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Nonlinear (nonconvex) Optimization

minimize f(x)

subject to g;(z) >0, 1 =1,...,m

Objective function and constraints are polynomial functions.

Goal: Find Convex Relaxations of Nonlinear Optimization

Tools:
i) Nonnegative Polynomials ii) Semidefinite Programs
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Nonlinear (nonconvex) Optimization

minimize f(x)

subject to g;(z) >0, 1 =1,...,m

Tools: i) Nonnegative Polynomials ii) Semidefinite Programs

Step 1.

Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials

Step 2:

Represent Nonnegative Polynomials with Positive Semidefinite Matrices (PSD)

Reformulate Nonlinear Optimization as Semidefinite Program
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Nonlinear (nonconvex) Optimization

Nonlinear

minimize f (,ZU) Optimization
meR’n

subject to g;(z) >0, 1 =1,...,m

Tools: i) Nonnegative Polynomials ii) Semidefinite Programs

Step 1: AN

Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials

Step 2: { }

Represent Nonnegative Polynomials with Positive Semidefinite Matrices (PSD) N?\;I':;?ca::’e
Reformulate Nonlinear Optimization as Semidefinite Program Semidefinite
Program
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Nonnegative Polynomials

» Monomials
» Polynomials
» Nonnegative Polynomials

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Polynomials

e Monomials: product of powers of variables
e  Monomial (powers of variables):

variables x: = = [x1,..., x|’ a1 o
1, 2l > r® = axitey s
n-tuple: o= (a1,...,qay), «; €N

n
e Degree of monomial: Zizl ;
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Polynomials

e Monomials: product of powers of variables
e  Monomial (powers of variables):

variables x: = = [z1,...,z,|" o«
1, 2l > r® = axitey s
n-tuple: o= (a1,...,qay), «; €N

n
e Degree of monomial: Zizl ;

* Polynomial: p(x):R"™ — R
coefficiéﬁts ™ monomials

(univariate) Polynomial of order 3 in x4 (multivariate) Polynomial of order 5 in x; and x,
p(xq,%x,) = 0.56 + 0.5x; + 2x5 + 0.75x3 x2

p(x;) =1+ 0.5x% + 0.75x3

* Degree of polynomial: Maximum degree of monomial in the polynomial

Fall 2019
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Polynomials

e Polynomials: finite linear combination of monomials.

* Polynomial: p(z):R"™ — R p(x) — ZQ, Pax”
coefficiéﬁts ~ monomials
(univariate) Polynomial of order 3 in x4 (multivariate) Polynomial of order 5 in x; and x,
p(x;) = 1+ 0.5x2 + 0.75%3 p(xq,%5) = 0.56 + 0.5x; + 2x% + 0.75x; x3
 Vector representation: p(;p) :AQTB\E;C)
Vector of coefficients Vector of monomials

17 05617 [ 1]

plry) =1+ 0.5:{:? + 0.7527 = | 0.5 :1:% p(x1.29) = 0.56 + 0.521 + 23;% + (),75;;;?3;% — O; ;é

- 23 Ly
0-7 1 10.75 ] L{LE_
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Polynomials

e Polynomials: finite linear combination of monomials.

* Polynomial: p(z):R"™ — R p(x) — ZQ, Pax”
coefficiéﬁts ~ monomials
(univariate) Polynomial of order 3 in x4 (multivariate) Polynomial of order 5 in x; and x,
p(x;) = 1+ 0.5x2 + 0.75%3 p(xq,%5) = 0.56 + 0.5x; + 2x% + 0.75x; x3
e Vector representation: p(;p) :AQTB\EQ;)
Vector of coefficients Vector of monomials

17 05617 [ 1]

plry) =1+ 0.5:1;% + 0.7527 = | 0.5 :1:% p(x1,29) = 0.56 + 0.521 + 233% + 0,‘75;;;?3;% — O; ;é

- 3 U9
0-7 1 10.75 ] L{LE_

R[x] set (ring)of real polynomial in the variables z € R” Ry[x] C Rxz] Set of polynomials of degree at most d
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Level Set of Polynomials

Semialgebraic Set: Set described by level sets of polynomials

{r eR":qg;(x)>0,i=1,..,n, hi(x)=0,1=1,...m}
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0.8 0.6 0.4 0.2 a 2 04 0.6 0.8 '1-2 12

{x € R?: g(x1,22) > 0.8} {x e R?: g(ay, 29, 23) > 1}

=0.42x7- 1.2x7x,- 0.48x}+ 0.3x3x2- 0.57x3 x,+ 0.61x5- 0.66x2x3+ 0.17x2x2+ 1.9x2x,+ 0.066x2+
0.69x; x5~ 0.14x; x3- 0.85x; x2+ 0.6x1x,- 0.22x;+ 0.011x5- 0.068x5- 0.07x3- 0.42x%- 0.084x,+ 0.84
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Nonnegative Polynomials

p(:l?) c R[a’:] Nonnegative Polynomials | p(a:) > () Vr € R"

v
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Nonnegative Polynomials

Ap(x)
p(:l?) c R[:U] Nonnegative Polynomials | p(a:) > () Vr € R™
0 .
X
p(x)
Nonnegative Polynomial on the Set t
p(x) >0 Vee{reR":g(x)>0,i=1,..,m} 0
\ . J x
Set
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Nonnegative Polynomials

Ap(x)
p(:lf) c R[:U] Nonnegative Polynomials | p(a:) > () Vr € R™
For Unconstrained Optimization
0 .
X
p(x)
Nonnegative Polynomial on the Set t
p(x) >0 Vee{reR":g(x)>0,i=1,..,m} 0
\ . J x
Set
{$€Rn.gi($)>0,’&: y 7m}

For Constrained Optimization
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Nonlinear (nonconvex) Optimization

Nonlinear
mlnlmlze f (:,U) Optimization
CUER’”
subject to g;(z) >0, 1 =1,...,m
Tools: i) Nonnegative Polynomials ii) Semidefinite Programs
Step 1: AN

Nonnegative
Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials Polynomials
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Nonlinear Optimization and Nonnegative Polynomials
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Unconstrained Optimization and Nonnegative polynomials

()

minimize p(x)

p(x) € Rlz]
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Unconstrained Optimization and Nonnegative polynomials

p(x)
p(z) € Rlx] [

minimize p(x)

maximize 7y
vyeR

subject to p(z) —~v >0, VreR"
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Unconstrained Optimization and Nonnegative polynomials

Ap(x)
p(z) € Rlz]

minimize X

reR™ p( )

e o2
.. X

maximize vy

vER o

. B o Feasible interval for y
subject to  p(z) —~v >0, VreR y should be below of the p(x)
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Unconstrained Optimization and Nonnegative polynomials

p(x)

p(r) € Rz] [

minimize p(x)

maximize 7y
vyeR

subject to p(z) —~v >0, VreR"
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Unconstrained Optimization and Nonnegative polynomials

p(x)

p(r) € Rz] [

minimize p(x)

maximize 7y
vyeR

subject to p(z) —~v >0, VreR"
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Unconstrained Optimization and Nonnegative polynomials

Ap(x)
p(z) € Rlz]
minimize €T

reR™ p( )
it SO0 N
_OER o _______

x* % :
maximize Y — I 5 Linear Constraint
vyeR

subject to p(x) —~v >0, VreR"

— Polynomial Nonnegativity Constraint

We are looking for y such that p(:r;) — 7y be a nonnegative polynomial.
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Constrained Optimization and Nonnegative polynomials

. ()
minimize p(x)

subject to  g;(x) >0, i=1,...,m

p(:l:),g@(.:c) = R[JZ’], t=1,....m

(x €R" gi(x) >0, =1,...m)}
Feasible Set
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Constrained Optimization and Nonnegative polynomials

. ()
minimize p(x)

subject to  g;(x) >0, i=1,...,m

p(:l:),g@(.:c) = R[JZ’], t=1,....m

NS

maximize 7y Feasible Set
vyeR
subject to  p(z)—~v >0, Vee{reR":¢g;(x) >0, i=1,....,m}
Feasible Set
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Constrained Optimization and Nonnegative polynomials

minimize  p(x) p(x)

A

reR™
subject to  g;(x) >0, i=1,...,m

p(fl?),g@(.’lf) = R[JZ’], t=1,....m

maximize 7y

vER Feasible interval for y

sub; ) o~y > 7 7 nooo () > — 1 m ¥ should be below of the p(x)
subject to  p(z) =720, Vr€{zr€R Feg%si(t;l;e) Sot 0, i=1,..,m} over the feasible region.
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Constrained Optimization and Nonnegative polynomials

. ()
minimize p(x)

subject to  g;(x) >0, i=1,...,m

p(.’l?),g@(.’lf) = R[JZ’], t=1,....m

NS

maximize 7y Feasible Set
vyeR
subject to  p(z)—~v >0, Vee{reR":¢g;(x) >0, i=1,....,m}
Feasible Set

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Constrained Optimization and Nonnegative polynomials

minimize  p(x) p(x)

A

reR™
subject to  g;(x) >0, i=1,...,m

p(.’l?),g@(.’lf) = R[JZ’], t=1,....m

v R N

(x eR" gi(x) >0, =1,...m)}

maximize 7y Feasible Set
vyeR
subject to  p(z)—~v >0, Vee{reR":¢g;(x) >0, i=1,....,m}
Feasible Set

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Constrained Optimization and Nonnegative polynomials

. ()
minimize p(x)

subject to  g;(x) >0, i=1,...,m

p(.’l?),g@(.’lf) = R[JZ’], t=1,....m

v ;\'x*

fr e R" :'g;(x) > 0, = 1, .,om}

maximize 7y
~vER —— Linear constraint

SllbjeCt to p(T) — 7 2 0, Vi < {T < R™ - gi (T) 2 0, 1= 17 RS mf}—'PolynomiaI Nonnegativity constraint

We are looking for y such that p(a’;) — 7Y be a nonnegative polynomial |
ontheset {x € R" : g;(x) >0, i =1,....,m}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Nonlinear Optimization and Nonnegative polynomials

Unconstrained Optimization: o _ ,
maximize vy —— linear function

yeER
minei%lize p(x) j‘> subject to | p(z) —v >0, VreR"
T T
Polynomial Nonnegativity Constraint
p(z) € Rlz]

Constrained Optimization:

C. maximize O | i
minimize  p(z) :> P gl linear function
- subject to [ p(x) —7 >0, Va € {a € R gi() > 0, i — L,..m}

subject to g;(x) >0, 1 =1,....m
J g?’( ) — T Polynomial Nonnegativity Constraint

p(x),g@(.:l:') = R[.’I}], t=1,....m
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Nonlinear Optimization and Nonnegative polynomials

Unconstrained Optimization: . _ ,
maximize vy —— linear function
yeER
mini%lize p(x) j‘> subject to | p(x) — v >0, VreR" — Convex optimization
me T —
Polynomial Nonnegativity Constraint
p(:l?) c R[x] Replace with convex constraints” |

Constrained Optimization:

Ce maximize i i
minimize  p(z) j‘> R Y ——— linear function
reR | subject to | p(x) =~y >0, Vee{z e R" : g;(x) >0, i=1,....,m}|

subject to ¢g;(x) >0, 1 =1,....m
J 97’( ) = 0, T Polynomial Nonnegativity Constraint

Y

uoneziwijdo xaAuo)

Replace with convex constraints

p(:l:),g@(.:c) = R[JZ’], t=1,....m
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» Reformulation of Nonlinear Optimization in terms of nonnegative polynomials.

» We can also reformulate different problems (in different domains) in terms of
nonnegative polynomials.
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» Reformulation of Nonlinear Optimization in terms of nonnegative polynomials.

» We can also reformulate different problems (in different domains) in terms of
nonnegative polynomials.

Example: Stability of Nonlinear Systems
Given a nonlinear dynamical system x = f(x), x(0) = xq
We want to show that solutions x(t) converge to zero for all initial conditions (stability).

* To prove this, we need to find an energy function V (x) with following properties

Lyapunov function: Vix) >0 on x#0 —V(x) >0

Fall 2019
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» Reformulation of Nonlinear Optimization in terms of nonnegative polynomials.

» We can also reformulate different problems (in different domains) in terms of
nonnegative polynomials.

Example: Stability of Nonlinear Systems
Given a nonlinear dynamical system x = f(x), x(0) = xq
We want to show that solutions x(t) converge to zero for all initial conditions (stability).

* To prove this, we need to find an energy function V (x) with following properties

Lyapunov function: Vix) >0 on x#0 —V(x) >0

Example: MAX CUT Problem in Graph Theory

Fall 2019
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Nonlinear (nonconvex) Optimization

minimize f(x)

subject to g;(z) >0, 1 =1,...,m

Tools: i) Nonnegative Polynomials ii) Semidefinite Programs

Nonlinear
Optimization

Step 1.

Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials

AN

Nonnegative
Polynomials

%

Fall 2019
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Nonlinear (nonconvex) Optimization

minimize f(x)

subject to g;(z) >0, 1 =1,...,m

Tools: i) Nonnegative Polynomials ii) Semidefinite Programs

Nonlinear
Optimization

Step 1.

Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials

Step 2:

Represent Nonnegative Polynomials with Positive Semidefinite Matrices (PSD)

Reformulate Nonlinear Optimization as Semidefinite Programs

i7ﬁ

</

Nonnegative
Matrices

~ -

Semidefinite
Programs

Fall 2019
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Nonlinear (nonconvex) Optimization

Nonlinear
minimize f (3;) Optimization
QCGRTI
subject to g;(z) >0, 1 =1,...,m
Tools: i) Nonnegative Polynomials ii) Semidefinite Programs
Step 1: N
. C .. . ) i Nonnégative
Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials Polynomials m
Step 2: {}
2.1 Replace Nonnegative Polynomials with Sum of Squares (SOS) Polynomials Nonnegative
2.2 Represent SOS Polynomials with Positive Semidefinite Matrices (PSD) Mitri;es
_ ~ S Semidefinite
Reformulate Nonlinear Optimization as Semidefinite Programs Programs
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Sum of Squares (SOS) Polynomials
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Sum of Squares (SOS) Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

p(z) € Rjz] [s0s > p(x) =Xt hi(x) hi(x) € R, i=1,..¢
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Sum of Squares (SOS) Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

p(z) € Rjz] [s0s > p(x) =Xt hi(x) hi(x) € R, i=1,..¢

> If polynomial p(x) is SOS, then itis p(x) = 0 forall x € R™.
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Sum of Squares (SOS) Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

p(z) € Rjz] [s0s > p(x) =Xt hi(x) hi(x) € R, i=1,..¢
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Sum of Squares (SOS) Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

p(z) € Rjz] [s0s > p(x) =Xt hi(x) hi(x) € R, i=1,..¢
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Sum of Squares (SOS) Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

p(z) € Rjz] [s0s > p(x) =Xt hi(x) hi(x) € R, i=1,..¢

/
p(x) = Zg,:l h? ) deg(p(x)) = 2d even degree polynomial
S
+
Example: R
p() = 0 — miad + b+ 1—— p(x) = (L (w1 — 23)P + (3 + 3P +12 [y PO isSOS
hq ho hs Nonnegative polynomial
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Sum of Squares (SOS) Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

N 14 :
p(r) € Rla] [[sos_ > p(x) =2 i1 hi(z) hi(z) € Rlz], i=1,....¢
> If polynomial p(x) is SOS, then itis p(x) = 0 forallxz € R™. p(z) => le h?(x)

» We use SOS polynomials to represent Nonnegative Polynomials.
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Sum of Squares (SOS) Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

N / :
p(r) € Rla] [[sos_ > p(x) =2 i1 hi(z) hi(z) € Rlz], i=1,....¢
> If polynomial p(x) is SOS, then itis p(x) = 0 forallxz € R™. p(z) => le h?(x)

» We use SOS polynomials to represent Nonnegative Polynomials.

» SOS condition is a sufficient certificate for polynomial nonnegativity.
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Sum of Squares (SOS) Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

N ¢ .
p(r) € Rla] [[sos_ > p(x) =24 hi(w) hi(z) € Rlz], i=1,....¢
> If polynomial p(x) is SOS, then itis p(x) = 0 forallxz € R™. p(z) = Zle h?(x)

» We use SOS polynomials to represent Nonnegative Polynomials.

Nonnegative Polynomials

SOS Polynomials

» SOS condition is a sufficient certificate for polynomial nonnegativity.
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Sum of Squares (SOS) Polynomials

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

N ¢ .
p(r) € Rla] [[sos_ > p(x) =24 hi(w) hi(z) € Rlz], i=1,....¢
> If polynomial p(x) is SOS, then itis p(x) = 0 forallxz € R™. p(z) = Zle h?(x)

» We use SOS polynomials to represent Nonnegative Polynomials.

» SOS condition is a sufficient certificate for polynomial nonnegativity.

Nonnegative Polynomials
4.2, .2 4 2.9
Example: Motzkin polynomial P(Z1,%2) = ziz3 + xjrs + 1 — 327w

SOS Polynomials
p(ry,2) >0 plxy,x2) € SOS
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Sum of Squares (SOS) Polynomials

> SOS condition is a sufficient test for polynomial nonnegativity. Nonnegative Polynomials

* The investigation of the relation between nonnegativity and SOS SOS Polynomials
began in the paper of Hilbert from 1888.

D. Hilbert,” Uber die Darstellung Definiter Formen als Summe von Formenquadraten”, Math. Ann., 32 (1888)

© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/

David Hilbert
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



https://ocw.mit.edu/help/faq-fair-use/

Sum of Squares (SOS) Polynomials

> SOS condition is a sufficient test for polynomial nonnegativity. Nonnegative Polynomials

* The investigation of the relation between nonnegativity and SOS SOS Polynomials
began in the paper of Hilbert from 1888.

D. Hilbert,” Uber die Darstellung Definiter Formen als Summe von Formenquadraten”, Math. Ann., 32 (1888)

- Hilbert showed that every nonnegative polynomial is SOS only in the following three cases:

\ i) Univariate Polynomials , ii) Quadratic Polynomials (d=2), iii) Bivariate polynomial of degree 4 (n=2,d:4)}
|
Nonnegativity Condition g SOS Condition

© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/
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Sum of Squares (SOS) Polynomials

Nonnegative Polynomials

» SOS condition is a sufficient test for polynomial nonnegativity.

The investigation of the relation between nonnegativity and SOS SOS Polynomials

began in the paper of Hilbert from 1888.

D. Hilbert,” Uber die Darstellung Definiter Formen als Summe von Formenquadraten”, Math. Ann., 32 (1888)

Hilbert showed that every nonnegative polynomial is SOS only in the following three cases:

\ i) Univariate Polynomials , ii) Quadratic Polynomials (d=2), iii) Bivariate polynomial of degree 4 (n=2,d:4)}

|

Nonnegativity Condition g SOS Condition

Hilbert’s 17th problem asked whether this is true in general:

_ B Hilbert’s 17th problem (1900):
- ‘M Given a nonnegative polynomial, can it be represented as a sum of squares of rational functions?

Hilbert, David "Mathematical Problems". Bulletin of the American Mathematical Society. 8 (10): 437-479.

© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use/
Fall 2019
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Sum of Squares (SOS) Polynomials

1) Nonnegativity Condition of p(x) € R|x]

Nonnegative polynomial SOS Condition p(:l?) — Z€_1 h? (m)
p(z) >0, Yz € R” OS> p(s) € SOS =) hi(z) €Rlz], i=1,..1
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Sum of Squares (SOS) Polynomials

1) Nonnegativity Condition of p(x) € R|x]

Nonnegative polynomial SOS Condition p(:l?) — Z€_1 h? (m)
p(z) >0, Yz € R” OS> p(s) € SOS =) hi(z) €Rlz], i=1,..1

2) Nonnegativity Condition Of p(x) € R[z] On The Set

Nonnegative polynomial
g poly 0% >

p(.,l;) 2 0? \Vl,L - K = {ZL ~ R™ : Qz(fll) 2 07 1= 17 ...,Tﬂ}
set

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Sum of Squares (SOS) Polynomials

2) Nonnegativity Condition of p(z) >0, Vie K={x e R": g;(x) >0, i=1,...,m}

Putinar’s Certificate (Positivstellensatze):!
Let the semialgebraic set K be a compact set.? If Polynomial p(z) is nonnegative on the set K then,

p(x) = oo(x) + 2224 oi(x)gi(x)
forsome o;(x) € SOS, i =0,...,m

1:+ Putinar, M. Positive polynomials on compact semi-algebraic sets, Indiana Univ. Math. J. 42 (1993), 969-984.
e Section 3.6.2: Monique Laurent, “Sums Of Squares, Moment Matrices and Optimization Over Polynomials”, 2010,

https://homepages.cwi.nl/~monique/files/moment-ima-update-new.pdf
Sections 2.5.1: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

2: Archimedean set.
Fall 2019
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https://homepages.cwi.nl/%7Emonique/files/moment-ima-update-new.pdf

Sum of Squares (SOS) Polynomials

2) Nonnegativity Condition of p(z) >0, Vie K={x e R": g;(x) >0, i=1,...,m}

Putinar’s Certificate (Positivstellensatze):!
Let the semialgebraic set K be a compact set.? If Polynomial p(z) is nonnegative on the set K then,

p(x) = oo(x) + 2224 oi(x)gi(x)
forsome o;(x) € SOS, i =0,...,m

rcK p(x) =oo(z) + > " oi(x)gi(z) — plz) >0
Ty P
i (@) > 0 - plx) >0 VezeK
m plx) =
¢ K plx)=o¢(x)+ 20, 0i(x)gi(z) — or
- i P p(x) <0

1:¢ Putinar, M. N
* Section 3.6.2: Monique Laurent, "Sums Of Squares, Moment Matrices and Optimization Over Polynomials”, 2010,

https://homepages.cwi.nl/~monique/files/moment-ima-update-new.pdf
Sections 2.5.1: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

2: Archimedean set.
Fall 2019
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Sum of Squares (SOS) Polynomials

» In Putinar’s Certificate, set K should be Archimedean (slightly stronger than compactness).
K={xeR":¢g;(x)>0,i=1,..., m}l:> Archimedean
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Sum of Squares (SOS) Polynomials
» In Putinar’s Certificate, set K should be Archimedean (slightly stronger than compactness).
K={xeR":¢g;(x)>0,i=1,..., m}l:> Archimedean

Archimedean : Set K is Archimedean if there exist a u(x) € K of the form u(x) = gy + X/%, 0;9;(x), 0; € SOS
such that set {x: u(x) = 0} is compact.>?

1: Section 2.5: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
2: M. Putinar, “Positive polynomials on compact semi-algebraic sets”, Indiana University Mathematics Journal, 42, pp. 969-984, 1993.

3:Theorem 7.1.3, M. Marshall. “Positive Polynomials and Sums of Squares”. American Mathematical Society, Providence, Rhode Island, 2008.
4: A. Jasour, N. S. Aybat, C. Lagoa "Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
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Sum of Squares (SOS) Polynomials
» In Putinar’s Certificate, set K should be Archimedean (slightly stronger than compactness).
K={xeR":¢g;(x)>0,i=1,..., m}l:> Archimedean

Archimedean : Set K is Archimedean if there exist a u(x) € K of the form u(x) = gy + X/%, 0;9;(x), 0; € SOS
such that set {x: u(x) = 0} is compact.>?

» Archimedean condition is bot very restrictive. Archimedean condition is satisfied in the following cases:
 All the polynomials of the set K are affine and the set is a polytope .13

e Theset {x: g;(x) = 0} is compact for some g;(x) € K .1

1: Section 2.5: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
2: M. Putinar, “Positive polynomials on compact semi-algebraic sets”, Indiana University Mathematics Journal, 42, pp. 969-984, 1993.

3:Theorem 7.1.3, M. Marshall. “Positive Polynomials and Sums of Squares”. American Mathematical Society, Providence, Rhode Island, 2008.
4: A. Jasour, N. S. Aybat, C. Lagoa "Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
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Sum of Squares (SOS) Polynomials
» In Putinar’s Certificate, set K should be Archimedean (slightly stronger than compactness).
K={xeR":¢g;(x)>0,i=1,..., m}l::> Archimedean

Archimedean : Set K is Archimedean if there exist a u(x) € K of the form u(x) = gy + X/%, 0;9;(x), 0; € SOS
such that set {x: u(x) = 0} is compact.>?

» Archimedean condition is bot very restrictive. Archimedean condition is satisfied in the following cases:
 All the polynomials of the set K are affine and the set is a polytope .13

e Theset {x: g;(x) = 0} is compact for some g;(x) € K .1

» If the set K is not Archimedean, we can add the (redundant) polynomial g,;,41 (x) = M — ||x||*2 where M = 0 such that the
set {x: gm+1 (x) = 0} contains the set K. Adding such polynomial to the set, does not change the geometry of the set.!

1: Section 2.5: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

2: M. Putinar, “Positive polynomials on compact semi-algebraic sets”, Indiana University Mathematics Journal, 42, pp. 969-984, 1993.

3:Theorem 7.1.3, M. Marshall. “Positive Polynomials and Sums of Squares”. American Mathematical Society, Providence, Rhode Island, 2008.

4: A. Jasour, N. S. Aybat, C. Lagoa "Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
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Sum of Squares (SOS) Polynomials
» In Putinar’s Certificate, set K should be Archimedean (slightly stronger than compactness).
K={xeR":¢g;(x)>0,i=1,..., m}[> Archimedean

Archimedean : Set K is Archimedean if there exist a u(x) € K of the form u(x) = gy + Y12, 0;9;(x), 0; € SOS

such that set {x: u(x) = 0} is compact.>?

» Archimedean condition is bot very restrictive. Archimedean condition is satisfied in the following cases:
 All the polynomials of the set K are affine and the set is a polytope .13

e Theset {x: g;(x) = 0} is compact for some g;(x) € K .1

» If the set K is not Archimedean, we can add the (redundant) polynomial g,;,41 (x) = M — ||x||*2 where M = 0 such that the
set {x: gm+1 (x) = 0} contains the set K. Adding such polynomial to the set, does not change the geometry of the set.!

» Archimedean property is not a geometric property of the set K but rather an algebraic property related to the representation

of the set by its defining polynomials.*

1: Section 2.5: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

2: M. Putinar, “Positive polynomials on compact semi-algebraic sets”, Indiana University Mathematics Journal, 42, pp. 969-984, 1993.

3:Theorem 7.1.3, M. Marshall. “Positive Polynomials and Sums of Squares”. American Mathematical Society, Providence, Rhode Island, 2008.

4: A. Jasour, N. S. Aybat, C. Lagoa "Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
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Sum of Squares (SOS) Polynomials
» In Putinar’s Certificate, set K should be Archimedean (slightly stronger than compactness).
K={xeR":¢g;(x)>0,i=1,..., m}[> Archimedean

Archimedean : Set K is Archimedean if there exist a u(x) € K of the form u(x) = gy + Y12, 0;9;(x), 0; € SOS
such that set {x: u(x) = 0} is compact.>?

» Archimedean condition is bot very restrictive. Archimedean condition is satisfied in the following cases:
 All the polynomials of the set K are affine and the set is a polytope .13
e Theset {x: g;(x) = 0} is compact for some g;(x) € K .1

» If the set K is not Archimedean, we can add the (redundant) polynomial g,;,41 (x) = M — ||x||*2 where M = 0 such that the
set {x: gm+1 (x) = 0} contains the set K. Adding such polynomial to the set, does not change the geometry of the set.!

» Archimedean property is not a geometric property of the set K but rather an algebraic property related to the representation

of the set by its defining polynomials.*

> If the set is Archimedean then necessarily is compact but the reverse is not true.

1: Section 2.5: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

2: M. Putinar, “Positive polynomials on compact semi-algebraic sets”, Indiana University Mathematics Journal, 42, pp. 969-984, 1993.

3:Theorem 7.1.3, M. Marshall. “Positive Polynomials and Sums of Squares”. American Mathematical Society, Providence, Rhode Island, 2008.

4: A. Jasour, N. S. Aybat, C. Lagoa "Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
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Sum of Squares (SOS) Polynomials

» In Putinar’s Certificate, set K should be Archimedean (slightly stronger than compactness).
K={xeR":¢g;(x)>0,i=1,..., m}l:> Archimedean

» In the presence Archimedean assumption, the number of the terms in the SOS representation, i.e.,

p(x) = oo + ) ;= 0igi(x) , is linear in the number of polynomials that defines K

» Inthe absence of Archimedean assumption, the number of terms in SOS representation is exponential in the
number of polynomials that defines K

o——~
- -, ~,
N

p(x) = o0+ 2 00 (w) + 22, ;0ip9i(2)g;(x) + 22 5 10359i(€) g5 () g () + ...

e Section 2.5: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

e M. Putinar, “Positive polynomials on compact semi-algebraic sets”, Indiana University Mathematics Journal, 42, pp. 969-984, 1993.
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2) Nonnegativity Condition of p(z) € R[z] on the set

Nonnegative polynomial

set

SOS

Putinar’s Certificate:

p(z) = oo(x) + S 0i(2)gi(x)  oi(x) € SOS, i=0,....m
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2) Nonnegativity Condition of p(z) € R[z] on the set

Nonnegative polynomial

set

SOS

Putinar’s Certificate:

;]P(ﬂ?) =oo(x) + D27 oi(x)gi(x)  oi(x) € SOS, i=0,....m

§> p(z) = > " oi(x)gi(x) € SOS o;(x) € SOS, i=1,....m
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Sum of Squares (SOS) Polynomials

1) Nonnegativity Condition of p(x) € R|x]

Nonnegative polynomial SOS Condition p(:l?) — Z€_1 h? (m)
p(z) >0, Yz € R” OS> p(s) € SOS =) hi(z) €Rlz], i=1,..1

2) Nonnegativity Condition of p(z) € R[z] on the set

Nonnegative polynomial SOS Condition
m
plx) >0, Vee K={reR":g;(z) >0, i=1,....m} p(x) =2 iy oi(z)gi(x) € SOS
set SOS> o;(x) € SOS, i=1,....m

| 4
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Sum of Squares (SOS) Polynomials

1) Nonnegativity Condition of p(x) € R|x]

Nonnegative polynomial SOS Condition p(:l?) — Z€_1 h? (m)
p(z) >0, Yz € R” OS> p(s) € SOS =) hi(z) €Rlz], i=1,..1

2) Nonnegativity Condition of p(z) € R[z] on the set

Nonnegative polynomial SOS Condition
m
plx) >0, Vee K={reR":g;(z) >0, i=1,....m} p(x) =2 iy oi(z)gi(x) € SOS
set SOS> oi(x) € SOSsq,, i=1,....,m

| 4

deg(o;(x)) = 2??
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Nonlinear (nonconvex) Optimization

Nonlinear
minimize f (3;) Optimization
QCGRTI
subject to g;(z) >0, 1 =1,...,m
Tools: i) Nonnegative Polynomials ii) Semidefinite Programs
Step 1: N dj
. C .. . ) i Nonnégative
Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials Polynomials

Step 2: {}

2.1 Replace Nonnegative Polynomials with Sum of Squares (SOS) Polynomialsm Nonnegative
2.2 Represent SOS Polynomials with Positive Semidefinite Matrices (PSD) Mi“i;es
_ ~— o Semidefinite
Reformulate Nonlinear Optimization as Semidefinite Programs Programs
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Nonlinear (nonconvex) Optimization

Nonlinear

minimize f (,ZU) Optimization
CUER’”

subject to g;(z) >0, 1 =1,...,m

Tools: i) Nonnegative Polynomials ii) Semidefinite Programs

Step 1: No}1¥g7ative @

Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials Polynomials

Step 2:
2.1 Replace Nonnegative Polynomials with Sum of Squares (SOS) Polynomialsz

SOS Programming using YALMIP Nonnef.;atwe
Matrices

2.2 Represent SOS Polynomials with Positive Semidefinite Matrices (PSD) {}
) o Semidefinite
Reformulate Nonlinear Optimization as Semidefinite Programs Programs

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



SOS Programming

Problems with SOS Conditions

» Verification Problems
» Design Problems
» Optimization

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




YALMIP: ;. Lofberg,”YALMIP : A Toolbox for Modeling and Optimization in MATLAB”, In Proceedings of the
CACSD Conference, 2004 https://valmip.github.io/

SOSTOOLS: MATLAB toolbox for formulating and solving sums of squares (SOS) optimization programs
https://www.cds.caltech.edu/sostools/

Input: SOS Program

e Generates Semidefinite Program (SDP) from SOS Program
e Solves the SDP using SDP solvers

SDP solvers: e.g., -
MOSEK https://www.mosek.com

SEDUMI http://sedumi.ie.lehigh.edu

SDPT3 http://www.math.nus.edu.sg/~mattohkc/sdpt3.html

_Rely on interior point methods

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019
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https://www.mosek.com/
http://sedumi.ie.lehigh.edu/
http://web.archive.org/web/20181017102233/http://www.math.nus.edu.sg/~mattohkc/sdpt3.html
https://www.cds.caltech.edu/sostools/

SOS Programming

1) Nonnegativity Verification:

SOS Condition
Given, p(z) € R[z]
Check if p(z) > 0 505 > p(x) € SOS
SOS condition
Given, p(z) € Rlz| and the sset K= {z € R" : g;(x) >0, i = 1,....,m} .
p(a) — S, 03(w)gi(2) € SOS
Check if p(zx) >0 Ve e K SOS

J@(.’L‘) c SOSQd“ 1=1,...,m
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SOS Programming
1) Nonnegativity Verification:

Example: Check the nonnegativity of polynomial p(x)

p(x) = ot + 423 + 622 + 4w + 5 SOS > p(x) € SOS
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SOS Programming
1) Nonnegativity Verification:

Example: Check the nonnegativity of polynomial p(x)

p(x) = a1 + 4a? + 627 + 4xy + 5 SOS > plx) € SOS
YALMIP
X = sdpvar(l); » variables x
P = X(L)M+4*X(D)N3+6*X (L) 2+4x (1) +5;— p(T)
F = sos(p):; > p(r) € SOS

ops = sdpsettings("solver”,"mosek®");—— SDP solver
[sol,v,Q]=solvesos(F); solve SOS programming
h=sosd(F); sdisplay(h’*h); h(x)vector in p(xz) = Zle h?(x)

2

v v
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SOS Programming
1) Nonnegativity Verification:

Example: Check the nonnegativity of polynomial p(x)

p(x) = a1 + 4a? + 627 + 4xy + 5 SOS > plx) € SOS
YALMIP
X = sdpvar(l); » variables x
P = X(L)M+4*X(D)N3+6*X (L) 2+4x (1) +5;— p(T)
F = sos(p):; > p(r) € SOS

ops = sdpsettings("solver”,"mosek®");—— SDP solver
[sol,v,Q]=solvesos(F); solve SOS programming
h=sosd(F); sdisplay(h’*h); h(x)vector in p(xz) = Zle h?(x)

2

J \7505 Decomposition

v v

p(x) = (—1.54 — 2.2521 — 0.6522)% + (1.61 — 0.922 — 0.6322)? +(0})66 —0.1632 + 0.40522)2 @ p(x) is nonnegative
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SOS Programming
1) Nonnegativity Verification:

Example: Check the nonnegativity of polynomial p(x)

p(x) = a1 + 4a? + 627 + 4xy + 5 SOS > plx) € SOS
YALMIP
X = sdpvar(l); » variables x
P = X(L)M+4*X(D)N3+6*X (L) 2+4x (1) +5;— p(T)
F = sos(p):; > p(r) € SOS

ops = sdpsettings("solver”,"mosek®");—— SDP solver
[sol,v,Q]=solvesos(F); solve SOS programming
h=sosd(F); sdisplay(h’*h); h(x)vector in p(xz) = Zle h?(x)

2

J \7505 Decomposition

v v

p(x) = (—1.54 — 2.2521 — 0.6522)% + (1.61 — 0.922 — 0.6322)? +(0})66 —0.1632 + 0.40522)2 @ p(x) is nonnegative

» If p(x) does not have SOS representation: Yalmip output:  Problem status: The problem is primal infeasible
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SOS Programming
1) Nonnegativity Verification:
Example: Check the nonnegativity of polynomial p(x) on the set K

p(x) = x} — 4o + 2w129 — 235 + T3 K={z:2,>0, 29 >0, 21 +22 — 1> 0}
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SOS Programming
1) Nonnegativity Verification:
Example: Check the nonnegativity of polynomial p(x) on the set K

p(x) = x} — 4o + 2w129 — 235 + T3 K={z:2,>0, 29 >0, 21 +22 — 1> 0}

SOS Condition
p(z) — o121 — 0910 — 03(w1 + 10 — 1) € SOS  Where, gi(x) € SOS,, i=1,2,3
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SOS Condition

p(x) — o121 — ooxo —o3(xy + 29 — 1) € SOS
where, O'E(OL) € S0S,, i =1,2,3

sdpvar x1 x2 » variables @y, 9
P = XIN3-X1M2+2*X1*X2-X2"2+x2"3 ;— p(x)

g = [x1;x2;x1+x2-1] » K

d=2; » order of o;

[s1,c1] = polynomial([x1 x2],d) -— o with coefficients ¢,
[s2,c2] = polynomial([x1 x2],d);— oowith coefficients ¢
[s3,c3] = polynomial ([x1 x2],d) -—so3with coefficients c3
ops = sdpsettings(“solver®, "mosek®) ;—>5DP solver

F = [sos(p-[sl s2 s3]*g), sos(sl), sos(s2), sos(s3)]; > p(x) — oyx) — oos — og(xy + a9 — 1) € SOS
[sol,v,Q]=solvesos(F,[],0ps,[c0;cl;c2;c3]); — solve SOS programming ogi(x) € SOSy, i=1,2.3

https://github.com/jasour/rarnop19/blob/master/Lecture3 SOS NonlinearOptimization/SOS Decomposition/Example 3.m
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



https://github.com/jasour/rarnop19/blob/master/Lecture3_SOS_NonlinearOptimization/SOS_Decomposition/Example_3.m

SOS Condition

p(x) — o121 — ooxo —o3(xy + 29 — 1) € SOS
where, O'E(OL) € S0S,, i =1,2,3

sdpvar x1 x2 » variables @y, 9

P = XIN3-X1M2+2*X1*X2-X2"2+x2"3 ;— p(x)

g = [x1;x2;x1+x2-1] » K

d=2; » order of o;
[s1,c1] = polynomial([x1 x2],d) -— o with coefficients ¢,
[s2,c2] = polynomial([x1 x2],d);— oowith coefficients c¢o

[s3,c3] = polynomial ([x1 x2],d);—>oswith coefficients c3

ops = sdpsettings(“solver®, "mosek®) ;— SDP solver

F = [sos(p-[sl s2 s3]*g), sos(sl), sos(s2), sos(s3)]; > p(x) — o111 — 03w — oy(21 + a3 — 1) € SOS
[sol,v,Q]=solvesos(F,[],0ps,[c0;cl;c2;c3]); — solve SOS programming ogi(x) € SOSy, i=1,2.3
sdisplay(sosd(F(1))"*sosd(F(1))) » p(x) —oyx) — 09wy —o3(x) a0 — 1) = Zle h?(x)
sdisplay(sosd(F(2))"*sosd(F(2))) » O]

SOS Decomposition |ZI > p(x) is nonnegative on the set K

https://github.com/jasour/rarnop19/blob/master/Lecture3 SOS NonlinearOptimization/SOS Decomposition/Example 3.m
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SOS Programming

2) Design Problem:

Given, p(z,c¢) € R[x]with unknown parametersc € R, e.g.. some unknown coefficients

Find c to satisfy
SOS Condition:

Find ¢ such that p(x) > 0 SOS p(x,c) € SOS
: Find c to satisf
Given, p(-’ffa C) S R[T] with unknown parameters ¢ € R™ SOS Condition:y
and the set K={zx e R" : ¢g;(x) >0, i =1,....,m} SOS

Find ¢ such that p(z) > 0 Vo € K

Fall 2019
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SOS Programming

2) Design Problem:
Example: Lyapunov Function Search Using SOS Programming

Given a dynamical system x = f(x),x(0) = x,
We want to show that solutions x(t) converge to zero for all initial conditions (stability).

* To prove this, we need to find an energy function V (x) with following properties

lV(x)=0 on x =0 Vix) >0 on x#0 —V(x)>0}
Lyapunov function

* A. Papachristodoulou and S. Prajna. On the construction of Lyapunov functions using the sum of squares decomposition. In Proceedings of the 41st
IEEE Conference on Decision and Control, pages 3482-3487, December 2002.

e Stability of Polynomial Differential Equations: Complexity and Converse Lyapunov Questions A. A. Ahmadi and P. A. Parrilo IEEE Transactions on
Automatic Control, Submitted, 2013, http://web.mit.edu/~a a a/Public/Publications/poly stability.pdf

* A.A. Ahmadi, P. A. Parrilo, “SOS Lyapunov Function”, 2011, http://web.mit.edu/~a a a/Public/Presentations/AAA CDC11 paperl.pdf
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http://web.mit.edu/%7Ea_a_a/Public/Presentations/AAA_CDC11_paper1.pdf

SOS Programming

2) Design Problem:
Example: Lyapunov Function Search Using SOS Programming

Given a dynamical system x = f(x),x(0) = x,
We want to show that solutions x(t) converge to zero for all initial conditions (stability).

* To prove this, we need to find an energy function V (x) with following properties

lV(x)=0 on x =0 Vix) >0 on x#0 —V(x)>0}
Lyapunov function

« We look for polynomial Lyapunov function V(x) = ¢TB(x)

* A. Papachristodoulou and S. Prajna. On the construction of Lyapunov functions using the sum of squares decomposition. In Proceedings of the 41st
IEEE Conference on Decision and Control, pages 3482-3487, December 2002.

e Stability of Polynomial Differential Equations: Complexity and Converse Lyapunov Questions A. A. Ahmadi and P. A. Parrilo IEEE Transactions on
Automatic Control, Submitted, 2013, http://web.mit.edu/~a a a/Public/Publications/poly stability.pdf

* A.A. Ahmadi, P. A. Parrilo, “SOS Lyapunov Function”, 2011, http://web.mit.edu/~a a a/Public/Presentations/AAA CDC11 paperl.pdf
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SOS Programming

2) Design Problem:
Example: Lyapunov Function Search Using SOS Programming

Given a dynamical system x = f(x),x(0) = x,
We want to show that solutions x(t) converge to zero for all initial conditions (stability).

* To prove this, we need to find an energy function V (x) with following properties

lV(x)=0 on x =0 Vix) >0 on x#0 —V(x)>0}
Lyapunov function

« We look for polynomial Lyapunov function V(x) = ¢TB(x)

e |nstead of checking nonnegativity, we check SOS conditions.

V{0)=0— ¢(1) =0 V(x) € S0S3q4 ~V(x) € SOS
* A. Papachristodoulou and S. Prajna. On the construction of Lyapunov functions using the sum of squares decomposition. In Proceedings of the 41st
IEEE Conference on Decision and Control, pages 3482-3487, December 2002.

e Stability of Polynomial Differential Equations: Complexity and Converse Lyapunov Questions A. A. Ahmadi and P. A. Parrilo IEEE Transactions on
Automatic Control, Submitted, 2013, http://web.mit.edu/~a a a/Public/Publications/poly stability.pdf

* A.A. Ahmadi, P. A. Parrilo, “SOS Lyapunov Function”, 2011, http://web.mit.edu/~a a a/Public/Presentations/AAA CDC11 paperl.pdf
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http://web.mit.edu/%7Ea_a_a/Public/Publications/poly_stability.pdf
http://web.mit.edu/%7Ea_a_a/Public/Presentations/AAA_CDC11_paper1.pdf

SOS Programming

2) Design Problem:

Lyapunov Function Search ,
yap X1 =—x1+ (1 +x)x,

.72.'2 = _(1 + xl)xl
SOS Conditions:
V(x) =cTBy(x) V(O0)=0— ¢c(1)=0

V(x) € S0S3q ~V(x) € SOS

V() = (~246¢ — 06 + 0.932(1) — 1.192(2) + 0.142(1)2(2) + 0.062(1)2 + 0.092(2)?)

4 (—4.32¢ — 06+ 0.032(1) — 0.132(2) — 1.322(1)2(2) + 0.00712(1)2 + 0.012(2)2)”
+ (6.41e — 06 — 0.832(1) — 0.662(2) + 0.0412(1)a(2) — 0.262:(1)* — 0.00452(2) )2

+ (4.99¢ — 05 + 0.192(1) + 0.0462(2) — 0.0122(1)2(2) — 0.6982(1)* — 0.7562(2)?)

+ (—1.432¢ — 05 + 0.122(1) + 0.112:(2) — 0.00322(1)x(2) — 0.652:(1)2 + 0.6452(2)2)°

+ (—0.0001 + 1.34e — 102(1) — 1.74e — 102(2) + 3.03¢ — 102(1)x(2) — 2.4456¢ — 092(1)* — 4.89¢ —

s ’_F_,_-F-FT"_
[ T = 4.5

2

https://github.com/jasour/rarnop19/blob/master/Lecture3 SOS NonlinearOptimization/SOS Lvapunov/ExampIe 1'.n7* ¥ “ o
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https://github.com/jasour/rarnop19/blob/master/Lecture3_SOS_NonlinearOptimization/SOS_Lyapunov/Example_1.m

SOS Programming

2) Design Problem:

~“Unconstrained Optimization

N] maximize  ~y o
N ~yER maximize vy
- S0S 5

subject to  p(x) —~v >0, VaxeR"

minimize p(x)

subject to  p(x) —~v € SOS

~Constrained Optimization

minimize f(.’L‘) N maximize 7y
reR™ L Y
. . : 1 : — o~ > . - . '”’: ‘i( >.. , — s ey
subject to  g;(z) >0, i=1,...n subject to  p(x) —~v >0, Vee{r e R" :g;(x) >0, i s .
S L
\\//
maximize vy

VT4

subject to  p(x) —~v — Zai(x)g?;(:r;) € SOS
i=1

oi(x) € SOS4,. i=1....m
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




SOS Programming

minimize 2 + 203 — 1202 — 2 + 6
xCR

maximize vy
- - L@.

subject to  at +22° — 1222 — 20 4+6—~>0, VxR

SOS

maximize
»-\I.- E ‘\?

subject to

f'}.-‘

et 4203 — 1222 — 22+ 6 —~ € SOS

Fall 2019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning




SOS

maximize vy
»-\I.- E ‘Q

subject to  zt +22° — 1222 — 204+ 6 —~ € SOS

—SO0S Programming in Yalmip
sdpvar x gamma » variables x,~y
D = XNH+2*XN3-12*XN2-2*X+6; . plx)
F = sos(p-gamma); > plz)—~v € SOS
ops = sdpsettings("solver”, "mosek®); » SDP solver
[sol,v,Q]=solvesos(F,-gamma,ops); » solve SOS programming
value(gamma) » obtained ~
sdisplay(sosd(F)) > h(x)vector in p(x) — v = h(x)Th(z) = Zle h?(x)

&0 1

40

at 200 — 122222 + 6

204

N e

https://github.com/jasour/rarnop19/blob/master/Lecture3 SOS NonlinearOptimization/SOS Optimization/Example 2 UnconOpt.m
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https://github.com/jasour/rarnop19/blob/master/Lecture3_SOS_NonlinearOptimization/SOS_Optimization/Example_2_UnconOpt.m

SOS Programming

e .. .
P =minimize — X
rERZ

subject to € K ={x € R?:3 — 21y — If — :1;3 >0, —xy —xo — x5 >0, 1+ 2729 >0}

p(x) —v =oo(x) + >0 0i(z)gi(x) oi(x) € SOSaq,. i =1,2,3
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SOS Programming

e .. .
P =minimize — X
rERZ

subject to € K ={x € R?:3 — 21y — If — :1;3 >0, —xy —xo — x5 >0, 1+ 2729 >0}

p(x) =~ = oo(x) + 312, 0i(w)gi(w) 0:(x) € SOSz4,, i = 1,2,3

ﬁf'* — 1:)4c — _16180

!

oo = 0.126 — 0.11421 + 0.108525 + 0.03072% + 0.0563323 — 0.0240521 5
o1 = 0.227 — 0.21921 + 0.16322 + 0.060427 + 0.08223 — 0.0382x 122

oo = 0.413 + 0.1040721 + 0.341625 + 0.14827 + 0.083423 + 0.066521 22

o3 = 0.2985 + 0.262x1 + 0.1629425 + 0.1891527 + 0.070023 — 0.02581 2

https://github.com/jasour/rarnop19/blob/master/Lecture3 SOS NonlinearOptimization/SOS Optimization/Example 3 ConOpt.m

Fall 2019
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https://github.com/jasour/rarnop19/blob/master/Lecture3_SOS_NonlinearOptimization/SOS_Optimization/Example_3_ConOpt.m

~Unconstrained Optimization

P = minimize p(x)

~Constrained Optimization

P inim .
mlilé%}ze f(x)

subject to

{BERn
wn
3
-SOS Programming i\/7
Ps,s = maximize =y
~
subject to p(x) —~v € SOS

—SOS Programming

Psos = maximize vy
VT4

subject to

Fall 2019
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Nonlinear (nonconvex) Optimization

Nonlinear

minimize f (,ZU) Optimization
CUER’”

subject to g;(z) >0, 1 =1,...,m

Tools: i) Nonnegative Polynomials ii) Semidefinite Programs

Step 1: No}1¥g7ative ﬁ

Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials Polynomials

Step 2:
2.1 Replace Nonnegative Polynomials with Sum of Squares (SOS) Polynomialsz

SOS Programming using YALMIP E Nonnef.;atwe
Matrices

2.2 Represent SOS Polynomials with Positive Semidefinite Matrices (PSD) {}
) o Semidefinite
Reformulate Nonlinear Optimization as Semidefinite Programs Programs

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Semidefinite Program
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Semidefinite Program

Semidefinite Program:

minimize (C e X ——linear function
XeRan

subject to A e X = b——linear constraints

X =0 —— linear matrix inequality (LMI)
Positive Semidefinite Matrix (PSD)
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Semidefinite Program

Semidefinite Program:

minimize (C e X ——linear function
XeRan

subject to A e X = b——linear constraints

X =0 —— linear matrix inequality (LMI)
Positive Semidefinite Matrix (PSD)

Example ming 3211 + Hx19 + 299
y— |t
| xp T s.t. @11+ 3T12 + Dxop = 2
11 + 9712 + 4290 = 1
X =0
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Semidefinite Program

Convex Optimization

Semidefinite Program: Linear Program:
minimize C e X  ——linear function minimize ¢’ z— linear function
XERTLX?’?, meRn
subject to A e X = p——linear constraints subject to Az =1b
: . . linear constraints
X »>= (0 —— linear matrix inequality (LMI) x>0
Positive Semidefinite Matrix (PSD)
Example o miny 311 + dx12 + T29 Example miny 3 + bxo + 3
X = e , _ s.t.
{ T2 T2 st T11+ 3T12 + drgp = 2 Find [z, x2, 23] to xr1 + 3x9 + brg = 2
x11 + 9212 +4a0n =1 21+ 92y + dxs = 1
X =0 xr1 > O, To > ()
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Semidefinite Program

Convex Optimization

Semidefinite Program: Linear Program:
minimize C e X  ——linear function minimize ¢’ z— linear function
XERTLX?’?, meRn
subject to A e X = p——linear constraints subject to Az =1b
: . . linear constraints
X »>= (0 —— linear matrix inequality (LMI) x>0
Positive Semidefinite Matrix (PSD)
Example o miny 311 + dx12 + T29 Example miny 3 + bxo + 3
X = e , _ s.t.
{ T2 T2 st T11+ 3T12 + drgp = 2 Find [z, x2, 23] to xr1 + 3x9 + brg = 2
x11 + 9212 +4a0n =1 21+ 92y + dxs = 1
X =0 xr1 > O, To > ()

Element of SDP: Symmetric Square Matrix, Positive Semidefinite Matrix, Linear Function of Matrix
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Positive Semidefinite Matrix

e Symmetric Matrix X & [R"*"is Positive Semidefinite (PSD) dented by X = 0 if

forany x € R"™ £ 0 $ T Xx >0

L—Y—J

cR
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Positive Semidefinite Matrix

e Symmetric Matrix X & [R"*"is Positive Semidefinite (PSD) dented by X = 0 if

forany x € R"™ £ 0 $ T Xx >0

(—Y—)

cR

Y [n b] . [:}:1]
b ¢ T9

T
Q?TX.CC =20 — [T]] {Z b} ﬁl} — a.:;:% + 2bxyxo + (::;:g >0, Vo #£0
- Lo

€Io C

L J
Y

* |nfinite linear constraints in terms of entries of matrix

* Instead we can look at eigenvalues
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Positive Semidefinite Matrix

e Symmetric Matrix X & [R"*"is Positive Semidefinite (PSD) dented by X = 0 if

forany x € R"™ £ 0 $ T Xx >0

LA
e R
. . t X
e Geometrical Interpretation:
0 r eR"
X0 [ |6 <90° = =
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Positive Semidefinite Matrix

e Symmetric Matrix X & [R"*"is Positive Semidefinite (PSD) dented by X = 0 if

forany x € R"™ £ 0 $ T Xx >0

L—Y—)
e R
. . t X
e Geometrical Interpretation:

0/ reR"

X0 [ |6 <90° S =
. B \

rt Xv =< £, Xz >>0 If‘> Angle between vectors X are XX is less or equal 90°

Y

Inner product (dot product) of 2 vector
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Positive Semidefinite Matrix

e Symmetric Matrix X & [R"*"is Positive Semidefinite (PSD) dented by X = 0 if

forany x € R"™ £ 0 $ T Xx >0

L—Y—)
e R
. . t X
e Geometrical Interpretation:

0/ reR"

X0 [ |6 <90° S =
. B \

rt Xv =< £, Xz >>0 If‘> Angle between vectors X are XX is less or equal 90°

Y

Inner product (dot product) of 2 vector

X € S:”_ Positive Semidefinite (PSD)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Eigenvalues of Matrix

» Eigenvalue and Eigenvector of Matrix X € R"*"

Eigenvalue )\ ¢ R Eigenvalue: det(X —AI) =0

Eigenvector v € R" Xv = Av
e

eigenvalue eigenvector
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Eigenvalues of Matrix

» Eigenvalue and Eigenvector of Matrix X € R"*"

Eigenvalue )\ ¢ R Eigenvalue: det(X —AI) =0
Eigenvector v € R" Xv = Av
, N
eigenvalue eigenvector
Xv=>AveR"
X’y c R" = R™
) ‘ v eR"
eigenvector
X Linear Map X Linear Map
Y Input vector U Input vector
X 1 Output vector X v Output vector
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Eigenvalues of Matrix

» Eigenvalue and Eigenvector of Matrix X € R"*"

Eigenvalue )\ ¢ R Eigenvalue: det(X —AI) =0

Eigenvector v € R" Xv = Av
e

eigenvalue eigenvector

Xv=>AveR"
Xy e R" y € R?
v eR"

eigenvector

v
A
v

A

v v

> If X € R"™*™ is symmetric: all eigenvalues are real numbers.

» PSD matrix: Eigenvalues are all nonnegative real numbers.
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Eigenvalues of Matrix

» Eigenvalue Decomposition: X =vDy—! D : diagonal matrix of eigenvalues

I/ : matrix whose columns are the corresponding eigenvectors

(MATLAB: [V, D]=eig(X) )
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Eigenvalues of Matrix

» Eigenvalue Decomposition: X =vDy—! D : diagonal matrix of eigenvalues

I/ : matrix whose columns are the corresponding eigenvectors

(MATLAB: [V, D]=eig(X) )
.12
Example: X_[3 p
Eigenvalues:

x-an=o [ - 5 )]

-4 2 1. B
~0 ” . 4_/12”—(1—/11)(4—/12)—3><6—0

Eigenvectors:

Xv = Av

Eigenvalue Decomposition

lel 2 :[—0.8246 ~0.4160 [—0.3723 0 ]—0.8246 —0.41607] "
3 417 lose57 -09094ll o 537231105657 —0.9094
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Eigenvalues of Matrix

» Eigenvalue Decomposition: X =vDy—! D : diagonal matrix of eigenvalues

I/ : matrix whose columns are the corresponding eigenvectors

(MATLAB: [V, D]=eig(X) )

» If X € R™*"*" is symmetric: all eigenvalues are real numbers and matrix V is orthogonal matrix.

Eigenvalue Decomposition: X = VDVT (V1= VT)
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PSD Matrix Decomposition X ¢ R**"

Gramian matrix

Given L € R"*k —— Gram matrixof L: X = LLT ¢ R"*"
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PSD Matrix Decomposition X c R"*"

Gramian matrix

Given L € R"*k —— Gram matrixof L: X = LLT ¢ R"*"

e The Gramian matrix is PSD ' X2 >0 eTLLTx = (2T L) (2T L)T > 0

\ )
[

cR
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PSD Matrix Decomposition X c R"*"

Gramian matrix

Given L € R"*k —— Gram matrixof L: X = LLT ¢ R"*"

e The Gramian matrix is PSD ' X2 >0 eTLLTx = (2T L) (2T L)T > 0

\ )
[

cR

« Every PSD matrix is the Gramian matrix for some set of vectors.

X € 3:"’_ —— X =VDVT =VvVDVDVT = (V\@)(V\/B)T—J( is a Gram matrix of VD

Eigenvalue Decomposition Nonnegative eigenvalues
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PSD Matrix Decomposition X < R™*"
Given L € R™*¥ Gram matrixof L: X = LLT € R»*"

5 0 =3
Example X!O 5 1]

3 1 9 Eigenvalues: 0,5,7
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PSD Matrix Decomposition X c R"*"

Given [, € Rnxk

Gram matrixof L: X = LLT ¢ R**"

Example

Eigenvalue Decomposition:

Eigenvalues: 0,5,7

Eigenvectors

r

X =VDVvT X —

—0.5071 0.3162 —0.8018
0.1690  0.9487  0.2673
—0.8452 0 0.5345

Eiger}values

r
0 0 0
0 5 0
0 0 7

0.1690  0.9487

\
—0.5071 0.3162
—0.8452 0

—0.80181"
0.2673
0.5345

Fall 2019
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PSD Matrix Decomposition X c R"*"
Given [, € Rnxk Gram matrixof L: X = LLT ¢ R»*"

5 0 -3
Example X = [0 0 1] Eigenvalues: 0,5,7

Eigenvectors Elgenvalues
—0.5071  0.3162 08018] {0 0 0] [0.5071 0.3162 —0.8018] "

Eigenvalue Decomposition:

X:VDVT X = 0.1690 0.9487 0.2673 0 0.1690  0.9487  0.2673

5 0
—0.8452 0 0.5345 0 0 7| |—0.8452 0 0.5345

T

X = VvVDVDVT = (VD) (VD) X =0 21213 0.7071 o 21213 0.7071

0 0.7071 —=2.1213| [0 0.7071 —2.1213
0 1.4142 1.4142

Fall 2019
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PSD Matrix Decomposition X c R"*"
Given [, € Rnxk Gram matrixof L: X = LLT ¢ R»*"

5 0 -3
Example X = [0‘ 0 1] Eigenvalues: 0,5,7

Eigenvectors Elgenvalues

Eigenvalue Decomposition:

T —0.5071 0.3162 —O0. 8018 0 0 0 —0.5071 0.3162 —0.8018 r
X:VDV X = | 0.1690 0.9487  0.2673 0 5 0 0.1690 0.9487  0.2673
—0.8452 0 0.5345 0O 0 7 —0.8452 0 0.5345
0 0.7071 -2.1213]1 [0 0.7071 —2.1213]"
X = Vv/DVDVT = (VD) (VVD)T X = |0 21213 0.7071 o 21213 0.7071
0 1.4142 1.4142
T

X = |2, 1213 0.7071 2.1213  0.7071
1.4142 1.4142

L c RSXQ

0.7071 —2. 1213} {0 7071 —2.1213

Fall 2019
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Linear Function of Matrix X

> Inner product of matrixes Ae X = trace(ATX) l; i . i 2 = trace ([160 ;2 ) =30
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Linear Function of Matrix X

> Inner product of matrixes Ae X = trace(ATX) E i . i g — trace ([160 ;2 ) =30

» A(X) : Linear function of matrix X

AX) —— AeX =trace(ATX)c R

b R r11 + 27 T12 + 2x
A= X = — — trace( | T1 12 12 2 [y _ . X X
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Linear Function of Matrix X

> Inner product of matrixes Ae X = trace(ATX) B i . ? g — trace ([160 ;2 ) =30

» A(X) : Linear function of matrix X

AX) —— AeX =trace(ATX)c R

1 0 r11 I12 I 9
A= X = — — trace( | T1 12 12 2 [y _ . X X
[ ] |: § ] A(X) Ae X ?L?"(ICP( 21:11 4 321?12 2$12 4+ 3$22 ) Tr11 + 4’[’12 -+ 3@22

e If X is a symmetric matrix, without loss of generality, we assume that the matrix A4 is also symmetric.
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Semidefinite Program

minimize (CeoX
X ERT}, >

subject to A; e X =b, 1=1,...,m.
X = 0.

* We are looking for symmetric PSD matrix X € S” to minimize the linear function C(X)
with respect to linear constraints A4;(X) = b;.
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Semidefinite Program

minimize (CeoX
X ERT}, >

subject to A; e X =b, 1=1,...,m.
X = 0.

* We are looking for symmetric PSD matrix X € S” to minimize the linear function C(X)
with respect to linear constraints A4;(X) = b;.

1 2 3 1 0 1 0 2 8 Tl T2 T13
C=2 9 0 Ar=10 3 7 A= |2 6 0 bﬁé] X = |2re 2o o
3 0 7 L 75 g8 0 4 T13 T23 33
n}}gﬁ%e CeX n;(i_gé};lgge T +4x9 + 6213 + 9190 + T3
subject to A; e X =10b; i=1.2. » subject to r11 + 2213 + 3x99 + 149y + dagy = 11
X = 0. dx1o + 16213 + 6299 + 433 = 19
X =0

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Semidefinite Program

e Cone of PSD Matrixes: Set of PSD symmetric matrixs?} = {X € S": X = 0}
a,3>0

We need to show that X, X, € St » Xy + Xy €S

closed convex cone

;;0.5~
0.5
1 - 11
L11 L12
Set of all x44,X1,, %>, that X = =0
11> X12, X22 [m 3322] &
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Semidefinite Program

e Cone of PSD Matrixes: Set of PSD symmetric matrixs?} = {X € S*: X = 0}

We need to show that X, X, e §7 % 8>0

:CYXl +/8X2 ESS’_

v

mn N Z 0
X1, Xy €S aef&” o V(X1 BX)0 = au X+ 80T X 0 closed convex cone
v

— aX1+ﬁX2 ESS’_

g0.5~
0.5
1 - 11
L11 L12
Set of all x44,X1,, %>, that X = =0
11> X12, X22 [m 3322] &
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Semidefinite Program

e Cone of PSD Matrices: Set of PSD symmetric matrixs?} = {X € S": X = 0}
a,3>0

We need to show that X, X, € St » Xy + Xy €S

n X, Z 0
X1, Xy € S aef&” o V(X1 BX)0 = au X+ 80T X 0 closed convex cone
U

v

— aXy + X, ES?_T_

§0.5~
» Hence, SDP is a convex optimization
1

minimize (Ceo X > Linear function 1 05"“-~-~

X E Rn X on '

SllbjeCt- to A% o X — ba 1= 1: ..., M.— Linear constraints i - 21

X e8ST. » Convex Cone T, @
” Set of all X141, X715, X9, that X = ['L” m] =0
12 22
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YALMIP: ;. Lofberg,”YALMIP : A Toolbox for Modeling and Optimization in MATLAB”, In Proceedings of the
CACSD Conference, 2004 https://valmip.github.io/

CVX: Matlab Software for Disciplined Convex Programming, http://cvxr.com/cvx/

Input: SDP

e Solves SDP’s using SDP solvers

SDP solvers: e.g., -
MOSEK https://www.mosek.com

SEDUMI http://sedumi.ie.lehigh.edu

SDPT3 http://www.math.nus.edu.sg/~mattohkc/sdpt3.html

_Rely on interior point methods
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https://yalmip.github.io/
https://www.mosek.com/
http://sedumi.ie.lehigh.edu/
http://web.archive.org/web/20181017102233/http://www.math.nus.edu.sg/~mattohkc/sdpt3.html
http://cvxr.com/cvx/

minimize CeoX minimize  xyy + 4w + 6213 + 900 + 7113
X

XcR3x3
subject to A; e X =0, i=1,2. subject to @1y + 2w13 + 3w0e + 14wesy + dwsy = 11
X = 0. 4r19 + 16213 + 6x22 + 4233 = 19
X =0
11 12 I13 1 2 3 1 0 1 0 2 8§
X = |72 T2z Ta3 C=12 9 0 Ai=10 3 7 A, =12 6 0 b[n]
13 T23 I33 3 0 7 1 7 5 8 0 4 19
Al = [101;0 3 7;1 7 5];
A2=[0 2 8;2 6 0;8 0 4];
C=[1 2 3;2 9 0;3 0 7];
b=[11;19];
X = sdpvar(3,3); > X ¢ R3*3
= [trace(Al*X)::b(l) ) traCE(AZ*X)::b(Z) X >=0 ] >, —— Constraints
ops = sdpsettings(“solver”,“sedumi”); > SDP solvers: MOSEK, SEDUMI or SDPT3.
optimize(F,trace(C"*X),0ps); » SDP
value(X) » Obtained Solution
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 Theory and applications of semidefinite programs, and an introduction to primal-dual interior-point methods:
L. Vandenberghe and S. Boyd,” SEMIDEFINITE PROGRAMMING” SIAM Review, 38(1): 49-95, March 1996.
https://web.stanford.edu/~boyd/papers/sdp.html

* Lieven Vandenberghe "Nonnegative polynomials, SDP formulations, and primal-dual interior point methods”,
http://www.mit.edu/~parrilo/cdc03 workshop/Vandenberghe.pdf

e Comparison of SDP solvers:
H. D. Mittelmann “ The State-of-the-Art in Conic Optimization Software”
http://www.optimization-online.org/DB FILE/2010/08/2694.pdf

e A. Majumdar, G. Hall, and A. A. Ahmadi, “A Survey of Recent Scalability Improvements for Semidefinite
Programming with Applications in Machine Learning, Control, and Robotics” Annual Reviews in Control, Robotics,
and Autonomous Systems, 2019, https://arxiv.org/pdf/1908.05209.pdf
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https://arxiv.org/pdf/1908.05209.pdf

From SOS Program
To Semidefinite Program
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From SOS to SDP

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

p(x) €R[z] [s0s > p(x) =S, hi(x) hi(z) €R[z], i=1,..,¢
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From SOS to SDP

Polynomial p(x) is sum of squares (SOS) polynomial if :
it can be written as a finite sum of squares of other polynomials.

p(x) €R[z] [s0s > p(x) =S, hi(x) hi(z) €R[z], i=1,..,¢

7

PSD Matrix representation of SOS polynomials

QesS", Q=0 p(ﬂf) — B(CC)TQB(CU) where B(x) vector of monomials in x

)

PSD Matrix

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: p(z) = 221 + 523 — 2323 + 22319
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Example: ) = 22t + 5t — 2202 + 2230
ple: p(z) ! 2 T2 12 @sos Form p(z) = S0 h2(z)
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7

Example: »p(x) = 223 + 523 — 2222 + 203x
ple: p(z) ! 2 T2 12 @sos Form p(z) = S0 h2(z)

p(a) = (5 (203 — 303 + maza)) + ({Dy(a3 + 32aa)) Goal:  P(#) = B(x)TQB(x)
""""""""""""""" | QesS™, Q=0
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Example: = 221 + b — xia3 + 2zt
P p(x) = 2] 2 12 12 @sos Form p(x) = Zle h?(il?)

vector of coefficients vector of monomials in x;and x, h ' AT
x) =0C, B(x
hy(x) = CTB(x) 0= 8
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Example: »p(x) = 223 + 523 — 2222 + 203x
p p(x) 1 2 15 12 @SOS Form p(z) — Zf:1 h?(m)

) 2 2 By () hy (01" [hy ()
) 4 (\}E [1 3 0} |:CC1£172:|) lhz(x) ) h%(x)-l_h%(x): h;(x)] [h;(x) R

vector of coefficients vector of monomials in x;and x, h ' AT
x)=C,B(x
hy(x) = CTB(x) 0= 8
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1=1

Example: »p(x) = 223 + 523 — 2222 + 203x
ple: p(z) ! 2 12 12 @sos Form p(z) = 5> h2(x)

2 2 -
T3 hy (%) ) 2~ _ [ ()] [hi(x)
) + (\}j 13 0 [mmD hao)r P00+ h2(0) = hz(x)] [hz(x)
tor of coefficient tor of ials i d l 1 1 (%) =[C1TB(’C) [CT]B(x)— _l{' H
vector or coerficients vector or monomials in xXq{and x, h - CTB h (X) CTB(x) C 201 3 0 15
h,(x) = CTB(x) (%) = 6 B@) 2 1 1

v
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2,.2

Example: ) = 20t + 502 — 2222 4+ 203
p p(x) 1 2 15 12 @SOS Form p(z) — Zf:1 h?(m)

PP P S 2 R 1\ 2
p(@) = (g 2ed — 303 + a100)) + (5 a3 + 3a1a0))

2 7\ 2 21\ e ha GO Tha ()
(Jay I 2]/#1%2) +(\}§ 13 0 {WQD meolr A0 +R() = hl(x)] [h;(x)-

1
. S i lhl(x) = Ci B(x) = Gl B(x)= L{ ‘ } 2122
vector of coefficients vector of monomials in x;and x, hz (x) a CZTB(x) ha ()1 |cTB(x) cr 51 :-; U e

hy(x) = C1TB(X)

I T 72
S\ vElL 3 o) |y V2|13 0] |77
. ' - fL'l ‘ . , {L.l ‘

hy(x)] hy(x)
hy (x). [hz (x)

v
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2

Example: p(z) = 221 + 523 — 2323 + 22319

p(z) = (F (222 — 322 + 2120)

-3 1

— | L
vector of coefficients vector of monomials in x;and x,

hy(x) = C1TB(X)

@SOS Form p(a?) — Z

14
1=1

hi ()

l

hy(x) = CzTB(x)

312}[
3 0
!

Lo

L1X2
2
1

|

2 T
3 1 2] | "2 —
1 3 0 5 V2 |1
h1(x)_
hz(x)-

[h1 (x)
hy(x)

iy (%) 2 2 hy (0] [ha(x)

O e (x)] . (x)
hl (X) = C{B(X) = Cir — L |3 O —~ 2
lhz (x) - [ClTB(x) B [ClT] B(x)= {7 { 13 [)} [""1%2 ) cR
x% T -3 017 T3 1 2 2

:1:1:;;2 V2|1 ol V2|1 3 0 33155"‘2
X3 | . | | 22
L LT

Fall 2019
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Example: p(z) = 221 + 523 — 2323 + 22319 @sos rorm p() = S K2 ()
____________ M) Ly he) N
@) = (G520 = 30 + )+ (lad + 3maa)]
2 2 2
(\}5 -3 1 2] :ci%g ) + % 1 3 0 xfizl'z Z;gg o )+ 300 = Zﬁ] [Z;gg
B / £.1 | | T lhl(X) _ [ClTB(x) _ [ClT]B(x)= L7 [;I,]‘_rz )EP
vector of coefficients vector of monomials in x;and x, hz (x) a CZTB(x) ha ()™ | €T B(x) cr AR NN

hy(x) = C1TB(X)

_ 2 T 2 2 1T 2
|32 lxi =812 fi,, 2 =31 21", -3 1 2 2
BRI BN VELL 3 0] [T )T \/5[1 3 o] \/5{1 3 0] 172

| 1 | . | 1 | 7 , y , ‘ 1

hy (x) [h1 (x) L LT
hy(x)
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Example: p(x) = 2z + 525 — 22

x2 + 22370

hy(x)

hy ()1’

=1

@SOS Form p(:[j) — Ze

hi ()

hi(x) + h3(x) =

(14 (x)
hy (%)

l 12183

: . ! 2
p(a) = (5201 — 303+ mr22)) + (503 + Ba1ma))
l :1;% : -’13% ?
1
(ky 1 2] xﬁg) +| 5[t 3 0 x;:%:Q

vector of coefficients vector of monomials in x;and x,

hy(x) = C1TB(X)

[ a2 T
T1Xe 1
fl.zz ‘\/E [ 1
- v.Ll | l

l

hy(x) = CzTB(x)

312}[
3 0
!

Lo

L1X2
2
1

|

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

[h1 (x)
hy(x)

Eigenvalues of Q =0, 5,7 |fl> Q =0

ha ()]

lhl ()]_ [ClT B(x)

T
5
L1L2
72

CIB(x)

|

c{
c{

]B(x)=

1 3
V2 .

1

Fal

12019



From SOS to SDP

e Polynomial p(x) is sum of squares (SOS) polynomial if it can be written as a finite sum of squares of other polynomials.

p(:l?) — Zle h?(m) QeS8 Q=0 PSD Matrix

hi(z) € Rlz], i=1, ---,f< p(z) = B(z)" QB(x)

PSD Matrix representation of SOS polynomials

p(x) € Rlx][sos
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From SOS to SDP

e Polynomial p(x) is sum of squares (SOS) polynomial if it can be written as a finite sum of squares of other polynomials.

p(z) € R[x| [sos & p(r) = Zf:1 hi(z) < @) Red", Q=0 PSD Matrix
h@(il?) < R[CIZ], 1 =1,....¢ p(:c) — B(CE‘)TQB(:C‘)

PSD Matrix representation of SOS polynomials
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From SOS to SDP

e Polynomial p(x) is sum of squares (SOS) polynomial if it can be written as a finite sum of squares of other polynomials.

p(z) € R[x| [sos & p(r) = Zf:1 hi(z) < @) Red", Q=0 PSD Matrix
h@(il?) < R[CIZ], 1 =1,....¢ p(:c) — B(CE‘)TQB(:C‘)

PSD Matrix representation of SOS polynomials

Coefficient vector of h; (x)

@ pla) =L, W2 @) > 0 :> @ pl)= S b @) = 3 (CT B())? hy(x) = CTB(x)
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From SOS to SDP

e Polynomial p(x) is sum of squares (SOS) polynomial if it can be written as a finite sum of squares of other polynomials.

p(z) € R[x| [sos & p(r) = Zf:1 hi(z) < @) Red", Q=0 PSD Matrix
h@(il?) < R[CIZ], 1 =1,....¢ p(:c) — B(CE‘)TQB(:C‘)

PSD Matrix representation of SOS polynomials

Coefficient vector of h; (x)

@) plx) =S h2(z) > 0 :> ©) plx) =3 hi(x) =>2,_1(C} B(x))? ) CT 50

h1<x>] [cIBm]

he (x)

v

C1T
B(x) = CTB(x)

Cy B(x)
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From SOS to SDP

e Polynomial p(x) is sum of squares (SOS) polynomial if it can be written as a finite sum of squares of other polynomials.

p(z) € R[x| [sos & p(r) = Zf:1 hi(z) < @) Red", Q=0 PSD Matrix
h@(il?) < R[CIZ], 1 =1,....¢ p(:c) — B(CE‘)TQB(:C‘)

PSD Matrix representation of SOS polynomials

Coefficient vector of h; (x)

@) plx) =S h2(z) > 0 :> ©) plx) =3 hi(x) =>2,_1(C} B(x))? ) CT 50
"= \(OTB(.’IJ))T(CTB(.’IJ)))
B(x) = C"B(x) Ihl(x)r hl(x)‘

C1T

h1<x>] [cIBm]

he (x)

Cy B(x)
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From SOS to SDP

e Polynomial p(x) is sum of squares (SOS) polynomial if it can be written as a finite sum of squares of other polynomials.

p(z) € R[x| [sos & p(r) = Zf:1 hi(z) < @) Red", Q=0 PSD Matrix
h@(il?) < R[CIZ], 1 =1,....¢ p(:c) — B(CE‘)TQB(:C‘)

PSD Matrix representation of SOS polynomials

Coefficient vector of h; (x)

@ pla) =L, W2 @) > 0 :> @ pl)= S b @) = 3 (CT B())? hy(x) = CTB(x)

> T T/ ~T 7z 2
w) o) [ = (CTB@)T(C B(ﬂi))):BT(if?)(\\g?}B(ﬂ?):B(x)T‘Qﬁ(x)
hy( )] TR( ) B() = CTB®) lm(x)r moﬂ
(X C{)B X C{) : :
he(x)| |he(x) $ Q=0
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From SOS to SDP

e Polynomial p(x) is sum of squares (SOS) polynomial if it can be written as a finite sum of squares of other polynomials.

p(z) € R[x| [sos & p(r) = Zf:1 hi(z) < @) Red", Q=0 PSD Matrix
h@(il?) < R[CIZ], 1 =1,....¢ p(:c) — B(CE‘)TQB(:C‘)

PSD Matrix representation of SOS polynomials

Coefficient vector of h; (x)

@ pla) =L, W2 @) > 0 :> @ pl)= S b @) = 3 (CT B())? hy(x) = CTB(x)

hl(x) o) [ "= gOTB(x>>f(CTB(x>1 = BT(a:)f\gf}B(a:) = B(2)"QB(x)
h ( )] [ TB( )] P =180 ()] [hi(x) )
(X C B X C : :
f € RG] [ ) @70
@ Q-0 @
Q =LLT, L € R™¢ i — th element of vector L' B(x)

p(r) = BT (1)QB() = B (1) (LLY)B(x) = (L' B(x)) (L B(x)) = S, (L B)? = Xiy B () [)pGx)is 08

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




From SOS to SDP

» SOS Decomposition

p(z) € Rlx|[sos p(x) = Zf:l h?(m) < QesS", Q=0 PSD Matrix
h@(ac) < R[SIZ], 1 =1,....¢ p(:c) — B(ZC‘)TQB(:U)

PSD Matrix representation of SOS polynomials

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



From SOS to SDP

» SOS Decomposition

p(z) € Rlx|[sos p(x) = Zle h?(m) < QesS", Q=0 PSD Matrix
h@(il?) < R[CIZ], 1 =1,....¢ p(:c) — B(CE‘)TQB(:C‘)

PSD Matrix representation of SOS polynomials

» In general, SOS decomposition is NOT unique.
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From SOS to SDP

Example : p(z) = 2x1 + 525 — x7x3 + 22717

SOS Decomposition 1 @

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



From SOS to SDP

= 221 + by — a2x3 + 2a3 2,

e

Example: p(z)

SOS Decomposition 1

1 2 2 2 1/,.2 2
p(z) = 5227 — 325 + x122)° + 5(25 + 3x122)
s [3 12 g @
V211 3 0
3 "Ts 0 -3 x5
plr) = |r129 0 5 1 XT1T9
2 -3 1 22
, .
Q=LL"  B(x)

eigenvalues =0,5, 7

Q=0

https://github.com/jasour/rarnop19/blob/master/Lecture3 SOS NonlinearOptin

SOS Decomposition 2

e

p(x) = (1.026222 — 2.156922 4 0.2967x; 25)>
+(—0.688927 — 0.525323 — 1.4364x22)?
+(0.6873x7 4+ 0.2682x3 — 0.4277x w2)?

e

0.2682  0.5253 —2.1569
L= | —0.4277 1.4364  0.2967
0.6873  0.6889  1.0262

x5 4 5 0 —1.667 3
p(r) = |12 0 2.334 1 xr1x9
7 —1.667 1 2 3

Q= LLT

eigenvalues = 0.72, 2.81, 5.79 |$ Q=0

nization/SOS Decomposition/Example 2.m

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Fall 2019


https://github.com/jasour/rarnop19/blob/master/Lecture3_SOS_NonlinearOptimization/SOS_Decomposition/Example_2.m

From SOS to SDP

» SOS Decomposition

p(z) € Rlx|[sos p(x) = Zf:l h?(m) < QesS", Q=0 PSD Matrix
h@(ac) < R[SIZ], 1 =1,....¢ p(:c) — B(ZC‘)TQB(:U)

PSD Matrix representation of SOS polynomials

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



From SOS To SDP

» Verification Problems
» Design Problems
» Optimization

Fall 2019
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From SOS to SDP

1) Nonnegativity Verification:

SOS Condition PSD Matrix
Given, p(x) € Rz N QeSS Q=0
SOS p(x) € SOS PSD >
Check if p(z) >0 l/> p(l’) — B(ZE)TQB(.CU)
S
SDP N
Find () ecS"™. Q=0 (PSD)
Such that,

Coefficient of polynomialp(fﬂ)and B(:{;)TQB(J:) matches.

Linear constraints to satisfy p(x) = BT (x)QB(x)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



From SOS to SDP

Example: Check the nonnegativity of polynomial p(x)

T
1 doo  qo1  qo2 1
L J )]

L do2 {12 (22
A—V—J

QES™  By(x)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



From SOS to SDP

Example: Check the nonnegativity of polynomial p(x)

T
1 doo  qo1  qo2 1
p(x) = :;c-il — 4:17? + 627 +4x +5 > plr) = 3:]2 don— - hz f%
L J )]

L do2 {12 (22
A—V—J

QES™  By(x)

p(z) = Ba(z)" QB2 (x)

w428 4 627 +dxy + 5 = gooxt + 21227 + (q11 + 2qo2)2T + 290121 + oo

SDP
Find () =0 Suchthat, g2 =1 2q2=4 q1+202=06, 2901 =4, qoo =75 (coefficients of monomials)
x L 3 ) L > ) L . ] \—,O—J
X1 X1 X1 X1 X1

Linear constraints to satisfy p(x) = B (x)QB,(x)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



From SOS to SDP

2) Design Problem:

. _ . SOS Condition
Given, p(z,c¢) € R[x]with unknown parametersc € R, e.g.. some unknown coefficients
Find ¢ such that p(x) > 0 SOS > p(xz,c) € SOS
\SDP~
N

SDP
Find ccR™, Qe&8", Q=0 (PSD)

Such that,
Coefficient of polynomial p() and B(x)T QB (x) matches.

\

Linear constraints to satisfy p(x) = BT (x)QB(x)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



From SOS to SDP

Example : Design y such that p(x) =0

T
1 qoo  qo1  qo2 1
p(x) = ] +4a) + 627 + 4z +5 — > p(r) = Tl o dn @iz
L1l [902 12 G22] [T
Q € Sn BQ (.CU)
SDP
Find P}/ c R, Q % O Such that, q22 = 1, \2(]12 — 4; gll + 2q02 = 16 lQQOl — 43} lQU(] =95 — P): (coefficients of monomials)
l—Y4—J .XV.B 21 Y Ov
X1 1 X1 X1 X1

Linear constraints to satisfy p(x) = BI (x)QB,(x)
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From SOS to SDP

Lyapunov Function Search

Example:

SOS Conditions:

Vi(r) = Bo(x)QBs(x) =

—x1 + (1 + x1)xy

—(1 + x1)xq

V(x) = cTB,(x)

Vi0)=0— ¢c(1)=0

[ 1.8991
—0.5393
—0.0812
—0.0294
|—0.0064

[ 1.0786
—0.2618
—0.0000

0.2073

| 0.1063

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

—0.5393
1.6216
0.0294
0.0506
0.0747

—0.2618
2.1645

—0.0000
0.0357

—0.2708

—0.0812
0.0294
0.9981
0.0000
0.1118

—0.0000

—0.0000
0.0000

—0.0000
0.0001

—0.0294
0.0506
0.0000
1.7727
0.0000

0.2073
0.0357
—0.0000
3.3280
—0.2241

—0.0064 ]
0.0747
0.1118
0.0000
0.9981 |

0.1063 ]
—0.2708
0.0001
—0.2241

V(x) € SOS,4

4.0809 |

—V(x) € SOS

Fall 2019



From SOS to SDP

~Unconstrained Optimization
maximize

y
p(x) —y € SOS

Y ..
minimize p(T) > vER 50S InaX}}fHuze
e ‘ subject to p(x) —v =0, Vo eR" subject to
wn
o
©

N4

SDP
QeS™ vy

maximize Y ——» |inear objective

NS

subject to  coefficients of p(x) — v = coefficients of B? (z)QB(xz) — linear constraints

Q=0 —— PSD

Fall 2019
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Example:

reR

minimize 7 + 42} + 622 + 421 + 5

maximize vy
yER

subject to a4+ 4% 4+ 622 +4x1 +5 -y >0, Ve R"

SOS

maximize
~ER

subject to

v+ dxd + 622 + 401 +5—~ € SOS

Fall 2019
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Example:

minimize 7 + 42} + 622 + 421 + 5

rEeR
maximize 7y maximize 7y
e 50S 7ER
. A 3 2 = n . . .
subject to wy +4ry + 627 + 41 +5—-7 20, Ve eR subject to a7 + 4% 4+ 627 +4a, +5— v € SOS
(92]
=
SDP maximize vy v
QES™ ~ER
subject to  coefficients of (a7 + 42 + 62?7 4+ 42y +5 — ) = coefficients of B (2)QB(x)
Q0

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example:

minimize 7 + 42} + 622 + 421 + 5
x€R

maximize
~ER

subject to

x4 dat 4 622 + 4oy + 5 —

maximize 7y

SOS vER

~v>0, Yo eR"

subject to @ 4 4a? 4 627 4+ 4z + 5 — v € SOS

SDP

maximize
QES i gA.r"ER

subject to

y

<de|5

cocfficients of (x] + 4a? + 627 + 421 + 5 — v) = cocfficients of B (2)QB(x)

SDP

maximize vy

QeS™ yeR
subject to  gao =1, 2q12 =4, q11 +2q02 =6. 2qo1 =4. qoo=5—7
qdoo  qdo1 o2
Q=901 @1 qi2| =0
do2 (12 {22

Q%0
N

Fall 2019
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Example:

minimize 7 + 42} + 622 + 421 + 5
x€R

mai{ielélize 2 maximize 7y
’ , X , SOS vER
: « T . ‘
subject to wy +4ry + 627 + 41 +5—-7 20, Ve eR subject to a7 + 4% 4+ 627 +4a, +5— v € SOS
(92]
=
SDP maximize vy \ /
QES™ ~ER
subject to  coefficients of (a7 + 42 + 62?7 4+ 42y +5 — ) = coefficients of B (2)QB(x)
Q%0
SDP maximize vy \/
QeS" ~veR Y= 4
subject to g2 =1, 2q12 =4, qu1 +2q02 =6, 2qo1 =4, qoo=95—"7
doo qo1  qo2 _ 1 2 0.9998
Q= lq1 qu q2| =0 Q= 2 4.0004 2
qo2  q12 (22 0.9998 2 1

https://github.com/jasour/rarnop19/blob/master/Lecture3 SOS NonlinearOptimization/SOS Optimization/Example 1 UnconOpt.m
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https://github.com/jasour/rarnop19/blob/master/Lecture3_SOS_NonlinearOptimization/SOS_Optimization/Example_1_UnconOpt.m

From SOS to SDP

3) Constrained Nonnegativity Verification:

Given, p(x) € Rlz]and the sset K = {z € R" : g;(x) > 0. i
Check if p(x) >0 Ve K

.M}

SOS

SOS condition
p(z) = > oi(x)gi(x) € SOS
oi(x) € SOS2q,, i =1,....m

Fall 2019
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From SOS to SDP

3) Constrained Nonnegativity Verification:

SOS condition
p(z) = > oi(x)gi(x) € SOS
oi(x) € SOS2q,, i =1,....m

Given, p(x) € Rlz]and the sset K= {z € R" : g;(2) > 0. i = 1,...,m}

Check if p(z) >0 Ve e K SOS

. =B () Q;B;(x), i=1,.., .
o, € SOS9., i =1.....m i i(7) Qli (@), 1 A AU Q,e€8S", Q; =0, 1=1,....m

> Vector monomials up to order d;
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From SOS to SDP

3) Constrained Nonnegativity Verification:

: : SOS condition
Given, p(z) € Rlz|and the sset K= {z € R" : g;(x) >0, i = 1,....m} m
p(x) = >0 oi(z)gi(z) € SOS
Check if p(z) >0 Ve e K SOS
oi(x) € SOSsy,, 1=1,...,m
- R. TH.R. S
g; € SOSgdi, 1= 1, ceey TN Ji — Bl(x) QtiB'L(x)j i 1’ e, T —»> Q% c Sn, Qz = 0, 1= 13 ey I
> Vector monomials up to order d;
p(x) =S " oigi(x) = B(x)TQuB(x n
p(z) — 221 oigi(x) € SOS P(r) = 2.1 919:i() (2)" Qo (T)= Qo €8", Qo =0
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From SOS to SDP

3) Constrained Nonnegativity Verification:

o, € SOS9., i =1.....m

: noo . SOS condition
Given, p(x) € Rlz]and the sset K= {z € R" : g;(2) > 0. i = 1,...,m} (CE‘) B Zm O'(:C) (2) € SOS
Check if p(z) >0 Vo e K SOS P =1 05
B J@(.’IJ) c S0OS.,1=1,....m
0; — Bz(x)TQL,BL(x); [ 1}

ceaa 1T .
: > Q@ES”, Qz>/_'0* ?,:13...

Vector monomials up to order d;

)

(z) € S0§ _P&) =~ 2iz1 79i(2)

B(x)" QoB(x)

, M

» Qo eS", Qo=0

p(z) = > 0igi

—

Find Q; €8™, Q;>=0, i=0,...,m (Linear Matrix inequality)

SDF><

coefficients of polynomial p(x)—>"" 7;g;(x) = coefficients of B” (x)QoB(x)

(Linear Constraint)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Example: Check the nonnegativity of polynomial p(x) on the set K

p(v) = 23 — 422 + 221200 — 23 + 2 K={z:2,>0, 20 >0, vy + 2o —1>0}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Check the nonnegativity of polynomial p(x) on the set K

p(v) = 23 — 422 + 221200 — 23 + 2 K={z:2,>0, 20 >0, vy + 2o —1>0}

We need to show that p(x) can be written as:
Relaxed to> p(x) — o121 — ooxe —o3(x1 + 29 — 1) € SOS where, o; € SOS,, i = 1,2,3
(SOS condition)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Check the nonnegativity of polynomial p(x) on the set K

p(v) = 23 — 422 + 221200 — 23 + 2 K={z:2,>0, 20 >0, vy + 2o —1>0}

We need to show that p(x) can be written as:
Relaxed to> p(x) — o121 — ooxe —o3(x1 + 29 — 1) € SOS where, o; € SOS,, i = 1,2,3
(SOS condition)

R

Find  (, €S2, Q,;, =0, i=0,1,2,3 (Linear Matrix inequality)

SDP
< g; = Be(x)TQzB&(x)? L= 13 23 3am

Vector monomials in terms of x;and x, up to order 2

coefficients of polynomial p(z)—c 21 —0oxe—03(x1+x2—1) = coefficients of BT (2)QoB(x)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



From SOS to SDP

4) Constrained Design Problem:

Given, p(x,c) € R[x|with unknown parameters ¢ € R™ and the set K ={x € R" : ¢g;(x) >0, i =1,...,m}

Find ¢ such that p(z) > 0 Ve e K

SOS

p(x,c) — Z:il 0,g:(x) € SOS
o, € 50855, 1=1,....m

T Find c<cR™ Q;,€8" Q;=0, i=0,....,m (Linear Matrix inequality)
SDP >
Z coefficients of polynomial p(z,c)—>"" | 0,9;(x) = coefficients of BT (z)QyB(z) (Linear Constraint)

o;i = By, (2)7Q;By. (z), i=1,....m

Fall 2019
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From SOS to SDP

~Constrained Optimization

minimize  f(x) ) maxjymize v
zeR™
{ subject to p(z)—~7>0, Yee{zcR" :gi(x) >0, i=1,....n}

subject to g;(z) >0, 1=1,....n

<sos

maximize — °y

Y,0i
m
subject to  p(x) —~v — Zaigi(afz) € SOS

o; € LgO:\de_“}'_?: =1,...m (7,

O

—SDP <
maximize vy v

7,Qili,

subject to coefficients of polynomial p(z)—>_"" | 0;9;(x) = coefficients of BT (2)Qo B(x)

0; = Ba,(2)" Qi By, (x), i=1,...m

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Nonlinear (nonconvex) Optimization

Nonlinear

minimize f (,ZU) Optimization
CUER’”

subject to g;(z) >0, 1 =1,...,m

Tools: i) Nonnegative Polynomials ii) Semidefinite Programs

Step 1: N\

Reformulate Nonlinear Optimization problem in terms of Nonnegative Polynomials

Step 2:
2.1 Replace Nonnegative Polynomials with Sum of Squares (SOS) Polynomialsz

SOS Programming using YALMIP E Nonnef.;atwe
Matrices

N K K-

2.2 Represent SOS Polynomials with Positive Semidefinite Matrices (PSD)IZ {}
) o Semidefinite
Reformulate Nonlinear Optimization as Semidefinite Programsz Programs

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



—Unconstrained Optimization

P — minim .
minimize p(x)

—Constrained Optimization

P = minimize
TERM

subject to

Fall 2019
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—Unconstrained Optimization

P = minimize p(x)

—Constrained Optimization

f(x)

P = minimize
TERM

subject to

ZI?ER'”‘
wn
3
-SOS Programming i\/7
Ps,s = maximize -~
v
subject to p(x) —~v € SOS

-SOS Programming

Psos = maximize ry
R’

p(x) =~ — Z 0;gi(x)

i=1

subject to

o; € SOSQC;Z., 1=1,....m

Fall 2019
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—Unconstrained Optimization

P = minimize p(x)

—Constrained Optimization

P = minimize
TERM

f(x)

subject to

ZI?ER'”‘
wn
3
-SOS Programming i\/7
Ps,s = maximize -~
v
subject to p(x) —~v € SOS

—SDP

d
ﬁqu

maximize 7y
Q c 8 T Y

coefficients of p(x) — v = coefficients of B” (2)QB(x)
O =0

subject to

-SOS Programming

Psos = maximize ry

R’
m
subject to plx) —~v — Z 0,9:;(x) € SOS
i=1
o; € SOSQC;Z., 1=1,....m
—SDP
maximize 7y
7.Qili%,

subject to

T

o = By (2)7Q;By. (z), i=1,....,m

coefficients of polynomial p(a)—>"" | 0;9;(x) = coefficients of BT (1)Q B(x)

Fall 2019
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—Unconstrained Optimization

P — minim .
minimize p(x)

dds

—SDP

maximize vy

QE‘E’ T Y
coefficients of p(x) — v = coefficients of B” (2)QB(x)
Q=0

subject to

Optimal solution x*

At optimal solution x*: Unconstrained Optimization

Constrained Optimization

—Constrained Optimization

P = minimize

f(x)

as |~

xelR"
subject to gi(z) >0, 1=1,.
—SDP
maximize 7y
PY?Q?‘. ;l()

subject to

coefficients of polynomial p(a)—>"" | 0,9;(x) = coefficients of BT (1)QB(x

o = By (2)7Q;By. (z), i=1,....,m

System of nonlinear
equations and inequalities

Fall 2019
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—Unconstrained Optimization

P — minim .
minimize p(x)

dds

—SDP

maximize vy

(26‘— T Y
cocfficients of p(x) — v = coefficients of BT (x)QB(x)
Q=0

subject to

Optimal solution x*

At optimal solution x*: Unconstrained Optimization

Constrained Optimization

—Constrained Optimization

P = minimize

xelR"
subject to gi(x) >0, i=1,...n
v
| o)
—SDP < v
maximize 7y "
,-},Q?Hn:()

subject to

Tre

coefficients of polynomial p(x)—>_.", 0,9:(x)

o = By (2)7Q;By. (z), i=1,....,m

= coefficients of BT (2)QB(x

System of nonlinear
equations and inequalities

» To obtain optimal solutions x*,we will look at dual optimization problem (dual SDP)

(Complementary slackness in KKT optimality condition)

Fall 2019
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By looking at the Dual SDP of SOS SDP:

» Obtain Optimal Solution x*

» Monotonic Nondecreasing Convergence

wd xd—+1 *  p*
PS(DP S PS(DP S S PS%P =P

\
* Optimal Objective function of Optimal Objective function of
SOS SDP/ Dual SDP with relaxation order d Original Optimization

> Finite Convergence 3 d* P*‘S‘gp =P d>d*

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Theory of Sum of Squares

e P.A. Parrilo, “Structured semidefinite programs and semialgebraic geometry methods in robustness and optimization”,
PhD thesis, California Institute of Technology, May 2000, http://www.mit.edu/~parrilo//pubs/files/thesis.pdf

* Pablo A. Parrilo,“Sum of Squares Optimization in the Analysis and Synthesis of Control Systems”, 2006,
http://www.mit.edu/~parrilo/pubs/talkfiles/Eckman.pdf

* Pablo A. Parrilo, Sanjay Lall , “Semidefinite Programming Relaxations and Algebraic Optimization in Control” European Journal of Control, V. 9, No. 2-3,
pp. 307-321, 2003, http://www.mit.edu/~parrilo/cdc03 workshop/ejc03 comp.pdf

* Workshop: SDP Relaxations and Algebraic Optimization in Control, 2003 http://www.mit.edu/~parrilo/cdc03 workshop/index.html

e Mini-Course on SDP Relaxations and Algebraic Optimization in Control, 2003 http://www.mit.edu/~parrilo/ecc03 course/index.html

» Georgina Hall ,”Engineering and Business Applications of Sum of Squares Polynomials”, 2019, https://arxiv.org/pdf/1906.07961.pdf

e Section 4: Applications of Sum of Squares Programming, A. Papachristodoulou, J. Anderson, G. Valmorbida, S. Prajna, P. Seiler, P. A. Parrilo, “SOSTOOLS
Sum of Squares Optimization Toolbox for MATLAB”, 2013, http://www.cds.caltech.edu/sostools/sostools.pdf

Application in Nonlinear Optimization

e Sections 2 and 5: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

e Section 3: Monique Laurent, “Sums Of Squares, Moment Matrices and Optimization Over Polynomials”, 2010,
https://homepages.cwi.nl/~*monique/files/moment-ima-update-new.pdf

SOS Programming Using YALMIP
https://yalmip.github.io/tutorial/sumofsquaresprogramming/ https://yalmip.github.io/example/moresos/
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



http://www.mit.edu/%7Eparrilo/pubs/files/thesis.pdf
http://www.mit.edu/%7Eparrilo/pubs/talkfiles/Eckman.pdf
http://www.mit.edu/%7Eparrilo/cdc03_workshop/ejc03_comp.pdf
http://www.mit.edu/%7Eparrilo/cdc03_workshop/index.html
http://www.mit.edu/%7Eparrilo/ecc03_course/index.html
https://arxiv.org/pdf/1906.07961.pdf
http://www.cds.caltech.edu/sostools/sostools.pdf
https://yalmip.github.io/tutorial/sumofsquaresprogramming/
https://yalmip.github.io/example/moresos/
https://homepages.cwi.nl/%7Emonique/files/moment-ima-update-new.pdf
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