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Nonlinear (nonconvex) Optimization

minimize f(x)

subject to g;(z) >0, 1 =1,...,m

Objective function and constraints are polynomial functions.

Convex Relaxation: i) SOS Based SDP ii) Moment Based SDP
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Topics:

» Brief Review of SOS and Moments Approaches (Lectures 3 and 4)
» Review of Dual Optimization (Lecture 2)

» Duality of SOS and Moments Approaches

» Primal-Dual Interior Point Methods for SDPs

» Appendix |I: Conic Duality
» Appendix II: Alternative Representations

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Brief Review of SOS and Moments Approaches
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1. Sum of Squares Approach

P* =minimize p(x)

el
* Unconstrained Optimization () — R"
* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

Reformulation in terms of|Nonnegative polynomials

N Z

N

maximize Y i : _ . .
JER — > Hinear constraint We are looking for y such that p(x) — y be a nonnegative polynomial

subject to  p(x) —~v >0, Vre on the set ()
Polynomial Nonnegativity constraint
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1. Sum of Squares Approach

P* =minimize p(x)

el
* Unconstrained Optimization () — R"
* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

Reformulation in terms of|Nonnegative polynomials

N Z

N

maximize 7y i i
~€R — Linear constraint p(a’;) — 7Y be a nonnegative polynomial

subject to  p(x) —~v >0, Vz € on the set ()

Polynomial Nonnega"cM’lcy constraint
|

SOS Relaxation

v
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Nonnegativity Condition

Unconstrained Case:
If polynomial p(x) is SOS, then itis p(x) > 0 for all x € R™.

SOS Condition

_ V¢ 2 Nonnegative polynomial

p(x) = ;4 hi(z) ::> 8 poly

plx) € SOS ’ > 0. Yz € R”
@ hi(z) € Rlz], i=1,...,¢ px) = o

Nonnegative Polynomials

» Not every nonnegative polynomial has a SOS representation.
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Nonnegativity Condition

Unconstrained Case:
If polynomial p(x) is SOS, then itis p(x) > 0 for all x € R™.

SOS Condition _ 2 Nonnegative polynomial
p(m) o Zi: h?ﬁ (Ll?) 8 poly

hi(x) € Rlz], i=1,..

» Not every nonnegative polynomial has a SOS representation.

Nonnegative Polynomials

SOS Polynomials

letthe Q =K ={x € R" : g;(x) >0, i =1,...,m} be a compact set (Archimedean).

Constrained Case: Putinar’s Certificate (Positivstellensatze)

If Polynomial p(x) is positive on the set K then,

v

p(x) = oo(x) + 2212, oi(x)gi(x)

for some o;(z) € SOS5y,, i =0, ...,m

p(x) = > oi(x)gi(x) € SOSaq
forsome d € N

Fall 2019
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1. Sum of Squares Approach

P* =minimize p(x)
S
* Unconstrained Optimization ) = R”
* Constrained Optimization Q =K ={r € R" : g;(x) >0, i =1,....,m}

(Lower bound)|y € R

Reformulation in terms of|Nonnegative polynomials

I
g X
| X '
T\/7 | - |
maximize 7y i i
JER —~ Linear constraint We are looking for y such that p(x) — y be a nonnegative polynomial

subject to  p(x) —~v >0, Vre on the set ()
Polynomial Nonnega"cM’lcy constraint

[
SOS Relaxation

maximize 7y
YTy
T

subject to  p(x) —~ — Z oi(x)gi(x) € SOSsq  oi(x) € SOS%,, i =1,....,m

i=1

Sum of Squares Condition
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1. Sum of Squares Approach

P* _ S i
minimize p(x)

* Unconstrained Optimization () — R"

* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

Reformulation in terms of|Nonnegative polynomials

N Z

I
I
=
I I
(Lower bound)|y € R I I
———————i————i ———————
! . X
|
CEE:

N

mai(géllze Y —— Linear constraint

subject to  p(x) —~v >0, Ve

Polynomial Nonnega"cM’lcy constraint

We are looking for y such that p(a’;) — 7Y be a nonnegative polynomial
on the set ()

SOS Relaxation

o(x) € SOS — o(x) = Zf h?(x) = BT (2)QB(x),Q = 0

i=1

maximize 7y
YTy
T

subject to  p(x) —~ — Z oi(2)gi(x) € SOSsq i) € SOSog,, i = 1,...,m | coefficients of polynomial p(z)—~v—>_1" | 0;9:(x) = coefficients of BT ()Qq B(x)

i=1

Sum of Squares Condition

maximize vy

|:> Qi SOS SDP
subject to

oi(x) = By (2)TQ;By, (v), i=1....,m Qi=0i=0,...,m
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2. Measure and Moment Approach

pP* ... ( ) e Unconstrained Optimization () — R”
=Ininimize €T
Q) p e Constrained Optimization Q=K ={rxeR":g;(x)>0, i=1,..,m}

Optimization in terms of Probability distributions (measures):

> treat x as a random variable.

* Decision variable: [l Probability measure associated with x

* Look for M to minimize E[p(x)]

» Linear Program: Objective function is a linear function of the decision variables
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2. Measure and Moment Approach

pP* ... ( ) e Unconstrained Optimization () — R”
—=Ininimaize X
x€Q) P * Constrained Optimization Q=K ={reR":¢g;(z)>0, i=1,...m}

Optimization in terms of Probability distributions (measures):

> i : .
treat x as a random variable P; —minimize E,[p(z)] = [ p(x)du
* Decision variable: [l Probability measure associated with x HeEME) '
* Look for i to minimize E[p(x)] subject to / dp =1
Q

» Linear Program: Objective function is a linear function of the decision variables M(€2) : space of measures supported on (2
> x* € Q. p(x*) = P*Unique global optimal solution of the original problem. ~ » ™ € Q. i = 1.....7, p(2*") = P": r global optimal solution of the original problem.

=6, I(ST_* = Z;:I Bi0 .. Bi >0, 22:1 8, =1 ..5'31(5.;:;11 I.ﬁ‘ifsﬁ*?

¥ _ L A —>
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2. Measure and Moment Approach

pP* ... ( ) e Unconstrained Optimization () — R”
—=Ininimaize X
x€Q) P * Constrained Optimization Q=K ={reR":¢g;(z)>0, i=1,...m}

Optimization in terms of Probability distributions (measures):

> i : .
treat x as a random variable P; —minimize E,[p(z)] = [ p(x)du
* Decision variable: [l Probability measure associated with x HeEME) '
* Look for i to minimize E[p(x)] subject to / dp =1
Q

» Linear Program: Objective function is a linear function of the decision variables M(€2) : space of measures supported on (2
> x* € Q. p(x*) = P*Unique global optimal solution of the original problem. ~ » ™ € Q. i = 1.....7, p(2*") = P": r global optimal solution of the original problem.

=6, I(ST_* = Z;:I Bi0 .. Bi >0, 22:1 8, =1 ..5'31(5.;:;11 I.ﬁ‘ifsﬁ*?

¥ _ L A —>

Optimization in Truncated Moment Space
» Approximate measure with a finite moment sequence.y, = E,, (%]
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Moment Condition

Unconstrained Case:

Moments of every (nonnegative) measure [ in [R" satisfies :

Moment Matrix M (y) =0 (PSD)

> Not every sequence ¥y that satisfies moment condition, has a representing measure L.

[, y:moments lj > M (y) =0

Fall 2019
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Moment Condition

Unconstrained Case:

Moments of every (nonnegative) measure [ in [R" satisfies :

Moment Matrix M (y) =0 (PSD)

> Not every sequence ¥y that satisfies moment condition, has a representing measure L.

[, y:moments lj > M (y) =0

letthe O =K ={z € R": ¢g;(x) >0, i = 1,...,m} be acompact set (Archimidean).

Constrained Case:

Sequence Y has a representing measure with support contained in the set K, if and only if, it satisfies:

Mo (y) =0, Vd M, (giy) =0

Moment Matrix Localizing Matrix
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2. Measure and Moment Approach

* Unconstrained Optimization () = R"

P* =minimize
TS p( ) * Constrained Optimization Q=K ={reR":g;(x)>0. i=1.....m}

Optimization in terms of Probability distributions (measures):

> treat x as a random variable. P; —minimize E,[p(z)] = /p(:z:)d#
* Decision variable: [/ Probability measure associated with x HEM(S) | :
* Look for i to minimize E[p(x)] subject to / dp =1
Q
> Linear Program: Objective function is a linear function of the decision variables M() : space of measures supported on 2

> x* e ), p(:{:*) — P*Unique global optimal solution of the original problem. > e, i=1, .., "f',])(:l:*'i) =Py global optimal solution of the original problem.

p= 0= Iorj o= Z;’:l ﬁi(s.’f:*{-‘- Bi >0, Z::l pi=1 31&;*]1 | I *fifrﬂ
Opt' i t' i t d M t Sp E: I
iImization in Truncate omen ace )*ff .
Pinom ff“f”[l}lf?f( PaYo Moment SDP

> Approximate measure with a finite moment sequence.y, = E,[2]
’ f subject to  yp =1

Moment matrix My(y) =0
Localizing matrix My_q, (g:y) =0, i=1,...m.
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2. Measure and Moment Approach

* Unconstrained Optimization () = R"

P* =minimize
p( ) e Constrained Optimization Q=K ={rxeR":g;(x)>0, i=1,..,m}

xe)

Optimization in terms of Probability distributions (measures):

> treat x as a random variable. P; —minimize E,[p(z)] = /p(:z:)d#
* Decision variable: [/ Probability measure associated with x HEM(S) | :
* Look for i to minimize E[p(x)] subject to / dp =1
Q
> Linear Program: Objective function is a linear function of the decision variables M() : space of measures supported on 2

> x* e ), p(:{:*) = P*Unique global optimal solution of the original problem. > e Q, i=1,.., "f',])(:l:*'i) =P r global optimal solution of the original problem.

p= 0= Iorj o= Z;’:l ﬁi(s.’f:*{-‘- Bi >0, Z::l pi=1 31&;*]1 | I *fifrﬂ
Opt' i t' i t d M t Sp E: I
iImization in Truncate omen ace )*ff .
Pinom ff“f”[l}lf?f( PaYo Moment SDP

» Approximate measure with a finite moment sequence.y, = E,, (%]

. . . . subject to  yo =1
» Optimal solution is the moment sequence of Dirac measures.

Moment matrix My(y) =0
Localizing matrix My_q, (g:y) =0, i=1,...m.
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2. Measure and Moment Approach

e Unconstrained Optimization () — R"

P* =minimize
p( ) e Constrained Optimization Q=K ={rxeR":g;(x)>0, i=1,..,m}

xe)

Optimization in terms of Probability distributions (measures):

» treat x as a random variable. P* —minimize E [p(a?)} . /p(:z:)d#
po p -
* Decision variable: [{ Probability measure associated with x HEM(L) | :
* Look for i to minimize E[p(x)] subject to / dp =1
O

M()) : space of measures supported on 2

» Linear Program: Objective function is a linear function of the decision variables

=Py global optimal solution of the original problem.

> a* € Q. p(x*) = P*Unique global optimal solution of the original problem. ~ » ™ € @, i = 1.7 p(az*)

Y . x - T 315 sl s Bi > O.. T Bi — 1 j d!‘ .J{r:))'-(sfr:"‘2
W= 0y Iorv : Zi:l S .2121 " l -1:*"1 I .;.iz o
[ [ [ [ I
Optimization in Truncated Moment Space P, = minimize Z Paa Moment SDP
. . L. Yo x=0,...,
» Approximate measure with a finite moment sequence.y, = E,, (%] _— 1
. . . . subject to Yy =
» Optimal solution is the moment sequence of Dirac measures. | . L
. oo _ Moment matrix Ma(y) = 0
» Moments of Dirac measure satisfies » = Rank M,(y*) = Rank M;_, (y*) Localizing matrix My_a, (giy) = 0, i=1,...m.

> We can extract x* from the moments of Dirac measure.
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P* _ . s .
minimize p(x)

 Unconstrained Optimization () = R"

.* Constrained Optimization

Q=K={xeR":¢g;(x) >0, i=1,...m}

Equivalent

Space Nonnegative Continuous functions

N

Equivalent

4

P}, =minimize " E , [p(z)] = /p(a:)d,u

Measure Space

PTC —maximize v neM(Q)
) yeR
subject to  p(x) —~v >0, Ve subject to /Qdﬂ =1
M() : space of measures supported on €
r 1 —
Relaxation Relaxation
~ = ~ =

Space of SOS Polynomials \/
Approximate nonnegative functions with finite degree polynomials

P* - . ,
SOS —III&EFI;IIIZG "Y
fa

subject to

oi(r) € SOSyq,. i =1,....m

Looks for coefficients of (SOS) polynomial of degree 2d

Moments Space
Approximate measures with finite moments

#(l . R o
P om = minimize E Dalla
Yo ,x=0,...,2d
X
subject to  yp =1

Mg_a, (giy) =0, i=1,....,m.

Looks for moments up to order 2d of (nonnegative)measure

Fall 2019
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p* ... ( ) * Unconstrained Optimization () — R"
—minimaize X
p e Constrained Optimization Q=K ={rxeR":g;(x)>0, i=1,..,m}

el A

Equivalent Equivalent

Space Nonnegative Continuous functions % 5 Measure Space {}
P’ =minimize "E,[p(x)] = /p x)dp
1 LEM(Q) H [[)( )} ' ( )

P* . . .
f —Inaximize Y

yeR
subject to  p(x) —~v >0, Ve <:Dual> subject to /Qdﬂ =1
M() : space of measures supported on €
r1 —

Relaxation Relaxation

~ —= ~— —
Space of SOS Polynomials \/ Moments Space
Approximate nonnegative functions with finite degree polynomials Approximate measures with finite moments

* . .
P, =maximize v y o “
I P ., = minimize Dol
Dual Yo .ao=0,....2d
8’

subject to  p(x) — v — Z oi(x)gi(x) € SO subject to yo = 1
i=1 M,(y) =0
U?(T) € SOS2;, i =1,...,m Md—dg_,._ (ggy) =0, 1=1,....m.

Looks for moments up to order 2d of (nonnegative)measure

Looks for coefficients of (SOS) polynomial of degree 2d

Fall 2019
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Dual Optimization
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Primal Optimization:

P* _ 5 .
minimize p(x)

Q=K={zeR":qg;(x)>0,i=1,....,m}

e KKT Optimality Condition:

Lagrange multiplier

Lagrange function: [, (x, ) = p(x) — 221 ﬁs%(m)

vxL(.GC, ,LL) =0 Stationarity
g; (Il?) Z 0, 1 = 1, ey M Primal Feasibility

w; >0 Dual Feasibility

pnigi(x*) =0, 1=1,...,m  Dual Complementary
Slackness
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Primal Optimization:

Dual Optimization:

P* _ 5 .
minimize p(x)

Q=K={zeR":qg;(x)>0,i=1,....,m}

D* = maximize d
sdnbe )
subject to wi >0 1=1,....m

d(p) = min  L(x, p)

Lagrange Dual function: -
TEIR™

KKT Optimality Condition:
Lagrangefunction:L(m’ ﬂ) — p(:z:) — 221 ﬁéqg(m)

Lagrange multiplier

VmL(;m M) — 0 Stationarity
gi (55) >0, 2=1,....m Primal Feasibility
i >0 Dual Feasibility

Slackness

Dual Complementary | .

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Dual Optimization is convex.

Weak Duality: provides lower bound D* < P~

e For feasible x, u
L(z,p) = p(z) — 325, pigi(x) < p(z)
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Primal Optimization:

Dual Optimization:

P* _ 5 .
minimize p(x)

Q=K={zeR":qg;(x)>0,i=1,....,m}

D* = maximize d
sdnbe )
subject to wi >0 1=1,....m

d(p) = min  L(x, p)

Lagrange Dual function: i
TEIR™

KKT Optimality Condition:
Lagrangefunction:[/(m’ ﬂ) — p(:z:) — 221 ﬁéqg(m)

Lagrange multiplier

Stationarity

VeL(z,pn) =0
pi >0

1 =1,....m Primal Feasibility

Dual Feasibility

Slackness

Dual Complementary | .

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Dual Optimization is convex.

Weak Duality: provides lower bound D* < P*

e For feasible x, u

Lz, p) = p(x) — 300 wigi(x) < p(x)

Strong Duality: D* = P~
If i) primal problem is convex, ii) strictly feasible
(Slater’s Condition)
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Primal Optimization:

Dual Optimization:

P* _ 5 .
minimize p(x)

Q=K={zeR":qg;(x)>0,i=1,....,m}

D* = maximize d
sdnbe )
subject to w; >0 1=1,...,m

Lagrange Dual function:

d(p) = min L(x
() = min  L(z, p)

e KKT Optimality Condition:

Lagrange multiplier

Lagrange function: [, (x, ) = p(x) — Z?il ,&qu(m)

e Strong Duality:

VQ:L(;(;7 M) — 0 Stationarity

gi(r) >0, i=1,...m Primal Feasibility

i >0 Dual Feasibility

.u;gi (37*) =0, 2=1,...,.m  Dual Complementary| .
Slackness

l'e Dual Optimization is convex.
o Weak Duality: provides lower bound D* < P*
e For feasible x, u

L(z, p) = p(x) — 3257, wigi(v) < p(z)

D* = P~*
If i) primal problem is convex, ii) strictly feasible
(Slater’s Condition) ‘

* If Feasible x* feasible and u* satisfies d(u*) = p(a*)

Then, x* is a global solution of the original nonlinear

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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P* _ « s . *
minimize p(x)

ZAN

Unconstrained Optimization () = R”

Constrained Optimization Q=K ={xcR":g;(x) >0, i=1,....m}

Space Nonnegative Continuous functions {}

P’ § =maximize 7y

Equivalent

Equivalent
(nonnegative) Measure Space

<:Dual

pneM(Q)

P, =minimize” E, [p(r)] = /p(:z:)du

veR Conve>(< a;nd StrlctIyJeasH:;Ie problems
) Slater’s Condition subiect =
subject to  p(x) —~v >0, Va € T | subject to /Q dp =1
P — p* M(€) : space of measures supported on 2
— o Tm —
Relaxation | Relaxation
~ L

-
Space of SOS Polynomials \/
#d

Pl¢. =maximize 7

—
| | Moments Space \/

sl o
<:Duaq> Pr¢ = minimize E Pala
| | Yo .x=0,...,2d

VO
m
_ Convex and Strictly feasible problems subject to  yyp =1
subject to r) =y — Z oi(w ) € SOS (Slater’s Conflition)
| Md(y) =0
*d  p*d
oi(x) € SOSsy,, i =1,....,m Psos — Pmom

Mi-a, (giy) =0, i=1,...,m,

Fall 2019
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P* L. ( ) * Unconstrained Optimization () — R"
=Iminimize €T
reQ p .» Constrained Optimization Q=K ={rcR":g;(x)>0Q, i=1....,m}
Equivalent Equivalent
Space Nonnegative Continuous functions {} (nonnegative) Measure Space
<::Dua| P, =minimize” E, [p(r)] = /p(:z:)du
Pf —=maximize -y peEM(Q) :
veR Conve>(< eind StrlctIyJeasH:;Ie problems
. Slater’s Condition subiect =
subject to  p(x) —~v >0, Va € T | subject to /Q dp =1
P* — p* : space of measures supported on
M(Q f ted )
— T —

Relaxation | Relaxation
~ — ~ —

Space of SOS Polynomials \/ | | Moments Space \/

s sl S _
Ps.:)s _Hldzyilolrlfllze ~ <:Dr?| P'frw'rrz. _1;?1:111:]31123(5 ;p(}:y(r
T
_ Convex and Strictly feasible problems subject to  yy =1
subject to ) — 7y — oi(x)g;(x) € SOS ’ iti ' '
J Z i(x)gi(x (Slater’s Conflltlon) M,(y) = 0
*d xd My 4 (g;y) =0, 1=1,....m.
(T@(.’II) © SOSQG{T., 1= 1? e Psos Pmom 1= do; (q J) ' '
I 1

Due to Duality:
i) if SDP relaxation in one space achieves the optimal solution of the original problem, the dual SDP should do the same,
ii) we can use the same algorithm for the SOS and Moment relaxations to solve nonlinear optimization.
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SOS and Moment SDP for Unconstrained Optimization
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Unconstrained Optimization

minimize p(x)

Unconstrained Optimization (! = R"

deg(p(x)) = 2d (otherwise, (odd degree) P* = —o0)

Fall 2019
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Unconstrained Optimization

P* —minimize () « Unconstrained Optimization ! = R"
Q
e ]/\[ deg(p(x)) = 2d  (otherwise Aodd degree) P* = —o0)
Equivalent Equi\I/aIIent
Space Nonnegative Continuous functions v (nonnegative) Measure Space {}
P* =minimize E,[p(x)] = /p x)d
P’ :maxi%lize v <:Dual> He T em@) ! (o) . ()
. e
subject to  p(x) —v >0, VreR" subject to /Q dp =1
p* — p* M() : space of measures supported on €
T
[ 1
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Unconstrained Optimization

P* =minimize p(x)

Unconstrained Optimization (! = R"

r el ' .
_l/ \l_ deg(p(ﬂ:)) = 2d (otherwise {odd degree) P* = —0)
Equivalent Dl
Space Nonnegative Continuous functions i v (nonnegative) Measure Sp,,l';_g_ U{a;nt
]‘3:k == 1 E n e ’ d
P’ —ma;;(glguze y <:Dual y 111;_1;&1(1539 ulp(z)] / p(x)dp
subjoct to p(a’;) — v >0, Vr € R" Pf — subject to /Q di =1
Rellaxa tlion .A/[(Q) : space of measures supported on {2 Rellaxa tlion—

Space of SOS Polynomials

N

wd :
P.¢ . =maximize 7

-~

' <:Dual>
subject to  p(z) — v € SOS3y

Moments Space
de

MO
Yoy - (X=

2d-degree Polynomial
Looks for coefficients of (SOS) polynomial of degree 2d

P*d

S0OS

*d
Pmom

— 1r1111111117(,

subject to

prrga v_

Yo = 1

2d

Looks for moments up to order 2d of (nonnegative)measure

» We just need to construct single SOS SDP with relaxation order of 2d.

Hence, relaxation order of Moment SDP is also 2d.

Fall 2019
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Unconstrained Optimization

P* =minimize p(x)

e .

Unconstrained Optimization (! = R"

deg(p(x)) = 2d (otherwise

dd degree) P* = —o0)

Equivalent

N

Space Nonnegative Continuous functions

(nonnegative) Measure Sp:

<:Dual

_Equivalent

Gow \/

P

=minimize E,[p(z)]

/-p(x)du

P* =maximize | =
f ’YER ’Y HEM(2) |
subjoct to p(a’;) — v >0, Vr € R" Pf — subject to /Q di =1
Rellaxa tlion .A/[(Q) : space of measures supported on {2 Rellaxa tlion—

Space of SOS Polynomials

N

wd :
P.¢ . =maximize 7

-~

' <:Dual>
subject to  p(z) — v € SOS3y

Moments Space

de

mom — 1r1111111117(,

Yer (Y= ..2d

subject to

Zp(lyﬂ v_

Yo = 1

Looks for moments up to order 2d of (nonnegative)measure

2d-degree Polynomial
Looks for coefficients of (SOS) polynomial of degree 2d 505 ~_mom
o SOS and Moment SDP __relaxation , p*d _ p*d . p*

)

condition for nonnegativity ).

i)

Instead of searching space of nonnegative polynomials, we search space of SOS polynomials. (SOS condition is sufficient

We use finite number of moments to represent measures. Also moment condition in R"is necessary condition.

Fall 2019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning



Unconstrained Optimization

P* =minimize p(x)

Unconstrained Optimization (! = R"

e {} deg(p(x)) = 2d  (otherwise Aodd degree) P* = —o0)
Space Nonnegative Continuous functions Equ{a}ent (nonnegative) Measure Spc.l-;.g_ U{a;nt
P} =maximize <:Dual P, =i’ B, ()] = [ )i
subject to p(:l’:) —~v >0, Vxe R™ Pf — subject to /Q dp =1
Rellaxa tlion .A/[(Q) : space of measures supported on 2 Rellax_lation—

Space of SOS Polynomials

N

*d ,
P.¢ . =maximize 7

-~

Moments Space
de

MO
Yoy - (X=

— 1r1111111117(,

Zp(lgﬂ, V

2d

! <:Dual> biec _1
subject to  p(z) — v € SOS3y subject to Yy =
. M(y) =0
2d-degree Polynomial ! wd y 1(w)
Looks for coefficients of (SOS) polynomial of degree 2d Poos = Pmom Looks for moments up to order 2d of (nonnegative)measure
o SOS and Moment SDP __relaxation , p*d — pxd < P*
o Condition for PSOS . P:ffom — P*:

Fall 2019
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Unconstrained Optimization

P* =minimize p(x)

e A

e Unconstrained Optimization {2 =

deg(p(x)) = 2d (otherwise

R?’ 1

dd degree) P* = —o0)

Equivalent

N

Space Nonnegative Continuous functions

(nonnegative) Measure Sp:

_Equivalent

oo \/

-~

Y

p(x) —~ € SOy

subject to

P* =minimize E,[p(z)] = [ p(x)d
P’ —ma;;(glguze y <:Dual p —minimize ulp()] /p( )dp
subject to  p(x) —~v >0, VreR" Pl = subject to /Q dp =1
Rellaxa tlion .A/[(Q) : space of measures supported on {2 Rellaxa tlion—
Space of SOS Polynomials ; ; Moments Space ; /_
.l e e )
Psi =maximize 7y Ponom _Ulkn(l}ulénlzgd Zp alfa

Yo, =0 v
<:Dua|> subject to  yp =1

If » = Rank M (y*)

2d-degree Polynomial
Looks for coefficients of (SOS) polynomial of degree 2d 508 mom | Looks for moments up to order 2d of (nonnegative)measure
o SOS and Moment SDP __relaxation , p*d — pxd < P*
*is moment sequence of Dirac measures
¢ Condition for PSOS — P:ffom — P*: Moment SDP: {y q

Proposition 5.2, Theorem 5.3. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Unconstrained Optimization

P* =minimize p(x)

e .

e Unconstrained Optimization {2 =

deg(p(x)) = 2d (otherwise

R?’ 1

dd degree) P* = —o0)

Equivalent

N

Space Nonnegative Continuous functions

(nonnegative) Measure Sp:

_Equivalent

Gow \/

P = ze B, = [ p(x)d
P% =maximize v <:Dual y 111}11%1}&1(15;)3 ulp(z)] / p(x)dp
yER .
subject to p(:l’:) —~v >0, Vxe R™ Pf — subject to /Q dp =1
Rellaxa tlion .A/[(Q) : space of measures supported on {2 Rellaxa tlion—

Space of SOS Polynomials

Psi _IIlaXerIHWG Y <: >
’ Dual
subject to  p(z) — v € SOS3y

Moments Space

de

mom — 1r1111111117(,

Yer (Y= ..2d

subject to

Looks for moments up to order 2d of (nonnegative)measure

Zp(lyﬂ v_

Yo = 1

2d-degree Polynomial wd wd
gy : P =P
Looks for coefficients of (SOS) polynomial of degree 2d 505 ~_mom
¢ SOS and Moment SDP ___relaxation P:gs Pffom < P*
o Condition for — p*  — p*. Y

is moment sequence of Dirac measures
— Rank ﬂ']d—l(y )

SOS SDP: {

Let v* = P*
p(z) — 9" € SOS24

Proposition 5.2, Theorem 5.3. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Unconstrained Optimization

P* =minimize p(z)

F— - =—======7
-

) =R" re 2d = deg(p(x))

Moment Relaxation (SDP) SOS Relaxation (SDP)
o 2d T |
| P = minimize Zpaya ik xd s |
! Yo ,a=0,...,2d P, . = maximize -~y ‘
| a=0 <Dual> gl :
subject to  yg =1 ] subject to p(x) —v € SOSy;
i M(y) = 0

Solve single Moment SDP: Solve single SOS SDP:
® If r = Rank My(y*) = Rank M,_1(y*) — Y is moment sequence
i)P:fom _ p* a(y") a-1(y") of Dirac measures “ P:gs — P*
vi)xl,i=1,...,r, global solutions can be extracted by linear algebra
® [f Rank My(y*) # Rank My_1(y*)

*d * P*d < P*
Pm’om) S P S0O8 —

e Algorithm 5.1, Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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SOS and Moment SDP for Constrained Optimization
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Constrained Optimization

P* =minimize p(x)

O=K={recR":g(zx)>0, i=1,..m}

xeS)
1 | |
Relaxation Relaxation
<z <z
Space of SOS Polynomials \/ Moments Space \/
Pl =maximize v prd = mnmm?c an,yﬂ,
BRI Yoy 0=
™
subject to  p(x) — v — oi(x)gi(x) € SOS>, Dual subject to  go = 1
i=1 My(y) =0
*d , i
oi(x) € SOSsy,, i =1,....m Pm m Mi—a,, (9:y) 70, i=1,...m.
Looks for coefficients of (SOS) polynomial of degree 2d Looks for moments up to order 2d of (nonnegative)measure
» d: relaxation order » d: relaxation order
2d > max(deg(p(x)), deg(gi(x))) 2d > max(deg(p(x)), deg(gi(x)))

In constrained problem:

i) Based on Putinar’s condition, there exist a degree 2d for which positive polynomial takes the SOS representation on the

given set ().

ii) Moment condition is necessary and sufficient condition.

Fall 2019
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Constrained Optimization P* =minimize p(x)

xe)
Q=K={zeR":qg;(x) >0, i=1,...,m}
Moment Relaxation (SDP) SOS Relaxation (SDP)

E 1 o . . . R i i *d :
E P:(rio-m. _uffl}yn:l{]r’llzgd Zpayat E E Pc,oc, 111a§1;1}140 g E
I & 1 ! m :
i subject to  yg =1 < ' Dual ' > subject to  p(x) —~v — Z oi(x)gi(x) € SOSyq i
E(f} _ [df gl (; i)~ Md(?j) ? 0 i i ) ;:(;S 1 E
e - . ! ] i\ cS ;s 1= goeeey HE :
1 2d > max (deg(p(x)). deg(gi(x))) Md dq (g;g) = O, = lgu-,"”’l- : : (T(I 2di- 1 " I

OIf r = Rank Md(’lj*) Rank Md—v( )J is moment sequence

of Dirac measures

*d Tk v = max{dy, } *d *
OPmom =P g ammm) T-T
ii)at, i =1,..,r, global solutions can be extracted by linear algebra

e asd->owP,, 1P asd >0 P 1P
Finite Convergence: 3 ¢* P* —pP* (> ¢* * 3d* P =P d>d
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https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality SOS-Moment/Example 1 MOM.m
https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality SOS-Moment/Example 1 SOS.m

Example 1: Unconstrained Optimization

P* =minimize ] + 427 + 627 + 4z, +5

r€eR
maximize 7y
YER
subject to a7 +4at + 627 + 4, +5— v € SOS
P2 —maximize A
: QcS™ ~ER
subject to  coefficients of (] + daf + 627 + 4wy +5 — 7) = coefficients of B (x)QBa(x)
Q=0 _ —
Looks for polynomial of order 4 Looks for molments up to order 4
P:ﬁg zn_mgigmizc v <0
) C I velR 111 1 . ‘ / ; ‘
eomae ) P.- ., = minimize  y4 + 4ys + 6y + 4y1 + Hyo
Sllb.](‘,ct to (o0 = 1, 2({12 = "—1, (11 — 2{]()2 = 6 2(}[]1 = ‘—l- Goo — 9 — 7 Yo.,Y1.Y2.Y3.Y4
oo qor  qo2 < Dual > Yo Y1 Yo
Q= lq1 qu q=2| =0 SllbjCCt to Yo = 1 Mz(y) = |y1 y2 wy3| =0
qo2  qi12 (22 Yo Y3 Ua
Yalmip-Mosek P*2 Ak g GloptiPOly-Mosek
sos — | —
13’*‘2 — 4 Rank(Ms(y)) = Rank(M,(y)) =1 |:> x* =y = —0.9998
- ‘ m.om.
P*g A e SOS 1 2 0.9998
sos — 1 Q=1 2 40004 2 1 2 0.9996
2 T , 0.9998 2 1 status,obj,m,dual]= msol(P Dual = | 2 4.0009 2
Pos—7" =B (2)QB(x). Q=0 [ J | ™ 0.9996 2 1

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_1_MOM.m
https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_1_SOS.m

https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality SOS-Moment/Example 2 MOM.m

Example 2: Unconstrained Optimization

https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality SOS-Moment/Example 2 SOS.m

P* =minimize 3+ 2z + 2xo + 325 + 2w20 + 3235 + 2] + 5

rER?

maximize
yER

subject to

Looks for polynomial of order 4

2
P... =maximize ,

QeSS el

subject to

coefficients of (342 +2x9+302 421 wo+3a2+at+a3—~) = coefficients of BI (2)QBsy(a

)

Looks for moments up to order 4
Yy =:[yoo|yloay01|y20=yllgy02T930=yzlﬂy|2=y03|y405y31:y221y13yy0{

*#2

Q=0

Du

Yalmip-Mosek P*2 = ~* = 2.5074

S0S
0.1926 L0000 1.0000  —0.0533 —0.0114  —0.05337
1.0000 3.1066 1.0114 0.0000  0.1013 0.1013
O — 1.0000 10114 J.1066 0 —0.1013  0.1013 0.0000
2= 0.0535  —0.0000  —0.1013  1.0000  —0.0000 —0.5140
0.0114  0.1013 0.1013 0.0000  1.0280 0.0000
—0.0533  —0.1013  0.0000 05140 —0.0000  1.0000

mom zmini!}nimz 3yoo + 2y10 + 2yo1 + 3y20 + 2y11 + 3yo2 + yao + Yo
subject to Yoo Yoo Yor Yoo Yoo Yoo
Hov o Yoo Hiro Haoo M2 iz
/ Hov o oo oz b2 e Hos
Ny = =
al > QJOO — 1 2(9) Yoo Yaoo Mo Maoo Mmoo Yoo
* i1 W2 Wiz sy Gz s
Yoz Yz Hoso U2z iha o Hoa
GloptiPOly-Mosek =y = —0.2428
. vy = yor = —0.2428
*2 - Rank(Ma(y)) = Rank(My(y)) =1 ~2 7
— 28 HYHIN — aln HYSRY} —
P*  =2.5074 (M2(y)) (Mi(y))
04926 L0000 1.0000  —0.0369  —0.0442  —0.0369
LODOD  3.0737 L0412  —0.0000 00022 —0.0022
- LO00D 1002 30737 -0.0022 0.0022  0.0000
[status,obj,m,dual]= msol(P) P~ | (360 —0.0000 —0.0022 1.0000 —0.0000 —0.3843
—0.0112 00022 00022 —0.0000  0.768G —0.0000
0.0369 00022 0.0000 03813 —0.0000 10000
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https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_2_MOM.m
https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_2_SOS.m

https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality

SOS-Moment/Example 3 MOM.m

Example 3: Unconstrained Optimization

https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality

SOS-Moment/Example 3 SOS.m

P* =minimize —I— Ty

—CC.I' CU
rER2 1 2+

2 4

P* = —1/27, 2* = [£/3/3,£3/3]

%3
PO, =m: 1*{11111/(
B (JC S6 e =

Y
!

E-slll)_](,(.t to

22 ik .2 2.4
ryry Faryrs g

coellicients of ( ) = coefficients of B (x)QBs(r)

Q=0

3 e
P)Tr,(),?, =1imimize

Y

—Y22 + Ya2 + Y24
subject to

M;(y) = 0

(o

Looks for polynomial of order 6

Yalmip-Mosek

Primal infeasible

~* ¢ SOS

—L1$2 -+ LILQ -~ LILQ

Yoo = 1
al>

Looks for moments up to order 6

GloptiPOly-Mosek

Status=-1:
moment SDP could NOT be solved (unbounded SDP).
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https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_3_MOM.m
https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_3_SOS.m

Example 4: Example 3 with Constraint

https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality

SOS-Moment/Example 4 MOM.m

https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality

SOS-Moment/Example 4 SOS.m

P* =minimize  — 2%23 + 225 + :Jr:?:)(;;l
r€ER?

subject to z e K={xcR*:1—2% —235>0}

P* = —1/27, 2* = [+v/3/3,+V3/3]

« 2d = max(deg(p(x)),deg(g(x))) = 6

3 ..
P.° = maximize

S08
T LT

i 2.2 4.2 2 4 . o R
subject to —ajry +ajry +air, —y —og(e) € SOSa 4, ¢ SOS54 deg(y

Degree 6 4

)

2d = max(deg(p(x)),deg(g(x))) = 6

Looks for moments up to order 6

k3

_________________________________________________________________ S mom —INimize  —yoo + Y42 + You
" o * Looks for polynomial of order 6 v
P, =maximize 7 subject to
QeSb ~clR . Yoo = 1 M:j (f}) = () M, (g(;}:)y) =0
subject to Dual o
coefficients of (—afu3tated+aies—~v—og(x)) = coefficients of B (x)QBs(xr) d—d =3—-1=2
vefficients of (o) — coefficients of BT (4)C » Mg T 0T T
coefficients of (o)) = coeflicients of By (&)Q Ba(r)
Q=0,0Q =0
"""" o GloptiPOly-Mosek
Yalmip-Mosek
Rank(M;(y)) = Rank(Ms(y)) =4
*3 €
P =y = —0.0370

(w7, 25) = (0.5773, —0.5773)
(x].a5) = (—0.5773.0.5773)
(ri, o) = (—0.5773. —0.5773)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_4_MOM.m
https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_4_SOS.m

Example 5. Example 3 Wlth moment constraints https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality SOS-Moment/Example 5 MOM.m

P* =minimize — m%m% + :z:jla:% + m%m% P* = —1/27, 2" = H:\/g/?’a i\/5/3]

rER2

My(y) =0, Vd Je,a>0: |ya| < ca® |:> Y has a representing measure with support contained in [—a,, a]n
(linear condition )

Proposition 3.5: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

; GloptiPOly-Mosek
)'n‘:r;rm, =minimize — Y22 + Ya2 + Y24
y
subject to Yoo =1 M;(y) = 0 lyl <1 —> Moments of measure supported in [—1,1]? Statues=-1
| GloptiPOly-Mosek
P;';,lm” =minimize  —y29 + Y42 + You P y
Y Statues=0
subject to Y00 — 1 My (y) =0 lyl <1 P:‘?;lom — —0.0370 < P*
""""""" GloptiPOly-Mosek
) . (2%, 23) = (0.5773,0.5773)
om =INIMIZE  —y25 + yaz + g Prom = —0.0370 (w7, 23) = (0.5773, —0.5773)
subject to Rank(Ms(y)) = Rank(Mz(y)) = 4 |:> (x].a5) = (—0.5773.0.5773)
Yoo =1 M5 (y) = 0 ly] <=1 |
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https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_5_MOM.m

https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality SOS-Moment/Example 6 MOM.m

https://github.com/jasour/rarnop19/blob/master/Lecture5 Duality SOS-Moment/Example 6 SOS.m

Example 6: Constrained Optimization

P® =minimize

— I
rER?
subject to v € K={x € R*:3 — 219 —af — 235 >0, —21 — 29 — 2172 > 0, 1 + 3779 > 0}
*  2d = max(deg(p(x)),deg(g(x))) = 2 *  Looks for polynomial of order 2 *  2d = max(deg(p(x)),deg(g(x))) = 2 + Looks for moments up to order 2
Psfl; = maximize 8t l
| I 0.5, PT,},),,, —minimize —Y10
subject to — a1 = — o1 (x) — oaga(x) — o3g3(x) € SOSay y
Dégree 2 subject to oo =1 Ms(y) = 0
SOt 72 € S0ty 8 € SOSaic oty M[&QI )y) = M[gfgz(m)y) =0 Mo (gs(x)y) = 0
0 0 0 d—dyg, =1-1=1 d-—Y, =1-1=0 d¥dy, =1—-1=

Nonnegative scalar

Yalmip-Mosek

Yalmip-Mosek

P*Q — ,}f*

508

= —1.6180

ot

GloptiPOly-Mosek Statues=0 P*! == —1.7808 < P~

GloptiPOly-Mosek

P*?  — _1.6180 = P*

mLoTn.

Rank(My(y)) = Rank(M(y)) = 1 (1.6180, —0.6180)

(w7, a5) =

=
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https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_6_MOM.m
https://github.com/jasour/rarnop19/blob/master/Lecture5_Duality_SOS-Moment/Example_6_SOS.m

How to use SOS and Moment Relaxations?

» Formulate the original problem as an (nonlinear,nonconvex) optimization problem.
Then, use SOS or Moment relaxations to obtain SDP problem (convex).

» Obtain SOS or Measure conditions from the original problem.

Example: Stability of nonlinear systems
energy function: V(x) = 0,-V(x) >0 — V(x) € SOS,—V(x) € SOS

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



How to use SOS and Moment Relaxations?

» Formulate the original problem as an (nonlinear,nonconvex) optimization problem.
Then, use SOS or Moment relaxations to obtain SDP problem (convex).

» Obtain SOS or Measure conditions from the original problem.

Example: Stability of nonlinear systems
energy function: V(x) = 0,-V(x) =0 — V(x) € SOS,—V(x) € SOS

SOS or Moment Relaxation ?

Moment relaxation:
1) to find x*
2) Uncertain problems with probabilistic uncertainties

SOS relaxation:
1) Problems involving function or set approximation, e.g., Lyapunov function, Region of attraction set.
2) Uncertain problems with uncertainty set.
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Duality of SOS and Moment Approaches
(Proofs)
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Constrained Optimization

P* =minimize p(x)

Unconstrained Optimization () = R"

e .* Constrained Optimization Q=K ={zxcR":g;(x)>0Q. i=1,...m}
Equivalent Equivalent

Space Nonnegative Continuous functions {} (nonnegative) Measure Space %}

<:Dua| P, =minimize E,[p(z)] = /p(:z:)du
Pf —=maximize vy HeEM(Q) .
veR Conve>(< a;nd StrlctIyJeasHt;Ie problems I_P
. Slater’s Condition aihiee _
subject to  p(x) —~v >0, Ve T | subject to /Qd“ =1
p* _ p* M(Q)) : space of measures supported on 2
— J Iz —
Relaxation ' Relaxation
~ — ~ L
Space of SOS Polynomials \/ | | Moments Space \/
sd #d
P, —mdgyaclrlfnze y <:Dr?lf‘> mom —}m}}mg}}ﬁgd Zp”%
T . . SDP
subject to r) —y — Z o ) € SOS Conve?sa;ggefltsrglx fﬁ?g:]kile problems subject to  yo =1
. ! (s
'f M, () > 0
xd  p*d My 4 (g;y) =0, 1=1,....m.

(T?(T) - SOSQO{T-_, 1= 1, " PSOS - Pmom I=dy, (q J) ' '

Fall 2019
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Duality

Duality of Linear Programs:

Primal LP P T Dual LP .
P® =minimize ¢’ x D* =maximize b7y
fL’ERn '.f,f,-"!'ER”'
subject to Ax =10 subject to ¢ — ATy = s
x > 0. s > 0.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Duality

Duality of Linear Programs:

Primal LP e Dual LP
P* —minimize ¢’z D* =maximize b7y
fL’ERn '.f,f,-"!'ER”'
subject to Ax =10 subject to c— ATy =5 [ > Euclidean space: xx € R™
x> 0. s > 0.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Duality

Duality of Linear Programs:

:> Euclidean space: 1z € R"

r e K.

Primal LP ‘e . Dual LP
P* =minimize 'z D* =maximize b7y
reR™ y,scRn
subject to Ax =10 subject to ¢ — ATy=s [
Extend to different spaces
Primal Conic Program N\~ Dual Conic Program
P* =minimize c, T D* =maximize (b,
) e
subject to  A(z) = b subject to ¢ — A*(y) = s
s e K™,

e.g.,
f‘> * Xx € Euclidean space
* X € Space of symmetric matrices

* X € Space of continuous functions

Fall 2019
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Duality

Duality of Linear Programs:

Primal LP P* =minimize ¢’z Dual LP D* =maximize b’y
rER™ 1y, sER™
subject to Ax =10 subject to ¢ — ATy = s Ej‘> Euclidean space: 1 & R"™
x> 0. — s> 0.
Extend to different spaces
Primal Conic Program N\~ Dual Conic Program
. €.g.,
P* =minimize {(c,x D* =maximize (b, y) _
x (c: ) y.s I:f‘> * Xx € Euclidean space
subject to  A(x) = b subject to ¢ — A%(y) = s e X € Space of symmetric matrices

r e K. s € K™, e X € Space of continuous functions

Duality of Linear Programs ‘ Duality of Conic Programs #<

" Duality of LP in measure space

~ Duality of SOS and Moment SDP

Fall 2019
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Duality of Linear Programs
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Standard Linear Program

T

minimize c'x
rERM
subject to Ax =b
x > 0.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Standard Linear Program Lagrange multipliers

minimize cT - Lagrange function: [(z,y,s)=c 'z — *\(\{_/XAOL — D) _"\?_ v

rER™
subject to Ax =b

=bly+(c— ATy —s)Tx

>0 KKT Condition: V,L(x,y.s)=c—ATy—s=0__
x> 0. Az =b x>0 s > 01 Ty =0
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Standard Linear Program .
Lagrange multipliers

Co. . T —
minimize ¢ x . T T
ER™ Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'5T¢
subject to Ax =b = yTh+(c— ATy —s)Ta
x > 0.

Dual Lagrange function

d(y. s) = minimize L(x,y,s
(y,s) minimize (2,9, 5s)
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Standard Linear Program o
Lagrange multipliers

Co. . T —
minimize ¢ x . S {7
TR Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'b'ﬁaf
subject to Ax =b = yTh+(c— ATy —s)Ta
x > 0.

Dual Lagrange function

ly, ) = minimize L(z.y.5) " dly.s) = minimize L{z.y.5) =

—0o0  otherwise

 We want to minimize Lagrange function with respect to x.
o y'b+ (c— ATy — s)Ta : Lagrange function is a line in terms of x.
L L L
T
Y yTh y'b E
X N\X ~ X
if (c—ATy=5)T =0 if (c— ATy —5)T <0 if (c—ATy=$)T >0
d(y,s) = IIliI'liI%liZe L(xz,y,s) =yTb d(y,s) = miniglize L(x,y,s) = —oc
rER™ rER™
 We are looking for the best minimum point (best lower bound of the objective function of the primal).
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Standard Linear Program .
Lagrange multipliers

Co. . T —
minimize ¢ x . T T
ER™ Lagrange function: [ (x,y,s) = c"z —iy" {Az —b) —'5T¢
subject to Ax =b = yTh+(c— ATy —s)Ta
x > 0.

Dual Lagrange function
yTh ¢c—ATy—s=0

d(y, s) = minimize L(x,y, s)

SERT " d(y,s) = minimize L(x,y,s) =
. ' TERM .
—oo  otherwise
Dual LP: . . T o
maximize d(y, s) maximize y b maximize ylb
y,s=20 Y.s y
subject to ¢— Ay =5 subject to ¢— Aty >0
s > 0.
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Primal LP Dual LP

minimize ¢’z maximize y'b
.’JCERn Y,S
subject to Az =1b @ subject to ¢ — ATy =3 @
x > 0. s > ()
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Primal LP Dual LP

minimize ¢’z maximize y'b
.’JCERn Y,S
subject to Ax =1b @ subject to ¢ — A'y = @
Primal Space: z € R" Dual Space: s € R"
Cone: K ={xcR":2 >0} Dual Cone: K* = {s € R" : s > 0}
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Primal LP

T

minimize c'x
rERM
subject to Ax =1b <:>
x>0

Primal Space: € R"
Cone: K ={xe€R":2 >0}

Weak Duality: yTb S CTQT — CTCC — yTb > ()

Dual LP
maximize y' b
Y,8
subject to ¢ — Aly =5 @

Dual Space: s € R"
Dual Cone: K* = {s € R": s> 0}

Fall 2019
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Primal LP Dual LP

minimize ¢’z maximize y'b
.’JCERn Y,S
subject to Axr =b @ subject to ¢ — Aty =s @
J T >0 s >0
Primal Space: z € R" Dual Space: s € R"
Cone: K ={xcR":2 >0} Dual Cone: K* = {s € R" : s > 0}

Weak Duality: yTb S CTQT — CTCC — yTb > 0

—_———
-_— ~

N - -

(T — y’(?b >0 mp (ATy + 5)T qﬂ k 0 mp (ATy)

//

To+sTe—y"(Ax) >0 B sTx > 0
\—/R

(ATy)T 2 = yT (Az)

—_—
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Primal LP Dual LP

minimize ¢’z maximize y'b
zeR™ Y,s
subject to Axr =b @ subject to ¢ — Aty =s @
J T >0 s >0
Primal Space: ©x € R" Dual Space: s € R"
Cone: K ={xcR":2 >0} Dual Cone: K* = {s € R" : s > 0}
Weak Duality: yTb S CTQT — CTCC — yTb > 0
(T — b Z 0 m) ((ATU + S) — y'((Ax) ;E 0 mp (A"y)"z+s"z—y"(Ax) >0 s’z >0
T R—— — R
(ATU)T.’,E _ UT(Ax) Characterizes

the dual cone

Dual Cone: K*:{SERn:ST;QSZO\V/QCEK}:{SERRISZO}

Linear functional in Euclidean space : x —» R

(Dual space : space of all linear functionals of the vector space)
For more information see Appendix |
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Primal LP Dual LP

minimize ¢’z maximize y'b
.’JCERn Y,S
subject to Ax =1b @ subject to ¢ — A'y = @
Primal Space: z € R" Dual Space: s € R"
. _ n .
Cone: K ={z €R":z >0} Dual Cone: K* ={scR": 52 >0Vx € K}

= {secR":s >0}
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Primal LP Dual LP

minimize ¢’z maximize y'b
reR" Y,s
subject to Ax =1b @ subject to ¢ — Aty =s @
x > 0. s> 0
Primal Space: ©x € R" Dual Space: s € R"
. _ n .
Cone: K ={z €R":z >0} Dual Cone: K* ={scR": 52 >0Vx € K}
= {secR":s >0}
Linear Map A(zx) : R™ — R™ Az) = Ax
Dual Map A*(y) : R™ — R™ A*(y) = ATy
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Primal LP Dual LP

minimize ¢’z maximize y'b
.’JCERn Y,S
subject to Axr =b @ subject to ¢ — Aty =s @
J T >0 s >0
Primal Space: z € R" Dual Space: s € R"
Cone: K ={xcR":2 >0} Dual Cone: K* = {s € R" : s > 0}

Weak Duality.' yTb S CT:L‘ > CTCC — yTb Z 0
Characterizes the dual cone

(T —yTb > 0 My (ATy + )T — yT(Ax) 2 0 mh (ATy) "z + 57w —y"(Ax) >0 My sTo >0
-— _— ~——7 R\—/R e —

Characterizes the Dual Linear Map
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Primal LP Dual LP

minimize ¢’z maximize y'b
zER™ Y,
subject to Ax =1b @ subject to ¢ — Aty =s @
Primal Space: ©x € R" Dual Space: s € R"
: _ n .
Cone: K ={z €R":z >0} Dual Cone: K* ={scR": 52 >0Vx € K}
= {secR":s >0}
Linear Map A(zx) : R™ — R™ Az) = Ax
Dual Map A*(y) : R™ — R” A*(y) = ATy
Linear Map and Dual Map satisfies ~ (A*(y),z) = (y, A(x)) — (AT Tz = yT(Ax)
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Primal LP Dual LP

minimize ¢’z maximize y'b
reR" Y,s
subject to Az =1b @ subject to ¢ — Aly =5 @
T > 0 s > 0
Primal Space: ©x € R" Dual Space: s € R"
Cone: K ={xeR":2 >0} Dual Cone: K* = {s € R": sT0x >0 Ve € K}
={seR":s5>0}
Linear Map A(z) : R® — R™ A(x) = Ax
* AT
Dual Map A*(y) : R™ »R* A W) =47y
Linear Map and Dual Map satisfies (A*(y), z) = (y, A(x))—— (ATy)T2z = yT (Ax)
[\/ P* =minimize (c, ) D* =maximize (y,b) A
xT Yy,s
subject to  A(x) =b Dual> subject to ¢ — A% (y) = s
r e K. se K~.
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Primal Conic Program Dual Conic Program
P* =minimize (¢, z) D* =maximize (y,b)
X Y,s
Dual
subject to A(xz) =10 ,l: subject to ¢ — A™(y) = s
r € K. sec K.
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Primal Conic Program Dual Conic Program

P* =minimize (¢, z) D* =maximize (y,b)
T Y,
Dual
subject to A(xz) =10 ll: subject to ¢ — A™(y) = s
x € K. se K”.
P* =minimize (¢, z) D* =maximize (y,b)
X Yy,s
Dual
subject to A"(z) =1b ll: subject to ¢ — A(y) = s
re K™ s € K.

Fall 2019
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Primal Conic Program

P* =minimize (¢, z)

x ::> Y,s
Dual
subject to A(xz) =10 subject to ¢ — A™(y) = s

Dual Conic Program
D* =maximize

(y,b)

r e K. se K™,
P* =minimize (¢, z) D* =maximize (y,b)
T Y,S
Dual
subject to A"(z) =1b ll: subject to ¢ — A(y) = s
re K. s € K.

i 3§

We can reformulate different class of
Optimization Problems as a conic program.

¥

Use the duality of conic program,
to obtain dual optimization.

Fall 2019
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Primal Conic Program Dual Conic Program

P* =minimize (¢, z) D* =maximize (y,b)
T Y,
Dual
subject to A(xz) =10 ll: subject to ¢ — A™(y) = s
r € K. se K”.
P* =minimize (¢, z) D* =maximize (y,b)
X Yy,s
Dual
subject to A"(z) =1b ll: subject to ¢ — A(y) = s
re K" s € K.

» SDP solvers like SeDuMi, MOSEK, ... are conic program solvers.

e MOEK: https://docs.mosek.com/slides/2017/aau/conic-opt.pdf
e SeDuMi: http://sedumi.ie.lehigh.edu/sedumi/files/sedumi-downloads/SeDuMi Guide 11.pdf

H. D. Mittelmann, “The State-of-the-Art in Conic Optimization Software”, http://www.optimization-online.org/DB FILE/2010/08/2694.pdf

Fall 2019
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http://www.optimization-online.org/DB_FILE/2010/08/2694.pdf

Primal Convex Conic p* —ypinimize (¢, z) Dual Convex Conic
p ’ D* =maximize (y,b)
. Y,S
subject to  A(z) =1b j\> subject to ¢— A" (y) = s
minimize C e X v maximize ylb
Primal SDP X Dual SDP 5
subject to A; e X =b, i=1,...,m. subject to C—> %A=
X = 0. S = 0.
K ={X R : X » 0} K* = {S e R"™" : § » 0}

» See Appendix |
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Primal Convex Conic p* —ninimize (¢, z) Dual Convex Conic
. ’ D* =maximize (y,b)
) . _ Y,
subject to A™(z) =5 j\> subject to ¢ — A(y) = s
re K", se K

P, =minimize /p(:r:)dp, v _—
LP in measure g , Dual maz e Y
subject to / dup =1 subject to p(x) —y e K

i € space of (nonnegative) measures on )

K* = {(nonegative) measures p : supp(u) C Q} K = {nonnegative continuous functions on 2}

» See Appendix |
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Constrained Optimization

P* =minimize p(x)

Unconstrained Optimization () = R"

e e Constrained Optimization Q=K ={xreR":g;(x)>0, i=1,..,m}
[ ] [
Equivalent Equivalent

Space Nonnegative Continuous functions \/

P’ =maximize
f o
subject to  p(x) —~v >0, Vr e

~ —
(nonnegative) Measure Spaw
P’, =minimize E,[p(x)]
Dual
— 17

H peM(Q)
Convex and Strictly feasible problems
(Slater’s Condition)

'/p(if»')du

M() : space of measures supported on €

subject to / dypu =1

JQ

* %
f_P,u

Fall 2019
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Duality of SOS and Moment SDPs
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Semidefinite Conde and Semidefinite Program:

_ . I
Primal SDp MHHEHZC Ce

subject to A; @ X = b, ilj...?m.ll ll

X = 0.

Dual SDP

maximize
S,y

subject to

b1y

C— 2111 y;A; =S

S = 0.

Fall 2019
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Semidefinite Conde and Semidefinite Program:

C— 2111 y;A; =S

nimi- maximize
Primal SDP mm%nue CeX Dual SDP S Y
subject to A, e X =10, 1 =1,...,m. ll II subject to
X = 0. S =0
v Unconstrained Optimizaton
'sosspp |[§ momentsop o i
' . ]! — minimize
| P10, = maximize ~ | T yasa=0,.2d 4 Op e
| v K =
: ) Dual : o
| subject to p(x) — v € SOS5y < : subject to yo =1
| HE Mg(y) = 0

Fall 2019
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Semidefinite Conde and Semidefinite Program:
] SN maximize by
Primal spp ninimize e X Dual SDP  Sw
subject to A, e X =0b; 1 =1,...,m. subject to O =331, yiAi =S
X = 0. S = 0.
v Unconstrained Optimization v
e e TN | 2d |
503 SDP wed . | momentlg%%om — minimize Z PaYa |
| P, . = maximize -~y e Yo ,0=0,...,2d |
; g < : =0 =
! _ Dual ' P
| subject to p(x) — v € SOSyq e subject to o :
; niE Ma(y) = 0 ;
Constrained Optimization
| SOS SDP Emoment SD*I: o
i Pjgs :Ina?ig.lize v E i PTT‘;,OT}“}, :yflflfl:lg)ngd Zf)aya i
i : - : | subject to Yo = i
| subject to  p(x) — v — Z oi(x)gi(x) € SOSaq < Puall ML () = 0 |
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Unconstrained Optimization

SOS Optimization

d
P*% = maximize -~

SOS
J'}/

subject to p(x)

— 7 € 5085 <°”a

Moment SDP
*d
> P —Uingymmlzgd Z PaYa
lity |
subject to  yg =1
My (y)

Rewrite SOS Representation (appendix i)

=0

Rewrite Moment Matrix (Appendix 1)

N

Standard SDP

Standard SDP \/
minimize C eoX
X
subject to A, e X =0b;, i =1,....m <Du
X = 0.

3

—

NS

maximize
S,y

subject to

bTy

C Z; ly.{

S = 0.

;=S

Fall 2019
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Unconstrained Optimization

SOS Optimization

P*d .
cos maX}}/mlze

~y

subject to p(x) —~v € SOSy,

<Dua

Rewrite SOS Representation (appendix i)

Moment SDP
*d
> P —Uingymmlzgd Z PaYa
lity |
subject to  yg =1
Ma(y) = 0

Rewrite Moment Matrix (Appendix 1)

p(z) = BT (2)QB(z) ——— pa = (Q,Ba) Ma(y) = 2_o Baya
Cogfficignts : 4
Constant matrix Constant matrix
— L AN /

Standard SDP AN Standard SDP N

minimize C e X maximize b1y

X Sy
subject to A, e X =0b;, i =1,....m <DU Iity> subject to C—=>" A =S5
X 7 0. S = 0.

Fall 2019
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Constrained Optimization

SOS Optimization
d
S _Hld§lclrlllét y
™"
subject to  p(x) — Z o (:

I,....m

oi(2) € SOSay . i =

) € SOSsy <D“a

Moment SDP
P:‘fam — IIllIllIIllZC Pal)
" Yo .=0,.... Z s
Iity> subject to  yo =1
Md(y) =0

Md—d% (g?,y) a Oa L= 1: ceey T

Rewrite SOS Representation (appendix i)

Rewrite Moment and Localizing Matrix (Appendix 1)

Standard SDP —\/— Standard SDP T\/7
mini%nize CeX ma:gi}r;ﬂze b1y
subject to A; @ X =b; i =1,...,m <Dua|ity> subject to  C =22 yiAi =S
X = 0. S = 0.
Fall 2019
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Constrained Optimization

SOS Optimization Moment SDP
*d P,*d = ale
Plos IIId?lclilML 7y o Uin}ynl]fn}%e Z Daly
subject to  p(x) — v — Z oi(x)gi(x) € SO <Duality> subject to  yg =1
i=1 Md(y) >r"_' 0
O'Z(:E) e S0OSy,., 1 I,....m Md_d% (giy) =0, 1=1,...,m.
Rewrite SOS Representation (Appendix i) Rewrite Moment and Localizing Matrix (Appendix 1)
T _
p(z) (2)QB(x) > Do = (Q,Ba)
: X\
Copfficlents Constant m\atrix ( ) Z \yAOc Md(gy) - Za Bgocya
9(37)0(37) coeflicignts Q(J/)O(J/)) — <Q, Bga) Constant matrix
— L AN /
Standard SDP AN Standard SDP N
minimize C e X maximize b1y
X Sy
subject to A; e X =b; i=1,...,m <Dualitv> subject to € — X" A =S
X 7 0. S = 0.

Fall 2019
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Unconstrained Optimization

SOS Optimization P>’ = maximize ~ Moment SDP 2d
. K P*d L .« o . Z

subject to p(x) —~v € SOSy, mom —Uml}yn_lgngd PalYa
o Le—Yye. 2l =0

subject to  yg =1
My(y) = 0
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Unconstrained Optimization

SOS Optimization P7<, = maximize

subject to p(x) — v € SOSyy

P*! —maximize  ~

S0OS

QES™ vER N
subject to
coefficients of p(2) — v = coefficients of BT (2)QB(x)

Q=0

Moment SDP
P*¢  — minimize
ety a=0,...,2d
subject to

2d
> Pava
a=0

yo = 1
My (y) = 0

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Unconstrained Optimization

SOS Optimization P7<, = maximize

subject to p(x) — v € SOSyy

P —maximize ~
QES” 1”{’ER

subject to

coefficients of p(2) — v = coefficients of BT (2)QB(x)

Moment SDP
P*¢  — minimize
ety a=0,...,2d
subject to

2d
> Pava
a=0

yo = 1
My (y) = 0

P! —maximize 5

508 QeSn yeR
po — 7 =(Q,Bo),
Pa = (Q.Ba),a#0
Q=0

Q0
v

subject to

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Unconstrained Optimization

SOS Optimization P7<, = maximize

subject to p(x) — v € SOSyy

P*! —maximize  ~

S0OS

Moment SDP
P*¢  — minimize
ety a=0,...,2d
subject to

2d
> Pava
a=0

yo = 1
My (y) = 0

subject to
coefficients of p(x) — v = coefficients of BT (2)QB(x)
Q=0
Pl TQes 1r21€/§ v v

Po— 7 = (Q,B[)),
Pa = <Q B(.‘r); X 7& 0

subject to

Q0
wd e . .
P05 =maximize  po — (Q, Bo) 7
subject to  (Q.Ba.) = pa, a# 0
Q=0

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Unconstrained Optimization

SOS Optimization P7<, = maximize

subject to p(x) — v € SOSyy

P —maximize ~
QES” 1”{’ER

<

subject to

coefficients of p(2) — v = coefficients of BT (2)QB(x)

Moment SDP
P*¢  — minimize
ety a=0,...,2d
subject to

2d
> Pava
a=0

yo = 1
My (y) = 0

Q=0
P* —maximize ~
S08 QeSm ~ER / v
subject to  pg — v = (Q. By),
Pa = <Q B(?r): v 7& 0
Q0
wd e . .
Psos _m‘g{elg}}ze Po <Qa BO) v
subject to  (Q.Ba.) = pa, a# 0
Q=0
prd :m%xeig}!jze —(Q,By) v
subject to  (Q.Ba) = pa, o # 0
0o SOS SDP

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Unconstrained Optimization

xd I
| S = maximize 7y

subject to p(x) — v € SOSyy

SOS Optimization

P —maximize ~
QES” 1”{’ER

<

subject to

coefficients of p(2) — v = coefficients of BT (2)QB(x)

Moment SDP o
xd . . .
Piion = miniise, D, patl
subject to  yg =1

M(y) = 0
2d

xd . . .

Pliom = minimize  »  paye
a=0
subject to  yg =1

Q=0
P*  —maximize  ~
S08 QeSm ~ER / v
subject to  pg — v = (Q. By),
Pa = <Q B(?r): v 7& 0
Q=0
kd i I
Psos _m‘g{elg}}ze Po <Qa BO) v
subject to  (Q.Ba.) = pa, a# 0
Q=0
P15, =maximize  —(Q.Bo) N
subject to  (Q.Ba) = pa, o # 0
0o SOS SDP

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Unconstrained Optimization

xd I
| S = maximize 7y

subject to p(x) — v € SOSyy

SOS Optimization

P —maximize ~
QES” 1”{’ER

<

subject to

coefficients of p(2) — v = coefficients of BT (2)QB(x)

Moment SDP o
xd . . .
Piion = miniise, D, patl
subject to  yg =1

M(y) = 0
2d

xd . . .

Pliom = minimize  »  paye
a=0
subject to  yg =1

Q=0
P*  —maximize  ~
S08 QeSm ~ER / v
subject to  pg — v = (Q. By),
Po — <Q B(.‘r): v 7& 0
Q=0
kd i I
Psos _m‘g{elg}}ze Po <Qa BO) v
subject to  (Q.Ba.) = pa, a# 0
Q=0
P15, =maximize  —(Q.Bo) N
subject to  (Q.Ba) = pa, o # 0
0o SOS SDP

subject to By + Z YaBa =0

d ...

P* — minimize

mom . a=0,....2d
Moment SDP

D PaYa

a0

Fall 2019
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Unconstrained Optimization

Primal SDP min:lxmize CeX Dual SDP - ~imize by
S,y
subject to A; e X =b; 1 =1,...,m. : N AL
) ’ ’ T subject to € = 2= ¥idi =S
X = 0.
- Dual S = 0.
|
N |4
— —
508" SDP Moment SDP
prd _ —(0.B P;'fom — minimize Zpo,yo, v
S08 =maximize < ) 0> Yo ,ax=0,...,2d
QeS™
. 2d
subject to Q,.B.) =po., a=1...,2d .
@, ) ’ T subject to By + Z YaBao =0
. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
. Jean Bernard Lasserre, “Global Optimization with Polynomials and the Problem of Moments”, FIAM J. Optim., 11(3), 796—817, 2001.
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Unconstrained Optimization

Primal SDP min'ﬁ(mize Ce X

subject to A, e X =0b; 1=1,...,m.

Dual SDP 1) o ximize bly

S,y

subject to  C — i yidi =S

X = 0. <LDuaI > S = 0.

|4
o b— —|pal, Ai = —B;,C = Bg,m = 2d -
minimize By e ) ma%imize - [pa]
: Y
subject to —B;eQ =—p;, 1=1,.
0= 0 subject to Bo+ 3> 1B, = 0
508 SDP Moment SDP
s
P*d =maximize — <Q, B0> Pmom - m1n1m17e chvycv v
S0S Qcsn < Yo ,x=0,...,
subject t B, o, a=1,..,2d 2
subject to (@, ) = Pas @ h subject to Bg + Z YaBa =0
Q % 0 =1

Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial Colle

be Press Optimization Series, V. 1, 2009.
5IAM J. Optim., 11(3), 796—-817, 2001.

Jean Bernard Lasserre, “Global Optimization with Polynomials and the Problem of Moments”,
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Constrained Optimization
SOS SDP P —maximize

BRI

subject to plx) — v — 2:11 o;(x)gi(x) € SOS
O'@(QZ') S SOSQdiJ 1=1,....m
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Constrained Optimization
SOS SDP P —maximize

Rk
subject to plx) — v — 2:11 o;(x)gi(x) € SOS
oi(x) € SOSs,, 1 =1,....,m
P:i«; —maximize v
’YaQ'E,l?LU

coefficients of ( BT (2)QoB(x) —v+>_", 0;9i(x)) = coefficients of (p(z)—7)

i

SU_bjeCt to o; = Bdi (x)TQzde (:L‘), 1= 1, ceey 1L

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Constrained Optimization

SOS SDP P —maximize

BRI

subject to plx) — v — 2:11 o;(x)gi(x) € SOS
O'@(QZ') S SOSQdiJ 1=1,....m

P:i«; —maximize
7,Qilio coefficients of ( BT (2)QoB(x) —v+>_/", 05gi(x)) = coefficients of (p(x)—7)

i

subject to o; = By, (CU)TQz’Bd?;(CE)a 1=1,....m

d . .
P, =maximize v
Q?; ES T

v
Il
N

subject to <Q0> B(},> + 221<Q7« Bgio«> = Pa, « ?’é 0 <Q0:~ BO> + ZZ1<Q13 Bgf,;0> = Pa — 7

Q; =0, ¢:=0,....m

Fall 2019
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Constrained Optimization
SOS SDP Psgs —maximize 7y

RELSE

subject to plx) — v — 2:11 o;(x)gi(x) € SOS
oi(x) € SOSs,, 1 =1,....,m

Psfs =maximize  *y
7:Qili% coefficients of ( BT (2)QoB(x) —v+>_", 0;9i(x)) = coefficients of (p(z)—7)

subject to 0; = Ba. (2)'Q;By,(x), i=1,....,m ‘ ‘

*d
PI¢ =maximize v
os Q.ES™

subject to <Q0>Ba> + 221<Q?ﬁaBgia> = Pas @ F£0 <Q0:~BO> + Z?_ <Qu gi0 > = Pa — 7
Q; =0, ¢:=0,....m

#(l .
PLe —maxnnue po — (Qo, Bo) — E B, 0) v

Q.ES

subject to  (Qo, Ba) + Z? 1<Qgj ) = Do, aF#0
Q; =0, 1=0.....m
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Constrained Optimization
SOS SDP Psgs —maximize 7y

RELSE

subject to plx) — v — 2:11 o;(x)gi(x) € SOS
oi(x) € SOSs,, 1 =1,....,m

Psfs =maximize  *y v
7:Qili% coefficients of ( BT (2)QoB(x) —v+>_", 0;9i(x)) = coefficients of (p(z)—7)
subject to o; = By, (x)TQin?;(x)a 1=1,....m &
Pbi =maximize 7y
Q ESn

subject to <Q0> B(},> + 221<Q?~ Bgio«> = Pas @ F£0 <Q0:~ BO> + Z?_ <Qu gi0) = Pa — 7
Q; =0, ¢:=0,....m

sl
P.o, =maximize  py — (Qo. Bo) — E B,.o)
S08 Q ES gi

subject to  (Qo, Ba) + Z? 1<Qgj ) = Do, aF#0
Q; =0, 1=0.....m

P —maximize  — (Qy.Bg) — Z(Q” B,,0) N

Q.eS™
i=1
subject to (Qo:Ba) + 220 (Qi, Byia) = pa. a#0 SOS SDP
Q: =0, i=0,....m
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Constrained Optimization

Moment SDP . L
P*{ — ) o . p
om = Winimize > Paya

(8

subject to  yg =
M (y) =
M.(g:y)

Y o
k=

1 =1,...,m.
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Constrained Optimization

Moment SDP

s e o
P, = minimize E PaYa
Yo .x=0,...,2d
&

subject to yg =1
Ma(y) =0
My(giy) = 0, i=1,..,m.

s _ N
Pom = ) mlnlmlz( E PaYa

subject to  yg =1
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Constrained Optimization

Moment SDP . L

P*{ — ) o . p

om = Winimize > Paya
(8

subject to  yg =1
Ma(y) =0
My(giy) = 0, i=1,..,m.

s _ N
Pom = ) mmlmlz( E PaYa

subject to  yg =1
> yaBa = 0

ZyaBgm =0,1=1,....m

P*d o
mom mlnl{l;nue Pala
y(_‘: Ja

.....

subject to  Bg + Z YaBay =0
a0

B,o+ Z YaBg,a =0,0=1,...,m
a0

Moment SDP

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Constrained Optimization

Primal SDP min:lxmize CelX Dual SDP ). vimize by
S,y
3 ] A;e X =0b, 1=1.....m. . m
subject to ; b, 1 e, M subject to €' — 37 y; A; = S
X = 0.
~ Dual S = 0.
| J—] ||
N V
Moment SDP L
SOS SDP P inimi | N4
miom = minimize, ; PaYa
m | 2d
#d . S
Pos :g(TXHQg’G — (Qo.Bo) — (Qi,By,0) subject to By + Z YaBa =0
ili=n i=1 a=1
subject to (Qo.Ba) + 2111<Qi:Bgm> =Pa, =1,....2d 2d
Q'é =0, 1=0.,....m Bg,;U + Z .yQ'B.f};:& s U:?-.' - 1: SEPRLL
a=1

. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial Colldge Press Optimization Series, V. 1, 2009.
. Jean Bernard Lasserre, “Global Optimization with Polynomials and the Problem of Moments” |SIAM J. Optim., 11(3), 796-817, 2001.
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Constrained Optimization

=S

Primal SDP min:lxmize CeX Dual SDP ma}éimize by
Y
subject to A; e X =0b, 1=1,...,m. subject to € — Zm
X = 0.
=0 <LDual > S = 0.
\ll_ |4
X = blkdiag([Qo, Q1 .., Qo) Ai = —blkdiag([Bi, Bg,i, ..., By, il),i=1,...,2d
C = blkdiag([Bg, Bg,0. . ... By, o)) b — —[pal m — 2d
Moment SDP
SOS SDP wd
Plom = minimize. Zpa@/nf
y m 2d
Plos _g(?}{me]ge — (Qo.Bo) — (Qi,Bg,0) Dyal subject to  Bg + Z YaBa =0
=0 i=1 a=1
subject to <Q03 Bu) + 2:11<Q5 Bg.,-_(.x> = Pay, ¥ = 13 seey 2d 2d
Q'é =0, 1=0,....m B_q,;(] + Z ya‘Bg,;a- =0,i=1,.
a=1

. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial Colld
. Jean Bernard Lasserre, “Global Optimization with Polynomials and the Problem of Moments”,

ge Press Optimization Series, V. 1, 2009.
SIAM J. Optim., 11(3), 796-817, 2001.

Fall 2019
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.  Unconstrained Optimization () = R"
P* =minimize p(x)

e e Constrained Optimization Q=K ={xreR":g;(x)>0, i=1,..,m}
- T
Equivalent Equivalent
Space Nonnegative Continuous functions \ / ‘ (nonnegative) Measure Space
<LDua| P, _Hluéu\ftl(lz{)) E,.[p(x)] = /p(a:)d,u
P’ =maximize v T = :
e ™ subject t / du =1
. RUNUN C iy subject to =
subject to  p(x) —v >0, Ve H Jo

M() : space of measures supported on €

K : cone of nonnegative continuous functions on K K7 : cone of nonnegative measures supported on K
Space of SOS Polynomials Moments Space
P* maximize ~ wd
sos AKX Y Dlulal Plom {:kn(l}n_unl?gd Pala
subject to — v — E oi(x )€ SOS C s subject to  yo =1
= e— Fp- , ( )
o;(x) € SOSQO{_” i=1,....m xd  __ pxd M, 1Y) =0, 1=1,....m.
- PSOS = Pmom d—d,, (gz./) ~ Y, 3 e
1
K : cone of SOS poynomials up to order 2d K™ : cone of truncated moments up to order 2d of (nonnegative) measures

. Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
. Jean Bernard Lasserre, “Global Optimization with Polynomials and the Problem of Moments”, SIAM J. Optim., 11(3), 796—817, 2001.
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Primal-Dual Interior Point Method
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Primal SDP min}(mize CeX Dual SDP maximize bTy
S,y

subject to A;e X =0, 1 =1,...,m. subject to  C " A, =S
X = 0. S = 0.
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Primal SDP min}(mize CeX Dual SDP maximize bTy
S,y
subject to A, ¢ X =b;, 1=1,...,m. subject to  C - y,A; =S
X = 0. S»0.

From the Duality a triple (X, S, y) solves the primal-dual SDP if and only if:

_—

A;e X =0, 1=1,....m X =0 Primal feasibility

B C—>" yA =S5 S =0 Dual feasibility
SX —( Dual Complementary slackness
(Strong Duality: Ce X —yTb=0— S e X = 0(psd matrices) — SX = 0)

~—
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Primal SDP  inimize C e X Dual SDP maximize bTy

X S,y
subject to A; e X =0b, 1=1,...,m. subject to C—Z?ilyiAi:S
287 W S = 0.
From the Duality a triple (X, S, y) solves the primal-dual SDP if and only if:
A, e X =0b i=1....m X =0 Primal feasibility
— C=>" A =S S =0 Dual feasibility
X — 0 Dual Complementary slackness

» Primal-dual interior point methods solves the system of nonlinear systems.

» From Lecture 2, interior point method i) turns constrained optimization with inequality constraints into constraint
optimization with only equality constraints, ii) Applies Newton’s method to solve optimality conditions.
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Primal SDP  inimize C e X Dual SDP maximize bTy

X S,y
subject to A; e X =0b, 1=1,...,m. subject to C—Z?ilyiAi:S
287 W S = 0.
From the Duality a triple (X, S, y) solves the primal-dual SDP if and only if:
A, e X =0b i=1....m X =0 Primal feasibility
— C=>" A =S S =0 Dual feasibility
X — 0 Dual Complementary slackness

» Primal-dual interior point methods solves the system of nonlinear systems.

» From Lecture 2, interior point method i) turns constrained optimization with inequality constraints into constraint
optimization with only equality constraints, ii) Applies Newton’s method to solve optimality conditions.

_—

| Outimalit dit A;e X =b, i1=1,....m
P _ minimize Ceo X + —f(X ptimality conadition
nnngnue CeX :> X + f( ) | _ C — 221 'EJiAzi. — g
subject to A; @ X =b; i=1,...,m. subject to A; e X =0, 1=1,....m X — ]
X = 0. _ _ — Uin
where, barrier function f(X) = log(det(X)) System of nonlinear equations

MIT 16.5498: Risk Aware and Robust Nonlinear Planning 110 Fall 2019




Primal SDP min}(mize CeX Dual SDP maximize bTy
S,y

subject to A, ¢ X =b;, 1=1,...,m. subject to ¢ — " y;A; =S
X = 0. S = 0.

 Hence, Primal-dual SDP solvers (e.g., SeDuMi, MOSEK,....), have access to the dual and primal variables.

e By solving moment SDP, we can also obtain SOS polynomial. (see examples 1 and 2)
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Appendix I: Conic Duality
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Primal and Dual Spaces

* Primal spaces V - vector space
e.g., Euclidean space, space of symmetric matrices, space of continuous functions

e Dual spaces V' * : vector space of real-valued linear functionals.

. <,, ->V -V x V* — R : “Duality Pairing” between an element of vector space and an element of dual space

Examples:

Euclidean spaces (self-dual): V = R™, V* =R", (x,y)y = Ty

Space of symmetric matrices (self-dual): V = 8™, V* = 8", (X, Y)y = X oY = trace(X'Y)

Space of continuous functions and spaces of measures: 'V = (C  V* = M., <f H>V — ffdﬂ

e Chapter IV.3: Alexander Barvinok “A Course in Convexity”, American Mathematical Society, Graduate Studies in Mathematics, Volume 54
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Primal Conic Program Dual Conic Program
P* =minimize (¢, x)y, D :]_’na;;imize (¥, b)vs
€T .S
subject to  A(z) =10 subject to ¢ — A*(y) = s
r e K. se K™,

e Propercone:! K C V) * Dualcone: K* C V}*

reVy ceV? beVy yeVy
* Linearmap A(z): Vi — V5 * Dual Linear map A*(y) : Vof — V¥

satisfiey < A*(y), x >y, =< v, A(lx) >y, satisfies

l

Vi vy VoV,

e Chapter IV.3: Alexander Barvinok “A Course in Convexity”, American Mathematical Society, Graduate Studies in Mathematics, Volume 54
1: proper cone: convex, closed, nonempty interior, pointed.
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Primal Conic Program Dual Conic Program
P* =minimize (¢, x)y, D :]_’na};irsnize (¥, b)vs
X 3
subject to  A(z) =10 subject to ¢ — A*(y) = s
r e K. se K™,
e Propercone:! K C V) * Dualcone: K* C V}*

reVy ceV? beVy yeVy

* Linearmap A(x): Vi — Vs * Dual Linear map A*(y) : Vof — V¥

satisfies < A*(y), x >y, =< v, A(lx) >y, satisfies

l

Vi vy VoV,

To obtain the dual optimization:

i) define the primal cone and associated dual cone, ii) identify linear map and find dual map iii) Use dual conic program to
construct the dual optimization

1: proper cone: convex, closed, nonempty interior, pointed.
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o g cc - * . .
Primal Conic Program P* =minimize <c} gj) Vi Dual Conic Program D :]_’na};lrsmze <y, b> V5
xr )

subject to  A(x) =10 subject to ¢ — A*(y) = s
xr e K. se K™,

° Propercone: K:{TERHCEEO} CV1 :R?’L e Dual cone: K* — {S ER” . ST./,E Z O\V/:C = K}

minimize ¢’z v maximize y'b
TER™ Y5 J
Primal LP . Dual LP Y,s
subject to Ax =10 subject to ¢ — Aty =5
x > 0. s > 0.
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Primal Conic Program P* —minimize <C;$>V1 Dual Conic Program D* =maximize (y,b)y,

xr

Yy.s

subject to  A(x) =10 subject to ¢ — A*(y) = s

7\ r € K.

se K*.

minimize C e X

v maximize ylh

Primal SDP X Dual SDP S5y
subject to A, e X =b;, 1=1,....m. subject to C—> ;2 %A =S
X = 0. S = 0.
K={XeR"™ :X=0lCcl=8" Kr={SeR"™:SeX >0VX € K}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Primal Conic Program DP* —pinimize (¢, z)y, Dual Conic Program D~ =maximize (y, b)v,

X Yy,s
subject to A*(x) =10 subject to ¢ — A(y) = s
/" N\ xe K™, s € K.
LV P miigls Byl = |l N i
LP in Measure Dual y
subject to /Q dp =1 subject to p(x) —y € K
M(€) : space of measures supported on 2

Kr={peM: [ fdu>0VfeK} K={feC:f>0onQ}

= {(nonegative) measures j : supp(p) C 2} — {nonnegative continuous functions on 2}

Linear Map A*(u) : Vo = M — Vi = R—A(p) = [ dp Dual Linear Map A(y) : Vi =R = V5, =C

S

<f¢du;iu>—<¢u,z‘ﬁ(y)> — (Jdw'y=[AW)dp — [ydp= [Aly)dp — A(y) =
R R MZC

Y

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Appendix Il: Alternative Representations
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Moment Matrix

Moment Matrix associated with a sequence of moments up to order 2d:

Moment Matrix of order d: M, (y) = E,[Ba(z)Bl (2)] = E,[>>. Boz® =>__ Baya
'

e B, (x): vector of monomial up to order d Constant matrix

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Moment Matrix
Mi(y) = >, Bava

Yo Y1 Y2
M (y) = E[Bo(2) B ()] = |v1 w2 v

Y2 Yz Ya

I 0 0 0 1 0 0 0 1 0 0 0 0 0 O
=10 0 Olywo +{1 0 Ojys+ 1[0 1 Oly2+10 0 1|yz +|0 0 O wa

0O 0 O O 0 O 1 0 0 O 1 0 0O 0 1
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Localizing Matrix

Localizing matrix associated with a sequence of moments [ya, Q€ Nn] and polynomial g(x) € R|z]

Localizing Matrix M, (gy) = ElgBa(x)BY ()] = E,.[>.., Byaz® = > Byala
v

B, (x): vector of monomial up to order d Constant matrix
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Localizing Matrix Mu(gy) = >, Bgava

Sequence of moments up to order 4 and g(x) = a — x? — x5

1 1 T g(x) g(x)x g(x)xo
Mi(gy) = Elg(2)Ba(2) B3 ()] = E[g(z) |1 | [ x1 22|l =E[g(z) |21 2t xze|]=E[|g@)zr  g(@)r]  g(x)riry
T 2o Ty 25 g(@)xe g(x)ri20  g(2)23
a— i — a3 ‘ ary — v} — 2125 a2 — xﬂf — 23 ‘ [ayoo — Y20 — Yo2 Y10 — Y30 — Y12 AYor — Y21 — Yo3
ATy = Ta¥] =&y AT1Ty = Tyly — 1l @ty =Tt — |aYor — Y21 — Yoz  AY11 — Y31 — Y13 aYo2 — Y22 — Yo4

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Localizing Matrix Mu(gy)

= 20 Bgala

Sequence of moments up to order 4 and g(x) = a — x? — x5

M (gy)

2 2
a—x] — T

= E[|ax; — 27 — 2123
ary — ToTs — T

M, (gy)

Elg(x)Ba(x) B3 ()]

— Z(}: yaBga —

1

L2

ary — r}{ — 105
ary — xf — x3a3
3

GL1L2-J%L2—I1I2

= Elg(x) |2, [1 xry 392]]

aro — CCQCC% — Ig

aw ro — r3r9 — x125 ||
ar3 — r3r? — a3

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Elg(x)

1 I o
I CC% 19
o T1T2 x%

ayoo — Y20 — Yoz

ayio — Yo — Y12

| AYo1 — Y21 — Yo3

ayio — Yo — Y12
ay20 — Y40 — Y22
ayir — Y31 — Y13

g(x)x g(x)xo
g(x)xi  g(x)zi2
glx)rrzy  g(x)a3

ayor — Y21 — Yos
ayilr — Y31 — Y13
ayoz — Y22 — Yo4

Fall 2019



SOS Polynomials

- p(z) = B' (2)QB(x) = (Q, B(z)B" (x))

p(x) = (Q: 2 0 Bar®) = 2. (Q, Ba) 2™ = > ot - Pa = (@, Ba)

k—Y—)
Dy Coefficient
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SOS Polynomials

1 6 0 -2 0771
Example: p(x) = 22 — 2125 + x5 + 1 PO =121 122 0 6 3| |2
_.’131_ i 0 0 -3 6 | _’}”1_

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



SOS Polynomials

11776 0 -2 0] 1]
Example: p(x) = 22 — 2125 + x5 + 1 PO =121 122 0 6 3| |2
_.’131_ i 0 0 -3 6 | _’}”1_

| ‘i i 1
- S l] [; [; of {00 01 00 00 01 00 00 1 0 00 0 0 00 0 0 00 0 0 00 0 0
BB (r) = 2 .;.:_); ‘:,_; nwy | 0000 1000 0 p 0000 0f s 00 0] g 100 (00 o) a oo o of o {0001 o 0 00
Ty LR B 3 H H H 0000 00 0 0" 00 00" "1t 00 o™ Jo1o0oo0™ Joo o™ Joooo™Fy g0 1|0
ryoapre s o | L0 0 0 00 0 1 00 0 0 00 0 0 00 0 0 00 0 0 01 0 0 00 1 0
Boo B1o B>, By, Bo> B By, Bi; B,
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SOS Polynomials

1 6 0 -2 0 1

N xI9 0 4 0 0 i)

Example: p(x) = 22 — 2125 + x5 + 1 PO =121 122 0 6 3| |2
_Tl_ i 0 0 -3 6 | _’}”1_

1 S ‘% I 1
I N I N R I AR R I TR I R I R
BB (o) — | ¥ ©2 ry oy | :_ . PN o1t o0 . oo 10l 4 foo oo 000 1) 00 0 0 .,
@B (@)= 2 .3 vy a3 > 0000 00 0 o 0 0 ol T o 0 0 o EF T g 0 o= 0 1 0 o™ oo 1 o™ o 0 0 oy o o o] o
ryoayan arxd o ad U0 0 00 00 0 1 00 0 0 00 00 00 0 0 00 0 0 01 0 0 00 1 0
Boo Bio B By, Bo> By Bo. B B,
Pa = <AQ?B(}:>
[ - _ _ _ |
3 2 —UZ 3 ['] 3 8 8 6 0 -2 01 o100 6 0 -2 0] o 0 0 0
poo = (Q.Boo) = (4 | ) . ) =1 B 0400 100 0], B o lo o4 0 0 00 0 0],
0 H (J; _f’.; 3 :; 8 8 pr=QBou =Gy g 6 3o 0 o of) T Por=(QBo) =G| 5 o ¢ 3] fo 0o 1 07!
L 0] ] 0 0 -3 6 00 0 0 00 -3 6] [0 0 0 0
(6 0 -2 0] Jo 0 0 1] 6 0 -2 01100 10 6 0 -2 0] Jo 0 0 0
, 0 4 0 0 00 00 : a0 4 0 0 0 1 0 0f, 0 4 0 0 00 0 I
pro = (Q.Bug) = (} . ) =U poz = (Q.Bu2) = (5 | _. ; 31| )=0 = = (3 =
612 0 6 =310 0 0 0 61—=2 0 (1‘ =3| 7|1 0 0 0 pu=@QBu)=G 1 5 o ¢ _3l'lo oo oll=Y
7[] 0 -3 hg 1 0 0 []7 0 0 -3 §] 0 0 0 0 0 0 -3 G 01 0 0
6 0 -2 0 00 0 0] 6 0 -2 0 00 0 0 6 0 -2 0] [o 0 0 0]
. 0 4 0 0 00 0 0 . 0 4 0 0 00 1 0 _.
s \_n _ o Lt \ B B 0 4 0 0 00 0 of
Po={Q:B) =G| 5 o ¢ 3|0 0 0 of7! pos ={(QBos) =G| 5 g ¢ 3|01 0 of/TY p2=(QBu)=( 20 6 -3|'loo o 1f/7 !
0 0 -3 6 00 0 1] 0 0 -3 6 00 0 0 0 0 -3 6 00 1 0
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SOS Polynomials

o(x) € SOS g(x) : polynomial

2o(z) = g(x)B(x)TQB(x) = (Q,9B(x)" B(x))
o)) = oln Bt @ g(x).B(x)B" (x) = 3, Bgaz®

g(x)o(x) = (Q, )., Bgar®) = Za<%>xa > coefficients(g(x)o(x)) = (Q, Bya)

Coefficient of polynomial g(x)o(x)
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SOS Polynomials

T
1 6 0 -2 0 1
. vy O ‘ : EE 0 4 0 0 1
Example: (z) € SOS o(x) = —zas +a;+1 =1 |"2 )
€5 -2 0 6 —3 rs5
T 0O 0 -3 6 (o
g(x) = o
N o 3202 4
g(x)o(x) = a7 — w05 + x105 +
T 31T .rl,rfé ;7’ 10 00 01 00 00 1o 00 00 00 00 00 01 0000 0000 L 000
o w1y mad o ol 00 0 0 {00 0f 010 0 . 00 1 0f 4 oo oo 000 0, 0o oo o1, 0000 .. oo o ol .
glo)-B)BEw) =10 2 0s et a2e2] [0 0 0 0/ oo 0 of TER L o0 o EE g 1 o o] T o 0 1 o T2 0 0 0 0| T o oo o 0 0 0 1| g g g o 7
# ate, adel o | 10000 00 0 0 0000 00 0 0 00 00 Lo v R R
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