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> In this lecture,
instead of using higher order moments to represent probabilistic uncertainties(Lectures 10,11),
we just use information of first and second moments, i.e., mean and covariance.
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** In the presence of exact information of first and second moments i.e., mean and variance, of uncertainties:

» Gaussian representation of uncertainty

* Indiscrete time, we model uncertainty with Gaussian Random Variable 9v(mean, Variance)

* In continuous time, we model uncertainty with Gaussian Stochastic Process

| > Distributionally Robust representation of uncertainty

* We model uncertainty with family of probability distributions whose first and second moments
matches the given moments
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** In the presence of exact information of first and second moments i.e., mean and variance, of uncertainties:

» Gaussian representation of uncertainty

* Indiscrete time, we model uncertainty with Gaussian Random Variable 9v(mean, Variance)

* In continuous time, we model uncertainty with Gaussian Stochastic Process

| > Distributionally Robust representation of uncertainty

* We model uncertainty with family of probability distributions whose first and second moments
matches the given moments

________________________________________________________________________________________________________________________________________________________________________________________________________________________

* Moment ambiguity sets:

Uncertainty set for first order moments (mean vector): 1711 & [m, m]

Uncertainty set for second order moments (Covariance Matrix): }; & [5] SR E[] for some given §. 5 > O
- Y i

> Distributionally Robust representation of uncertainty

* We model uncertainty with family of probability distributions whose first and second moments
are in the given sets.
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

Expected path

p(failure) < A
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control

> Chance Constrained Covariance Control :With Covariance ol :Without Covaria ntrol
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control
» Chance Constrained Covariance Control

» Sum-of-Squares Based Probabilistic Safety Verification in Continuous-Time
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control
» Chance Constrained Covariance Control
» Sum-of-Squares based Probabilistic Safety Verification in Continuous-Time

» Distributionally Robust Chance Constrained Set for Moment Ambiguity Sets
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» Chane Constrained Control

i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive
v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control
» Chance Constrained Covariance Control
» Sum-of-Squares based Probabilistic Safety Verification in Continuous-Time

» Distributionally Robust Chance Constrained Set for Moment Ambiguity Sets
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Chane Constrained Control

i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

Expected path
/[ Goal

P
-
.

v) Continuous-Time Safety Guarantees

A

p(failure) < A

N
.
“
.
.
.
‘

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Chance Constrained Trajectory Optimization

Gaussian Linear System
Xk+1 = Akxk + Bukuk +Bwk(1)k

* Uncertainties with Normal distribution #(mean, Variance) Xo~N (X, E,ZCO ), Wr~Mo, Zczvk)
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Chance Constrained Trajectory Optimization

Gaussian Linear System
Xk+1 = Akxk + Bukuk +Bwk(1)k

* Uncertainties with Normal distribution #(mean, Variance) Xo~N (X, E,ZCO ), Wr~Mo, Zczvk)

» Given Normal distributions of uncertainties, goal state x, and risk levels A, , Findug, k=0,.., T —1
min E[](x;, ug)]
[ug, ., Ur_1]

s.t. Xi4+1 = Akxk + Bukuk + Bwkwk

_____________________________________________________
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Chance Constrained Trajectory Optimization

Gaussian Linear System
Xk+1 = Akxk + Bukuk +Bwk(1)k

* Uncertainties with Normal distribution #(mean, Variance) Xo~N (X, E,ZCO ), Wr~Mo, Zczvk)

» Given Normal distributions of uncertainties, goal state x, and risk levels A, , Findug, k=0,.., T —1
min E[](x;, ug)]
[ug, ., Ur_1]

s.t. Xi4+1 = Akxk + Bukuk + Bwka)k

_____________________________________________________

» To solve the chance constrained control problem:

Probabilistic Safety Constraints [_Replace > Deterministic Linear Constraints In terms of (Mean & Variance) of x,
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Probabilistic Safety Constraints

* Obstacle set: Conjunction of linear constraints:

Xops = { (g, e, ) N2y (g0 + -+ an Xy < b))} (convex linear set)

» Chance Constraint: probability of avoiding the obstacle

e prob(x;, € X,ps)=1—-4A, k=1,..,T -1 ,
i n=zs

o prob(xy € X,ps) <Ay k=1,..,T -1
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Probabilistic Safety Constraints

* Obstacle set: Conjunction of linear constraints:

Xops = { (g, e, ) N2y (g0 + -+ an Xy < b))} (convex linear set)

» Chance Constraint: probability of avoiding the obstacle

e prob(x;, € X,ps)=1—-4A;, k=1,..,T -1
1
o prob(xy € X,ps) <Ay k=1,..,T -1

e Safe Set: Conjunction of linear constraints:

Xsafe =1 (X1, ey Xp): ﬂf=1 (ay,x1 + -+ ap;xn < by) } (convex linear set)

» Chance Constraint: probability of remaining o the safe region

. prob(xk & Xsafe) <A, k=1,..,T—-1
1

o« prob(xg € Xsgpe) =1 -0 k=1,..,T—1

QgX1 +az,x, <b,

Fall 2019
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Probabilistic Safety Constraints

'
Xobs = { (X1, s X)) Ny (alixl Tt A < b;)}

* Probabilistic safety constraints at time step k:
prob(x; & X,ps) =1 — A,

[24
%

o

Safety Constraints Re gionlz

S o)

X a?‘,&')("l

l a14x1 aF a24x2 = b4_ -
‘ | | — ' Region 3 ‘ Region 4
Deterministic Case: @11X1, +az;X2 2b;  OR  a1,%1 +az,%2 2 b, OR  ai3x; +az,%, =2 b3 QR Ay,%X1 + Ap,%Xy 2 by
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Probabilistic Safety Constraints

'
Xobs = { (X1, s X)) Ny (alixl Tt A < b;)}

* Probabilistic safety constraints at time step k:
prob(x; & X,ps) =1 — A,

[24
%

o

Safety Constraints Re gion'z

S o)

X a?‘,&')("l

l a14x1 aF a24_x2 = b4_ -
‘ | | — ' Region 3 ‘ Region 4
Deterministic Case: @11X1, +az;X2 2b;  OR  a1,%1 +az,%2 2 b, OR  ai3x; +az,%, =2 b3 QR Ay,%X1 + Ap,%Xy 2 by

Chance Constraints: [ |, b 4 {5

prob{a;,x; +az x; = b} =1— A ORprob{as,x; +az,x; = by} 21— A ORprob{a,,x; + azx, = b3} =1 — A, ORprob{a; ,x; +az,x; = by} =1— A
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Probabilistic Safety Constraints

'
Xobs = { (X1, s X)) Ny (alixl Tt A < b;)}

At = - b
32
Il Y.

) - "
Tpa%) +—fi.'!1l"4 = &1: 13

* Probabilistic safety constraints at time step k:
prob(x; & X,ps) =1 — A,

Safety Constraints

S o)

X2

)((VL'.’) T —
l a14x1 aF a24_x2 = b4_
‘ | | | Region 3 ‘ Region 4
Deterministic Case: @11X1, +az;X2 2b;  OR  a1,%1 +az,%2 2 b, OR  ai3x; +az,%, =2 b3 QR Ay,%X1 + Ap,%Xy 2 by

Chance Constraints: [ |, b 4 {5

prob{a;,x; +az x; = b} =1— A ORprob{as,x; +az,x; = by} 21— A ORprob{a,,x; + azx, = b3} =1 — A, ORprob{a; ,x; +az,x; = by} =1— A

* Joint chance constraints: * Disjunction of chance constraints:
f —
prob(x € Niy (ar,21 + -+ apxn <b)) 21— A I:> ui_, prob(alixl + ot apxy 2 b)) =1—A
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Chance Constrained Trajectory Optimization

» Given Normal distributions of uncertainties, goal state x, and risk levels A, , Findug, k=0,.., T —1
min EU(xk'uk)]
[ug, ooy Ur—_1]

s.t.  Xg41 = ApXg + By ux + By, Wy

» Given Normal distributions of uncertainties, goal state x, and risk levels A, , Finduy, k=0,..,T —1
min E[](x, ug)]
[ug, - UT_1]

s.t.  Xg+1 = AxXp + By ux + B, Wy

i Ule PTOb(alixl + -+ anixn > bl) >1-— Ak k=1 .T-1
Elxr] = xg¢

> prob(alixl + ot apxy 2 bl-) [__Replace > Deterministic Linear Constraints

Fall 2019
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» To replace prob(alixl + ot agx, 2 bi) with deterministic constraints:

* Uncertainty propagation to obtain mean and variance of the x;,

* Represent prob(alixl + ot apxy 2 bi) in terms of the mean and variance of x;
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Linear systems and Gaussian Uncertainty Propagation:

Xi+1 = ArXy + By, Uy +B,, Wy xXo~MXo, Z%,) W~ M@, 25,.)

* Xx; is a sum of normal distributions a)0~9v(60,2(200) and xy~MXy, Z,ZCO) and deterministic input uy.
Hence x;~MN(%y, Z%,)

* At each time step k, states are normal xj, ~ M Xy, Z,%k)

» In uncertainty propagation, we just need to obtain mean and variance of the states.
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Linear systems and Gaussian Uncertainty Propagation:

Xik+1 = Akxk + Bukuk +Ba)kwk x0~_-7v(920,2,%o) a)k~9V'(5,ZZ)k)

> Mean: fk+1 = E[xk+1] — E[Akxk + Bukuk + Ba)ka)k]

* By the assumption that u, is deterministic i.e., E[u;] = u,

fk+1 — Akfk + Bukuk +Bwk6k

e Linear in control input

« By recursion we can describe ¥y as a linear function of known %,, @, |23 and unknown wu,|XZ3
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Linear systems and Gaussian Uncertainty Propagation:

Xp+1 = ApXy + By Ux +Bg,, wg X~ Mo, Z%,) W~ M@, 28,

S 2 _ 2
> Variance: Zxk+1 = E[(xk_l_l - E[xk+1 ]) ] B _
E[x, —x,] =0 Elwg — @] =0
* By the assumption that u;, is deterministic. Bujthe termin X1 and X4 cancels out
v
2 _ 2 2T 2 T
Zxk+1 — AkzxkAk + Bwkzkawk

* Independent of the control input.
* Hence, given initial state variance and disturbance variance, we can obtain the covariance of states at future time steps
beforehand.
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» To replace prob(alixl + ot agx, 2 bi) with deterministic constraints:

* Uncertainty propagation to obtain mean and variance of the x;,
Mean is a linear in function of control input
fk+1 — Akfk + Bukuk +Bwk63k
Precompute the variance of the statesoverk = 1,...T — 1

S5, = Ax2Z Ax + By, 22 BS,

Xk+1

* At each time step k, we represent prob(alixl + ot agx, 2 bl-) in terms of the mean X, and variance E,ch.

We leverage on the properties of Gaussian random variables.
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Gaussian Linear Chance Constraints

Case 1:
* Univariate chance constraint

Probability( x < b) x~MX,22) ¥ :mean

22 .
x -variance
Case 2:

 Multivariate chance constraint

Probability(a;x; + -+ a,x, < b)< A x~MX, szc) X -mean vector

2 . .
X% :Covariance Matrix
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Univariate Gaussian Linear Chance Constraints

« Consider the chance constraint Probability( x < b)

x~Mx, Z2)

* We rewrite the chance constraint in terms of standard Normal distribution  A{0,1)

« Normal random variable:  x~M%, Z2)

1

Pdf: /—anpzc

e

_(x—%)>

232
x ¥ :mean

=

2 .
X% :variance

X, :deviation

Fall 2019
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Univariate Gaussian Linear Chance Constraints

* Consider the chance constraint Probability( x < b) x~N(x, 22)

* We rewrite the chance constraint in terms of standard Normal distribution  A{0,1)

1 _(x_?z
« Normal random variable:  x~MZx, 22) Pdf: \/78 2% % :mean %2 .variance 2 :deviation
2y x
e Standard Normal random variable:
1 x2 1 b x2 b x2
x~N0,1) e pdf: —=e”z . CDF: o&(b) = —J e 2dx * errorfunction: erf(b) = —j e 2dx
\/ﬁ ¢( ) m w —\/’7? 0

: Probability( x < b) : Probability(—b < x < b)

e CDFanderf: :

p(B) = = [1 + erf(—)] Pt
- — err(— = ili <
5 NG Probability( x < b)

—b b .
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Univariate Gaussian Linear Chance Constraints

* Consider the chance constraint Probability( x < b) x~N(x, 22)

* We rewrite the chance constraint in terms of standard Normal distribution  A{0,1)

1 _(x_?z
« Normal random variable:  x~MZx, 22) Pdf: \/ﬁe 22y % :mean >2 .variance Y, :deviation
* Standard Normal random variable:
MO0,1) 12 1 (b & 2 (0 22
X~NY, © pdfi —=e 2  CDF: b) = —J e 2dx ° errorfunction: erf(b) = —j e 2dx
\/ﬁ ¢( ) m w —\/ﬁ 0
: Probability( x < b) : Probability(—b < x < b)

e CDF and erf:

1 b
p(b) = 5 [1+ erf(\/—i)] =Probability( x < b)

_b__ b

X— X

Ly
e x=Xx+4+2,z z~MQO0,1) N

* We can represent any normal distribution in terms of a standard Normal distribution x~M#x,%2) —— 5 =

NW(O']-)

deviation
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Univariate Gaussian Linear Chance Constraints

. A . b-% b—x\ 1 b—x

> Probability( x < b) = Probability(Xx + £,z < b) = Probability(z < —) = ¢ = —[1 + erf(—=—)] error function
) zx Zx 2 \/EZx

x~MZx, Z2) z~M0,1)

1

0.

©

: Z~W(O,1)

08

07t #
e

/
057
/

) 7 [
03r // I
|
|

¢ standard CDF o
//

0z /H
01t .

0 i
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Univariate Gaussian Linear Chance Constraints

> Probability( x < b) = Probability(x + X,z < b) = Probability(z < bz;j) = ¢

xX~MX, 2)

2x

: Z"'W(O,l)

1

0.

©

08

0.7

0.6

057
04r
03
02r
01r

0

(b — f) 1 1+ f(b — f)]
2 \/sz error function

¢ standard CDF

o sana

-

Chance constraint

» Probability(x < b) < A

» To satisfy chance constraint, mean and variance of x should satisfy

¥ >b—2,¢"1(A)

Fall 2019
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Univariate Gaussian Linear Chance Constraints

1t - . b-x b—x 1 b—x
> Probability( x < b) = Probability(x + X,z < b) = Probability(z < z_) = ¢ 5 =37 [1+ erf(ﬁz )]
X~MX, £2) ¥ *
| z~V0,1) i v
08 //
0.7 ///
0.6-— - s . - 7‘
” /1
0.3 // I
02 Vi | b—X
01r ) '/7;//‘ .I zle
> Probability(x < b)< A Chance constraint
) 1[1+erf( __)] A f(b_f)<2A 1 2T ei2a -1 b—2%,erf 1(2A -1
B =Aa — erl\— -1 — < — — X=b- erf™ —
2 \/_ X \/sz sz er ( ) X ( )
Chance constraint in terms mean and variance: erf M(za) = —erf™™(a) , ¥ >b+V2XIerf71(1—-24) !
» To satisfy chance constraint, mean and variance of x should satisfy ¥ > p + \/szerf—l(l — 24)
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Univariate Gaussian Linear Chance Constraints

Chance constraint linear constraint
» Probability(x < b) <A | > « x>b—-3,0"1(Q) (or ¥ =>b++V2Zerf"1(1—2A) )
x~N(%,22)

* For agiven risk level A, constraints

“¥>b—X,p"1(A) “X > b +2Z,erf 1(1 — 2A)”

are linear in (x, X,).
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Multivariate Gaussian Linear Chance Constraints

. — 2 = 2 . .
« Gaussian random vector: [X1, o) X ]~ M, Z5) X Mean Vector 2j Covariance Matrix

e Chance Constraint: Probability(a;x; + -+ apx, < b)
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Multivariate Gaussian Linear Chance Constraints

Gaussian random vector:

Chance Constraint:

[X1, o) Xy |~ N(%, 22) X Mean Vector

Probability(a;xq + -+ + apx, < b)

%2 Covariance Matrix

New random variable

y is a linear sum of Gaussian random variables

* y=a1x1 + -+ a,x,

* Probability(a;x; + -+ a,x,, < b) = Probability(y < b)

y~NY, 232,) Mean

Variance

232/ = [al, vee)

:)_/ - alfl + oo + an.fn

a,|"32[ay, ..., a,]

MIT 16.S498: Risk Aware and Robust Nonlinear Planning
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Multivariate Gaussian Linear Chance Constraints

X Mean Vector Z,ZC Covariance Matrix

e Gaussian random vector: [X1, oo, X ]~ MX, 22)

e Chance Constraint: Probability(a;x; + -+ apx, < b)

* New random variable

y == a1x1 i anxn

Probability(a;x; + - + a,,x,, < b) = Probability(y < b)

y is a linear sum of Gaussian random variables ~ y~M%,Z%) Mean Y= Xy ot dnXy
Variance %I = [ay, ..., an)"2Z[ay, ..., ay]
* Multivariate Chance Constraint: * Univariate Chance Constraint:
Probability(a1x1 + -+ apx, < b) > Probablllty(y < b)
[xlr "'rxn]NW(fl 2326') y~MYy, 232])

Fall 2019
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Multivariate Gaussian Linear Chance Constraints

 Multivariate Chance Constraint:  Univariate Chance Constraint:
Probability(a1x1 + e+ apx, < b) > Probablllty(y < b)
[X1, e xn]NW(f: ZJZC) y~j\/(37, 232/)
Mean Y= a1X; ot apXy

Variance  Xf =[ay, ..., an]" Z5lay, ..., ay]

b—y
V23,

b—y
2y

y = 3_] + ZyZ ZNW(O,].)

)]

_y 1
Probability(y < b) . Probability(z < bz—y)= q5< ) =3 [1 + erf(
y

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Multivariate Gaussian Linear Chance Constraints

* Multivariate Chance Constraint: * Univariate Chance Constraint:
Probability(a,x; + - + apx, < b) > Probability(y < b)
[X1, e, X | ~ME, £3) Yy~ N, 52)
Mean y = a1X; + -+ apXy
Variance  Xf =[ay, ..., an]" Z5lay, ..., ay]

” y=y+iyz z2~M0,1) ” b=y, _ b—y :11 fb—y
Probability(y < b) ,  Probability(z < N )= ¢ T > [1+er (\/ny

)]

y

»  Chance constraint Probability(a;x; + -+ + a,x, < b) < A
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Multivariate Gaussian Linear Chance Constraints

 Multivariate Chance Constraint:  Univariate Chance Constraint:
Probability(a1x1 + e+ apx, < b) > Probablllty(y < b)
[X1, e xn]NW(f: ZJZC) y~j\/(37, 232/)
Mean Y= a1X; ot apXy

Variance  Xf =[ay, ..., an]" Z5lay, ..., ay]

. y=y+i,z z~M0,1) . b-y, _ b-y :11 fb—f’
Probability(y < b) »  Probability(z < z, )= ¢ T > [1+er (\/723,)]
> Chance constraint Probability(a;x; + -+ + apx, < b) < A
« Probability(y < b) < A > y=2b—-2,071(4) (Linear in deviation X,,)
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Multivariate Gaussian Linear Chance Constraints

* Multivariate Chance Constraint: * Univariate Chance Constraint:
Probability(a,x; + - + apx, < b) > Probability(y < b)
[X1, e, X | ~ME, £3) Yy~ N, 52)
Mean y = a1X; + -+ apXy
Variance  Xf =[ay, ..., an]" Z5lay, ..., ay]

. y=y+Z%,z z~M01) .. b—7 (b_J_’)_l b—Yy
< . Probability(z < —)= =—[1+erf
Probability(y < b) . y( 5, )= ¢ z, 5 | (\/723,)]
> Chance constraint Probability(a;x; + ++ + apx, < b) < A
« Probability(y < b) < A > y=2b—-2,071(4) (Linear in deviation X,,)
» Chance constraint in terms mean and variance
a;x, + -+ apky 2b— \/[al, v @ T25[ay, o0, an (D) (Nonlinear in Covariance X2)
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Multivariate Gaussian Linear Chance Constraints

* Multivariate Chance Constraint: * Univariate Chance Constraint:
Probability(a,x; + - + apx, < b) > Probability(y < b)
[X1, e, X | ~ME, £3) Yy~ N, 52)
Mean y = a1X; + -+ apXy
Variance  Xf =[ay, ..., an]" Z5lay, ..., ay]

. y=y+I,z z~M0,1) . b-y, _ b—y :11 fb—f’
Probability(y < b) »  Probability(z < z, )= ¢ T, > [1+er (\/723,)]
> Chance constraint Probability(a;x; + -+ + apx, < b) < A
e Probability(y < b) < A * y>b+ \/nyerf_l(l —2A) (Linear in deviation X,))

> Chance constraint in terms mean and variance

a;xX, + -+ apXy =2b+ \/Z[Clp s @n)TE[ay, ..., aplerf 71 (1 — 2A)  (Nonlinear in Covariance X2)

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Multivariate Gaussian Linear Chance Constraints

e  Multivariate Chance constraint [ * Linear constraint in mean

Probability(a;x; + -+ a,x, < b)< A

a X, + - +a,x 2b—\/a,...,a Ty2lay, ..., a, |~ 1(A
[X1, e, X ]~ M, 22) 141 n¥n (a1, .., an]"2x[ay, .., an]$™ ()

(or ay%; + -+ a,i, = b ++/2[ay, ..., a,|T22[ay, ..., a, Jerf "1 (1 — 24) )

* For a given risk level A and covariance matrix X2 , constraints

a,%; + -+ a,%, =b— \/[al, w0y |T22[ay, ..., a, |~ (A)

a;x; +--+a,x, = b+ \/Z[al, v, an|T22[ay, ..., a,lerf 71(1 — 2A)

are linear in mean vector [X, ...., X,].
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Multivariate Gaussian Linear Chance Constraints

e  Multivariate Chance constraint e Linear constraint in mean

—

Probability(a;x1 + -+ apx, < b)< A
a;x; + -+ a,x, =b— \/[al, v, an|T22[ay, ..., a, |~ 1(A)

[X1, o) Xy |~ N(%, 22)

 Multivariate Chance constraint ¢ (—a)=—¢p (1 - a§
I
Probability(a,x; + 4+ apx, = b) = 1— A * Linear constraint in mean
%1, +ee) X ]~ MK, 25) a,x, + -+ a,x, =b+ \/[al, v, an|T22[ay, ..., a, )71 (1 = A)
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Chance Constrained Trajectory Optimization

» Given Normal distributions of uncertainties, goal state x, and risk levels A, , Findug, k=0,.., T —1
min EU(xk'uk)]
[ug, ooy Ur—_1]

s.t.  Xg41 = ApXg + By ux + By, Wy

» Given Normal distributions of uncertainties, goal state x, and risk levels A, , Finduy, k=0,..,T —1
min E[](x, ug)]
[ug, - UT_1]

s.t.  Xg+1 = AxXp + By ux + B, Wy

i Ule PTOb(alixl + -+ anixn > bl) >1-— Ak k=1 .T-1
Elxr] = xg¢

> prob(alixl + ot apxy 2 bi) [__Replace > Deterministic Linear Constraints
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Chance Constrained Trajectory Optimization

» Given Normal distributions of uncertainties, goal state x, and risk levels Ay , Findug, k=0,.., T — 1
min EU(xk'uk)]
[Ug, ooy Ur—_1]

s.t.  Xg41 = ApXg + By ux + B, Wy

prob(x;, & Ni_; (a;x¢1 + -+ ap;xy < bl-)') >1—Ag k=1,.T—1 e
o Kobs
Elxr] = x¢
prob(xk & nf=1 (a;21 + -+ ay;x, < bl-)) >1-4A, — Uf=1 PTOb(a1ix1 Tt ap Xy 2 bi) =21-A4 k=1,.T-1
» Disjunctive Linear Program
min E[](x, ug)]
[ug, - r Ur-1]
Xip1 = AxXy + By Uy +B,, @ 2 =AxxZ AL+ B, X3 B
S.t. k+1 kXk up Yk wr Pk Xk+1 k“xk 'k WE“WE ™~ Wk
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Chance Constrained Trajectory Optimization

» Given Normal distributions of uncertainties, goal state x, and risk levels Ay , Findug, k=0,.., T — 1
min EU(xk'uk)]
[Ug, ooy Ur—_1]

s.t.  Xg41 = ApXg + By ux + B, Wy

prob(xk & nf=1 (a;21 + -+ ay;x, < bl-)) >1-4A, — Uf=1 PTOb(a1ix1 Tt ap Xy 2 bi) =21-A4 k=1,.T-1

» Disjunctive Linear Program
min E[](x, ug)]
[ug, - r Ur-1]

= — = — 2
S.t. Xk+1 — Akxk + Bukuk +Bwkwk Zxk+1

= Ax2% Ay + B, 25 BT,

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Chance Constrained Trajectory Optimization

» Disjunctive Linear Program
min E[](x, ug)]
[, -v) Ur—1]

S.t. fk+1 — Akfk + Bukuk +Bwk5k 22

™M
SN
=
—
Q
L
Q
=
—]
<
L
~
—_
I
>
=
—/
==
[l
=
~
I
—_

Disjunctive . .
' * Assign integer (0/1) variable Mixed Integer Linear Program (MILP Gurobi solver
Linear Program - for each constraint » © ° ( ) ‘
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Chance Constrained Trajectory Optimization

Instead of working with prob(xk ¢ nt_, (a;x1 + -+ ap;xy < bl-)') >1-A
Xobs'

we can work with prob(xk € nle (@;%1 + -+ ap;x, < bl-)') < Ay
Xobs'
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Chance Constrained Trajectory Optimization

» Given Normal distributions of uncertainties, goal state x, and risk levels Ay , Findug, k=0,.., T — 1
min EU(xlouk)]
[Ug, ooy Ur—_1]

s.t.  Xg41 = ApXg + By ux + B, Wy
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Probabilistic Safety Constraints

'
Xobs = { (X1, s X)) Ny (alixl Tt A < b;)}

* Probabilistic safety constraints at time step k:
prob(xy € Xops) < Ay

prob ((xl, e Xp): Ny (a1;%1 + -+ apxy < bl-)) < Ay
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Probabilistic Safety Constraints

'
Xobs = { (X1, s X)) Ny (alixl Tt A < b;)}

Probabilistic safety constraints at time step k:
prob(xy € Xops) < Ay

prob ((xl, e Xp): Ny (a1;%1 + -+ apxy < bl-)) < Ay

Boole-Frechet Inequality _

prob ((xl, N T o L (a1 + -+ ap;x, < bl-)) < prob ((xl, e X))t Qg Xq o A X, < bi)

AV
i=1,..,¢

Fall 2019
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Probabilistic Safety Constraints

'
Xobs = { (X1, s X)) Ny (alixl Tt A < b;)}

* Probabilistic safety constraints at time step k:
prob(xy € Xops) < Ay

prob ((xl, e Xp): Ny (a1;%1 + -+ apxy < bl-)) < Ay

Boole-Frechet Inequality _

l , N
prob ((xl, vy X )i Nizg (@1,%1 + -+ ap Xy < bl-)) < prob ((xl, e X))t Qg Xq o A X, < bi) i=1,..,°

* To satisfy the chance constraint, one of the individual chance constraints should be satisfied

Disjunction of chance constraints:
prob(x; € Xops) = Ay ——> U, prob(ay xy + -+ ap n < b;) < Ay
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Chance Constrained Trajectory Optimization

» Given Normal distributions of uncertainties, goal state x, and risk levels Ay , Findug, k=0,.., T — 1
min EU(xk'uk)]
[Ug, ooy Ur—_1]

s.t.  Xg41 = ApXg + By ux + B, Wy

prob(xk ent_, (a1 + -+ ap;x, < b)) <A, — Uf=1 prob(alixl + ot apx, < bi) <A, k=1,..T—1

» Disjunctive Linear Program
min E[](x, ug)]
[ug, - r Ur-1]

S.t. fk+1 — Akfk + Bukuk +Bwk5k 22
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Chance Constrained Trajectory Optimization

e . | R T ______________________
|
Safety Margin
prob(xk € nf 1 (@6 + -+ apx, <b )) < A k=1,.T—1
. X DS
U‘{)1 Ay, X1, + o+ ap Xy, > bj — \/[al, an]Z [al, an]qb 1(Ak) k=1,
e
Safety Margin

MIT 16.S498: Risk Aware and Robust Nonlinear Planning
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Obstacle:

Deterministic safety constraints:

allxlk + a21x2 = bl OR alle + a22x2 > bz OR

a13X1 + a23x2 > b3 OR a1 ,X1 + A2 ,X2 > b4
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Obstacle: Safety Margin at time k :

7.

—— = T = = =T

a14f1k '|'}24 2 +S4’k = b4,

- " - X S3k
-5 x 02572k —
A%k =S
(@3
N <

prob(xy $‘n§=1 (ag;%1 + az,xn < by)) = 1 — A
Deterministic safety constraints: X0
(0J R

a,. x a, X, =2b;+s = v

- L%y T2, X, 201+ Sy OR ay % +a5,%, b, +s,, OR
allxlk + a21x2 ="Y1 OR alle + a22x2 > bz OR
- b S a13x1k + azngk > b3 + Sgk OR a14x1k + a24ka = b4_ + S4‘k
A15X1 + 3% 2 b3 OR Q1,%1 +az,% 2 Dy

Safety margin : s;, = \/[ali, azi]TZ,zck [ali, azi] o 11— Ay

* Ateachtime k, chance constraint introduces a new obstacle (red) whose size depends on the safety margin and hence covariance of states.

* Ateachtime k, if expected value of state stays out of the new obstacle (red) chance constraint is satisfied.
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Obstacle:

4 023

T A
¥t <p,

Safety Margin at time k : N

7.

—-— e - -_—e e e o s ' as e e O . . -
{+q =h A’

1

See risk contours map in lecture 11 for

safety margins of nonlinear obstacles in the presence of arbitrary probabilistic uncertainties.

Deterministic safety constraints:

allxlk + a21x2 = bl OR alle + a22x2 > bz OR

a13x1 + a23x2 > b3 OR a1 ,X1 + A2 ,X2 > b4

\ A% ‘ [4 1 AS J.l L Lal o lr/j ' A%

Y
Xobs

A1, % a2, %2, 2 b1 +51, OR ay, % +ap,%,, > b, +s;, OR

a13x1k + azngk > b3 + Sgk OR a143?1k + a24f2k = b4_ + S4‘k

Safety margin : s;, = \/[ali, azi]TZ,zck [ali, azi] o 11— Ay

* Ateachtime k, chance constraint introduces a new obstacle (red) whose size depends on the safety margin and hence covariance of states.

* Ateachtime k, if expected value of state stays out of the new obstacle (red) chance constraint is satisfied.
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Chance Constrained Trajectory Optimization

» Given Normal distributions of uncertainties, goal state x, and risk levels A, , Findug, k=0,.., T —1
min E[](x, ug)]
[Ug, «rs Ur—1]

S. t. Xik+1 = Akxk + Bukuk + Bwka)k

prob(x ¢ Ni=1 (1X1 + o+ Gpxy < bi),) 21-4Ar k=1,..T-1
Xobs'

Elxr] = xg¢

> Disjunctive Linear Program  min E[J(xy, ux)]

[ug, ) Ur—1]

s.t. Xp+1 = ApXp + By up +By, Wy N

= Akz,%kA}; + B, 25 BL,

— _ T _
Uf=1 ali‘xlk + et anixnk = bi + \/[ali' L ani] ZJZCk[alil L) anikb 1(1 - Ak) k = 1, Wl —1

El[xr] = xg

Disjunctive o :
i * Assign integer (0/1) variable Mixed Integer Linear Program (MILP Gurobi solver
Linear Program » for each constraint » g gram ( ) ‘
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* Asrisk level decrees, safety margins increase. Hence, obtained path stays far from obstacles.

1 4 I I I 1 i I

—— No uncertainty higher risk level
=1 A=0.1 g

_ - = A=0.001
12 Less risk level .- .+ A =0.0001 i

y(meters)

10 12 14 16
x(meters)

\V
S
(o))
o kF

* Each obstacle, introduces as set of disjunctive linear constraints.
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Risk Allocation

*  We assumed that at each time risk level Ay, is given

prob(x, & Nizy (1,20 + o+ ayyxy < b))=21-4y k=1,..T—1
Xobs'

* risk level at time k < A,

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Risk Allocation

We assumed that at each time risk level A, is given

prob(xk € nf=1 (a;%1 + -+ ap;xp, < bi),) >21-4Ay k=1,.T-1
Xobs'

* risk level at time k < A,

In practice, we are given the risk level of the plan over planning horizonk =1, ..T — 1.

 {riskoftheplanoverk=1,..T -1} <A

Fall 2019
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Risk Allocation

*  We assumed that at each time risk level Ay, is given

prob(xk € nf=1 (a;%1 + -+ ap;xp, < bi),) >21-4Ay k=1,.T-1
Xobs'

* risk level at time k < A,

* In practice, we are given the risk level of the plan over planning horizonk =1, ...T — 1.

 {riskoftheplanoverk =1,..T —1} <A

* We need to allocate risk for each time k

Given A » FindAgy k=1,..T —1.
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Risk Allocation

*  We assumed that at each time risk level Ay, is given

prob(xk & nf=1 (a;%1 + -+ ap;xp, < bi),) >21-4Ay k=1,.T-1
Xobs'

* risk level at time k < A,

* In practice, we are given the risk level of the plan over planning horizonk =1, ...T — 1.

 {riskoftheplanoverk =1,..T —1} <A

* We need to allocate risk for each time k

Given A » FindAy k=1,..T — 1.

1) Uniform risk allocation

2) Non-Uniform risk allocation
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Uniform Risk Allocation

* In practice, we are given the risk level of the plan over planning horizonk =1,..T — 1.

e {riskoftheplanoverk=1,..T -1} <A

* Risk allocated for each time steps:

Given A > Ay = —— k=1,..T — 1.
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Uniform Risk Allocation

* In practice, we are given the risk level of the plan over planning horizonk =1,..T — 1.

e {riskoftheplanoverk=1,..T -1} <A

* Risk allocated for each time steps:

Given A > Ay = —— k=1,..T — 1.

e Risk allocated for each obstacle

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Uniform Risk Allocation

* In practice, we are given the risk level of the plan over planning horizonk =1,..T — 1.

e {riskoftheplanoverk=1,..T -1} <A

* Risk allocated for each time steps:

A
Gi A > A, = —— k=1,..T — 1.
iven k=77
e Risk allocated for each obstacle
prob(XobS1 0rXops, OT ... OT XobsM) < Ay

BooIe-Frechetl
Inequalit R Ay

q y prob(Xobs1 0rXops, OT ....OT XobSM) < Z?’Ll prob(Xoij) < A > Ajk =27

j=1,..M
obstacles
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Uniform Risk Allocation

* In practice, we are given the risk level of the plan over planning horizonk =1,..T — 1.

e {riskoftheplanoverk=1,..T -1} <A

* Risk allocated for each time steps:

A
Gi A > A = —— k=1,..T — 1.
iven k=77
* Risk allocated for each obstacle
prob(XobS1 0rXops, OT ... OT XobsM) < Ay
BooIe-Frechetl
Inequalit . Ay .
q Y prOb(XObsl OTXObSZ or ....o0r XObSM) < Zyl:l pT'Ob(XOij) < Ak > A]k = ﬁ Jj = 1, ..M
obstacles
» Chance Constraint for obstacle j at time k:
A — _ 1 Time st
p’rob(xk E‘ nf=1 (alixl + .-+ anixn < bl)') >1— A]k A] = (T — 1)M k = 1; e T 1 lime steps
1 .
j=1,..M obstacles

Xohe.
obs]
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Optimization Based Risk Allocation

Non-Uniform risk allocation:
Example: Spend less risk when robot is far from obstacles.
Spend more risk when it gets close to obstacles.
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Optimization Based Risk Allocation

Non-Uniform risk allocation:
Example: Spend less risk when robot is far from obstacles.
Spend more risk when it gets close to obstacles.

* We treat risk levels as new variables in the optimization.
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Optimization Based Risk Allocation

Non-Uniform risk allocation:
Example: Spend less risk when robot is far from obstacles.
Spend more risk when it gets close to obstacles.

We treat risk levels as new variables in the optimization.

> If risk level Ay is unknown, we need to deal with function ¢ "1 (A) in the optimization.
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Optimization Based Risk Allocation

> If risk level Ay is unknown, we need to deal with function ¢ ~1(A) in the optimization.

e eld—a) / | erf1(1-24)
/
1- pd
05-
07| — — — —
05 | I
14 7
Iy I I
-1.5
] / I 3 I
Rl I I
25 e e e 1 — A i — — 1 — 24
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1 -1.0 0.5 0.0 0.5 1.0
« ¢~1(1 — 4) is convex function for 4 < 0.5 « erf 1(1 — 24) is convex function for 4 < 0.5
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Optimization Based Risk Allocation

> If risk level Ay is unknown, we need to deal with function ¢ ~1(A) in the optimization.

Z.D: =
2- ¢

15-
1 /
1- e

05-

/ | erf~1(1-24)

~
e
-
AN
o

0 Ja !l — s
05-

_1:
] v
15/

T/
25— ———t——t——t———t—1 = A — —11—-2A

0 | ‘0.1‘ B ‘0.2 B ‘0.3‘ | 04 0.5 0.6 0.7 0.8 0.9 1 -1.0 -0.5 - 0.0 T 0.5 1.0
« ¢~1(1 — 4) is convex function for 4 < 0.5 « erf 1(1 — 24) is convex function for 4 < 0.5
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Optimization Based Risk Allocation

» Chance Constraint for obstacle j at time k: _
k=1,..T —1 Time steps

y
prob(xx € Ni—y (@yX; + -+ apyXy < b)) < Ay

j=1.M obstacles

Obstaclesj: j=1,..M

Sila, oan o™ (1-4y,) k=1,.T-1

Time steps
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Chance Constrained Trajectory Optimization

» Disjunctive Linear Program
min E[J(xg, ug)]
[ug, .o Ur_1]

_ _ T _
Ule Ay, %q, + o+ Ay Xy, = by + \/[ali, oty | 22 |ay,, o an |71 - A,

<
M
Ya,<a k=1.T-1 j=1..M

Disjunctive . L ,
Linear Program » Assign integer (0/1) variable » Mixed Integer Linear Program (MILP) ‘ Gurobi solver

for each constraint

Fall 2019
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Chance Constrained Trajectory Optimization

* Inthe presence of large number of obstacles, chance constraints generates large number of constraints.

* To reduce the number of constraints, we can describe the safety in terms of the safe regions.
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A Large Number of Obstacles

Chance constraints on safety in terms of safe regions.

Safe Region 2

start

© Springer. All rights reserved. This content is excluded from our Creative Commons license. For more information,
see https://ocw.mit.edu/help/faq-fair-use/

g

* Robin Deits and Russ Tedrake, ,”Computing Large Convex Regions of Obstacle-Free Space through Semidefinite Programming”, Workshop on the Algorithmic Foundations of Robotics (WAFR),
2014.
* Robin Deits, Russ Tedrake, "Efficient Mixed-Integer Planning for UAVs in Cluttered Environments”, IEEE International Conference on Robotics and Automation (ICRA), 2015.
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e Safe Set: Conjunction of linear constraints:

Xsafe = { (%1, ., X0): ﬂf=1 (a1ix1 + ot apxy < b;) } (convex linear set)

» Chance Constraint: probability of remaining o the safe region

. prob(xk & Xsafe) <A, k=1,..,T—-1
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Probabilistic Safety Constraints

Xsafe = { (g, e xp): ﬂf=1 (alixl + ot ap Xy = b;)}

* Probabilistic safety constraints at time step k:
pT'Ob(Xk e Xsafe) < Ak

prob ((xl, ey X))t Ub_ (a1;%1 + -+ apxn > bl-)) < Ay
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Probabilistic Safety Constraints

Xsafe = { (g, e xp): ﬂf=1 (alixl + ot ap Xy = b;)}

* Probabilistic safety constraints at time step k:
pT'Ob(Xk e Xsafe) < Ak

prob ((xl, ey X))t Ub_ (a1;%1 + -+ apxn > bl-)) < Ay

Boole-Frechet inequality _

¢ N

prob ((xl, v Xp): Ub (a1,% + -+ apxy > bi)) < Zprob ((xl, v Xp)i AgpXy ot Ay Xy > bi) < Ay
i=1
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Probabilistic Safety Constraints

Xsafe = { (g, e xp): ﬂf=1 (alixl + ot ap Xy = b;)}

* Probabilistic safety constraints at time step k:
pT'Ob(Xk e Xsafe) < Ak

prob ((xl, e Xp): Ub_ (a1;%1 + -+ apxn > bl-)) < Ay

Boole-Frechet inequality _

-
¢ N
prob ((xl, B VL (a1,% + -+ apxy > bi)) < Zprob ((xl, v Xp)i AgpXy ot Ay Xy > bi) < Ay
i=1
prob(ay;x; + -+ apx, > b)) <A, i=1,..,¢ N4
¢
prob(x ¢ Xsafe) < A I:> ZAik < A,
i=1
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e Safe Set: Conjunction of linear constraints:

Xsafe = { (%1, ., X0): ﬂf=1 (a1ix1 + ot apxy < b;) } (convex linear set)

» Chance Constraint: probability of remaining o the safe region

. prob(xk & Xsafe) <A, k=1,..,T—-1

A1,4%1 + Az,%; < b,

Set of linear constraints:

NS

Prob(alixl Tt an Xy > b;) < Ay i=1,..,¢ :: > ay% + o ap®, <b+ sy i=1,..,7
£
z Ai, < Ay s = Tag — an 221y, — an] d~1(4)
i=1 ?
ZAik < A
=1
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» Given, i) a set of convex regions that covers the obstacle-free space, and ii) initial and goal point

We can formulate the trajectory planning problem as mixed-integer Convex optimization.

* Integer variable for each convex region to choose the sequence of regions to construct the trajectory.
e Convex optimization for each convex region.
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© Robin Deits and Russ Tedrake. All rights reserved. This content is excluded from our Creative Commons license. For
more information, see https://ocw.mit.edu/help/faq-fair-use/

Given convex obstacles, computes set of convex free sets:

* Robin Deits and Russ Tedrake, ,”"Computing Large Convex Regions of Obstacle-Free Space through
Semidefinite Programming”, Workshop on the Algorithmic Foundations of Robotics (WAFR), 2014.
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Summary of Chance Constrained Trajectory Optimization:

* Replace joint safety chance constraints with disjoint chance constraints

* Replace disjoint chance constraints with deterministic convex constraints in terms of mean and variance of the
states.

* Solve Mixed-Integer Convex optimization.

*  Lars Blackmore and Hui Li and Brian Williams ,”A Probabilistic Approach to Optimal Robust Path Planning with Obstacles”, American Control Conference, 2006.
. Lars Blackmore, Masahiro Ono, “Convex Chance Constrained Predictive Control Without Sampling” AIAA Guidance, Navigation, and Control Conference Chicago, lllinois, 2009.

*  Masahiro Ono and Brian C. Williams, “Iterative Risk Allocation: A New Approach to Robust Model Predictive Control with a Joint Chance Constraint”, IEEE Conference on Decision and
Control, 2008.

. Masahiro Ono, “Closed-Loop Chance-Constrained MPC with Probabilistic Resolvability” 51st IEEE Conference on Decision and Control, December 10-13, 2012. Maui, Hawaii, USA

. Lars Blackmore,, “Robust Path Planning and Feedback Design under Stochastic Uncertainty”, AIAA Guidance, Navigation and Control Conference and Exhibit, 18 - 21 August 2008,
Honolulu, Hawaii

. Marcio da Silva Arantes, Claudio Fabiano Motta Toledo , Brian Charles Williams, and Masahiro Ono,“Collision-Free Encoding for Chance-Constrained Nonconvex Path Planning “IEEE
TRANSACTIONS ON ROBOTICS, VOL. 35, NO. 2, APRIL 2019

. Masahiro Ono, “Joint Chance-Constrained Model Predictive Control with Probabilistic Resolvability”, American Control Conference Fairmont Queen Elizabeth, Montréal, Canada, June
27-June 29, 2012
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We can use these results in the different setup:

i) RRT*, ii) PRM, iii) Motion Primitive
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Chance constrained RRT*
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Chance constrained RRT*

Uncertain System:

Xi+1 = [ (Xp, Uk, Wy )

wy~ iven Probability distribution

Uy Given controller to steer the system toward the sampled point x

Goal
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Chance constrained RRT*

Uncertain System:

Xi+1 = [ (Xp, Uk, Wy )

wy~ iven Probability distribution

Uy Given controller to steer the system toward the sampled point x

* Linearize the nonlinear system around the sampled points

oS

d * ok
> k é (xkl uki O)
of , x _ x '
> Buk = a (xk; U, O) Goal
» B, =

of
wr % (x;’ u;;’ O)

fk=xk_x; ﬁk=uk_u;;

Linearized Dynamic: Xk+1 = AxXk + By, Uy + By, wi
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Chance constrained RRT*

Uncertain System:

Xi+1 = [ (Xp, Uk, Wy )

wy~ iven Probability distribution

Uy Given controller to steer the system toward the sampled point x

* Linearize the nonlinear system around the sampled points
* Propagate the mean and variance

We model distribution of the states with normal distribution

s A ~ Goal
Xk+1 = Akxk + Bukuk +Bwk(1)k e

22

Xk+1

= Ax2; Ay + By 28, Bb,
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Chance constrained RRT*

Uncertain System:

Xi+1 = [ (Xp, Uk, Wy )

wy~ iven Probability distribution

Uy Given controller to steer the system toward the sampled point x

* Linearize the nonlinear system around the sampled points
* Propagate the mean and variance
* Check Probabilistic Safety

Goal
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Probabilistic Safety Constraints

« Obstacle set: Conjunction of linear constraints:  Xyps = { (X1, ..., Xp): nf=1 (a1, + -+ apx, < b;) }

* prob(xk € Xops) < Ay

_ _ T _
e Safety Constraint: Ule Ay, Xy, + 0t ApXp, > b; — \/[6111-; ---:ani] Zazck [a1i, ---;ani](p LA
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Probabilistic Safety Constraints

« Obstacle set: Conjunction of linear constraints:  Xyps = { (X1, ..., Xp): nle (a1, + -+ apx, < b;) }

* prob(xk € Xops) < Ay

_ _ T _
e Safety Constraint: Ule Ay, X1, T+ ApXp, > b; — \/[ali’ ---,ani] szck [a1i, ---,ani]cl) LA
* Obstacle set: Xops = {1 |lx — x|l < 7}
* prob(xy € Xops) = Ay « Safety Constraint: ||x — x.|| <1 — \/)(,%(Ak)/lmax(z,zck)

' N\

Quantile function of chi-squared distribution with n degrees freedom Maximum eigenvalue

Lemma 1: L. Hewing, A. Liniger, and M. N. Zeilinger,“Cautious NMPC with Gaussian Process Dynamics for Autonomous Miniature Race Cars”, European Control Conference (ECC), 2018

* For tighter proba b|||ty bound: Huan Liua , Yonggiang Tang b, Hao Helen Zhang ,“A new chi-square approximation to the distribution of non-negative definite quadratic forms
in non-central normal variables” Computational Statistics and Data Analysis 53 (2009) 853—-856
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Probabilistic Safety Constraints

« Obstacle set: Conjunction of linear constraints:  Xyps = { (X1, ..., Xp): nle (a1, + -+ apx, < b;) }

* prob(xk € Xops) < Ay

_ _ T _
e Safety Constraint: Ule Ay, X1, T+ ApXp, > b; — \/[ali’ ---,ani] szck [a1i, ...,ani]qb LA
* Obstacle set: Xops = {1 |lx — x|l < 7}
* prob(xy € Xops) = Ay « Safety Constraint: ||x — x.|| <1 — \/)(,%(Ak)/lmax(z,%k)

' N\

Quantile function of chi-squared distribution with n degrees freedom Maximum eigenvalue

Lemma 1: L. Hewing, A. Liniger, and M. N. Zeilinger,“Cautious NMPC with Gaussian Process Dynamics for Autonomous Miniature Race Cars”, European Control Conference (ECC), 2018

* For tighter proba b|||ty bound: Huan Liua , Yonggiang Tang b, Hao Helen Zhang ,“A new chi-square approximation to the distribution of non-negative definite quadratic forms
in non-central normal variables” Computational Statistics and Data Analysis 53 (2009) 853—-856

* Nonlinear Obstacles and Arbitrary
Probabilistic Uncertainties Lecture 10, section 1 on uncertainty propagation and section 2 on risk estimation

Fall 2019
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© IEEE. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use/

* Tyler Summers, Distributionally Robust Sampling-Based Motion Planning Under Uncertainty, International Conference on Intelligent Robots (IROS), 2018.

* Luders, Brandon J., Mangal Kothariyand and Jonathan P. How. "Chance Constrained RRT for Probabilistic Robustness to Environmental Uncertainty." In Proceedings of the AIAA Guidance,
Navigation, and Control Conference, 2010.
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Chance constrained PRM
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PRM

* Instead of working with tree (e.g., rrt*), we like to work with graph.

* We can construct the graph and controllers to drive the robot between the nodes in the offline step, and use the graph
search to obtain the safe path in real-time.

4

Obstacle
2] Obstacle
Obstacle

Graph
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PRM

* Instead of working with tree (e.g., rrt*), we like to work with graph.

* We can construct the graph and controllers to drive the robot between the nodes in the offline step, and use the graph
search to obtain the safe path in real-time.

* In the presence of uncertainties, PRM results in a tee in
belief space (space of probability distributions).

4

Obstacle
2] Obstacle
Obstacle

Graph
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PRM

* Instead of working with tree (e.g., rrt*), we like to work with graph.

* We can construct the graph and controllers to drive the robot between the nodes in the offline step, and use the graph
search to obtain the safe path in real-time.

* In the presence of uncertainties, PRM results in a tee in
belief space (space of probability distributions).

4

xk+1 — f(ka uk’ a)k) Obstacle
wy~ iven Probability distribution U1 Obstacle
Uy : Given controller to derive the robot between the nodes

Obstacle

Graph

Uncertain System:
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Graph in the state Space

Final distribution of the states depends on the traversed path
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Graph in the state Space Tree in the belief space

curse of history
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* To construct the graph in the belief space, one can use stabilizing controllers to stabilize the distributions in the nodes.

* A Agha-mohammadi, S Chakravorty, N Amato , “FIRM: Sampling-based Feedback Motion Planning Under Motion Uncertainty and Imperfect Measurements”, International
Journal of Robotics Research (IJRR) 33 (2), 268 — 304, 2014.

* A Agha-mohammadi, S Chakravorty, NM Amato, , “FIRM: Feedback controller-based Information-state Roadmap - A framework for motion planning under uncertainty “
IEEE/RSJ International conference on Intelligent Robots and Systems (IROS), 2011.
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Edge Controller: Time varying LQG
Node Controller: stationary LQG (belief stabilizer)

* A Agha-mohammadi, S Chakravorty, N Amato , “FIRM: Sampling-based Feedback Motion
Planning Under Motion Uncertainty and Imperfect Measurements”, International Journal of
Robotics Research (IJRR) 33 (2), 268 — 304, 2014.

Family of
Gaussian distributions

Family of
istributions

Converge »

Graph Edge

covariance

=

edge controller
covariance
. ’ Node controller

B;: Ball in the belief space (Family of Gaussian distributions )

Fall 2019
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Alternative Approach:

At each planning step:

e I|dentify the k — th best paths between the current and goal nodes.

* Propagate the uncertainty along the paths.
 Choose one path that satisfies probabilistic safety constraints and

drive the robot to the next node.

1

Obstacle
%1 Obstacle

Fall 2019
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Chance Constrained Motion Primitive
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State lattice/Motion primitive Based Path Planning

[ ¢

/

Motion Primitives for the Rover Sequence of maneuvers:

© 65th International Astronautical Congress 2014 (IAC 2014). All rights reserved. This content is excluded from our Creative Commons license. For more information,
see https://ocw.mit.edu/help/faq-fair-use/

* Construct the library of maneuvers in the offline step
* Choose the right maneuver to execute in real-time.

© IEEE. All rights reserved. This content is excluded from our Creative Commons license. For more
information, see https://ocw.mit.edu/help/faq-fair-use/

* Dave Ferguson, Thomas M. Howard, Maxim Likhachev, “Motion Planning in Urban Environments” IEEE/RSJ International Conference on Intelligent Robots and Systems, 2008
* Mihail Pivtoraiko, Ross A. Knepper, and Alonzo Kelly, “Differentially Constrained Mobile Robot Motion Planning in State Lattices”, IEEE/RSJ International Conference on Intelligent Robots and Systems, 2008.

* Alexandru Rusu, Sabine Moreno, Yoko Watanabe, Mathieu Rognant, Michel Devy, “State lattice generation and nonholonomic path planning for a planetary exploration rover” 65th International
Astronautical Congress 2014

* Peter R. Florence, John Carter, and Russ Tedrake. Integrated perception and control at high speed: Evaluating collision avoidance maneuvers without maps. In WAFR: Workshop on the Algorithmic
Foundations of Robotics, 2016.

e Anirudha Majumdar, Russ Tedrake, “Funnel libraries for real-time robust feedback motion planning”, The International Journal of Robotics Research, Vol. 36(8) 947-982, 2017
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* Propagate the uncertainty along the maneuvers.
 Choose the maneuver that satisfies probabilistic safety constraints.

Propagated uncertainties along the motion primitive
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control
» Chance Constrained Covariance Control
» Sum-of-Squares based Probabilistic Safety Verification in Continuous-Time

» Distributionally Robust Chance Constrained Set for Moment Ambiguity Sets
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Continuous-Time Safety Guarantees
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Chance Constrained Trajectory Optimization

» Given Normal distributions of uncertainties, goal state x, and risk levels A, , Findug, k=0,.., T —1
min E[](x, ug)]
[ug, ooy Ur—_1]
s.t. Xg+1 = ApXp + By ux + By Wy
prob(xy € Xops ) < Ay k=1,.T-1
Elxr] = x¢
» Given Normal distributions of uncertainties, goal state x, and risk levels A, , Findug, k=0,.., T —1
min E[J(xg, ug)]

[ug, ., Ur_q]

s.t.  Xgy1 = Agxg + Bukuk + Bwkwk v
prob (x € Xobs ) < A k=1 ..T—1 Continuous-Time Safety Guarantees !
! k<t<k+1 ’ !

Elxr] = x¢
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» To deal with chance constraint prob (xt € Xobs ) < Ay

k<t<k+1

we assume that trajectory x;, k <t < k + 1 is a Brownian motion.
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» To deal with chance constraint prob (xt € Xobs ) < A

k<t<k+1

we assume that trajectory x;, k <t < k + 1 is a Brownian motion.

Brownian motion: is a continuous-time stochastic process
Wg =0

W; has independent increments

Wy — Wy ~ N(0,t — s) (for 0 < s < ).

Gaussian independent increments

* Since Brownian motion has Gaussian independent increments with mean zero,
its time derivative is a Gaussian stochastic process with mean zero whose values at different times are independent.

* Brownian motion is the integral of a Gaussian process.

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



* Ordinary Differential Equation (ODE)

dx(t)
o = f(x(®)

» Stochastic Differential Equation (SDE) to describe probabilistic systems in continuous-time

d
Zit) = f(x(®) +g(x(®)I(®)

Noise: Gaussian Process
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* Ordinary Differential Equation (ODE)

dx(t)
o = f(x®)

» Stochastic Differential Equation (SDE) to describe probabilistic systems in continuous-time

d
Zit) = f(x(®) +g(x(®)3®)

Noise: Gaussian Process

» Brownian motion is the integral of a Gaussian process.

* x(t) (location of robot) is obtained by integration of continuous-time linear differential equitation of motion subjected to
Gaussian noise.

* Hence, x(t) is assumed to be a Brownian motion..
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» To deal with chance constraint prob (xt € Xobs ) < Ay

k<t<k+1

we assume that trajectory x;, k < t < k + 1 is a gaussian stochastic process.

Reflection Principle for Brownian Motions:
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» To deal with chance constraint prob (xt € Xobs ) < Ay

k<t<k+1

we assume that trajectory x;, k < t < k + 1 is a gaussian stochastic process.

Reflection Principle for Brownian Motions:
Let w(t) : t(> 0) be a one-dimensional Brownian motion, and a(> 0) is a threshold value. Then,
prob( sup w(s) > a) = 2P(w(t) > a)
0<s<t

This theory can also be relaxed for an arbitrary time seg ment.

prob ( max_ w(s) > a) <P (ma:x: w(s) > a) = 2P (w(t) > a)

t—1<s<t 0<s<t

* This indicates that the probability of the constraint violation in a single segment and in the continuous time model can
be guaranteed only by checking the violation probability of the final point.
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» To deal with chance constraint  prob (xt

Reflection Principle for Brownian Motions:

prob| max w(s)>a) <P max w(s) >a)=2P (w(t) > a)

t—1<s<t 0<s<t

" € Xobs ) <2 prob(x(k) € Xobs )

Chance constraint:

Ag
€ )(obs) < Ay ‘ prob(x(k) € Xops ) < —
k<st<k+1

prob (xt

Kaito Ariu, Cheng Fang, Marcio Arantes, Claudio Toledo, Brian Williams“Chance-Constrained Path Planning with Continuous Time Safety Guarantees”, Thirty-First AAAI Conference on Artificial
Intelligence, 2017
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» To avoid such scenarios: State at timd k + 1 oy, %, + ay,x, = b,

State at time k

ay, X1 + az x; = byl
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» To avoid such scenarios: State at timd k + 1 oy, %, + ay,x, = b,

State at time k
Obstacle

ay, X1 + az x; = byl

Two consecutive time steps to share a single active boundary for each obstacle.

I a;,Xx1 + az,x; = by

State attime k + 1
Boundary 2

State at time k

Ay,X1 + Ay X, =2 by |
Kaito Ariu, Cheng Fang, Marcio Arantes, Claudio Toledo, Brian Williams“Chance-Constrained Path Planning with
Continuous Time Safety Guarantees”, Thirty-First AAAI Conference on Artificial Intelligence, 2017 Bounda ry 1,

Arantes, M.; Toledo, C.; Williams, B.; and Ono, M.2016. “Collision-free encoding for chance-constrained, non-convex path planning”
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Continuous-Time Safety Guarantees

* Chance constraint:

Ay
€ Xobs ) < Ay ‘ prob(x(k) € Xops ) < —
k<t<k+1

prob (xt

* Probability( Two consecutive time steps share a single active boundary for each obstacle) > 1 — A,

Kaito Ariu, Cheng Fang, Marcio Arantes, Claudio Toledo, Brian Williams“Chance-Constrained Path Planning with Continuous Time Safety Guarantees”, Thirty-First AAAI Conference on Artificial
Intelligence, 2017

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Chance Constrained Covariance Control
» Sum-of-Squares based Probabilistic Safety Verification in Continuous-Time

» Distributionally Robust Chance Constrained Set for Moment Ambiguity Sets
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Distributionally Robust Chane Constrained
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* For given first and second moments, mean 777 and variance 22

M : Family of probability distribution whose first and second moments are 770 and 32

Chance Constraint:  max Probability{zr € xops} < A

Y

Worst-case risk
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* For given first and second moments, mean 777 and variance 22

M : Family of probability distribution whose first and second moments are 770 and 32

Chance Constraint:  max Probability{zr € xops} < A

Y

Worst-case risk

Worst-case probability  max,,.crProbability{z > b} < Ay » X< b+Z

G. C. Calafiore and L. E. Ghaoui, “On distributionally robust chance-constrained linear programs,” Journal of Optimization Theory and Applications, vol. 130, no. 1, pp. 1-22, 2006.

T. Summers, “Distributionally robust sampling-based motion planning under uncertainty,” IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS), 2018
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* For given first and second moments, mean 777 and variance 22

M : Family of probability distribution whose first and second moments are 770 and 32

Chance Constraint:  max Probability{zr € xops} < A

Y

Worst-case risk

Worst-case probability =~ max,,c rqProbability{z > b} < A,

» Probability(x = b) < A >
x~N(%,22)
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Gaussian Linear Chance Constraint

prob(alxlk t ot ApXp, 2 b)

1— A,

Hard Constraint

— ¥ ]

Ay Xq, + -+ anxnk >b+c

Safety Margih

anl'23 lay, ...,

c = \/[al,...,

2

Xk+1

,,,,,,,
- ~o
'

N,

’
~o e
~o -
~~~~~~~~~~

= ApX xkA;( + By, 2 ka'wk

MIT 16.S498: Risk Aware and Robust Nonlinear Planning

Distributionally Robust Linear Chance Constraints

prob(alxlk t ot ApXp, 2 b) 1— A

Hard Constraint

e

ayXq, + -+ anxnk >b+c

<

\

Safety Margin

c = \/[al, @ ]'2%, [y, ...,anﬂ‘
% o = Ak A + By 5 Bloy
A € (0,1)

Safety Margin

Fall 2019



Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control

» Chance Constrained Covariance Control
» Sum-of-Squares based Probabilistic Safety Verification in Continuous-Time

» Distributionally Robust Chance Constrained Set for Moment Ambiguity Sets
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Chance Constrained Covariance Control
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2

1 1 1

With Covariance Control Without Covariance Control
2 — 2 T 2 T

© IEEE. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use/

* K. Okamoto, P. Tsiotras, “Stochastic Model Predictive Control for Constrained Linear Systems Using Optimal Covariance Steering”, 2019.

* K. Okamoto, P. Tsiotras, “Optimal Stochastic Vehicle Path Planning Using Covariance Steering”, 2018.

* K. Okamoto, M. Goldshtein, and Panagiotis Tsiotras“Optimal Covariance Control for Stochastic Systems Under Chance Constraints”, IEEE CONTROL SYSTEMS LETTERS, VOL. 2, NO. 2, APRIL
2018

M. Goldshtein and P. Tsiotras,“Finite-Horizon Covariance Control of Linear Time-Varying Systems” 2017 IEEE 56th Annual Conference on Decision and Control (CDC), Australia, 2017
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Linear systems and Gaussian Uncertainty Propagation:

xk+1 — Akxk + Bukuk +Ba)kwk xONW(fOiZDZCO) a)k~_7\/(6, ZZ)k)

* By the assumption that u,, is deterministic i.e., E[u;,] = u,
fk+1 = Akfk + Bukuk +Bwk(1_)k

S5, = Ax2Z Ap + By, 22 BS,

Xk+1

B, uy termin x4 and By, E[u;] termin X4 cancels out

* We can control the covariance using non-deterministic control input u.
» State feedback U = Ky + Kx

 We need to look for a feedback structure that results in a convex optimization.
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» Gaussian Linear System:

. Ty = Arr. + Brugp + Diwy., 2
k+1 LTk EUE W xo"'W(lio»Zo)
» Safety Constraints:
No—1
A T
o T € X, X = m {:E - Qg 3L < ;"'335:1'} ’
o o . € U,

(J)RNW(O,l) Tro ~ N(Mgg ZD)

N.—1
U = ﬂ {-u. : &'I:ju- = ,Su,j}
4=0

» Probabilistic Safety Constraints

e Pr(rpeX)>1—e¢, where €, € [0,0.5)

» Probabilistic Safety Constraints for Nondeterministic control

* Pr(up eld) > 1 — €,,

MIT 16.S498: Risk Aware and Robust Nonlinear Planning
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> Chance Constrained Covariance Control

Given initial and final normal distributions for the states x,~ Mo, £3), Xp~ MU, Z]%)
Find the sequence of control inputs

N-1

k=0
subject to

Tpy1 = Axg + Buy + Dwyg, 29 ~ N (1o, Xo)

ey =25 ~N (s, Sy),

we assume that X = 0 and X, > 0.
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Feedback Control

Yk+1 =
Yo =

where v € R™*, K € R™ "™ and y; € R™* 1s given by

ur = v + Kpyk,

constant
\

l Feedback Gain
)

Aryr + Diwy,

o — [0,

. Y
Design parameters

Fall 2019

MIT 16.S498: Risk Aware and Robust Nonlinear Planning




» Probabilistic Safety Constraints

I f . — i .
e Pr(rpeX)>1—c¢, Using Boole’s inequality Pr (otz ;2% < Bzi) = 1 — Pay,
: N.—1
No—1 > Pai < e
X £ m {a: (}:li:r < Bt =0
i=0

> Probabilistic Safety Constraints for Nondeterministic control _
y Pr (alju.k < ,:'Su:j) =1 —puj,

* Pr(up eld) = 1 — €,

> N.—1
E Pu,j S € -
7=0
N.—1
-y _ T
U = m {u auju<a8uj}
j=0
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» Chance Constrained Covariance Control

Given initial and final normal distributions for the states x,~ Mo, £3), Xp~ MU, Z]%)
Find the sequence of control inputs

min J(ug JUN—1) E er’ngLukHu;b :

subject to
Tp1 = Axp + Buy + Dwy, 29 ~ N (o, Xo)
Pr (alizrk £ ;‘5’:331-) 21—y 2=0,.. . Na—1,
Pr (aljuk e ﬁu?j) >l —=tam F=0... ., Ng—1,
ey =2f ~N(pup, Xp),

Ne—1 Ne—1
Y pei<a Y puy<en
i=0 4=0

we assume that Xy = 0 and >, > 0.

Fall 2019
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Tpy1 = Ay + Brug + Dywy,

X = Axg + BU + DW,

[ 20 | [ ug | [ wo |

1 T Uq N w1 N
=] " |e@® s =] = | &R W=| _ |k

TN UN—1 WN -1

E[zog ] = Zo + Hoko »
E[zoW '] = 0,
EWW'] = Inn.
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> Chance Constrained Covariance Control
Given initial and final normal distributions for the states xo~ Mg, 25), Xp~ Ny, Zf)

Find the sequence of control inputs

min J(U) =E [X QX + U RU],
subject to
X = Axzo+BU +DW, 2z~ N (1o, X0),
Pr (QLE;{:X < _.31:,';) 2 1—Sg.
Pr (C‘tlijU < .ﬁu?j) 2 1—Psicys
py = ENE[X],
S = Ey (E[XXT] - EX]E[X]T) £,

where Q = blkdiag(Q,...,Q,0) € RW+Dnax(N+lna and R = blkdiag(R,...,R) € RNmuxNny

Ek = [URI.‘.R?’II ) InI . 0”$1(N—k)nx} & an X(N+1)n$ ' k — 0? . ._.i?\"rg
B = [[}nu:knu?‘[ﬂuﬁOﬂu,(N—k—l)nu} = RHHXN“H: i (T

and thus . = £, X and up, = FLU.
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Feedback Control:

T T T T i
U= lug,uj,. ..,uy_q] up, = vk + Ky,

constant l Feedback Gain
\ J

] Y
where v, € R™, K}, € R™ "= _and y; € R™ is given by Design parameters

Yr+1 = ArYr + Dywy,

Yo = ro — [0, l
Vector of Control over planning Horizon U=V + K (Ayo + DW)

Y = Ayo+DW V= [vf,... 0% T

Elyo] = 0 and E[W] = 0 that E[U] = V.

» We describe the objective function and variance of the stares in terms of the design parameters IV and K.
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> By applying control input 7 =V + K (Ayo + DW) tothesystem X = Az, -+ BU + DW, the
following hold:

X =E[X] = Apo + BV,

X=X-E[X]=A(zg— o) +BU—-V)+DW = (I + BK) (Ayg + DW)

E[XX"] = (I + BK) (AZA" +DD") (I + BK)"'

Mean and the covariance at time N:

N = En (Apo +BV),
Yn = En(I +BK) (A0 A" +DD") (I + BK)" Ey.

> V steers the mean and K steers the covarlance [—=V + K (Ayo + DW)
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Final Covariance Constraint:

Relaxation: Y > En(I + BK) (AZ[}AT 4 DDT) (I + BK)'E}:

| | ,

Desired Covariance covariance of states at time N

1—[(AZ0AT+DD ) 2 (I+BK) TELS 22 > 0
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Chance Constraints:

PI(G’}_E};X = ,ﬁﬁj) = Pij &;EkX ~ N(QIEkXG}_ELEXE;—Qj)
Yx = ([ +BK)(AS)A" + DD )(I +BK)'.

» Probability(x > b) < A > X
x~MX, Z5) ¥<b-2X.0"1(1-A4)

o] Ey, (Ao + BV) + [|(ASeAT +DDT)V/2 (I + BK) T E{ ]| &1 (1 — pjgar) — B < 0,

Mean at time k Safety margin at time k

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



States Chance Constraint:

Prio BxX > B;) < p; mmmmly @5 Br (Atto +BV) + [|(AZo A" + DDT)V/2(L + BK) By oyl (1= pysan) = B <0

Input Chance Constraint:

Pr (o] ;FkU < Buy) 2 1= po, Sy o7 FV — B, + 212K TF an |87 (1 = puy) <0,
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Objective function:

JU)=E[X'QX +U'RU], Using the state and control vectors ‘

J(X,X,V,U) = tr(QE[XXT]) + XTQX + tr(RE[UUT]) + VTRV,

where U = U —V

Elyoys | = Xo. ElygW '] =0, and EWW '] = Iy,
E[XXT] = (I + BK) (A% AT +DDT) (I + BK)T
E[UUT] = K (ASoA" + DDT) KT

J(V,K)= tr(((I+BK) QU +BK)+ K"RK) (AX0A"+ DD ")) + (Apo +BV) ' Q(Auo + BV) + V' RV.
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» Chance Constrained Covariance Control

Convex Deterministic Optimization:

min J(V,K) = tr [(I+BK)"Q( +BK)+ K'RK) %,]

+ (Apo +BV) T Q(Apo + BV) + VT RV.

subject to State Cbane Constraints
o Ex(Atto + BV) = Bai + [ZY2(I + BE) T EJ g |87 1(1 — pag) <0,
QI,ijV — Pu,j + ||E;XQKTFJ@1LJ”‘I’_1(1 — Pu,j) <0, Input Chane Constraints
py = En(Apo + BV), ]
Yr = Ex(I+ BK)Z,(I + BK) ' Ey, > Final Covariance
fori =0,...,Ns—1land j=0,...,N.— 1, where ¥, = ASoA" +DD"
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Example: Receding Horizon

- M W e

[

b

. n

. O I O =0 O . C

(a) Problem setup. (a) Problem Setup.
5 E
5
3 3 )
i
2 2
1 4 2
>0 = 0 1
4 1 =0
7 2 1
A 3 -2
4 -+ 3 3
. . —— . .
12 12 10 4 & - 2 i
® x 5 A
=12 =10 -3 -5 =4 -2 o -12 =10 -3 -5 = -2 o

© IEEE. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use/

* K. Okamoto, P. Tsiotras, “Optimal Stochastic Vehicle Path Planning Using Covariance Steering”, 2018.
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Example: Tube based Receding Horizon

e
!,e RN

\I\I

L i ki N
At the end of the horizon, the state mean has to be in a yellow polytope, and the system covariance has to be smaller a yellow ellipse.

-

(a) Deterministic MPC. (b) Stochastic MPC with open-loop vehicle dynam-
(c) Stochastic Tube-MPC.

© Kazuhide Okamoto. All rights reserved. This content is excluded from our Creative &6 fimons license. For more information, see https://ocw.mit.edu/help/faq-fair-use/

* K. Okamoto, P. Tsiotras, “Stochastic Model Predictive Control for Constrained Linear Systems Using Optimal Covariance Steering”, 2019.
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control

» Chance Constrained Covariance Control

» Sum-of-Squares based Probabilistic Safety Verification in Continuous-Time

» Distributionally Robust Chance Constrained Set for Moment Ambiguity Sets
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Sum-of-Squares based Probabilistic Safety Verification
of
Continuous-Time Nonlinear Stochastic Systems
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» For safety of probabilistic continuous-time dynamical systems
We look for Barrier functions, similar to robust case (Lecture 8)

* S.Prajna, A. Jadbabaie, and G. J. Pappas “A Framework for Worst-Case and Stochastic Safety Verification Using Barrier Certificates”, IEEE Transaction on Automatic Control, VOL. 52, NO.
8, 2007

. S. Prajna, A. Jadbabaie, and G. J. Pappas, “Stochastic Safety Verification Using Barrier Certificates” 43rd IEEE Conference on Decision and Control December 14-17, 2004 .

* ). Steinhardt, R. Tedrake, "Finite-time regional verification of stochastic non-linear systems"Journal International Journal of Robotics Research archive Volume 31 Issue 7, June 2012 Pages
901-923
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» In Safety Verification

* Uncertain nonlinear dynamical system T = f(:zj7 u, (,u)

*  Bounded Uncertainty y € * Unsafe Set X obs * Initial state x(0)  Policy u(x)
> Given policy u(x) is safe if there exist a function V() (Barrier function)
V(z(0)) =0 V(z) 21 V& € Xobs V(z,w) = 8‘5—5;';)f(:c,u(x),w) <0Vz, Ywel

w(z): V(r,w) <0Vz, Ywe

> x is constrained to evolve within the {x: V(x) < 0}

L ( O-level set of the function V(x))
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* Ordinary Differential Equation (ODE)

dx(t)
o = f(x®)

» Stochastic Differential Equation (SDE)

d
J;Et) = f(x®) +g(x®)®)

Gaussian stochastic process

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



Given:

d
O _ x0) + s O)

* Y:compact state space

 SDE

*  Xo:compact initial state

* Xy Ccompact unsafe set
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Given:

d
. SDE ’;(tt)= Fx(®) + g(x(©)2(D

* Y:compact state space

*  Xo:compact initial state

* Xy Ccompact unsafe set

» Stopped Process

* In general stochastic process x(t) is not guaranteed to always remain inside the set y

* We define the stopped process with respect to x(t) and y as follows

x(t) Fort<Tt T: is the first time of exit of x(t) form the set ¥
() = -

x(7) Fort > 1
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Given:

d
J;(tt) = f(x@®) + g(x@®){(®)

* Y:compact state space

 SDE

*  Xo:compact initial state

*  Xyu:cCompact unsafe set

Stochastic Safety verification: Compute the upper bound for the probability of a process X(t) starting at y, to reach y,

Probability{ X¥(t) € y, forsomet > 0| x%(0) } <y forallX(0) € y,

» To satisfy the probabilistic safety constraints, y should be less that acceptable risk level.
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Given:

d
« SDE );(tt) = f(x(®) + g(x(®)I®)

* Y:compact state space

*  Xo:compact initial state

* xy:compact unsafe set

Stochastic Safety verification: Compute the upper bound for the probability of a process X(t) starting at y, to reach y,

Probability{ X¥(t) € y, forsomet > 0| x%(0) } <y forallX(0) € y,

» To satisfy the probabilistic safety constraints, y should be less that acceptable risk level.

» Similar to the robust case, we look for Barrier function B(x)

* Instead of requiring the value of B(x) to decreases along the trajectories of the system,
we want E[B(x)] decrease or stay constant over time.
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Given:

d
J;it) = f(x@®) + g(x@®){(®)

* Y:compact state space

 SDE

*  Xo:compact initial state
* Xu:compact unsafe set
Stochastic Safety verification: Compute the upper bound for the probability of a process X(t) starting at y, to reach y,

Probability{ X¥(t) € y, forsomet > 0| x%(0) } <y forallX(0) € y,
» To satisfy the probabilistic safety constraints, y should be less that acceptable risk level.

» Similar to the robust case, we look for Barrier function B(x)

* Instead of requiring the value of B(x) to decreases along the trajectories of the system,
we want E[B(x)] decrease or stay constant over time.

» A function satisfying such property is called “supermartingale” i.e, E[B(%(ty)) | (¢t,) ] <B(%(t1)) 0<t; <t, <o
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Nonnegative Supermartingale

> Let B(%(t)) be a supermartingale of the process X(t) and be nonnegative on y

. - - B(x(0
Then, for any initial condition ¥(t) € x Probability{ sup B(%(t)) =1 |%(0)} < _(x/_l( )
ost=e ( Similar to Chebyshev bound)

B. Oksendal, Stochastic Differential Equation: An Introduction with Applications. Berlin: Springer-Verlag, 2000.
MIT 16.S498: Risk Aware and Robust Nonlinear Planning 155 Fall 2019




Nonnegative Supermartingale

> Let B(%(t)) be a supermartingale of the process X(t) and be nonnegative on y

Then, for any initial condition ¥(t) € y Probability{ sup B(%(¢)) =1 |%(0)} <

Ost<oo

B(x(O))
A

( Similar to Chebyshev bound)

Barrier function-based Safety Verification:

> If there exist a function B(x) such that

1)B(x) =0 Vxey
2)B(x) =21 Vx€y,
3)B(x) <y VxE€y,

0B 1
4) af(x) +§Trace< T(x) g(x)) <0 Vx€y

Then Probability{ X(t) € y, forsomet > 0| %(0)} <y forallX(0) € y,

- B(%(0)),,
*  We need to show that B(x) is a nonnegative supermartingale and hence “Probability{ sup B(%(t)) =1 | %(0)} < B(*©) ( )
0<t<oo
S. Prajna, A. Jadbabaie, and G. J. Pappas, “Stochastic Safety Verification Using Barrier Certificates” 43rd IEEE Conference on Decision and Control December 14-17, 2004
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* To show that B(x) is suppermartingale, we need to describe its conditional expected value.

* For this, we use the notion of “Infinitesimal generator” and Dynkin’s formula.
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* To show that B(x) is suppermartingale, we need to describe its conditional expected value.

* For this, we use the notion of “Infinitesimal generator” and Dynkin’s formula.

* For the stochastic process x(t), we define “Infinitesimal generator” of process x(t) as:

E[ B(x(®)) |x(0)] — B(x(0))
t

AB(xo) = Lim

* Dynkin’s formula: E[B(J?(tz)) | %(t)] = B(f(tl)) 4 E[fttlz AB()?(t))dt] 0<t;<t,<o
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» To show that B(x) is suppermartingale, we need to describe its conditional expected value.

* For this, we use the notion of “Infinitesimal generator” and Dynkin’s formula.

* For the stochastic process x(t), we define “Infinitesimal generator” of process x(t) as:

E[ B(x(®)) |x(0)] — B(x(0))
t

AB(xo) = Limg

* Dynkin’s formula: E[B(J?(tz)) | %(t)] = B(f(tl)) 4 E[fttlz AB(f(t))dt] 0<t;<t,<o

* For the stochastic process x(t) described by the SDE, “Infinitesimal generator” read as

0B 1 . . 0%B
AB(x) =af(x)+§Trace g (x)ﬁg(x)
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» To show that B(x) is suppermartingale, we need to describe its conditional expected value.

* For this, we use the notion of “Infinitesimal generator” and Dynkin’s formula.

* For the stochastic process x(t), we define “Infinitesimal generator” of process x(t) as:

E[ B(x(®)) |x(0)] — B(x(0))

AB(xo) = Lim;_ t

° in’ . ~ ~ ~ t ~
Dynkin's formula: - E[ B(%(t,)) | #(t)) 1= B(%(t1)) + E[[,7 AB(%(1))dt] 0<t; <t, <o
* For the stochastic process x(t) described by the SDE, “Infinitesimal generator” read as

2
AB(x) =g—if(x) +%Trace< T(x)a Bg(x))

(4) g—if(x) + %T’race( T(x) g(x)) <0 Vx€y ‘ E[ B(%(ty)) | #(t) ] < B(x2(t)

B(x) is a supermartingale
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OB 1 0°B
(4) af(x) + - Trace (gT(x)ﬁg(x)) <0 Vxey - B(x): supermartingale
()B(x) >0 VvVxey » B(x): Nonnegative

B(%(0))
i

(1) and (4) - B(x): Nonnegative supermartingale Probability{ sup B(i(t)) >11%(0)} <

0<t<oo
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OB 1 0°B
(4) af(x) + - Trace (gT(x)ﬁg(x)) <0 Vxey - B(x): supermartingale
()B(x) >0 VvVxey » B(x): Nonnegative

B(%(0))
i

(1) and (4) - B(x): Nonnegative supermartingale Probability{ sup B(i(t)) >11%(0)} <

0<t<oo

Safety:  Probability{ ¥(t) € y,, forsomet = 0| ¥(0) }= Probability{ sup B(J?(t)) >11x%00)}

I 0<t<oo

2)B(x) =1 Vx €y,

- B(%(0))
-1

3)B(x) <y VxE€y,

Probability{ ¥(t) € y, forsomet > 0| X(0) } <y forallX(0) € y,
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Barrier function-based Safety Verification:

> If there exist a function B(x) such that

1)B(x) >0 Vxey
2)B(x) =21 Vxe€y,
3)B(x) <y VxEy,

0B 1
4) af(x) +§Trace< T(x) g(x)) <0 Vx€y

Then Probability{ X(t) € y, forsomet > 0| X(0)} <y forallX(0) € y,

SOS Program min Y
Y,B(x)

subjectto B(x) =0 Vx€y
B(x) >1 VxE€y,
B(x) <y VxE€y,

0B 1
af(x) +§Trace< T(x) g(x)) <0 Vxe€y
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Example:

diffusion coefficient

dry(t) = wo(t)dt,
dro(t) = (—a1(t) — 22(t) — 0.523())dt + odw(t),

X = {(r1,22) : =3 < 21 < 3,-3 <2y < 3,27 + 23 > 0.5}

Xy =
Xy =

{(x1,22) @ (21 + 2)2 + 11’.‘-%

< 0.1%}

{(x1,20) € X : 29 > 2.25}

Degree=4 | Degree= 6 | Degree= 8 | Degree= 10
o=0.5 vy=1 v =0.847 | v =0.792 | v =0.771
oc=025 || v=0848 | v=0.616 | v=0472 | v =0.412
oc=0.1 ~=0.824 | v =0450 | v=0.257 | v=0.157

BO <y Vxer, -

| H“:,zai/!de&(x) = 0.792,
rd TRRa L Ly
e ] SERPE RPN () ............................ i — ....- 2L ELIPLEDIPT! SETESLTIPRRPRPLE -
ByZg(x) =1 ==
© IEEE. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/ X
* S.Prajna, A. Jadbabaie, and G. J. Pappas, “Stochastic Safety Verification Using Barrier Certificates” 43rd IEEE-31 7' '; i i i

Conference on Decision and Control December 14-17, 2004. ‘
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Modified SOS-based approach to look for exponential Barrier functions (tighter probability bound)

* J. Steinhardt, R. Tedrake, "Finite-time regional verification of stochastic non-linear systems"Journal International Journal of
Robotics Research archive Volume 31 Issue 7, June 2012 Pages 901-923
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control
» Chance Constrained Covariance Control

» Sum-of-Squares based Probabilistic Safety Verification in Continuous-Time

» Distributionally Robust Chance Constrained Set for Moment Ambiguity Sets
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Distributionally Robust Chance Constrained Set
for Moment Ambiguity Sets

Jean B. Lasserre, Tillmann Weisser, “Distributionally robust polynomial chance-constraints under mixture ambiguity sets” Mathematical Programming, 2019
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** Uncertain information of first and second moments :

________________________________________________________________________________________________________________________________________________________________________________________________________________________

First order moments (mean vector) 1, & [M7 m]

Second order moments (Covariance Matrix) Y, & [5] SIS 5]] for some given §. 5 > ()
= 9

» M: Family of probability distribution supported on () whose first and second moments belongs to the set A

* Moment uncertainty set A — [m, m] X [é[ -\< >, -\< g]]

Probabilistic Safety Constraints: ~ Probability( g; (Q;’QQ >0, i=1,...,n, ) >1-—-A
\z =

Design parameter Probabilistic uncertainty
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** Uncertain information of first and second moments :

________________________________________________________________________________________________________________________________________________________________________________________________________________________

First order moments (mean vector) 1, & [M7 m]

Second order moments (Covariance Matrix) Y, & [5] SIS 5]] for some given §. 5 > ()
4 9

» M: Family of probability distribution supported on () whose first and second moments belongs to the set A

* Moment uncertainty set A — [m, m] X [é[ -\< >, -\< g]]

Probabilistic Safety Constraints: ~ Probability( g; (:E,QQ >0, i=1,...,n, ) >1-—-A
\z =

Design parameter Probabilistic uncertainty

Distributionally Robust Chane Constrained Set:

XDRr = {x € x : Probability( ¢;(z,w) >0, i =1,...,n, ) > 1-A,Vpr(w) € M}

* We leverage on the results of lecture 8 ( Distributionally Robust Chance Constrained Optimization )
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In lecture 8:  Sum-of-Squares Program to construct the set

Distributionally Robust Set

Set of all design variable “x” that satisfies “safety/design constraints” for all possible probability distribution of
uncertainty “w”.

xpr = {x € x : Probability( ¢g;(z,w) >0, i=1,...,n, ) > 1—=A,Vpr,(w), a € A}

Uncertain Parameters of probability distribution
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In lecture 8:  Sum-of-Squares Program to construct the set

Set of all design variable “x” that satisfies “safety/design constraints” for all possible probability distribution of
uncertainty “w”.

xpr = {x € x : Probability( ¢g;(z,w) >0, i=1,...,n, ) > 1—=A,Vpr,(w), a € A}

Uncertain Parameters of probability distribution

* In this lecture, Uncertainty set of probability distribution ,i.e., ,A is defined based on the moments.

A= [m,m] x [0] <3 < 5]

*  We will look at dual of SOS program provided in lecture 8. (moment SDP)

« Set A willintroduce new set of moment constraints to moment SDP,
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Distributionally Robust Chance Constrained Set with Moment Ambiguity Set

e Uncertainty W has unknown probability distribution on uncertainty set ()
 \We have the uncertain information of the first and second order moments

First order moments (mean vector) Second order moments (Covariance Matrix)

m € [m,m]| 26[é142451] for some given é75>0

* Momentuncertaintyset A = [m,m| X [0 < X < 1]

Example: w € Q) c R? m = (my,ma); X = [ o1 712 ] :
g12 0922

A={ m<m; <my,i=1,2; 20 <oy + 099 <20

I
|
I
!
I
|
: (0 — 011)(0 — 092) — 079 > 0; (011 — 0) (022 — J) — 079 > 0}

> M Family of probability distribution supported on () whose first and second moments belongs to the set 4

» Chance constraints should be satisfied for the all probability distributions in A1
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Distributionally Robust Chance Constrained Set with Moment Ambiguity Set

Set of all design variable “x” that satisfies “safety/design constraints” for all possible probability distribution of
uncertainty “w”.

Xpr = {2 € x : Probability( g;(z,w) >0, i =1,...,n, ) > 1—-A,pr(w) € M}

» M: Family of probability distribution supported on () whose first and second moments belongs to the set A

* Momentuncertaintyset 4 = [m,m| X [6] X ¥ < g]]

MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



. Chance Constrained Set
. Set of all design variable “x” that satisfies probabilistic “safety/design constraints” with respect to probability
. distribution of uncertainty “w”.

____________________________________________________________________________________________________________________________________
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Dual of moment SDP

. . minimize C, T maximize (y,b)v.
Primal Conic Program x (e T)va Dual Conic Program Y,s W, v,
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s € K.
N\
measure space continuous function space

P’d = minimize /W(:p,w)pr(w)dwda:
W(z,w)€ER[z,w]

subject to W(z,w)—1>0 V(r,w)eK
W(z,w) >0
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Dual of moment SDP

. . minimize (c,z maximize (y,b)y
Primal Conic Program x (e T)va Dual Conic Program Y,s PR
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s e K.
measure space continuous function space
P’d = minimize / W(z,w)
W(z,w)€ER[z,w]
subject to W(z,w)—1>0 V(z,w)eK
W( ) >0

W by X e given probability measure of uncertainties

Fall 2019
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Dual of moment SDP

minimize (¢, )y, maximize  (y, b)v,

Primal Conic Program x Dual Conic Program Y,s
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s e K.
measure space continuous function space
maximize /dﬂ
K Pd = (min)imiz[e ] / W(z,w)
W(z,w)ERy|[z,w
bject t U = ’ ’ _ _
SUBJECL 2O HS ,u_ _ subject to Wx,w)—1>0 V(r,w)eK
supp(p) C K W( ) >0

W by X e given probability measure of uncertainties
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Dual of moment SDP

. . minimize (c,z maximize (y,b)y
Primal Conic Program x (e T)va Dual Conic Program Y,s PR
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s e K.
measure space continuous function space
maximize /dﬂ
K Pd = (min)imiz[e ] / W(z,w)
. W(z,w)ERy[x,w
bject t U = ’ ’ _ _
SUBJECL 2O HS ,u_ _ subject to Wx,w)—1>0 V(r,w)eK
supp(p) C K W( ) >0

W by X e given probability measure of uncertainties

4 pdf of measure u | _
: Optimal solution

/j*

MIT 16.S498: Risk Aware and Robust Nonlinear Planning

Fall 2019




Dual of moment SDP

. . minimize (c,z maximize (y,b)y
Primal Conic Program x (e T)va Dual Conic Program Y,s PR
subject to A*(x) =0 subject to ¢— A(y) = s
x e K™, A s € K.
measure space continuous function space
maximize /dﬂ
K Pd = (min)imiz[e ] / W(z,w)
. W(z,w)ERy[x,w
bject t U = ’ ’ _ _
SUBJECL 2O HS ,u_ _ subject to Wx,w)—1>0 V(r,w)eK
supp(p) C K W( ) >0

W by X e given probability measure of uncertainties

" Moment Representation

* Looks for moments of a measure [ defined in the space of (x, w)

* Using duality, we can obtain the coefficient of polynomial W
from the solution of moment SDP.

\/ Polynomial Representation

* Looks for coefficients of the polynomial )} in the space of

(x, w)
= [W(z,w) pr(w)dw

https://github.com/jasour/rarnop19/blob/master/Lecturell Probabilistic Nonlinear Control/R

isk Contours Map/Example 1 RiskContour Inner.m

Fall 2019
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https://github.com/jasour/rarnop19/blob/master/Lecture11_Probabilistic_Nonlinear_Control/Risk_Contours_Map/Example_1_RiskContour_Inner.m

. Chance Constrained Set
. Set of all design variable “x” that satisfies probabilistic “safety/design constraints” with respect to probability
. distribution of uncertainty “w”.

Measure LP: o _
maximize di

____________________________________________________________________________________________________________________________________
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Chance Constrained Set

Set of all design variable “x” that satisfies probabilistic “safety/design constraints” with respect to probability
distribution of uncertainty “w”. |

____________________________________________________________________________________________________________________________________

____________________________________________________________________________________________________________________________________

' Set of all design variable “x” that satisfies “safety/design constraints” for all possible probability distribution of

o ”

 uncertainty “w”.
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. Chance Constrained Set
. Set of all design variable “x” that satisfies probabilistic “safety/design constraints” with respect to probability
. distribution of uncertainty “w”.

____________________________________________________________________________________________________________________________________

____________________________________________________________________________________________________________________________________

Distributionally Robust Set

Set of all design variable “x” that satisfies “safety/design constraints” for all possible probability distribution of

o ”

uncertainty “w”.

XDR = {x € x : Probability( ¢;(z,w) >0, i=1,...n, ) >1 —A,Vpr,(w), a € A}

* In distributionally Robust chance constrained optimization, probability measure of uncertainty t., € M
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. Chance Constrained Set
. Set of all design variable “x” that satisfies probabilistic “safety/design constraints” with respect to probability
. distribution of uncertainty “w”.

Measure LP: o _
maximize di

____________________________________________________________________________________________________________________________________

____________________________________________________________________________________________________________________________________

Distributionally Robust Set

Set of all design variable “x” that satisfies “safety/design constraints” for all possible probability distribution of
uncertainty “w”. |

XDR = {x € x : Probability( ¢;(z,w) >0, i=1,...n, ) >1 —A,Vpr,(w), a € A}

* In distributionally Robust chance constrained optimization, probability measure of uncertainty (. € M
> M: Family of probability distribution supported on () whose first and second moments belongs to the set A

* Moment uncertainty set A = [m, m] X [é[ < > < gl]
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* Measure LP for chance constrained optimization is defined in terms of measure 1. X 1o, where, tz is the Lebesgue measure.

maximize / di
m
subject to 1 <X g X i

supp(it) C K
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* Measure LP for chance constrained optimization is defined in terms of measure 1. X o, where, tz is the Lebesgue measure.

maximize / di
m

subject to 1 <X g X i
supp(fi) C K

* Measure LP for distributionally robust chance constrained optimization is defined in terms of measure 1, X pw X pq
and its marginal measures i, X o, and pz X e where, ta is probability measure on A.
maximize /d,u
ﬂywwa
subject to 1 <X Y
supp(p) C K
supp(ua) C x X A

where ¥za, V2w are marginal measures of ¥.wq and ¥ is the Lebesgue measure on .
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 Measure LP for distributionally robust chance constrained optimization for 4 — [m7 m] X [é[ <2 =< 3]]

maximize / dji
,ay"?bacaﬂ/}mw
subject to 1 <X Y.

supp(fi) C
supp (P )CXXA
supp(Paw) C X X €2

fx“wid,a + fa:o‘widqﬁm = fajo‘midgbm r1=1,....p

fﬂ?ainde,L_L + fxo‘wiwjdgbm = fwo‘aijdqﬁm 1<i<3<p

where ¥4, V2w are marginal measures of ¥z.q and v is the Lebesgue measure on x .

Jean B. Lasserre, Tillmann Weisser, “Distributionally robust polynomial chance-constraints under mixture ambiguity sets” Mathematical Programming, 2019

MIT 16.S498: Risk Aware and Robust Nonlinear Planning
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* Alternative conservative approaches:
* Delage, E., Ye, Y.: Distributionally robust optimization under moment uncertainty with applications to data-driven problems. Oper. Res. 58, 595-612 ,
2010
* deKlerk, E., Kuhn, D., Postek, K.: Distributionally robust optimization with polynomial densities: theory, models and algorithms. arXiv:1805.03588

* El Ghaoui, L., Oks, M., Oustry, F.:Worst-case value-at-risk and robust portfolio optimization: a conic programming approach. Oper. Res. 51, 543-556,
2003.

* Hanasusanto, G.A., Roitch, V., Kuhn, D., Wiesemann, W.: Ambiguous joint chance constraints under mean and dispersion information. Oper. Res. 65,
751-767,2017.

* Hanasusanto, G.A., Roitch, V., Kuhn, D., Wiesemann, W.: A distributionally robust perspective on uncertainty quantification and chance constrained
programming. Math. Program. 151, 35-62 , 2015.

* Zymler, S., Kuhn, D., Rustem, B.: Distributionally robust joint chance constraints with second-order moment information. Math. Program. 137, 167—-
198, 2013.
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Topics:

» Chane Constrained Control
i) Trajectory optimization, ii) RRT*, iii) PRM, iv) Motion Primitive

v) Continuous-Time Safety Guarantees

» Distributionally Robust Chane Constrained Control
» Chance Constrained Covariance Control
» Sum-of-Squares based Probabilistic Safety Verification in Continuous-Time

» Distributionally Robust Chance Constrained Set for Moment Ambiguity Sets
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