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Overview of Nonlinear Optimization:

» Optimality Conditions
» Newton’s Method

» Interior Point Method
» Convex Optimization
» Dual Optimization
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Overview of Nonlinear Optimization:

» Optimality Conditions
» Newton’s Method

» Interior Point Method
» Convex Optimization
» Dual Optimization

Why do wee need to look at these techniques:

» SDP solvers work based on the same principals (interior point method).
» We need these techniques to develop state-of-the art solvers for large SDP’s in the lecture 9.

» We can formulate uncertain (robust, risk aware)optimization problems as a deterministic nonlinear
optimization problem.
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How to solve optimization problems?
» Optimality Conditions

» Newton’s Method

»Interior Point Method
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Optimization:

Minimize Objective-function(design parameters)

design parameters

Subject to Constraints(design parameters)

Fall 2019
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Design variables: o — [.’I;h cens (L‘n]T - Rn

f(xla 'TQ)

Real-Valued Scalar Continuous functions
f:R" >R
. n c
gi :R" =R, 1=1,...,n,

hiZRn—)R, 1= 1,...,ny 1

) 1 05 0 05 1
T2
Nonlinear Optimization:
minimize  f(x) «————  Objective function

rERM

subject to g;(x) >0, i =1,..., ng} Feasible Set — Inequality Constraints
hi(x) =0, i=1,..,ny,

— Equality Constraints
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Optimization: minimize  f(x)
rER™

subject to g;(z) >0, i =1,...,n,

Step 1
Optimality Conditions

Given the objective function f and constraints (; , hi :

What are the conditions for x™ to be an optimal solution ?

D g

Optimality Conditions: system of nonlinear equations or inequalities

W

To find x™, we solve the system of nonlinear equations or inequities (root finding problem).
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Unconstrained Optimization

minimize f(x)
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Unconstrained Optimization

minimize f(x)

Optimization with equality Constraints

minimize T
nimize  f(r)

subject to  h;(x) =0, i =1,..,ny

Fall 2019
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» Nonlinear (in general nonconvex ) Optimization

Unconstrained Optimization Optimization with equality Constraints

S . minimize  f(x)
minimize f(x) zERY
zER™ subject to  h;(x) =0, i =1,..,ny

Optimization with Inequality Constraints

2.5

2
A 1.5
H“\
5
g

L1

midpee S

subject to  g¢;(x) >0, i =1,....,n,
Fall 2019
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Basic Definitions

> Gradient
> Hessian
> Global and Local Minima
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Gradient
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Gradient

Real-valued scalar function  f(x) : R” — R

— 8f —
ox1
Gradient vector : Vf —
of
_OJx,, -
— af —_
ox1
fo)mpy v oy vy- |
of
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Gradient and Tangent Line:
Tangent line (Hyperplane) at point (™, f(x*)):

v
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Gradient and Tangent Line:
Tangent line (Hyperplane) at point (™, f(x*)):

y=[f(@") +Vf*) (2 —27)
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Gradient and Tangent Line:
Tangent line (Hyperplane) at point (x*, f(x*)):

y=[f(@") +Vf*) (2 —27)
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Gradient and Tangent Line:

Tangent line (Hyperplane) at point (x*, f(x*)):

y=[f(@")+Vf*) (z—z)

Vf(z*)=0— 2" : maximum/minimum
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Hessian
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Hessian
Real-valued scalar function f(x) : R” — R

- Of 1 Coif 9% . _9%f 7
G . . Ox7 Oxq1 02 Ox10x,
Gradient vector . *1 Hessian matrix \VE - : .
f(x) =Vf = > f(IE)— : -
9f 0%f  _0*f .. 0f
_OJx,, - | 0x,, 021 Ox,0xo dx2 |

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Hessian
Real-valued scalar function f(x) : R” — R

- Of - o2f _0'r 92 T
% H . t . 8&? 83318322 (3321 8:13?-,,
Gradient vector : 1 essian matrix 9 o .
/() vi= | U R
of 0% f o*f ... 0%
_ Oz, , | Ox,,0x1 Oz, 0xs Ox? |
V“f(:}:) = 0

Positive curvature

Zero curvature

Hessian matrix : describes the local curvature of the function V2 f(z) = 0

Negative curvature Negative curvature

ng(:lf) < 0 ng(:lf) < 0
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Hessian
Real-valued scalar function f(x) : R” — R

- Of - o2f _0'r 92 T
dx1 | Hessian matrix Ori Omdrz — Omben
Gradient vector : , : :
f(x) V=1 .. . V2f(z) = S
of 0% f o*f ... 0%
_ Oz, , | Ox,,0x1 Oz, 0xs Ox? |
V“f(:}:) > 0
Positive curvature
Hessian matrix : describes the local curvature of the function Va Zg?ffu(r:a)t e 0
Neggtive curvature Negg)tive curvature
o V“f(:’f:) < 0 V“f(:’f:) < 0
Jacobian
Real-valued vector function f(x) : R™ — R™
()] o f of
- | (@) | | VA@T] T8 . gR
f= Jacobian matrix  y _ Vi(x) = f =
fm(2). A N
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MIT 16.5498: Risk Aware and Robust Nonlinear Planning



Hessian
Real-valued scalar function f(x) : R” — R

- Of - o2f _0'r 92 T
o Hessi tri Ox? Oz10x2 Ox10xy,
Gradient vector , 1 essian matrix , o .
f(x) V=1 .. . V2f(z) = S
of 0% f o*f ... 0%
_ Oz, | Ox,,0x1 Oz, 0xs Ox? |
ng(:}:) > 0
Positive curvature
Hessian matrix : describes the local curvature of the function / Zg?ffu(r:a)t “: 0
Neggtive curvature Negg)tive curvature
o V“f(:’f:) < 0 V“f(:’f:) < 0
Jacobian
. . n m
Real-valued vector function f(:l?) R - R
£ ()] Of O f
- | (@) | | VA@T] T8 . gR
f= Jacobian matrix  y _ Vi(x) = f =
fml2). Vi) g . g

Hessian matrix : Jacobian matrix of gradient vector.
Fall 2019
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Global minimum x*: f(:z:*) < f(:l?) Ve € R™

(G;obal)

flz) =2t +22% — 1222 — 22 +6
60 1
40

20

-40

-60 1

-80 4

Global minimum
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Global minimum x*: f(:z:*) < f(:l?) Ve € R™

(Giobal)

Local minimum x*: f(x*) < f(x) Vo e Brso(z")

J

Y
Neighborhood (ball) around x*
(Local)

flx)=at + 223 — 1222 — 22 + 6
60 1
40

20

. Local minimum

-60 1

-80 4

Global minimum
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Optimality Conditions
» Unconstrained Optimization
» Constrained Optimization
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1) Optimality Conditions: Unconstrained Optimization

minimize f(x) o

What are the conditions for x to be a minimum point ?

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



1) Optimality Conditions: Unconstrained Optimization

minimize f(x) o

local maxima

saddle point

local minima

global minima
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1) Optimality Conditions: Unconstrained Optimization

minimize f(x) o

saddle point

Vf(z*) =0

local minima

V2 f(z*) 5= 0

global minima

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



1) Optimality Conditions: Unconstrained Optimization

minimize f(x) o

Vf(z*) =0

local minima

V2 () = 0

global minima

V2f(z*) =0
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2) Optimality Conditions:Unconstrained Optimization

minimize f(x)

Necessary Condition: Vilx)=0, VZf(z)=0 Viz)=-2x

Sufficient Condition:  V f(x) =0, VZf(xz) =0

// \\ V2 f(x

First order optimality condition Second order optimality condition

it Saddle point:
Necessary Condition: x = _1’2@>_+ addle poin

maximum in some directions, but minimum in others.
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2) Optimality Conditions: Unconstrained Optimization

\ \
. \

maximum
\

Unconstrained Optimization: 1N1N1MIZE f(fI))
ZCGRT?

{saddle doint

}Iocal minimum

Necessary Condition: VY f(z) = 0, VQf(x) = ()

Sufficient Condition:  Vf(z) =0, VZf(x) =0 |

> To find x* (argmin f (x) ), Find the roots of V f(z*).

» If obtained root satisfies sz(;z;*) — (), point x* is (local/global) minimum.
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Optimality Conditions for Constrained Optimization
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Optimality Conditions: Constrained Optimization

Constrained Optimization:

minimize f(x)

subject to  g(x) >0

P
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Optimality Conditions: Constrained Optimization

Constrained Optimization:

minig}lize f (Q?) minimum of constrained optimization
TEelR

subject to  g(x) >0

» Optimality conditions of unconstrained optimization are not valid for constrained optimization.
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Optimization: minimize  f(x)

TreER”™
subject to g;(x) >0, 1 =1,...,n,
hi(x) =0, i =1,..,ny
KKT (Karush-Kuhn-Tucker) Necessary Optimality Condition: v
Lagrange function L(xz, u, A) = f(x) — Zz_l ,u,,,g?,( ) — Znh A h;(x)

Lagrange mu/t/p//er

VeLl(x, i, A\) =0 Stationarity
(V, L(z,A) = 0) _hZ( ) =0, 1=1,...,np . o
Primal Feasibility
gi(z*) >0, i=1,..,n,
pi >0 Dual Feasibility

,u;-kg%-(a:'*) =0, 1=1,.., g Dual Complementary Slackness
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KKT (Karush-Kuhn-Tucker) Optimality Condition

» Geometrical Interpretation
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Basic Definitions

> Level Set
> Level Set and Gradient Vector
» Tangent Level Sets
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Level, Sub-level, and Super-level Sets

* Foragiven function f(x): R"™ — R andc € R, we define:

xl“;”ﬂ;; 22 05 1
*Level Set (Contour): " gub-Level Set : gupper-LeveI Set :
{r e R": f(x) = ¢} fx cR™: f(z) <c} {r e R": f(x) > c}
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Gradient and Level Sets

A
v

1
NP

{r e R?:|f(z) =c}
Level Set of function f(x)
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Gradient and Level Sets

v

A

*

{r e R?:|f(z) =c}
Level Set of function f(x)
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Gradient and Level Sets

V f(x*) is perpendicular vector to the level set. /

A
v

{r e R?:|f(z) =c}
Level Set of function f(x)
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Gradient and Level Sets

» Steepest Ascent Direction

V()

{r e R?:|f(z) =c}
Level Set of function f(x)

V f(x*) is perpendicular vector to the level set. /
s

v

A

Vf(gj*) shows the direction of the steepest ascent.
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Example:

f(x) = 29 + a3 » Gradient vector : v ¢ — [24, 22,]7

f(x)

Gradient Vectors

N 7T
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f(x) = 29 + a3 » Gradient vector : v — 27, 24:,]7

f ()

Gradient Vectors

N 7T
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Example:

® Vf(:lj‘*) shows the direction of the steepest ascent. e Vf(;p*) is perpendicular vector to the level set.

{z eR": f(z) =c}

v

A

v Level Set of function f(x)
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Example:

® Vf(:lj‘*) shows the direction of the steepest ascent. e Vf(;p*) is perpendicular vector to the level set.

Case 1

v

A

v Level Set of function f(x)
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Example:

® Vf(:lj‘*) shows the direction of the steepest ascent. e Vf(;p*) is perpendicular vector to the level set.

Case 1 Case 2

A A

{x e R": f(x) < c}

{z €eR": f(z) =c}

v
A
v

A

v Level Set of function f (x) v Level Set of function f(x)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example:

® Vf(:lj‘*) shows the direction of the steepest ascent. e Vf(;p*) is perpendicular vector to the level set.

Case 1 Case 2

{x e R": f(x) < c}

{z €eR": f(z) =c}

A
v
A
v

Lk ¥
v xl v 331
Level Set of function f(x) Level Set of function f(x)
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Example:

® Vf(:lj‘*) shows the direction of the steepest ascent. e Vf(;p*) is perpendicular vector to the level set.

Case 1 Case 2

{x e R": f(x) < c}

{z €eR": f(z) =c}

A
v
A
v

Lk ¥
v xl v 331
Level Set of function f(x) Level Set of function f(x)
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Example:

® Vf(:lj‘*) shows the direction of the steepest ascent. e Vf(;p*) is perpendicular vector to the level set.

Case 1 Case 2

{x e R": f(x) < c}

steepest ascent
direction

{z €eR": f(z) =c}

A
v
A
v

Lk ¥
v xl v 331
Level Set of function f(x) Level Set of function f(x)
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Example:

® Vf(:lj‘*) shows the direction of the steepest ascent. e Vf(;p*) is perpendicular vector to the level set.

Case 1 Case 2

A A

{x e R": f(x) < c}

Steepest ascent

steepest ascent direction

direction

{z €eR": f(z) =c}

v
A
v

A

Lk ¥
v xl v 331
Level Set of function f(x) Level Set of function f(x)
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Tangent Level sets
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Tangent Level sets

 Function f(z):R” - R and g(z):R" = R

e Assume the level sets

fr e R": f(x) =c} and {x € R" : g(x) = o}

are tangent at the point x™.

What is the relationship of the gradient vectors of
f(x) and g(x) at point x™?

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Tangent Level sets

 Function f(z):R” - R and g(z):R" = R

e Assume the level sets

fr e R": f(x) =c} and {x € R" : g(x) = o}

are tangent at the point x™.

What is the relationship of the gradient vectors of
f(x) and g(x) at point x™?
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Tangent Level sets

 Function f(z):R” - R and g(z):R" = R

e Assume the level sets

fr e R": f(x) =c} and {x € R" : g(x) = o}

are tangent at the point x™.

What is the relationship of the gradient vectors of
f(x) and g(x) at point x™?
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Tangent Level sets

 Function f(z):R” - R and g(z):R" = R

e Assume the level sets

{r e R": f(x) =ci} and {x € R" : g(x) = 2}

are tangent at the point x™.

What is the relationship of the gradient vectors of
f(x) and g(x) at point x™?

> Gradient vectors V f(2*) and Vg(z™)
are parallel at the tangent point x™.
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Tangent Level sets

 Function f(z):R” - R and g(z):R" = R

e Assume the level sets

{r e R": f(x) =ci} and {x € R" : g(x) = 2}

are tangent at the point x™.

What is the relationship of the gradient vectors of
f(x) and g(x) at point x™?

> Gradient vectors V f(2*) and Vg(z™)
are parallel at the tangent point x™.

Vi(z*) = AVg(z")
\ Constant (+/-)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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2) Optimality Conditions: Optimization with “Equality” Constraints
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2) Optimality Conditions: Optimization with “Equality” Constraints

Optimization with “Equality” Constraint: f ({L')

minimize f(x)

subject to  h(x) =0

minimum of
constrained optimization

Feasible Set
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2) Optimality Conditions: Optimization with “Equality” Constraints

Optimization with “Equality” Constraint: f ({L')

minimize f(x)

subject to  h(x) =0

» We obtain the optimality condition
by looking at the level sets of f(x), h(x).

minimum of
constrained optimization

Feasible Set
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. . . L o o _ minimize  f(x
2) Optimality Conditions: Optimization with “Equality” Constraints e f(@)

’SCZ {13 c R"™ . f(’}‘) — (32} level sets of f(x)’ h(X) SUbJeCt to h(,ﬁl’,‘) o 0

f(x)

minimum of
constrained optimization
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. . . L o o _ minimize  f(x
2) Optimality Conditions: Optimization with “Equality” Constraints e f(@)

L9 {x e R": f(x) = c2} level sets of f(x), h(x) subject to  h(x) =0

{reR": f(z)=al

{z € R" : h(z) =0} L1 Tangenf level sets
> There exist a level set of function f(x),i.e., {x: f(x) = c}, such that it is tangent to the constraint {x: h(x) = 0}.

A

» The tangent point x* where {x: f(x) = c} and {x: h(x) = 0} coincide is minimum point of constrained optimization.
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. . . L o o _ minimize  f(x
2) Optimality Conditions: Optimization with “Equality” Constraints e f(@)

L9 {x e R": f(x) = c2} level sets of f(x), h(x) subject to  h(x) =0

{reR": f(z)=al

{z € R" : h(z) =0} L1 Tangenf level sets
> There exist a level set of function f(x),i.e., {x: f(x) = c}, such that it is tangent to the constraint {x: h(x) = 0}.

A

» The tangent point x* where {x: f(x) = c} and {x: h(x) = 0} coincide is minimum point of constrained optimization.
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. . . L o o _ minimize  f(x
2) Optimality Conditions: Optimization with “Equality” Constraints e f(@)

L9 {x e R": f(x) = c2} level sets of f(x), h(x) subject to  h(x) =0

{reR": f(z)=al

Vf(z*) = AVh(z7 {reR":h(x)=0} T

Tangent level sets

A

> There exist a level set of function f(x),i.e., {x: f(x) = c}, such that it is tangent to the constraint {x: h(x) = 0}.
» The tangent point x* where {x: f(x) = c} and {x: h(x) = 0} coincide is minimum point of constrained optimization.
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. . . L o o _ minimize  f(x
2) Optimality Conditions: Optimization with “Equality” Constraints e f(@)

L9 {x e R": f(x) = c2} level sets of f(x), h(x) subject to  h(x) =0

{reR": f(z)=al

Vf(z*) = AVh(z7 {reR":h(x)=0} T

Tangent level sets

A

> There exist a level set of function f(x),i.e., {x: f(x) = c}, such that it is tangent to the constraint {x: h(x) = 0}.
» The tangent point x* where {x: f(x) = c} and {x: h(x) = 0} coincide is minimum point of constrained optimization.
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2) Optimality Conditions: Optimization with “Equality” Constraints

minimize f(x)

subject to h(z) =0

Optimality Condition: h(gj*) — 0 and Vf(il’}*) — )\Vh(.’l')*)
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2) Optimality Conditions: Optimization with “Equality” Constraints

minimize f(x)

subject to h(z) =0

Optimality Condition: h(gj*) — 0 and Vf(.il’}*) — )\Vh(.’l')*)

AN

Standard Format: =

V.L(x,A) =0 —>Vf(T*) = )\Vh(T*)
L) = 1) ~ W) R ¥, 122, ) 0

k) —
Lagrange function Lagrange multiplier _ Val(z.A) =0 - —h (:C ) =0
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2) Optimality Conditions: Optimization with “Equality” Constraints

minimize f(x)

subject to h(z) =0

Optimality Condition: h(gj*) — 0 and Vf(.il’}*) — )\Vh(.’l')*)

N
Standard Format: =

V.L(x,A) =0 —>Vf(T*) = )\Vh(T*)
L) = 1) ~ W) R ¥, 122, ) 0

k) —
Lagrange function Lagrange multiplier _ Val(z.A) =0 - —h (:C ) =0

- V. L(z,\) =0
minimize  f(x) n

rER™ INCNENICI R DD HEAN Optimality Cond.
subject to  hi(z) =0, 1=1,...,ny, Lagrange function v/\L(:L‘, )\) — (0
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2) Optimality Conditions: Optimization with “Equality” Constraints

minimize  f(x)

rER™
subject to h(z) =0
Optimality Condition: h(aj*) — 0 and Vf(il?*) — )\Vh(.’l')*) _L

Standard Format: =

VeL(x,\) =0 ——>V]((T*) = )\Vh(><)/
LN = /(o) —/\hmv%m, V-0

k) —
Lagrange function Lagrange multiplier _ Val(z.A) =0 - —h (':C ) =0

. . . vxL(:Cj A) — 0
minimize  f(x) nhn

reR” L(fE, )\) — f(ZL') — Zi:l )\ghg (ZE) Optimality Cond.
SllbjOCt to h%(’}?) = 0, = 1, vy Ny [_agrangefunction VAL(::C, A) — U

INote that A could be +/-. Hence, Lagrange function could also take the following form: L(;;;j )\) = f(gg) + Z"f’““l )\ih,,i(;;g)

1=
Chapter 3.1: Necessary Conditions For Equality Constraints, "Nonlinear Programming” Dimitri Bertsekas, MIT,
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2) Optimality Conditions: Optimization with “Equality” Constraints

4

Example minimize 27 + 23
rER? 3
subject to 1 +22o—1=0 25

Lagrange function: L(x, \) = (;1:% + 3:%) — Mxy + 29 — 1)
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3) Optimality Conditions: Optimization with “Inequality” Constraints
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3) Optimality Conditions: Optimization with “Inequality” Constraints

Optimization with “Inequality” Constraint:

minimize  f(x)

recR"™ 4
subject to  g(x) > 0 -
3 =2
25
3
5 =
o
1.5 -2
1 minimum of 1
constrained optimization_» B
< - .
0.5 _ 0
Feasible Set
- {x:g(x) = 0} 1
-2 -1 0 2 L1
xTo ! =
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints TER™
subject to  g(x) > 0

Case 1: x*is on the boundary of the feasible region. Case 2: x"is inside the feasible region.

| minimum of
constrained optimiz:@n'
0.5 < » — .

2

1 2
{x:g(x) = 0} ' % 0.5 1 - o
Feasible Set L {x:g(x) = 0}
Feasible Set
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 1: x*is on the boundary of the feasible region.

Optimality Condition:
It is similar to constrained optimization with equality constraint.

g(z*) =0 and Vf(2*) = uVg(z¥)

f(mla 2?2)

minimum of < /
constrained optimization ix: QX) > 0}
> Feasible Set
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 1: x*is on the boundary of the feasible region.

Optimality Condition:
It is similar to constrained optimization with equality constraint.

g(z*) =0 and Vf(2*) = uVg(z*)

tangent line

f(mla m?)

X {x: f(x) = c}

minimum of <«
constrained optimization

{x:g(x) = 0}
> Feasible Set
-2 -1 o X 1 " {x:g(x) =0}
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 1: x*is on the boundary of the feasible region.

Optimality Condition:
It is similar to constrained optimization with equality constraint.

g(z*) =0 and Vf(2*) = uVg(z*)

tangent line

f(mla m?)

X {x: f(x) = c}

minimum of <«
constrained optimization

{x:g(x) = 0}
> Feasible Set
-2 -1 o X 1 " {x:g(x) =0}
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™

subject to  g(x) > 0

Case 1: x*is on the boundary of the feasible region.

f(mla m?)

minimum of <«
constrained optimization

{x:g

Optimality Condition:
It is similar to constrained optimization with equality constraint.

g(z*) =0 and Vf(2*) = uVg(z¥)

L= -

x) = 0}
> Feasible Set

steepest descent
direction

{x: f(x)

steepest ascent direction

{x:g(x) = 0}
Fall 2019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning




minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 2: x*is inside the feasible region.

Optimality Condition:
It is similar to “unconstrained” optimization.

! -1 9
"o (x:g(x) = 0)
Feasible Set
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 2: x*is inside the feasible region.

Optimality Condition:
It is similar to “unconstrained” optimization.

o v 0.5 ;-1 o
L {x:g(x) = 0}
Feasible Set
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints TER™
subject to  g(x) > 0

Case 1) Optimality Condition: Case 2) Optimality Condition:
It is similar to constrained optimization with equality constraint. || Itis similar to unconstrained optimization.

g(m*) — (0 and " > 0and Vf(x*) =pu*Vg(a*) g(gj*) > (0and p* =0 and Vf(z*) = pu*Vg(x™)

~ =
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 1) Optimality Condition: Case 2) Optimality Condition:
It is similar to constrained optimization with equality constraint. || Itis similar to unconstrained optimization.

g(m*) — (0 and " > 0and Vf(x*) =pu*Vg(a*) g(gj*) >(0and p* =0 and Vf(z*) = pu*Vg(x*)
-

g(z*) >0
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 1) Optimality Condition: Case 2) Optimality Condition:
It is similar to constrained optimization with equality constraint. || Itis similar to unconstrained optimization.

g(m*) — (0 and " > 0and Vf(x*) =pu*Vg(a*) g(gj*) >(0and p* =0 and Vf(z*) = pu*Vg(x*)
-

g(x*) >0 and p* >0
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 1) Optimality Condition: Case 2) Optimality Condition:
It is similar to constrained optimization with equality constraint. || Itis similar to unconstrained optimization.

g(m*) — (0 and " > 0and Vf(x*) =pu*Vg(a*) g(gj*) >(0and p* =0 and Vf(z*) = pu*Vg(x*)
-

g(a’;*) > (0 and p* > 0and M*g(gj*) — 0
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 1) Optimality Condition: Case 2) Optimality Condition:
It is similar to constrained optimization with equality constraint. || Itis similar to unconstrained optimization.

g(m*) — (0 and " > 0and Vf(x*) =pu*Vg(a*) g(gj*) >(0and p* =0 and Vf(z*) = pu*Vg(x*)
-

g(z*) =0 and p* > 0and pu*g(2*) = 0and Vf(z*) = p*Vg(z®)
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints zER™
subject to  g(x) > 0

Case 1) Optimality Condition: Case 2) Optimality Condition:
It is similar to constrained optimization with equality constraint. || Itis similar to unconstrained optimization.

g(m*) — (0 and " > 0and Vf(x*) =pu*Vg(a*) g(gj*) >(0and p* =0 and Vf(z*) = pu*Vg(x*)

- =

g(z*) =0 and p* > 0and pu*g(2*) = 0and Vf(z*) = p*Vg(z®)

Standard Format: V;UL(.T*, u*) — 0

L\u,m:f(x)—/g(x) (20wt >0  wrale) — O

Lagrange function Lagrange multiplier
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minimize  f(x)

3) Optimality Conditions: Optimization with “Inequality” Constraints TER™
subject to  g(x) > 0

Case 1) Optimality Condition: Case 2) Optimality Condition:
It is similar to constrained optimization with equality constraint. || Itis similar to unconstrained optimization.

g(x*) =0 and p* > 0and Vf(2*) = p*Vg(z*) | gl’(:z?*) > (Qand p* =0 and Vf(z*) = p*Vg(a*)

g(z*) =0 and p* > 0and pu*g(2*) = 0and Vf(z*) = p*Vg(z©)

Standard Format: V;UL(.T*, u*) — 0

L\u,m:f(x)—/g(x) (20wt >0  arale®) O

Lagrange function Lagrange multiplier

minimize  f(z) Lagrange function . VeL(z*,p*) =0 gi(z*) >0
zER™ Lz, \) = f(x) = > .2 pigi (o) [JELEEALLE)

subject to  g;(x) >0, i =1,...,n,
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2) Optimality Conditions: Optimization with “Inequality” Constraints

min, 7 + 5

Example 1
st. x1+x0o—12>0

(7 + 23) — plzr + 22 — 1)

Lagrange function: L(x, u)

VoL(z*,p*)=0 g(x*)>0 p* >0

Optimality Cond.

prg(x*) =0

f(flfl,.’fg)

Fall 2019
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2) Optimality Conditions: Optimization with “Inequality” Constraints

min, 7 + 5

Example 1
st. x1+x0o—12>0

Lagrange function: L(x,p) = (x% + x3) — (w1 + 29 — 1)

Optimality Cond.

f(flfl,.’fg)

Fall 2019
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2) Optimality Conditions: Optimization with “Inequality” Constraints

min, 7 + 5

Example 1
st. x1+x0o—12>0

Lagrange function: L(x,p) = (x% + x3) — (w1 + 29 — 1)

Optimality Cond.

f(flfl,.’fg)

.zz:f—l—:z:;—lz(]x

=
%
S
_|_
=
N

Fall 2019
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2) Optimality Conditions: Optimization with “Inequality” Constraints

min, 7 + 5

Example 1
st. x1+x0o—12>0

(27 + 23) — p(xy + 22 — 1)

Lagrange function: L(x, u)

Optimality Cond.

f(flfl,.’fg)

.zz:f—l—:z:;—lz(]x
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2) Optimality Conditions: Optimization with “Inequality” Constraints

: 2 2
mwn.,. I+ x
Example 2 vl 2

st. 1l—x1—x29>0

Lagrange function: L(x,p) = (2% +23) —pu(l — 21 — 29 — 1

V.L(x*, ) =0 g@*)>0 p*=0

Optimality Cond.

flx1,22)

prg(e™) =0

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Fall 2019



2) Optimality Conditions: Optimization with “Inequality” Constraints

. 2 2
Example 2 My T T+ X
st. 1l—x1—x29>0

Lagrange function: L(x,p) = (2% +23) —pu(l — 21 — 29 — 1

Optimality Cond.

flx1,22)

- | 227 1
215 1

A
*

Fall 2019
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2) Optimality Conditions: Optimization with “Inequality” Constraints

min, i -+ x5

Example 2
st. 1l—x1—x29>0

Lagrange function: L(x,p) = (2 +23) — p(l — 21 — 22 — 1)

pt =0 _
Optimality Cond. i)
= x5 =20
S |22 1 ]
i) i) =0 L-af -3 20

A

pw (l—z7 —25) =0

p >0 l1l—ai—25>0

Fall 2019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning




Optimization: minimize  f(x)
xER™

subject to g;(x) >
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Optimization: minimize  f(x)
xER™

subject to  g;(x)

Lagrange function L(.’L‘, M, )\) — f(.:l?) — Z?:gl ;@gz(:v) — Z?’:ﬁ’l‘/Aihi(ﬂ?)
Lagrange multiplier

VeL(x,u,\) =0

(VA L(2, ) = 00— —h;(x*) =0, i=1,...,np
gi(z*) >0, i=1,..,n,
pi >0

pigi(z*) =0, i=1,...,n,

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Optimization: minimize  f(x)

TreER”™
subject to g;(x) >0, 1 =1,...,n,
hi(x) =0, i =1,..,ny
KKT (Karush-Kuhn-Tucker) Necessary Optimality Condition: v
Lagrange function L(xz, u, A) = f(x) — Zz_l ,u,,,g?,( ) — Znh A h;(x)

Lagrange mu/t/p//er

VeLl(x, i, A\) =0 Stationarity
—hi(x*) =0, i=1,...,np

Primal Feasibility
gi(z*) >0, i=1,..,n,
pi >0 Dual Feasibility

,u;-kg%-(a:'*) =0, 1=1,.., g Dual Complementary Slackness
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Optimization: minimize  f(x)
xER™

subject to  g;(x)

KKT (Karush-Kuhn-Tucker) Necessary Optimality Condition:

Logrange functon L(, 1, N) = F(2R=A00 jage ()=S0 Aiha(o)

Lagrange multiplier

Note: we might also see the following form of the Lagrange function:

Lz, pu,\) = f (:CA)}J}?Z?_% 1 gi (Y Nihi()

i) Because inequality constraints of the original problem is in he form of ¢; (33) <0

i) N +/—

Chapter 3.3: Inequality Constraints, "Nonlinear Programming” Dimitri Bertsekas, MIT,

Fall 2019
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minimize  f(x)

rER™
subject to g;(x) >0, 1 =1,...,n,
hi(x) =0, i =1,..,ny |

~Optimality N

VeLl(x, i, A) =0 Unconstrained Optimization: \/
Constrained Optimization:

—hi(x*) =0, i=1,...,np

gi(z*) >0, i=1,....n, Vef(x) =0

i >0

pigi(z*) =0, i=1,...,n,

system of nonlinear equations and inequalities

system of nonlinear equation

Y

To find x*, we need to solve a system of nonlinear equations and inequalities.
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Newton’s Method: Solving a system of nonlinear equations F(z) = 0

» We can not solve arbitrary “nonlinear equations” very easily.

» We can solve “linear equations” using the techniques from linear algebra.
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Newton’s Method: Solving a system of nonlinear equations  F'(z) = 0

» We can not solve arbitrary “nonlinear equations” very easily.
» We can solve “linear equations” using the techniques from linear algebra.

» We linearize the system of “nonlinear equations” with a first-order Taylor and solve the obtained
“linear system”, and then iterate.
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Newton’s Method: Solving a system of nonlinear equations  F'(z) = 0

» We can not solve arbitrary “nonlinear equations” very easily.
» We can solve “linear equations” using the techniques from linear algebra.

» We linearize the system of “nonlinear equations” with a first-order Taylor and solve the obtained
“linear system”, and then iterate.
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Newton’s Method: Solving a system of nonlinear equations  F'(z) = 0

» We can not solve arbitrary “nonlinear equations” very easily.
» We can solve “linear equations” using the techniques from linear algebra.

» We linearize the system of “nonlinear equations” with a first-order Taylor and solve the obtained
linear system”, and then iterate. y = F(x) + VF(xp) T (x — x1)
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Newton’s Method: Solving a system of nonlinear equations  F'(z) = 0

» We can not solve arbitrary “nonlinear equations” very easily.
» We can solve “linear equations” using the techniques from linear algebra.

» We linearize the system of “nonlinear equations” with a first-order Taylor and solve the obtained
linear system”, and then iterate. y = F(x) + VF(xp) T (x — x1)
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Newton’s Method: Solving a system of nonlinear equations  F'(z) = 0

» We can not solve arbitrary “nonlinear equations” very easily.
» We can solve “linear equations” using the techniques from linear algebra.

» We linearize the system of “nonlinear equations” with a first-order Taylor and solve the obtained
linear system”, and then iterate. y = F(x) + VF(xp) T (x — x1)
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Newton’s Method: Solving a system of nonlinear equations  F'(z) = 0

» We can not solve arbitrary “nonlinear equations” very easily.

» We can solve “linear equations” using the techniques from linear algebra.

» We linearize the system of “nonlinear equations” with a first-order Taylor and solve the obtained

“linear system”, and then iterate.
(0) k=0,
(1) Linear approximation at point x,:

y = F(xy) + VF(xp)" (x — ap)

(2) Solve linear system:
y=0—> F(zg) + VF(x) (2 — ap) =

y = F(x) + VF(xp) (2 — 23.)

D (¢ — ) = —(VE(xp)) F(xy)
| Tpt1 = @k — (VF(zp)) " F(a)

(3) Go to Step (1) v

Fall 2019
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Newton’s Method: Solving a system of nonlinear equations  F'(z) = 0

» We can not solve arbitrary “nonlinear equations” very easily.
» We can solve “linear equations” using the techniques from linear algebra.

» We linearize the system of “nonlinear equations” with a first-order Taylor and solve the obtained

linear system”, and then iterate. y = Flay) + VF(x)T (2 — 21)
(0) k=0,
(1) Linear approximation at point xy,:

y = F(xp) + VE(x)" (2 — ap)

(2) Solve linear system:
y=0— F(zi) + VF(xy) (x —x1) =0
E> (1) Linearapproximation at point xy,:
| Thp1 = T — (VF(21)) " F (o)
(3) Go to Step (1) v

—
Thy1 = T —J 7 F(xk)
Jacobian matrix of F(x)
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019

system of nonlinear equations F'(x) = 0 Update at each iteration:




1) Newton’s Method for Unconstrained optimization

minimize f(x)

> Optimality Condition: F(x)=0 > Vf(r)=0

system of nonlinear equations

» Newton’s method: ———  x,,1 =x, — (VF(x)) 1 F(z)

Ty = 2 — (V2 f(2) 'V f (2r)

Thka1l — T — H;1Vf($k)
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1) Newton’s Method for Unconstrained optimization

1
Example minimize a:% + 2129 + —x%

rER2 2 F(I) — Vf(:l?)

2.’1’}1 + o
To + X1

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



1) Newton’s Method for Unconstrained optimization

1
Example  minimize 7 4+ z129 + -3 F(z)=Vf(z)= 221 + 2
rCR2 2 T2 + a1
21 = — (V2 f(r)) "'V f ()
1
_J _— L {25'1“1 _ [xlk-+1] _ E ﬂ {21‘1;&' —|-;’L'2k]
b ) — | 2Tk T T2k 2N 121 T2 41 T2 k41 Lo + Tig
V() LQHMI V() = Hy = [1 1]
T o {-’131;2:“] _ |:-7:1k::| o [ 1 —1] !2-’131;2: —i—-’lfzk:]
T2 1 Ty, —1 2] | xap + 214
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1) Newton’s Method for Unconstrained optimization

1
—
2

2

e 2
minimize Iy + T1To + 5

rER2

Example

—

Ty = 2 — (V2 f(2) 'V f (2r)

— vf(g/) _ 23:1!’; +ZL’2;{_. VQ N B H B 2 1
A Top + T1g flax) = =111

v Y Stepl ey ] 1] [1 -] 4]

L L j\ 2 L2141 |2 —1 2 3

\\\\\

2.’131 + X9
(0) = Vi) = |20
1
L {25'1“1 _ [xlk-+1] _ [2 1] {21‘1;&' —|-;’L'2k]
T2p41 Tp41 L1 Tap + T1p
{331;2:“] _ |:-7:1k::| o [ 1 —1] !2-’131;2: —i—-’l»’zk:]
T2 1 Ty, —1 2] | xap + 214
,,,,, . /-.“IC1 o 0 V
0 \‘\‘ ol |0
0]/ h 0
Fe) = V@) = |

Fall 2019
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2) Newton’s Method for Constrained optimization with Equality Constraints
minglei%bize f(x)
subject to  h;(x) =0, i =1,...,ny

» Optimality Condition: F(x,\) = [gxig”r’i;] — ()
AL,

system of nonlinear equations
((n + ny)equations, (n + ny )variables )
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2) Newton’s Method for Constrained optimization with Equality Constraints
minglei%bize f(x)
subject to  h;(x) =0, i =1,...,ny

. Lagrange function
» Optimality Condition: F(x,\) = [vxL('L’A)] — ()

VaL(z,\) Lz, ) = f(x) = 3212 Nihi(x)
system of nonlinear equations
((n + ny)equations, (n + ny )variables )
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2) Newton’s Method for Constrained optimization with Equality Constraints

minimize f(x)

subject to  h;(x) =0, i =1,...,ny

\V. L(T )\) Lagrange function
~ Optimality Condition: F(z, ) = [VAW, )\)] =0 Lz, A) = f(x) = £ Ashi(w) = f(2) = ATh(z)
system of nonlinear equations ¥

((n + ny)equations, (n + ny )variables )
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2) Newton’s Method for Constrained optimization with Equality Constraints

minimize f(x)

subject to  h;(x) =0, i =1,...,ny

\V. L(T )\) Lagrange function
~ Optimality Condition: F(z, ) = [VAW, )\)] =0 Lz, A) = f(x) = £ Ashi(w) = f(2) = ATh(z)
system of nonlinear equations ¥

((n + ny)equations, (n + ny )variables )

> Newton’s method: Thtt| _ [Th| _ golp(e )
[/\;{:H] {)\J r (ks k)
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2) Newton’s Method for Constrained optimization with Equality Constraints

minimize f(x)

subject to  h;(x) =0, i =1,...,ny

\V. L(T )\) Lagrange function
~ Optimality Condition: F(z, ) = [VAW, )\)] =0 Lz, A) = f(x) = £ Ashi(w) = f(2) = ATh(z)
system of nonlinear equations ¥

h(x) — [hl(x) e hﬂh (m)]T

((n + ny)equations, (n + ny )variables )

> Newton’s method: [iﬂl] _ Kk] _ngF(m Ar)
k+1 k o
| [VFy ()] (V(V.L(x,\)|* 2 1. .
Fa,\) = V.L(x, \) _ Vef(x)—JIEA Jp = _ _ [W;Tf:](-f':)\) _g]ﬂ
’ VaL(xz, \) —h(x) [V Ey ()" [V (=h(x)]" 4 .
[
Tre1| ok V2, L(x,\) —J7 ! Va.L(z, )
PYNEE D VY —J;, 0 —h(x)
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2) Newton’s Method for Constrained optimization with Equality Constraints

. . - F(z,\) = [V,;;L(.’IZ., )‘)] — 0
Examp|e minimzize 'L% n l% Optimality Condition: x, VaL(z,\)
xER-
subject to x, + 29 —1 =0 Lagrange function: L(x,\) = (23 + x35) — AM(x1 + 22 — 1)
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2) Newton’s Method for Constrained optimization with Equality Constraints

. . - F(z,\) = [V,;;L(.’IZ., )‘)] — 0
Examp|e minimzize 'L% n lg Optimality Condition: x, VaL(z,\)
xER-
subject to x, + 29 —1 =0 Lagrange function: L(x,\) = (23 + x35) — AM(x1 + 22 — 1)

> Newton’s method: Th41 T —1
= —JF(x.. )\
|:/\k—|—1] [)\k] F ( ks k’)
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2) Newton’s Method for Constrained optimization with Equality Constraints

V.L(z, A)] _0

Example Optimality Condition: Fr,A) = [V,\L(m, \)

minimize .L% + LLE
reR?2

subject to 1 + x5 — 1 =0 Lagrange function: L(x,\) = (x{ + 23) — Ma1 + 29 — 1)

» Newton’s method: Lk+1 Tk —1
= —J Fxp. A
L\M] [AJ ;{
- 201 — Al
“ 201 — A S I I i 2 0 -
F(’I)\) _ [Vzé’((f)a)\)] _ [2:{:2 - /\] Jr = [VF )]] - 2 — [EJI _21 _0]1]
o (1 @2~ 1) el V(a1 — a2+ ]

—1
T1jt1 Ty, 2 0 -1 |:2-731k — )\k-]
Tops1| = |@ox| — | O 2 -1 219 — A
Akt1 AL -1 -1 0 _($1k+$2k — 1)
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2) Newton’s Method for Constrained optimization with Equality Constraints

. . - F(z,\) = [V,;;L(.’IZ., )‘)] — 0
Examp|e minimzize 'L% n lg Optimality Condition: x, VaL(z,\)
xER-
subject to x, + 29 —1 =0 Lagrange function: L(x,\) = (23 + x35) — AM(x1 + 22 — 1)

> Newton’s method: [-’fik+1] _ [Ih] —J_IF(mk.)\k)

. 201 — A
. SO I I e 2 0 -1
F(’I’ )\) _ [V:{;L(:ﬁj )\)] _ [31; B i] JF _ ) _ 2._1:‘2 — A _ |: [0 9 1]]
o h(T) —(J{,’lt—,— To — 1) [V_Fg(flf)]] [V(—.“Iil — o+ 1)]’;“ [_1 —1 0]

—1
T1k41 Ty 2 0 -1 201 — Ak
Tops1| = |@ox| — | O 2 -1 219 — A
/\k’—i-l /\k -1 -1 0 —((Elk—FéEgk — 1)
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3) Newton’s Method for Optimization with Inequality Constraints

» Newton’s method deal with solving a system of nonlinear equations F(x)=0
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3) Newton’s Method for Optimization with Inequality Constraints

» Newton’s method deal with solving a system of nonlinear equations F(x)=0

» Optimality condition for constrained optimization (involving inequality constraint) is a
“system of nonlinear equations and inequalities”.

KKT:  V.L(z,u,A) =0

mifé%lize f(x) —hi(x*) =0, i=1,...,np

—_—_———_—_—_—_—_—_—_—_—_—_—_e—_e—_ e ————————— —

—_—_————_——_—_—_—_—_——_—_—_—_e—_e—_ e ————————— —
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3) Newton’s Method for Optimization with Inequality Constraints

» Newton’s method deal with solving a system of nonlinear equations F(z) = 0

» Optimality condition for constrained optimization (involving inequality constraint) is a
“system of nonlinear equations and inequalities”.

minimize f(x) hi(a®) =0, i=1,...m

Interior Point Method

* Reformulate optimization problem with Inequality Constraints as optimization with only equality constraints.
e Apply Newton’s method to optimality system of nonlinear equations .

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Interior Point Method

minimize
rER" , scR™g

minimize f(z)
subject to g;(JL) >0, 1=1, aTL;}
hz(x) — Oj — 1, ,nh

Slack variables “s;”

()

e Si ;7):::"} —
e

(s; > 001 =1,....,n,

hi(r) =0, i=1

Mg

Fall 2019
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Interior Point Method

minimize  f(z) L, )
:JCE L e L ~
subject to  gi(z) >0, i = n, p  subject to (:‘(,}é»(:gi-)a\-_?z_f—pﬂ = Lt
h?, : 07 | 1? ' 1hg Slack variables ”Si” (:'?3:__2_,0)’)?; = 1? vy Mg
i) =0, i=1..n, hi(x) =0, i1 =1,....,ny
2 = [sil; 2y, wil i )" minimize  f(2)
f(z) = f(x) subject to  h(z) =0

R(z) = [ga)i — s

ity i) 72 ]" % >0, i=1,..,n,
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Interior Point Method

Co. . : minimize T
mmelﬁ}llze f(z) veR" selins S ()

cER” T T T T e N

l_i‘..I:. tt (, i\ L — 85; = :’ :1 . !
subject to g;(x) >0, 1 =1, aTL;; > subject to ‘,;L(f_-_\_\\_;’?__—pf i=1,...,n,
h 0 =1 Slack variables “s;” (s =001 =1...ng
@(:l?) — Y =L Th hi(x) =0, i1 =1,....,ny
mn . . . 3

z = [s;]:2, @iy ]t minimize  f(2)

>

subject to  h(z) =0

zi >0, 1=1,...,n,

f(z) = f(z)

h(z) = [g9(x); — si ;.29 ha(z) [22]T

| Optimization with >
equality constraints

minimize  f(z) + Penalty Function(z;)
ZGRn—I—ﬂ,g

Use Newton’s Method

subject to  h(z) =0

Fall 2019
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Interior Point Method

minimize  f(z2)

seR T | Optimization with [>Iilglflﬁiﬂ%e f(Z) + Penalty Function(z%-)
] = Iit traint . -
subject to  h(z) =0 equality constraints [ Liect to h(z) = 0
zi >0, 1=1,...,n4
Mg
minimize  f(z) + L; (2
ninimize  f(z) 2; (2)

subject to  h(z) =0
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Interior Point Method

minimize  f(z . = .
R ( ) Otimization with ;Sé%lﬂiée f(z) + Penalty FunCtIOIl(Z@')

subject to  h(z) =0 equality constraints subject to h(z) = 0

zi >0, 1=1,...,n4

Ng
minimize  f(z) + Y I;(z;)
z€R™ g i=1
subject to  h(z) =
0 2 >0 .9 I(z;)
Penalty func'Fion 2 >0 Indicator function [(Z@) = 0 ‘
for constraint — o 7z <0 4 >
1
v
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Interior Point Method

minimize  f(z . = .
R ( ) Otimization with >Té%1ﬂi§e f(z) + Penalty FunCtIOIl(Z@')

subject to  h(z) =0 equality constraints subject to h(z) = 0

zi >0, 1=1,...,n4

Ny
minimize  f(z) + E I;(2;)
z€R™ 19 i=1
subject to  h(z) =
Penalty func'Fion 2 >0 Indicator function [(Z@) —- 0 ‘
for constraint — 0oz < 0 < =
1
L v

* |ndicator function not smooth and therefore not differentiable.
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Interior Point Method

minimize  f(z . = .
R ( ) Otimization with >Té%1ﬂi§e f(z) + Penalty FunCtIOIl(Z@')

subject to  h(z) =0 equality constraints subject to h(z) = 0

zi >0, 1=1,...,n4

Ny
minimize  f(z) + I;(z;
2€R"™*tng ( ) ; %( %)
subject to  h(z) =
0 2z >0 0 1(z)
Penalty function 2 >0 Indicator function [(Z@) =- ) 0 ‘
for constraint 00z < 0 < Zi,g
* |ndicator function not smooth and therefore not differentiable. . lln(z-) o g
i —
» It is approximated by the logarithmic barrier function. t \
1 Z?’L(ZZ) — 1 (Zz) _ h
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Interior Point Method

Optimization with equality constraints . . . -
minimize  f(z) —
ZERn+n9

subject to h(z) =0

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Interior Point Method

Optimization with equality constraints

minimize  f(z) —
- ean—i— 1 g
subject to  h(z)

Use Newton’s Method
(O) k=0, feasible Zy, Ly

(1) Inner Loop: Compute z* (k + 1) by solving constrained

" Lagrange function [(z \) = f(z) — %
Optimality Condition: F(z,\) = gzﬁz;i%
AL(z,

~

(2) Outer Loop: Increase t;,.1 = [ty

(3) k <« k+ 1, Gotostep (1)

optimization using newton’s method.

Z?:gl In(zi) — /\TW Lagrange multipliers
Z+1| |2k -1
] =0 [/\fi?+1 - [)\L] ']F F(Zk‘_ﬁ_)\k)

Fall 2019
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Interior Point Method

Optimization with equality constraints oy
t

minimize  f(z) —
- ean—i— 1 g

subject to  h(z) =0

Use Newton’s Method |(q) k=0, feasible z,, , t;.

(1) Inner Loop: Compute z* (k + 1) by solving constrained optimization using newton’s method.

7agrangefuncti0nL(z, A) = f(z) — 1 Z"?’gl In(z;) — /\Tf_L(Z) Lagrange multipliers
A

t Lai=
Optimality Condition: (2, \) = {giigf’ ’;%] —()— [iii — [ii] — I F (2, )

(2) Outer Loop: Increase t;,.1 = [ty

(3) k <« k+ 1, Gotostep (1)

> Every limit point of a sequence {z; } generated by a barrier method solves the original constrained problem.

» For more information and convergence analysis see:

e Stephen J. Wright, “On the convergence of the Newton/log-barrier method”, Mathematical Programming , Volume 90, Issue 1, pp 71-100, 2001.
e A.Forsgren, P. E. Gill, M. H. Wright “Interior Methods for Nonlinear Optimization”, SIAM REVIEW, Vol. 44, No. 4, pp. 525-597, 2002.

* Chapter 4.1: Barrier and Interior Point Methods, "Nonlinear Programming” Dimitri Bertsekas, MIT.
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O

minimize f(z)

Optimality Condition
Vef(z)=0

Newton’s Method

1 .
Tp+1 =z — H "V f(ay

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



@

minimize f(z)

@

minimize  f(x)

ZCERH
subject to  h;(x) =0, 1

|
—
S
=

Optimality Condition
Vef(z)=0

Optimality Condition

o {VQ;L(:I:,}UJ} A) =0

—hi(x*)=0,i=1,....n

Lagrange Function
L(z,A) = f(z) = Ah(x)

Newton’s Method

Tkl = Th — Hflv.f'(-ﬁk

|

Newton’s Method

Thtt| _ |Th|  1—1p0.
[/\;H_l] B |:)\l.] JF F(‘Lka)\k)

>

Tyt {mk]__[VﬁmI{x,A) ——JE]_llvgl(m,A)

Ak+1

/\k —Jh, 0 —h(ilf)

Fall 2019
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@ @ €) minimize (x
miniﬁ?ize f(x) mini%@nize f(x) rER™ /(@)
cRn cRn . '
’ o _ subject to g;(x) >0, i =1,....,n,
subject to  h;(x) =0, i =1,...,ny _ ‘
hi(x) =0, i =1,....,ny
Optimality Condition Optimality Condition Optimality Condition (KKT)
vuﬁ'}f(’]j) — 0 F = VQ?L(fEaﬂ’a /\) =0 VxL(x’#” )\) =0 _h’%(x*) — 07 v = 1:| ceey Ny
—h@(ﬁ*) :0, 1 = 1._,...1’}/1}1 gz(r*) 20 1= 13---177"()
Lagrange Function pp >0 g gi(z*) =0, i=1,...,ny

L(z, ) = f(z) — ATh(z)

Optimization with equality constraints

Newton’s Method Step

Tkl = Th — Hflv.f'(-ﬁk

|

Newton’s Method Step

|- [
- =

_.]’,1:
0

[xk‘-i—l

— —1 o
Akt ] Jr F(zg, Ak)

V2 Lz, \) Va.L(x,\)

_Jh

1
Ti1| _
Ak+1

-]

Tk
Ak

—h(z) |

z=[sil;i2y alin])T flz) = fla)
h(z) = lg(@)i — si [i2y: hi(z) [2]"
Ng
_ 1
minimize z) — —In(z;
2€cRtng f( ) ; t ( Z)

0

subject to  h(z)

-
@

Fall 2019
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Nonconvex Vs Convex Optimization
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Example 1 3 - 1
minimize 1 — .alcr2 — :L'3 — —:1:4 — —x° + —:I:G

x 4 5
subject to —3 <z < -3

xp = —3 f(x¢) = 252.5 o =3 f(xg) = 14.95
f(xy) = fx) =

ﬁ?z? 0.4.669724
1.7330 0.4.667130
1.0507 0.4.666669
0.58202 0.4.666667
0.48708
0.46764
0.46680 2 ; X
0.46669 r=—1 T =9
0.46666

Optimality condition: V f(x) = 0, VZf(x) = 0
Newton’s Step: X411 = Tp — HEIVf(CL‘k)

https://github.com/jasour/rarnop19/tree/master/Lecture2 NonlinearOptimization
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



https://github.com/jasour/rarnop19/tree/master/Lecture2_NonlinearOptimization

Nonconvex Optimization Convex Optimization

> Multiple local minima * » Unique minimum: global/local

» Sensitive to initial point O

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Convex Optimization
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Convex Optimization:

minimize f(x)

subject to ¢gi(x) <0, i=1,...,n,

— Convex Functions

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Convex Set:

Set C' € R™is a convex set if a line segment joining any two elements lies entirely in the set.

r,yelC —sar+(1—a)yeC, V0<a<l S onconvex

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Examples:

Norm ball {IL‘ : H(EH < ’I“} |.|l:norm  7:radius \[/

A
D
y
—
P
=~
—
=~
o]
o
g
_|_
=
[ ]
A\
-—
——

Hyperplane {z : o'z = b} a, b :vectors

A

Halfspace {;1; - al r < b} a, b :vectors

Affine Space{x : Ax = b} A:matrix b:vectors

N
4

Polyhedron {z : Ax < b}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Cone:

Acone C eR*isasetsuchthat € (C —axe(C, Va>0

Convex Cone: z,yecC —war+(1—-a)yeC, V0<a<l

Examples:
Norm Cone {z: |[z[| <t} Under the [, norm, this is called a second-order cone. t .
e | %
{(x1,22) s /ot + a5 <t} \i.(‘;';‘)x"

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Convex Function:
Function f: R" — R is convex if: f(ax + (1 —a)y) < af(x)+ (1 —a)f(y).

. f))

» First order convexity condition:

f@) > fly) + V)" (x—y). Yo,y € dom(f)

» Second order convexity condition: V2f(x) >0, Vo e dom(f)

e Domain of a convex function is a convex set.
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Class of Convex Optimizations

minimize ¢’
. &
Linear program (LP) subject to Az = b

x > 0.
Quadratic program (QP) ' Quadratically Constrained Quadratic Program (QCQP)

ninimi Tp .. T

e §J Pox + g0 v + co minimize §$TPUL{: + Q[j)h T+ ¢

x
subject to Ax =10 :
r >0 subject to §1JUTP.£5L' + q;,_r;-;; +ci, i=1,....,m
where Py = 0 P

where P, =0, i=0,...m x>0,

e T
minimize c r
Second-Order Cone Program (SOCP) @
subject to  Ax =b
|Ciw+dillo < elx+ fi, i=1,..

minimize (Ceo X

m

"2

Semidefinite Program (SDP) X
subject to A; e X =0b; i =1,....m.
X = 0.
nimi; T,
mlﬂl%ﬂlée c T
Cone Program (CP) ’
subject to Az =
xr € K

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Primal and Dual Optimization
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Primal and Dual Optimization

» Primal Optimization:

* = minimize T
f nim f(x)

subject to

Lagrange function:
Lz, A\, ) = f(x) — Z?ﬁl pigi(x) — Z:L Aihi()

KKT optimality condition:
VieL(x, i, A) =0

—hi(x*) =0, i=1,....,n,
(13('14*) > 01 1= 11 ces g
i >0

prgi(z*) =0, i=1,...n,

Fall 2019
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Primal and Dual Optimization

> Primal Optimization: Lagrange function:
T, h
S Liw, o p) = F(2) = 509 piga() — S0 Ach(e)
f* = minimize f(x) o N
xER™ KKT optimality condition:
subject to gi(x) >0 i=1,...,n, Valla, 1, A) =0
hz(ﬂi) —0 i=1, i, —hi(x*) =0, i=1,....,n,
gi(x*) >0, i= ng
pi =0

Dual Optimization:
Instead of solving a nonconvex optimization, we want to solve a convex optimization and obtain a

lower bound of the original optimization problem.

» Dual Optimization:
d* = maximize  d(u, \ * *
[JJERRQ ,AERnh ('U/j ) d S f

subject to >0 i=1,...,n,
Fall 2019
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Primal and Dual Optimization

» Primal Optimization:

* = minimize T
f nim f(x)

subject to gi(x) >0 i=1,...,n,

Lagrange function:
Lz, A p) = [(x) = 32020 paga(a) — 200 Aiha(x)

KKT optimality condition:
VoL(z, i, A) =0

—hi(x*)=0,i=1,....,n,
gi(z*) >0, i= ng
i >0

For feasible 2 (i.e., h;(x) =0, g;(x) >0 )and > 0

e Lagrange function is a lower bound of the objective function

L(x, A p) = flx) = >0 pigi(x) = Yo Nihi(x) < f(x)

L J L )
Y Y

+ 0

B | L <@

Fall 2019
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Primal and Dual Optimization

» Primal Optimization:

* = minimize T
f nim f(x)

subject to gi(x) >0 i=1,...,n,

Lagrange function:
L(x, A p) = f(x) = >0 pigi(z) — S0 Ny ()

KKT optimality condition:
VoL(z, i, A) =0

—hi(x*)=0,i=1,....,n,
gi(z*) >0, i= ng
i =0

For feasible 2 (i.e., h;(x) =0, g;(x) >0 )and > 0

e Lagrange function is a lower bound of the objective function

Llw i) = f(2) = S0 pagi(a) — S50 Aihi() < f ()

L J L )
Y Y

+ 0

B | L <@

minimize 2> . ._
r -1 08 .6 04

subject to  0.5% — 22 > 0 g(x) >0

Fall 2019
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Primal and Dual Optimization

For feasible [ (i.e., h;(xz) =0, g¢;(x) >0 )and p > 0

Lz, A p) < f(x)

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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Primal and Dual Optimization

For feasible [ (i.e., h;(xz) =0, g¢;(x) >0 )and p > 0

Lz, A\, pu) < f(x) We want to find the best lower bound of f*by looking at Lagrange function

» f7 = mingcreasible setf(w)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Primal and Dual Optimization

For feasible [ (i.e., h;(xz) =0, g¢;(x) >0 )and p > 0

Lz, A\, pu) < f(x) We want to find the best lower bound of f*by looking at Lagrange function

» f7 = mingcreasible setf(w)

> [d(A, 1) = min Lz, A\, )

: rER™

» & = argmin d(\, p)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Primal and Dual Optimization

For feasible [ (i.e., h;(xz) =0, g¢;(x) >0 )and p > 0

Lz, A\, pu) < f(x) We want to find the best lower bound of f*by looking at Lagrange function

PR .
d* = max,,>ord(p, \) » [ = ming,ceasible set f ()

> [d(A, 1) = min Lz, A\, )

: rER™

» & = argmin d(\, p)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Primal and Dual Optimization

For feasible [ (i.e., h;(xz) =0, g¢;(x) >0 )and p > 0

L(:L‘, A, ﬂf) < f(“[’) ] = min  L(x, A, p)

- = B SaNG reR™
25} s

L | | i
-1 -0.8 -0.6 -0.4 -0.2 0 P 0.4 0.6 08 1

We want to find the best lower bound of f*by looking at Lagrange function.

x* = argmin d(\, p)

Lagrange Dual function: d(\, 1) = min L(z, A\, i)

TzER"™
Dual Optimization d* = maxix;ﬂze d( e, \) Best Lower Bound
M Weak Duality ds < f*
subject to i >0 i=1,...,n,

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Primal and Dual Optimization

For feasible [ (i.e., h;(xz) =0, g¢;(x) >0 )and p > 0

L(:L‘, A, M) < f(“[’) ] = min  L(x, A, p)

reR™

{ | | i
-1 -0.8 -0.6 -0.4 -0.2 0 P 0.4 0.6 08 1

We want to find the best lower bound of f*by looking at Lagrange function.

x* = argmin d(\, p)

Lagrange Dual function: d(\, ) = min L(x, A, u)

TER™
Dual Optimization d” = maXil)}ﬂze d(f1, \) Best Lower Bound
I‘J‘::
Subject. to i > 0O 7 = 1? ey Ny Weak Duallty > d* S }('>|<

» Dual Optimization is a convex problem. e« Linear constraints ¢ Concave objective

d(A,p) = min L(z, A, p) = min [f() - > ity pigi(x) = 320 Aihi(x)] 1 Concave function in g, A

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Primal and Dual Optimization

For feasible [ (i.e., h;(xz) =0, g¢;(x) >0 )and p > 0

L(:L‘, A, M) < f(“[’) ] = min  L(x, A, p)

2 et
We want to find the best lower bound of f*by looking at Lagrange function. '2;51 . . = = : - . 08® 1
| - -I ) | 1* = all'gminl d( X, i)
Lagrange Dual function: d(\, ) = Irgﬁ%n L(x, A\, 1)
Dual Optimization d* = maﬁgnze d(pe, \) Best Lower Bound
subject to i >0 i=1,....n, Weak Duality > d* < f*

» Dual Optimization is a convex problem. e« Linear constraints ¢ Concave objective

d(A, p) = min Lz, A, p) = min [f(x) - > ity pigi(x) = 320 Aihi(x)] 1 Concave function in g, A
s - ottt e o
minff (z1)=>2;2 pagi(v1) =222 Nihi (), f (02) =322 pagi(2) =2 Aihi(2). ... Minimum of concave functions is also concave.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Primal and Dual Optimization e f(x)

For feasible [ (i.e., h;(xz) =0, g¢;(x) >0 )and p > 0 _
d*@) .
L(x, A p) < f(w)

] = min  L(x, A, p)

reR™

{ | | i
-1 -0.8 -0.6 -0.4 -0.2 0 P 0.4 0.6 08 1

We want to find the best lower bound of f*by looking at Lagrange function.

x* = argmin d(\, p)

Lagrange Dual function: d(\, ) = Irgﬁ%n Lz, A\, )
Dual Optimization d* = maﬁgnze d(pe, \) Best Lower Bound
subject toJ i >0 t=1,....n, Weak Duality < f*
» Dual Optimization is a convex problem.
e Linear constraints * Concave objective
d(A, p) = min Lz, A, p) = min [f(z) - >y pigi) = 3200 Aihi(x)] Concave function in y, A

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Primal Problem Dual Problem

minimize  f(x)

d* = maximize  d(u, )

CCRN LER™I ANER™

reR

subject to gI(L) >0 1=1,. Mg subject to i = 0 1= 1, ey Nyg

hi(x) =0 ¢=1,....ny ,
() | / Where,d(\, ;) = min  L(x, A\, i)
TER™

Weak Duality d* < f*
Strong Duality

Slater’s Condition: |f the primal problem is convex, and strictly feasible (feasible region must have an interior point), then

If x* is a solution of primal optimization and u* = 0 satisfies d* ()

— (")

Then, x™ is a global solution of the original optimization problem.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Fall 2019



Example
Primal Optimization:
min, i -+ x5
st. x1+x0o—12>0

Lagrange function:
L(x,p) = (27 +25) — p(z1 + 22 — 1)

KKT: V. L(z*, ;) =0
glz*y>0 p =0 prg(z*) =0

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example Dual Optimization: d" = mié.ﬁ%ze d(p)

Primal Optimization: subject to >0
min, 7 + 5
st. T +x2o—12>0

Lagrange function:
L(z,p) = (21 + 23) — p(z1 + 22 — 1)

KKT: VxL(T*,H*) — ()
gy >0 w=0 prglar)=0

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example Dual Optimization: d" = maximize d(u)

peR™Y
Primal Optimization: subject to =
_ 9 9 - Lagrange Dual function:
ming, Iy -+ Lo d(u) — In]ikgl L(L}ﬂ)
TERR™
st. x1+x9—12>0 = 1111'1Rn (23 4+ 23) — () + 29 — 1)
me T

Lagrange function:
L(x,p) = (27 +25) — p(z1 + 22 — 1) :

KKT: V. L(z*, ;) =0
glz*y>0 p =0 prg(z*) =0 L
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Example Dual Optimization: d" = maximize d(u)

peR™Y
Primal Optimization: subject to p=>0
. 2 9 - Lagrange Dual function:
My T+ T2 d(p) = min L(z, )
TEelK™
st. 11 +x2—120 — HelIiRI}‘ (27 + 23) — p(ey + 22 — 1)
Lagrange function: B
Lz, p) = (22 + 23) — plxy + 29 — 1) | Optimality Condition of Unconstraint Opt:
Vi((2f +23) — p(1 + 22 — 1)) = 0
T VLt ) =0 O 2mp=0 o
T1 =To =
gz*)y >0 p* =0 prg(r*) =0 L 2z —p =0
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Example

Primal Optimization:
min, i -+ x5

st. x1+x0o—12>0

Lagrange function:
Lz, p) = (x1 +23) — p(w1 + 22 — 1)

Dual Optimization: d*:IngéiRrglgize d(p)

subject to >0
~ Lagrange Dual function:
d(p) = min L(x
() = min L(z, p)
= min (2] + 23) — p(ry + 29 — 1)
meRn

| Optimality Condition of Unconstraint Opt:

KKT: V. L(z*, ;) =0
glz*y>0 p =0 prg(e”) =

Vo((at +a3) — plzr + 22 — 1)) =0

g 201 —p =0 |:>:1:1::1:2:,u,/2

235’2—@:0

Lagrange Dual function: d(p) = p — 1u,2/2
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Example Dual Optimization: d" = mié.ﬁ%}c}ze d(p)
Primal Optimization: subject to p=>0
. 2 9 - Lagrange Dual function:
e Ty d(p) = min L(z,p)
relk™
st. 11 +x2—120 — 11&}1'1&1?11 (27 + 23) — p(ey + 22 — 1)
Lagrange function: B
Lz, p) = (22 + 23) — plxy + 29 — 1) | Optimality Condition of Unconstraint Opt:
Va((xf +23) — p(zy + 22 — 1)) = 0

KKT: V. L(z*, ;) =0

g 235’1—[,LZU |::>-731

o , = X0 = j1/2
glz*) >0 p =20 prg(x®) =0 : r2 — =0
Lagrange Dual function: d(p) = p — 1u,2/2
~ Ev[é] L |}] 0 3;‘{ — m; — ﬂ*/Q Dual Optimization: J* = maximize " MQ/Q
Lo

MERTLQ
ot tas - 1) = vi s —1=0 subject to 420
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Example Dual Optimization: d" = mié.ﬁ%ze d(p)
Primal Optimization: subject to p=>0
. 2 9 - Lagrange Dual function:
e Ty d(p) = min L(z,p)
relk™
st. 11 +x2—120 — HelIiRI}‘ (27 + 23) — p(ey + 22 — 1)
Lagrange function: B
Lz, p) = (22 + 23) — plxy + 29 — 1) | Optimality Condition of Unconstraint Opt:
Va((xf +23) — p(zy + 22 — 1)) = 0

KKT: V. L(z*, ;) =0

g 2281—[,L:0 |:>-731

. = X0 = j1/2
gy >0 w=0 prglar)=0 : 2wz —p =10
Lagrange Dual function: d(ﬂ) =/ — MQ/Q
, 2:{;,{ L 1 0 :1;1 =T5 = U /2 Dual Optimization: d* = maximize " MZ/Q
23’:; 1 MERRQ
subject t >0
Copt(a as - 1) = Tty —1=0 e e
> 1y Optimality Condition
* * o ko ok * 2 _
>0
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Example Dual Optimization:

Primal Optimization:

_ Lagrange Dual function:

- 2 2
Ming T1 ¥ T d(p) = min L(x, )
TEelK™
s.t. r1+x2—12>0 — 1111'1Rn (23 4+ 23) — () + 29 — 1)
relR™
Lagrange function:
L(z, ) = (m% 4 :z:'%) — iz + a0 — 1) | Optimality Condition of Unconstraint Opt:
Vi((2f +23) — p(1 + 22 — 1)) = 0
VL) = I SRR
XT1 —T9 — U
gy >0 w=0 prglar)=0 I 202 —p =0
Lagrange Dual function: d(p) = p — 1u,2/2
- [243 1 r] = x5 = pt/2
203 — K 11— 0 > Without solving the Dual optimization, since
ot —1) = ity —1=0 A =1)=1/2 = f
= A * o . . .
>0 at4ah—1>0 et=a3=1/2, p* =1 Hence, T7 = T = 1/2 is global optimal solution.
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Standard Linear Program

minimize ¢! x
reR”™
subject to Ax =1b
x > 0.

Lagrange multipliers
—
Lagrange Function L(z,y,s) =clz —y'(Ax —b) —slx

=bly+(c— ATy —s)Tx

KKT Condition: VxL(a:, Y, 8) — c— ATy _s=0
Axr =
st =0
s>0 x>0
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Standard Linear Program .
Lagrange multipliers

Co. . T —
minimize ¢ x . T T
ER™ Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'5T¢
subject to Ax =b = by +(c— ATy —s)Ta
x > 0.
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Standard Linear Program .
Lagrange multipliers

T 4/\)\

minimize ¢ : s 7
ER™ Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'5T¢
subject to Ax =b = by +(c— ATy —s)Ta
x > 0.

Dual function

by ¢—ATy—s=0
— ] 4 3 ] i ] Sy 7] 3 — o T! - Ed — ‘ "
d(y,s) = minimize L(z,y,s) _V.L(z,y.s)=c—A"y—s=0 d(y, s) = minimize L(z,y, s) =

Unconstrained Optimization reR™

—00  otherwise
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Standard Linear Program o
Lagrange multipliers

Co. . T —
minimize ¢ x . S {7
TR Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'b'ﬁaf
subject to Ax =b = by +(c— ATy —s)Ta
x > 0.

Dual function

D — minimi poap @) —p— AT, o —
d(y,s) = HHDALZe L{z,y.s) _Vil(r,y.s)=c= ATy —s=0 » d(y,s) = minimize L(x,y,s) =

Unconstrained Optimization reR™

—0o0  otherwise

 We want to minimize Lagrange function with respect to x.
e bTy+ (c— ATy — s)Tx : Lagrange function is a line in terms of x.
L L L
T
b Yo bTy by E
X N\X ~ X
if (c—ATy=5)T =0 if (c— ATy —5)T <0 if (c—ATy=$)T >0
d(y,s) = minigﬂze L(xz,y,s) =bly d(y,s) = miniglize L(x,y,s) = —oc
rEelR™ rER™
 We are looking for the best minimum point (best lower bound of the objective function of the primal).
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Standard Linear Program .
Lagrange multipliers

Co. . T —
minimize ¢ x . T T
ER™ Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'5T¢
subject to Ax =b = by +(c— ATy —s)Ta
x > 0.

Dual function

by ¢c— ATy —5s=0
d(y,s) = minimize L(x,y,s) V.L(z,y,s) =c— ATy —s=0 Y Y

ERM » d(y,s) = minimize L(x,y,s) =
. . . . II:ER”' .
Unconstrained Optimization o otherwise
Dual LP . L .
maximize d(y, s) maximize b’y maximize b’y

y,s=20 Y.s y

subj —Aly =5 b T

subject to ¢ y=s subject to ¢— A"y >0

s > 0.
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Standard Linear Program .
Lagrange multipliers

T 4/\)\

minimize ¢ : s 7
ER™ Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'5T¢
subject to Ax =b = by +(c— ATy —s)Ta
x > 0.

Dual function

by ¢—ATy—s=0
— ] 4 3 ] i ] Sy 7] 3 — o T! - Ed — ‘ "
d(y,s) = minimize L(z,y,s) _V.L(z,y.s)=c—A"y—s=0 d(y, s) = minimize L(z,y, s) =

. . . . II:ER”' .
Unconstrained Optimization o otherwise

Dual LP . o .
maximize d(y, s) maximize b’y maximize b’y
y,5>0 o Y,s y
. T . T
subject to ¢— Ay =5 subject to ¢— Aty >0
s > 0.
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Standard Linear Program o
Lagrange multipliers

T 4/\)\

minimize ¢ : L 7
TR Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'571&
subject to Ax =b = by +(c— ATy —s)Ta
x > 0.

Dual function

by ¢—ATy—s=0
iy — 111 ] Is 1 ) I L 3 —_ T! o — ) '
d(y,s) = minimize L(x,y,s) V.,.L(z,y,s)=c—Aly—s=0 + d(y, s) = minimize L(z,y,s) =

. . . . .'IJER”’ .
Unconstrained Optimization — o0 otherwise

Dual LP . . .,
maximize d(q]‘ 3) maximize bTy maximize bTy
y,5>0 77 y.s y
: T ' : T
subject to ¢— Ay =5 subject to ¢— Aty >0
s > 0.

Weak Duality: Ty < Ty — Tr—bTy>0 cTao-—by=ATy+s)Te—(Ax)Ty=5T2>0

Strong Duality:
To—pTy=0 —— sTe=0

Strong duality holds if the primal problem is feasible.
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Standard Linear Program o
Lagrange multipliers

Co. . T —
minimize ¢ x . S {7
TR Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'571&
subject to Ax =b = by +(c— ATy —s)Ta
x > 0.

Dual function

by ¢c— ATy —5s=0
d(y,s) = minimize L(x,y,s) V.L(z,y,s) =c— ATy —s=0 Y Y

ERM » d(y,s) = minimize L(x,y,s) =
. . . . .'IJER”’ .
Unconstrained Optimization oo otherwise
Dual LP . L .
maximize d(y, s) maximize b’y maximize b’y
y,s>0 o Y,S Y
subi . AT L . . T
subject to ¢ y=s subject to ¢— A"y >0
s > 0.

Weak Duality: Ty < Ty — Tr—bTy>0 cTao-—by=ATy+s)Te—(Ax)Ty=5T2>0

— Feasibility condition m
Strong Duality: Ar=b x>0 ofPrimal
Tg . y - Optimality Cond. Based on Strong Duality - / Fousibilit Jiti KKT
: B N — e > easibility condition ..
ctx—by=20 stx =10 C — ATy —s s>0 of Dual / Condition
Strong duality holds if the primal problem is feasible. sTp = Strong dudlity g
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Overview of Nonlinear Optimization:

» Optimality Conditions
» Newton’s Method

» Interior Point Method
» Convex Optimization
» Dual Optimization
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Books:

“Nonlinear Programming” Dimitri Bertsekas, MIT.
“Nonlinear Programming Theory and Algorithms” Mokhtar Bazaraa, Hanif Sherali, Shetty.

“Convex Optimization”, Stephen Boyd, Lieven Vandenberghe, Stanford University.

Lecture Notes:
“Optimization methods”, Pablo A. Parrilo, MIT.

“Nonlinear Programming”, Pablo A. Parrilo, MIT.

“Introduction to Convex Optimization”, Pablo A. Parrilo, MIT.
"Convex and Conic Optimization, Amir Ali Ahmadi, Princeton.

“Convex Optimization", Laurent El Ghaoui, UC Berkeley.

“Convex Optimization”, Ryan Tibshirani, Carnegie Mellon University.
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