(:Cl)
i:.'.'.':'I.:.'.I:.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.;;.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.:'p.'.'C;.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.';:;.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.':z.'.'.':::::::::::::::::::::::E
' , < . = maximize . . 2 |
eorem P’ = maximize Jy(x1) T ~ Limgo.P, = P,

Theorem 2.4: ). B. Lasserre, “Min-max and robust polynomial optimization”, Journal of Global Optimization, Volume 51, Issue 1, pp 1-10, 2011
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Summary

Two-Player Game: p__— maxiemize minimize {p(z1,z2) subject to (z1,xs) € K}
T1EX1 L2

— r1 € X1 K= {(z1,22) : gi(x1,22) >0, i =1,...,n4}

e SOS Program
maximize / Ja(xq)dry
B

Ja(xy)
Mg
subject to  p(xy,x2) — Ja(x1) — Z(f-,aj_(.’I?]:.’I,‘g)g@(:'lﬁ'],.’Ifg) = oo(x1,x2)
i=1
x1 C B :simple box oo(x1,12) € SOSoq oi(xy,22) € SOSa,, i =1,...,n,

e Based on worst case scenario  Jy(xz1) < J(x1) = minimize {p(x1,x3) subject to (x1,22) € K}
P

N P’ = maximize Jy(x1)
i T1EX1
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Topics

» Formulation of Robust Optimization
» Challenges

» Robust Sum-of-Squares

» Robust Sets for Robust Optimization
» Robust Games

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Fall 2019



4. Distributionally Robust Chance Constrained Optimization

 Combination of Chance Constrained and Robust Optimizations

e Robust Set
Xr =1z € x:9(x,w) <0, Vw € Q}

e Chance Constrained Set

xco = {x € x : Prob(Success) > 1 — A} w ~ pr(w)

e Distributionally Robust Chance Constrained Set
XpRr = {x € Y : Prob(Success) >1— A, Vpry,(w),a € A}

w ~ Family of distributions pr,(w)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



4. Distributionally Robust Chance Constrained Optimization

* Probability distribution with uncertain parameters @ € A

e.g., Gaussian probability distribution with uncertain mean and deviation

1 _(X_Czll)z
\/Ea € 2az ) aq € [ll;u2]Ja2 € [IZJuZ]
\ 2

Y

Family of probability distributions
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4. Distributionally Robust Chance Constrained Optimization

* Probability distribution with uncertain parameters @ € A

e.g., Gaussian probability distribution with uncertain mean and deviation
1 _(X_Czl1)2
e 203 ’ aq € [llJUZ]JaZ € [IZJuZ]
V2T a;

Y

Family of probability distributions

minimize Objective Function(design parameters)
design parameters

subject to uncertainty ~ Probability distribution(a), a € A
Probability(Success( design parameters, probabilistic uncertainty)) > 1 — A, Vae A

\ J
Y

Chance constraints should be satisfied for the family of the probability distributions of the uncertainties

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



4. Distributionally Robust Chance Constrained Optimization

minimize
design parameters

subject to

Objective Function(design parameters)

uncertainty ~ Probability distribution(a), a € A
Probability(Success( design parameters, probabilistic uncertainty)) > 1 — A, Va € A

Y

\

Chance constraints should be satisfied for the family of the probability distributions of the uncertainties

Mathematical Formulation

minimize
QZGRH’

subject to

p(x)

w~pr,(w), ae A
Probability,, ) ( gi(z,w) >0, i=1,...,n, ) >21—-A, Vae A
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. Chance Constrained Set
' Set of all design variable “x” that satisfies probabilistic “safety/design constraints” with respect to probability
. distribution of uncertainty “w”.

Xcc = {x € x : Probability(¢g;(z,w) > 0,i=1,...,n,) > 1 — A}

____________________________________________________________________________________________________________________________________
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. Chance Constrained Set
' Set of all design variable
. distribution of uncertainty “w

{ I n

that satisfies probabilistic “safety/design constraints” with respect to probability

1
1
1
1
1
ll ” 1
1
1
1
1
1
1

Xcc = {a’: € x : Probability(¢;(z,w) > 0,i =1,...,n,) > 1 — A}

____________________________________________________________________________________________________________________________________

Robust Set
Set of all design variable

II ” ll ”

that satisfies “safety/design constraints” for all possible values of uncertainty “w
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. Chance Constrained Set
' Set of all design variable
. distribution of uncertainty “w

Xcc = {a’: € x : Probability(¢;(z,w) > 0,i =1,...,n,) > 1 — A}

{ I n

that satisfies probabilistic “safety/design constraints” with respect to probability

1
1
1
1
1
lI ” 1
1
1
1
1
1
1

____________________________________________________________________________________________________________________________________

Robust Set
Set of all design variable

II ” ll ”

that satisfies “safety/design constraints” for all possible values of uncertainty “w

' Distributionally Robust Set

ll ”

. Set of all design variable that satisfies “safety/design constraints” for all possible probability distribution of

' uncertainty “w”. |

xpr = {z € x : Probability( ¢g;(z,w) >0, i=1,....n, ) >1 —A,Vpr,(w), ac A}
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Review of Inner Approximation of Chance Constrained Set (Lecture 7)
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Review of Inner Approximation of Chance Constrained Set (Lecture 7)

Chance Constrained Sets
| Xcco = {x € x : Probability(¢;(z,w) > 0,i=1,...,n,) > 1 — A} @ .

SOS Programing for Chance Constrained Set

P*d = minimize ] /W(m,w)p’r(w)dwdaj

sos _
W(z,w)ER [z, w

subject to (z,w) —1>0 V(z,w) € K (complement set)
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Review of Inner Approximation of Chance Constrained Set (Lecture 7)

Chance Constrained Sets
| Xcco = {x € x : Probability(¢;(z,w) > 0,i=1,...,n,) > 1 — A} @ .

SOS Programing for Chance Constrained Set

P*d = minimize ] /W(m,w)p’r(w)dwdaj

SOs -
W(xr,w)ERy[z,w

subject to V_V(x? ) —1>0 V(;{;’w) c K (complement set)
W(z,w) >0
K={(z,w) e R" xR": g;(x,w) >0, i= ng } @

___________________________________________________________________________________________________________________________________

» Moments of the probability distributions of uncertainties are known y,,; = E[w”] = [w”pr(w)dw
Wir,w) =3 Ca_.f's’év”wﬁ

objective function: [ W(z,w)pr(w)dwdx

¢ . [ ¥ 83 > C e e
Yo = E[w,ﬁ] _ J w,.-..%p,’,,.(w)dw Yuoy = E[J, ] — be dr Z Oéﬁyx aywﬁ

hiz) = [W(z,w) pr(w)dw > FL(LU) = Z caﬁywﬁxﬁ
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Review of Inner Approximation of Chance Constrained Set (Lecture 7)

Chance Constrained Sets
| Xcco = {x € x : Probability(¢;(z,w) > 0,i=1,...,n,) > 1 — A} @ .

SOS Programing for Chance Constrained Set

P*d = minimize /W(m,w)p’r(w)dwdaj

SOs -
W(z,w)ER [z, w]

subject to V_V(x? ) —1>0 V(g; w) c K (complement set)
W(z,w) >0
K={(z,w) e R" xR": g;(x,w) >0, i= ng } @

___________________________________________________________________________________________________________________________________

» Moments of the probability distributions of uncertainties are known y,,; = E[w”] = [w”pr(w)dw

W(z,w) = capr®w” S~
' F | 8% 8% > C
Ywp = Ew?] = [wiprw)de — Yoo = Elz°] = [ 2%dx Z afYx J.\Uiﬁﬁ/l ”Known

hiz) = [W(z,w) pr(w)dw > FL(LU) = Z ca[,(;/y;[;:zrﬁ

objective function: [ W(z,w)pr(w)dwdx
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Distributionally Robust Chance Constrained Set

> If we apply the same methodology to Distributionally Robust problems, we need moments of
probability distributions pr, (w).

» Moments of the probability distributions are unknown,
(depend on the parameters of the probability distributions).

Yo = Elw’] = [wfprq(w)dw
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Example:

1 (w_m)Q Uncertain Mean and deviation
p— 20‘2 i ), — —
p?"a(w) \/27rc7€ a=(mo) g (m,a) c A= [m,m] X [Q>0,0'] C R?
wr Tr. 2
Parametric Moments:  y,, = E[w®]| = [ w® 217(09( 27 dw

5+ 10m302 + 15m0
6 4+ 15mio? + 45m2a4 + 1509

> Moments are polynomial functions in terms of uncertain parameter a = (m, o)
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» Same methodology applied to Distributionally Robust Problems:

“Distributionally Robust Chance Constrained Set N/ i
Xpr = {x € x : Probability( ¢g;(z,w) >0, i=1,....,n, ) > 1 —A,Vpr,(w), a € A}
. SOS Programing _ ﬂ
| P4 = minimize W(z, wipr,(w)dwdz )

W(z,w)eRy[z,w] J 0 Tem—————T

subject to

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Distributionally Robust Chance Constrained Set

Xpr = {x € R" : Probability( ¢;(z,w) >0, i =1,....,n, ) > 1-A,Vpr,(w), a € A}

P4 = minimize W(, w)prq(w)dwdx
i W(x,w)ERy[x,w] !
subject to W(z,w)—1>0 Y(z w) € K (complement set)
| Wz, w) >0 |

polynomlal moments
> Moments of the probability distributions are unknown. ¥.s = Elw’] = [ w’pr(w)dw _\Pe( )

( ) E Coy, ql w N
, . > C oS a
Yz = E[,L ]" %dr Y = E[_ug] — j w-"jp’!’a (w)dw _ ])3((1) Z ozﬁ y.L mpﬁ( )/

objective function: [ W(z,w)pr,(w)dwdz

S

Wz, w)pra(w)dw > h( ) Z cu,ﬁ(pﬁ(a)wﬁ
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Distributionally Robust Chance Constrained Set

Xpr = {x € R" : Probability( ¢;(z,w) >0, i =1,....,n, ) > 1-A,Vpr,(w), a € A}

P*d = minimize W(z,w)prq(w)dwdx
W(x,w)ERy[x,w]

subject to

polynomlal moments
> Moments of the probability distributions are unknown. ¥.s = Elw’] = [ w’pr(w)dw —\pe( )

e - Wz, w) = cagrtw? RS
objective function: [ W(x,w)pr,(w)dwdzx . _— > C o D al)
] [l Yoo = E[2°] = [2%de  yos = Ew’] = [wpre(w)dw = ps(a) 2 bz all ( )/
= \

[ W(z,w)pra(w)dw b h( ) Z cu,ﬁ(pﬁ(a,)mﬁ

> To construct inner approximation of distributionally robust set, we look for an upper bound hg(x) > h(x,a)

Xpr = {z € R" ﬁ:@;@i)g A}
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Same methodology:

Robust Set:

Tr) > glax X
xr={r€x:g(r.w) <0, Vw € Q} par) 2 g(x,w) Va € X, VWGQ~ X% ={z € x :pa(x) <0}

»

Distributionally Robust Chance Constrained Sets:

Xpr = {x € x:h(z,a) <A} ha(x) > h(z,a) Vo€ x, Vae A X

Xpr =1z € x : ha(z) < A}

h(z,a) = [ W(z,w)pr.(w)dw
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Same methodology:

Robust Set:

xr) > glx X
xr=1{r€x:g(r,w) <0, Vwe Q} pd(T)_g(T’w) VTEX’ VWEQ‘ X%:{xe)(:pd(:c)go}

»

Distributionally Robust Chance Constrained Sets:

Xpr = {x € x:h(z,a) <A} ha(x) > h(z,a) Vo€ x, Vae A X

Xbr ={z € x:ha(z) < A}

h(z,a) = [ W(z,w)pr.(w)dw

» To be able to use SOS program, h(x, a) should be a polynomial in terms of x and a
» Assumption: parametric moments of pr, (w) are polynomials.
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SOS Programing for Chance Constrained Set
P4 = minimize / W(x, w)pr(w)dwdx

E W(z,w)ERy|x,w]
E subject to W(xr,w)—1>0 V(r,w)c K (complementset)
! W

r.w) >0 i
K={(z,w) cR" xR": gi(x,w) >0, i=1,..,n4 } |
"1 Inner approximation Yco ={x € x:h(z) <A} hz) = [W(x,w) pr(w)dw
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SOS Programing for Chance Constrained Set
P*d —

[ Wi )i

i cos = Ininimize E
E W(z,w)ERy[z,w) i
E subject to W(r,w)—1>0 V(r,w) €K (complementset) i
| W(z,w) >0 |
K = {(r,w) e R" xR™: gi(x,w) >0, i = ng } E
'+ Inner approximation XYoo = {g; cx:h(x)< A} [ W(z,w) pr(w)dw | |
SOS Programing for Distributionally Robust Set
pPrd = minimize /i)d(:{‘)d:t’
W(z,w)ERy[x,w], hg(x)ER[x]
subject to W(z,w)—1>0 V(r.w)eK
W(x.w) >0 (complement set)
ha(z) > h(z,a) Yx € x, Ya € A

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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SOS Programing for Chance Constrained Set

P;‘SS — minimize / W(z, w)pr(w)dwdx
W(z,w)ERy|x,w]

i subject to W(xr,w)—1>0 V(r,w)c K (complementset)
: 12%

(r,w) >0 E
K={(r,w) c R" xR"™: gi(x,w) >0, i = ng } |
E i Inner approximation Xco = {3’} cx:h(x)< A} hz) = [W(z,w) pr(w)dw | i
SOS Programing for Distributionally Robust Set
pPrd = minimize /Ed(:{‘)d:t’
W(z,w)ERy[x,w], hg(x)ER[x]
subject to W(z,w)—1>0 V(r.w)eK
W(x.w) >0 (complement set)
ha(z) > h(z,a) Yx € x, Ya € A

Bd(ﬂﬂ) > B(l?a@) = fw(iﬂaw‘)p?‘a.(w)dw (In W(a:,w) Replace w* with polynomial moments p,(a))
objective function : [ W(x,w)prq(w)dwde = [ ([ W(x.w)pra(w)) de = [ h(z,a)de—— [ hy(x, a)dx
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SOS Programing for Chance Constrained Set

P;‘SS — minimize / W(z, w)pr(w)dwdx
W(z,w)ERy|x,w]

i subject to W(xr,w)—1>0 V(r,w)c K (complementset)
: 12%

(r,w) >0 E
K={(z,w) cR" xR": gi(x,w) >0, i= ng } |
"1 Inner approximation Yco = {x € x: h(z) <A} h(z) = [ W(x,w) pr(w)dw | |
SOS Programing for Distributionally Robust Set
pPrd = minimize /Ed(:{‘)d:t’
W(z,w)ERy[x,w], hg(x)ER[x]
subject to W(z,w)—1>0 V(r.w)eK
W(x.w) >0 (complement set)
-
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SOS Programing for Distributionally Robust Set

pPrd = minimize /f_?d(:{‘)d:t’
5% W(z,w)eRy [z.w],ha () ERy[z]
subject to Wz, w)—1>0 ¥Y(r,w) ek
_ (complément set)
W(x,w) >0

Theorem 4.3, Jean B. Lasserre,Tillmann Weisser,” Distributionally robust polynomial chance-constraints under mixture ambiguity sets”, Mathematical Programming pp 1-45, 2019
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Example: Outer Approximation of Chance Constrained Set

Xco={r€x=[-1 1]: Prob(0.8° -2 —w*>0)>1-A, w~ N(0,0.2) }
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Example: Outer Approximation of Chance Constrained Set

Xco={r€x=[-1 1]: Prob(0.8° -2 —w*>0)>1-A, w~ N(0,0.2) }

[ W(z,w)pr(w)dw

1 B
. Probability Curve (Monte Carlo) . E
0.5 [= [ HH
0 : u | | | | | | | :_L (L’
0.5 -06 0.4 -0.2 0 0.2 0.4 0.6 0.5
- Xcc .

Outer Approximation:
https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Distributionally Robust Chance%20Constrained Set/Example 1/Example ChanceConSet Outer.m
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https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Distributionally_Robust_Chance%20Constrained_Set/Example_1/Example_ChanceConSet_Outer.m

Example: Inner Approximation of Chance Constrained Set
Xco={r€x=[-1 1]: Prob(0.8° -2 —w*>0)>1-A, w~ N(0,0.2) }

W(z,w)pr(w)dw

1
05- [
0 : m l: : ‘- Xz
0d D6 -04 02 0 0.2 0.4 05  =0.8
] . a - Xco = {L : f W(x,w) pr(w)dw < A} . -
Inner Approximation: g .—. u

https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Distributionally Robust Chance%20Constrained Set/Example 1/Example ChanceConSet Inner.m
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https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Distributionally_Robust_Chance%20Constrained_Set/Example_1/Example_ChanceConSet_Inner.m

Example Inner Approximation of Distributionally Robust Chance Constrained Set
Xpr={r€x=[-1 1: Prob(0.8* —2* —w?>0) >1-A, w~ N(m,0),¥m € [-0.1,0.1],Vo € [0.3,0.5] }
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Example Inner Approximation of Distributionally Robust Chance Constrained Set
Xpr={r€x=[-1 1: Prob(0.8* —2* —w?>0) >1-A, w~ N(m,0),¥m € [-0.1,0.1],Vo € [0.3,0.5] }

https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Distributionally Robust Chance%20Constrained Set/Example 1/Example Dist
ributionallyRobustCCSet Inner.m
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https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Distributionally_Robust_Chance%20Constrained_Set/Example_1/Example_DistributionallyRobustCCSet_Inner.m

Example Inner Approximation of Distributionally Robust Chance Constrained Set
Xpr={r€x=[-1 1: Prob(0.8* —2* —w?>0) >1-A, w~ N(m,0),¥m € [-0.1,0.1],Vo € [0.3,0.5] }

Probability Curve (Monte Carlo)

0.5

0 : | : | | | | | : | : T
-0.8 068 -04 -0.2 0 0.2 0.4 = 0.6 D.8
. . I R GV N . .
Inner Approximation: g HM :
. . XDR . .
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Example:

xpr={rex=[-1 1]: Prob(2wz? —2wz?—-1<0)>1—A, w~ N(m,0),Ym € [-0.1,0.1],Vo € [0.8,1] }

Monte-Carlo «=——

_ hg-
hg=10(x) a=0()

l_ld=12(x)

Jean B. Lasserre,Tillmann Weisser,” Distributionally robust polynomial chance-constraints under mixture ambiguity sets”, Mathematical Programming, pp 1-45, 2019
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Example: Safe Control of Uncertain Nonlinear System
Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)

xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: Initial states (x1 (0),x,(0), x5 (O)) and disturbance w (k)
o (2= 01\"  [x,—01\" [x3-—04)\’
Unsafe Set: Xops = { (xq1,x5,x3):1% — 02 — 02 — 03 > 0}
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Example: Safe Control of Uncertain Nonlinear System

Case 1:
Chance Constrained and Distributionally Robust Chance constrained set for control input at time k :

Vuy : Prob(x(k +1) € Xsafe) >1-A * x(k)~Uniform[-0.1,0.1]°

e For all probability distributions

w(k)~N(m, o), m € [—0.1 0.1],0 € [0.1 0.3]

https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Distributionally Robust
Chance%20Constrained Set/Example 2 DynamicalSys/Example DistributionallyRobustCCSet Inner.m

Fall 2019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning



https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Distributionally_Robust_Chance%20Constrained_Set/Example_2_DynamicalSys/Example_DistributionallyRobustCCSet_Inner.m

Example: Safe Control of Uncertain Nonlinear System
Case 1: xpr = {Vur € [-1,1]: Prob(x(k + 1) € Xeqre) =1 —A}

Probability Curve (Monte Carlo)

[ T SRR R S SO « /2 N\ - -m-m=--==-
\
1—A \
——————————————— [ ] N S B S e e s ..
s
[ ] |
I
I‘ |
|
m! 1
m\ |
0.5 o P _
|
] ' I
| \ 1
I ]
|
A | ! I
——————————— mlll - ‘— - s sl
- n \ / ] n
n o \ / o n
n u \ u n
0 | | _ I . N4 il | m
-0.8 0.6 -0.4 s -0.2 0 m 0.2 m 0.4 069 0.8
Inner Approximation: 4, = {u: hg(u) <A} = - - m Xbn = {u: ha(u) <A}
- - H
XDR . . XDR
| |
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Example: Safe Control of Uncertain Nonlinear System

Case 1:
Chance Constrained and Distributionally Robust Chance constrained set for control input at time k :

Vuy : Prob(x(k +1) € Xsafe) >1—-A * x(k)~Uniform[—-0.1,0.1]°

* For all probability distributions
w(k)~N(m, o), m € [—0.1 0.1],0 € [0.1 0.3]

https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Distributionally Robust
Chance%20Constrained Set/Example 2 DynamicalSys/Example DistributionallyRobustCCSet Inner.m

Case 2:
Coupled Distributionally Robust Chance constrained set for control input at time k :

Yuy, : Prob(x(k +1) € Xsafe) =>1-A e For all probability distributions  x, (k)~N(my, o,),

x2(k)~N(m;,0,),

. . L o x3(k)~N(ms3, 03),
https://github.com/jasour/rarnop19/blob/master/Lecture8%20 RobustOptimization/Distributionally Robust Chance (k) N( )
%20Constrained Set/Example 2 DynamicalSys/Example Coupled DistributionallyRobustCCSet Inner.m w My, 04),

Mean set: { (m;,m,, m3,my): 0.1 —m? —m3-m2-m2 > 0}

Sigma set: { (04, 0,,03,04): 0.1 — (0, —0.2)? — (0, — 0.2)? — (03 — 0.2)?> — (0, — 0.2)* = 0}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Distributionally_Robust_Chance%20Constrained_Set/Example_2_DynamicalSys/Example_Coupled_DistributionallyRobustCCSet_Inner.m
https://github.com/jasour/rarnop19/blob/master/Lecture8%20_RobustOptimization/Distributionally_Robust_Chance%20Constrained_Set/Example_2_DynamicalSys/Example_DistributionallyRobustCCSet_Inner.m

Example: Safe Control of Uncertain Nonlinear System
Case 2: xpr = {Vur € [-1,1]: Prob(x(k + 1) € Xgqre) =1 —A}

- 1___A _________ RS TTTTo
0.5F E
A :

u n - n
u n - n
u n - n
0 | | : | | : | | | : | :
-0.8 -0.6 m 04 0.2 a0 0.2 04 g4 06 Omg ., -
Inner Approximation: X = {u : ha(u) <A} S . . " XD = {u:ha(u) < A}
- - H
XDR - s . XDR

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Fall 2019




Summary

Distributionally Robust Optimization

minimize p(x)

subject to w ~ pr, (w), a € A -
Probability,, (,( gi(z,w) >0, i=1,...n, ) >21-A, Vae A

Pd — minimize [ halz)dx
° SOS Program SOS W(;f:._w]el;{i,;[:f:,w].JE,I,;(:J:)E]E_(;[:;:] . PI( )
subject to W(r,w)—1>0 VY(r.w)ek
W(x,w) >0

ha(x) > h(x,a) Yo €y, Vac A

 Based on worst case scenario ha(z) > B(T a) = f W(:I:,w)p:r‘a_(w)dw (Worst case probability distribution)

Deterministic Optimization

minizmize p(x) "4

Subject to x €Expr = {L cR" - Ed(i) < A} C Xpr = {x € x : Probability( ¢;(z.w) >0, i =1,....n, ) > 1-A.Vpr,(w). a € A}
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Topics

» Formulation of Robust Optimization
» Challenges

» Robust Sum-of-Squares
» Robust Sets for Robust Optimization
» Robust Games

» Distributionally Robust Chance Constrained Optimization

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Fall 2019



Robust Optimization

* A.Ben-Tal, L. El Ghaoui, A. Nemirovski. “Robust Optimization”, Princeton University Press, Princeton, 2009.

Robust Sets
e Jean B. Lasserre, , “Tractable approximations of sets defined with quantifiers” Math. Program., Ser. B, 151:507-527, 2015.

Robust Game

e J. B. Lasserre, “Min-max and robust polynomial optimization”, Journal of Global Optimization, Volume 51, Issue 1, pp 1-10,
2011

Distributionally Robust Chance Constrained Optimization

e Jean B. Lasserre, Tillmann Weisser,”Distributionally robust polynomial chance-constraints under mixture ambiguity sets”,
Mathematical Programming, pp 1-45, 2019

Book

e Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization
Series, V. 1, 20009.

e Jean B. Lasserre,”An Introduction to Polynomial and Semi-Algebraic Optimization”, Cambridge University Press, 2015
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