
18.034, Honors Differential Equations 
Prof. Jason Starr 

Lecture 30: Notes for Kiran: I. Summary of Lecture 29 4/21/04 
 
We finished last time with Jordan normal form. 

Notation(: )    a finite dimensional CI  -vector space (usually    = CI  with standard 
basis ). 
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1
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λ i
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1
1
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λ i

λ i
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1
1
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1
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λ i
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1
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1
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- - - -
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1
1

1
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1
1

1
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- - - -
- - - -

1
1

1

λ i

λ i

λ i

λ i

λ i
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- - - -
- - - -
- - - -

1
1
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o

o
o 

 

T(r,j)(r,j)(r,j)(r,j)(r,j)

- - -- - -- - -- - -- - -- - -- - -- - -- - -

- - -- - -- - -- - -- - -- - -- - -- - -- - -



            
            

 ='
1z λ 21 zz +  

 = '
2z λ 32 zz +  

     : 
     : 

 = '
1−rz λ rr zz +−1  

 = '
rz λ rz  

 
(xiii) The solution space of  has a basis zTz ='
 
 

( )lz = t

l

l

e
t

lt

lt

1

1

0
:
:
0
1

1
:

)!1(

!

λ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−

 for 1,.....,0 −= rl , i.e. 

    ,........

0
:
0
1

2

,

0
:
:
0
1

,

0
:
:
0
0
1

1

2

11 ttt e

t
t

e

t

e λλλ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

 

 
(xiv) In computing the Jordan normal form, we also find the matrix 
 

 =[ ] , i.e. for the  basis vector  in the new basis, U Id   
 
      v newBoldB ,

thj jv

 =  , where (ejv i

n

i
ijeu∑

=1
1,…., en) is the original basis. 

(xv) For each vector from (xiii) extend the column vector by zesos to get a solution 
( ejrz ,, )  of [ ] znewBnewBTz ,' = . 

The corresponding solution of the linear system w.r.t. the original basis is 
  
            
            
            
            
            
         
 

( ) ( )ljrljr Uzy ,,,, =  
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II. Lecture 30, part 1   (30 mins) ≈
  

10mins A. An example with recil eigenvalues.  
  
  

Ayy =' ,         

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

=

200

324

146

A ( )321 ,, eeeB =   

 
 
 

( ) ( )32−= λλAP  . So one eigenvalue 2=λ w/multiplicity 3. 
 
 
 
 

[ ] IAN BB 2, −=  =  , 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

000

344

144

  
 
 
 
 

[ ] ( )2,
2 2IAN BB −=  =  ,  

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

000

800

800

[ ] 0,
3 =BBN  matrix 

 

                 ( )  = ,                   1
2 ( )

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

0
1
1

pner SNK ( )2
2  =  V 

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

0
1
0

,
0
0
1

pnSV 
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      =      .   (2

)3 V V 

 
Choose . Then ( ) 31,3 ev = ( ) ( )333

2
1,3 ,,' eNeeNBB ==  

 

=           

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

1
0
0

,
0
3
1

,
0
8
8

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

=

100

038

018

U

N N 
G G 

 

[ ] =',' BBN  ,  

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

000

100

010

[ ] =',' BBT

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

200

120

012

 

 
w.r.t.  a basis for the solution space is  'B
 

( )
tez 2

1

0
0
1

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=  ,   ,  ( )

te
t

z 2
2

0
1
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
= ( )

tet

t

z 2

2

3

1

2

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

=  

 
w.r.t original basis , a basis for the solution space is  B
 

( ) ( )
teUzy 2

11

0
8
8

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
−

==  ,  ,  ( ) ( )
tet

t
Uzy 2

22

0

38
18

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+−
+−

== ( ) ( )
tett

tt

Uzy 22

2

33

1

34

4

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+−

+−

==

So the general real solution of Ayy =' is 
 
            
            
            
            
            
            
            

teCy 8
8

⎥⎦⎢
⎢
⎢

⎣

⎡
= C

0

38
18

⎥
⎥
⎥

⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+
+ t

2

2

1

34

4

⎥
⎥
⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+

+
2

1

0
⎥
⎥
⎤

−
−

2
2 ⎥

⎥

−
− t

2
3 ⎥−

−

 +  + C  tet
t

tett
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5 mins B. What if some eigenvalues are complex: 
 
 Answer : Go through the same process as before to get  = . ( ljry ,, )

)

( )ljrUz ,,

 Then take the real and imaginary parts of . You only need to do this for     ( ljry ,,

 one of the two complex conjugate eigenvalues in each conjugate eigenvalue  
 pair. 
 
 
          : It is not okay to take the real and imaginary parts of  ! ( )ljrz ,,

 
The matrix U will have complex entries, and you need to first compute . ( )ljrz ,,

 
 
 
10 mins-15 mins  C. An example with complex eigen values 
 
     = CI  4 ,  . ( )4321 ,,, eeeeB = ATT =  , V 

 

=A   , 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−−

−

2100

1200

2021

3112

( ) ( )( )22 12 +−= λλAP      

iit −=+= − 2,2 λλ

     
 

[ ] IAN tBBtt λλ −=,:   =  , 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−

−

−−−

−−

i

i

i

i

100

100

201

311

 
 

[ ] BBtN ,
2 =  

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−

−

+−−−

−−+−−

i

i

ii

iii

100

100

4331

63231

 

The matrix [ ] BBtN ,
2 is row equivalent to 

 
 

18.034, Honors Differential Equations  Page 6 of 9 
Prof. Jason Starr 



⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡
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0000
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i

ii

         So  ( )1
tλ
 = pnS  

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

0
0

1
i  ,   V 

 

(   = )2
tλ pnS  

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

0
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1
i ,  . 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

1

0
3

i

i

  V 
 

 

Choose  = ,   = ( )1,2V

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

1

0
3

i

i

( )1,2B

⎟
⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛
⎥
⎤

⎢
⎡ −

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡
−

−− 3

0

0

44
44 i

i
i

 

With respect to this lin ind. set, T  has matrix  

⎢
⎢
⎢
⎢

⎣

⎡ +

0

2

 
So the solution space for λ  has a basis 
 

ittee2

0
1
⎥
⎦

⎤
⎢
⎣

⎡
 ,   ittee

t 2

0⎥⎦

⎤
⎢
⎣

⎡

 

So  =  = ( 1,1,2y )
ittee

i
i

2

0

0

44
44

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡
−
−− ( )

( )

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+

+−

0

0

sin4cos4

si4cos4

2

t

t

e t

 

And  =  ( )2,1,2y

( )
( )

itt eei

it
iti

2

1

44
443

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−
−−+−
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⎟
⎟
⎟
⎟
⎟
⎟

⎠⎥
⎥
⎥
⎥
⎥
⎥

⎦⎢
⎢
⎢
⎢
⎢
⎢

⎣ − 1

0
,

i

G 

. 

⎥
⎥
⎥
⎥

⎦

⎤

+ i
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2

1

( )
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⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤n

t
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 + i 

( ) ( )
( ) ( )

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+−

−−

0

0

sin4cos4

sin4cos4

2

tt

tt

e t . 
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( )  = 2,1,2y

( ) ( )( ) ( ) ( )
( ) ( )( )

( )

( ) ⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

+

+++−

t

t

ttt

ttttt

e t

cos

sin

sin4cos4

sincos3sin4cos4

2  

+i

( ) ( )( ) ( ) ( )
( ) ( )( )

( )

( ) ⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

+−

+−−−

t

t

ttt

ttttt

e t

sin

cos

sin4cos4

sin3cossin4cos4

2  

 
 
So a basis for the solution space is  
 

( )1y =   , = 

( ) ( )
( ) ( )

2te

0

0

sin4cos4

sin4cos4

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+

+−

tt

tt

( )2y

( ) ( )
( ) ( )

2te

0

0

sin4cos4

sin4cos4

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+−

−−

tt

tt

 

 

( )3y = 

( ) ( )( ) ( ) ( )
( ) ( )( )

( )

( )

2te

cos

sin

sin4cos4

sincos3sin4cos4

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

+

+++−

t

t

ttt

ttttt

 ,   

( )4y = 

( ) ( )( ) ( ) ( )
( ) ( )( )

( )

( )

2te

cos

sin

sin4cos4

sin3cossin4cos4

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

+−

+−−−

t

t

ttt

ttttt

 

 
 
III. Lecture 30, part 2  ( 20 min’s) ≈
Discuss the matrix exponential and its use to solve inhomogeneous linear systems 
with constant coeffs: § 6,6 of Borelli + Coleman. 
Of course, the books definition of the matrix exponential is ridiculous. Also, both for 
finding solutions of inhomog. systems and for solving IVP’s, it is better to go through 
the process above and then compute the matrix [ ] oldBnewBIdU ,

1 =− . 
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Then for an IVP  , we get fAyy +='
 
    ( ) 00 yy =
 
the transformed IVP 
  
  fUAUzUz 11' −− +=
  

  ( ) 0
1

00 yUzz −==
 
Because is in Jordan normal form, it is usually simpler to solve this 
directly than to compute the matrix exponential.  

AUUB 1−=
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