18.04 Problem Set 7, Spring 2018 Solutions
Problem 1. (21 points)

27
do
(a) Compute / 5
0

5+ 2cos(f)
Solution: Call the integral to compute I. We let z = ¢ and convert the integral to a line
integral over the unit circle. As usual, we have

d 1 241

do = Z—ZZ and  cos(f) = Z+2 /z _Z 2—2

So
8 dz 8
I= 2 T = T2 rL N dz
L1 D22+ 1)/22 iz i(z2+ 52+ 1)
— 21

Let f(z) = Mim The poles of f are at 5i2\ﬁ Of these only z; = (—5++/21)/2

is inside |z| = 1. So, by the residue theorem

: . (2= 2)8 167 1w
I _ 2 — 2 1 f— p— .
miRes(f,z1) = 2w i o D) T 95,15 | val

As often, the limit was computed using L’Hospital’s rule. The fact that the limit exists
implies the pole was simple and the limit is its residue.

27 d&
b N L —
(b) Compute /0 (34 2c0s(0))?

Solution: Call the integral I. Using the computations from part (a) we get

I—/ L % —/ = dz
g 32022+ 1)/22)2 iz (24312

z —3+V5 —3—+5
2

Let f(z) = HEC Ty The poles of f are z; = and z, = — Of these
only z is inside |z| = 1. So, by the residue theorem
I =2miRes(f,z)
The pole is order 2, so we need to do a little work to compute it. Let
9(2) = (2= 2)?f(z),  so  Res(f,z) = g'().

Computing ¢’(z;) is not hard. It’s probably easiest to factor the denominator symbolically
using the roots z; and z,.

. (z — 2)%2 _ z
99 = P ml i m)

By direct computation using the quotient rule we have

(2 — 22>2 —221(2) — 25) . 3vh
i(z; — 29)% 257

g'(z) =

1



18.04 Problem Set 7, Spring 2018 Solutions 2

675

The calculation was done using z, — z, = v/5. Thus I = 2mi Res(f, z;) =

25
T sin?(6) 27
(c) Compute /O o T beos(d) df, a>[b| >0. (Answer: b—Q(a —Vva?—10?).)
Solution: As usual, call the integral in question I. The conversion of this integral to one

over the unit circle is similar to the previous parts. On the unit circle z = ¢%?, so:

sin®(6) = (2_221/2)2 _ (22_121)2.

After a little algebra we have [ = f(2)dz, where
|z|=1

sin®() 1 (2 —1)? (22 —1)2

J(2) = a+bcos(d) iz - —2i22(bz? + 2az + b) - —2ibz2(2%2 + 2az/b+ 1)’

—a+ Va2 —b? —a—Va?—b?
b

and zy = 5

The poles of f(z) are at 0, z; =

are inside the curve |z| = 1. So,

. Only 0 and z;

I =2mi(Res(f,0) + Res(f, 2,)).

All that’s left is to slog through computing the residues.
(2 —1)?

—2ib(2%2 4 2az/b+ 1)
last value is not hard to compute.)

At 2 =0: Let g(2) = 22f(2) = . So, Res(f,0) = ¢’(0) = a/ib®. (This

At z = z;: Since the pole is simple this is not too hard to do by brute force. Here’s a
somewhat more delicate way of doing the computation. Factoring the denominator using
the poles z; and z,, we have

fo) = —_ ==

T —2ib22(z — 2y) (2 — 2y)

(2f —1)?
—2ib23 (21 — 23)
So, multiplying top and bottom by 22 we get

So, Res(f, z) = . It is easy to see that z;2, = 1 and z; — 25 = 2V a? — b?/b.

(zf - 1>2 _ (2'23% - Z2>2 _ (29 — 2'2>2 _ (21 — 25) N a? — b2
—2ib22 (2 — 2y)  —2ib2323(2) — 29)  —2ib(z; —2y)  —2b b2

2
Res(f, Zl) = 5

22
Thus,

b2 b2

A a  Va?—1b? 27(a — Va2 — b?)
I =2m = b2

as claimed.
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Problem 2. (21 points)

> dx
(a) Compute /OO PRy (Answer: ).
1
Solution: Let I be the integral in question. Let f(z) = —————. Since the denominator
2242242
decays like 1/22 we can use a semicircular contour.
Im(z)
Cr
—141
> R
"Ry g Rt

The residue theorem implies / f(z)dz = 2mi Z residues of f inside the contour. We
C1+CRr
examine each of the pieces in this equation.

lim / f(2)dz = 0 by Theorem 9.1 in the Topic 9 notes.
R—o0 Ch
limp o [, f(2)dx =1 (this is clear).
1
So letting R — oo we have I = 27mi ) residues of f in the upper half-plane.

The poles of f are at 2y = —1 +1¢ and 2z, = —1 — 4. Only 2, is in the upper half-plane. The
pole is simple so,

. 1 1
Res(f? zl) = ZILIEII(Z_ Zl)f<z) - 221 +2 - Z

1
ThusI:27ri-? =[]

i

.00 22
(b) Compute /OO ) @E D) dz. (Answer: w/3.)

52

Solution: Let I be the integral in question. And let f(z) = . We proceed

(22 4+1)(22 +4)
exactly as in part (a). Using the contour shown below we find

I =2m Z residues of f in the upper half-plane.

Re(2)

-R G
Contour for part (b).
The poles of f are at +4¢ and 4+2¢. Only ¢ and 2¢ are in the upper half-plane. All we need
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to do now is compute their residues.

L . L (z—i)22 i? 1
Resl ) =l =) = e ey ~ i@+ d) 61

N . o (z—2i)22 447 1
Res(f,20) = Jig = =200 () = I e e v ) ~ mae 4 1)~ 30

In both cases we computed the limit using L’Hospital’s rule. Since the limit existed we
know the pole is simple and the limit is the residue. This gives

1 1 T
T=omi(—— s ) =T
m( 6i 3z') 3

B | 273
(c) Show / ] dx = 7r9\f by integrating around the boundary of the circular sector
y

shown and letting R — o0o. The vertex angle of the sector is 2mw/3.

Im(z)

> Re(z
L Re(2)

Circular sector with vertex angle 27 /3.

1
Solution: Let I be the integral in question. And let f(z) = e We proceed similarly
z
to parts (a) and (b). Here the contour is the circular sector shown. As usual, we put signs
on the pieces of the contour that make the parametrization easier.

Im(z)

O3

The poles of f are at /3, —1, e ™/3. The only one inside the contour is z2 = e™/3. So

/ f(2)dz = 2mwiRes(f, z1)-
Cy+Cp—C

Looking at each segment of the curve in turn we have

<1
On Cy: I%im f(z)dz:/ . de =1.
= Jo, o

On Cj: Parametrize the curve by ~v(t) = tet2m/3

: R S i27/3
r%l_l}lio/c f(z)dz:/o L /3 dt = e27/3]

3

, where ¢ runs from 0 to R. So
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Since |f(z)| ~ 1/|z|3, the same argument as for semicircles shows that

R—o00

lim /CR f(z)dz = 0.

Putting it together we have

lim f(2)dz = (1 —e?™/3)I = 2riRes(f, z,)-
R0 o, rop—cy

All that’s left is to compute the residue and do some algebra.

A L - 1
Res(f,21) = zlglzal 2 +1 322 3ei2n/3’
So,
7 271 B 27
- 3e2m‘/3(1 _ ei27r/3) - 3(ezm‘/3 _ ei47r/3>
271 ) )

_ 3( — ™ - /3) (use ez47‘r/3 — efl27T/3)
e’L ™ — e—’L s

_ us T 2w

3(e27/3 —e-i27/3) /2 ~ 3sin(27/3)  3v/3

Problem 3. (14 points)

> cos(2:
(a) C’ompute/ CO;( z) dz.
o 7+ 1

Solution: Let I be the integral in question. We start with complex replacement: Let

. 00 iz
1= dx.
/Oon—i-l *

So, I = Re(I).
Consider the following contour

Im(z)

2Ri

Now, let f(z) = % Theorem 9.2 in the notes (we could also use Theorem 9.1 here)
implies that

R—00

lim / f(z)dz=0.
Cr
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The only pole of f inside the contour is z = i. So, as usual, we find

-2
I =2miRes(f,i) = 2mi - e2—, =e ?r.
i

Finally: | I = Re(I) = e 2r. |

> cos(2x)

Solution: This is nearly identical to part (a). In this problem the denominator is squared.

dx. (Answer: 3m/(2¢?).)

2z
So very briefly, f(z) = m and I = Re(I), where I = 2miRes(f,1).
To compute the residue we make the following calculation:
(Z _ Z‘)2ei22 _ ei2z

9(z) = (z =)’ f(2) =

Ty G M Rt =g0.

3ie 2 ~  3me 2
This calculation is straightforward, we get ¢'(i) = — ZZ , 80 I = e Finally, I =
- 3me 2
Re(]) = ”;

Principal value.
Recall if f(x) is continuous on the real axis except at, say, two points x, < x4 then the
principal value of the integral along the entire x-axis is defined by

v, / : ~ lim [ / R_ (@) de + /; (@) de + /i (@) d:r.]

Here the limit is taken as R — oo, ry — 0, ry — 0. The extension to more points of
discontinuity should be clear.

Problem 4. (14 points)
oo 3ix
(a) Compute p.'u./ ¢

J—o0

dx

x—2
Solution: In this case, the integrand has no poles along the real axis. So, the principal value
only requires that we integrate over a symmetric interval [—R, R] and let R go to infinity.

3iz
Let f(z) = P f has one pole at z = 2i. The residue is easy to compute: Res(f,2i) =
e S,
Im(z)
2R lcr
24
Cq
> Re(z)
—-R R
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The residue theorem implies
/ f(2)dz = 2mi Res(f, 2i) = 2mie 5. (1)
C1+Cgr

Looking at each piece:

lim / f(2)dz =0 (Theorem 9.2 in the Topic 9 notes).
R—0 Ch

S 3ix
lim / f(z)dz = p.v./ © dz. (This is obvious).
C, —

R—o00 o T — 21

Thus, letting R — oo in Equation 1, we have

g

e3iac
p.v./ - dx = 2mie 5.
o T — 21

> cos iet if Im(w) > 0

(b) Derive the formula p.v./ cos(z) de =4 " o _f (w)
o T—W —mie” " if Im(w) < 0.
Solution: Because w is complex our complexification trick is not going to work. Instead we
e’L.’.E e*Z."E

work with the formula cos(z) = % Using this formula we can break the integral

into two pieces.

OOCOS(:L‘) © giw +efiac o0 ol % o—iT
V. dz = p.v. —————dzx =p.v. —d V. —d
pv[ z—w pV/_OO 2(x —w) * pv/_OOQ(x—w) x+pV[oo2(a:—w) v

- 2)

We’ll apply the residue theorem on a different contour for each piece.

iz —iz
Let f,(2) = ﬁ and fy(z) = 2(5_ w)’ Consider the following two contours.
Im(z) Im(z)
2Ry ACRl
w w
Cl —R2 R2
R, 7 i Re(2) o Re(z)

—9Ryi [—Cra

We can work with the contour on the left with f; (Topic 9 notes, Theorem 9.2a) and with
the contour on the right for f, (same theorem part b). Paying attention to the sign in the
exponents. These theorems imply

The case Im(w) > 0.
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For now make the assumption Im(w) > 0. Both f; and f, have their only pole at z = w.
Since Im(w) > 0, w is inside the left-hand contour and the right-hand contour contains no
poles. So,

/ f1(2)dz = 2mi Res(f, w) = wie™
C,+Ch,

/C fo(2)dz = 0.

1—Chr,

Now we finish the problem in the usual manner: letting R, and R, go to infinity we have

p.v./ ;(;Sj_xi dz = p.v. / fi(x)dx + p.v./ fo(x) dz = Tie™ + 0 = mie'™.

This is exactly what we were supposed to show.

The case Im(w) < 0 is the same. The minus sign occurs because the curve C; + Cp, is
traversed in a clockwise direction.

Problem 5. (14 points)

S Ci:L' ) )
(a) Derive the formula p.v./ ——dw = mi(e* —¢').
G DE—2)
12
Solution: Call the principal value in question I. Let f(z) = m Consider the
z—1)(z—
following contour
Im(z)
2Ri log
—Cy —Cy
¢ NG NG| L
_R ’ 1—rq 147 ’ 2—1rg 2+’l‘2, R e(z)

First we’ll look at the integrals over each piece.

On Cp: nggo f(2)dz =0, by Theorem 9.2 in the Topic 9 notes.
CR

On Cs: limo f(2)dz = miRes(f,1) = —mie’.  f has a simple pole at z = 1. So, this
Ty C
followis using Tzopic 9 Theorem 9.13 on integrating over a semicircle around a simple pole.

On Cy: 1im0 f(2)dz = miRes(f,2) = mie*". The reasoning is the same as for Cj.
To— C4

On Cy +C3 + Cy: Clearly lim |, . f(z)dz =p.v. [* f(x)dx. Here the limit is taken
173 Ths o0
as R - ooand r;, 7y — 0.
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Since there are no poles of f(z) inside the closed contour we have

/ f(z)dz=0.
Cy—CytCy—Cy+C5+Chp

So, taking limits and doing a little algebra this becomes

p.v. /OO f(x)dr = mi(e? — ). QED

oo . 2
(b) Derive the formula / — 2(50) dx =7/2.
J0 Xz
1 —cos(2z 1 .
Hint: sin®(z) = 1= cos(2z) _ Re(1 — @),

2 T2
Solution: Call the integral in question I. First note that there is not problem at z = 0
oo

since the integrand is continuous there. There is also no problem at oo because / 1/2%dx

1
converges. We start by using symmetry to get

> sin® ()
2I—p.v./ 5 — dx.
2 x

oo

Since the integral is known to converge the principal value will give the same value and is
convenient to use with indented contours.

1— 2z
Now, follow the hint and let f(z) = 2762. Note that since the numerator is 0 at z = 0,
z
f has a simple pole at z = 0.
We use the indented contour shown.
TIm(z)
2Ri lcox
—-C
C C
> - > 2 Re(z)
-R -r 0 T R

We’ll make our argument a little more quickly than in previous problems. By Cauchy’s
theorem

/ f(z)dz = 0.
Cy—Cy+Cy+Cp

By the usual limit theorems

lim/ f(2)dz=0 and Iin%/ f(z)dz = miRes(f,0)
CR r—

R—o0 C,

By definition
lim / f(z)dz = p.V./ f(z)dx.
R—00,7—=0 C,+Cy o
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Computing Res(f,0):

1—(1+i22—42%2/2—..) i
f(z) = 52 =——+z+..

So, Res(f,0) = —i.

oo
Putting it all togother: 21 = p.v. / f(z)dx = miRes(f,0) = 7. So, ,

Problem 6. (7 points)
oo \/E
Compute dz. (Answer: 7//2.)
Jo

2+ 1

Solution: As always, call the integral I. We use the contour

Im(z)

Here the inner circle has radius r and the outer circle has radius R.

NE

Let f(z) = . For f we make a branch cut along the positive real axis and use the
22 +1

branch with 0 < arg(z) < 2.

Inside the contour f has poles at +i. So,

/ (=) dz = 2mi(Res(f, 1) + Res(f, —i)). (3)
C1+Cr—Cy—C,

We look at the pieces of the contour separately.

]%EI;O /CR f(z)dz=0 (Usual reason using Theorem 9.1.)

‘ 1/2
l%ésf(z)dz:O (On C5 we have |f(z) = ]

R—o00,r—0

R—o00,r—0

is small for small r.)

. < VT _

lim f(z)dz = T4 a2 doe =1 (Since, on O, arg(z) ~ 0, so v/z ~ v/x and f(z) =~ f(z).)
c, 0 z

lim / f(z)dz = _/00 Ve dr = —I (Since, on Cy, arg(z) ~ 27, so vz ~ —/x and f(z) ~ —f(x).)
C, 0
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Taking the limit in Equation 3, this gives
21 = 2mi(Res(f,i) + Res(f,—1)).
NE

All that’s left is to compute the residues. Since f(z) = the residues are

11

(z+1i)(z—1)’
o 1/2 ,
Res( gy Vi et 1
T2 2 20 22
— i3m/2y /2 i3 ,
Res(f, —i) = ~— = (e™72) _ et 1
’ —2i —24 2i 2/2i
1+4¢ 1—4 27 RV 7r
So 21 = 2mi —|—> = —. Finally, we have / dr = —.|
(2\@ 22i) V2 Y p 1+220 2
Problem 7. (15 points)
1 —1 1
Let f(x) = for =1 <z <
0 elsewhere.
(a) (5) Solution: Compute the Fourier tmnsform / f(z)e " da.

Solution: We just compute the integral

fw) = / Jl@)es da = / i

e —e | 2sin(w)

LW w

—zwac

—iw

-1

(b) (10) Show that the formula for the Fourier inverse gives f(x). That is, show

1 [ .
= / f(w)e™* dw.
27 )

Hint: this will require an indented contour around 0.

1 [
Solution: We want to show: f(x) = 2/ f(w) dw. We start computing:
T Joo

1 oo 1 X jiw _ q—iw 1 0 Liw(z+1) _ jiw(z—1)
/ fw)dw=— ie“‘” dw = — ° . © dw.
w 27 ) 1w

Since the entire integral converges, we get the same result if we compute its principal value.

The advantage is that we can compute the principal value of each piece separately!
Here are the results for each piece. We derive the results below.

1 /°° eiw(@+1) —1/2 forx < —1
—p.v. - dw =
T o w 1/2 for x > —1

1 /°° eiw(@=1) —1/2 forz <1
—p.v. - dw =
—00

W 1/2 forx >1
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Subtracting these two pieces we have

1 ] eiw(m+1) 1 oo eiw(m—l) 0 for z < —1
- —

— - - dw=<1 for-1<z<1
2w ) o tw 2w ) o tw
0 forl<zx

This is exactly f(x) as claimed.

All that’s left is to use contour integration to prove Equations 4 and 5. We will do this
quickly. It is nearly identical to Example 9.15 in the Topic 9 notes.

az

Let f,(z) = pt

We start by assuming that a > 0 and use the indented contour shown below on the left.
The integrand has no poles inside the contour so

/ fo(2)dz=0.
C,—Cy+C3+Cp

Im(z)
-R R -7 T r R
Cr Cy 0 Cs Re(z)
Cs
< Cs Re(z) —2Ri —Cr
-R -r Jo 7 R ‘
Contour for a >0 Contour for a < 0
Next we break the contour into pieces.
S etlaw
lim / fo(2)dz = p.v./ — dw.  (This is clear.)
R—o0,r—0 CL+Cs oo W
lim / fa(z)dz = 0. (Theorem 9.2 in the Topic 9 notes.)
R—o00 Ch
eZCLZ
lim/ fo(z)dz=miRes | —,0| == (Theorem 9.13)
r—0 C 1z
Combining all this together we have, for a > 0
eiaz o0 Laiz 1 S eaiw 1
lim —dz = p.V./ ——1 =0 i.e. fora >0 p.v./ — dw = —.
C1—CotCytCr V2 oo U2 2m o W 2

(6)
Now assume a < 0. Using the contour above on the right, we find in exactly the same way
that

iaz atw

. e o0 gaiz . 1 e 1
lim — dz = p.v. —+7 =0 ie. fora<0 —p.v. —dw = ——.
CytCy+Cy—Cpy V2 o 12 2m o W 2

(7)

Letting a = x + 1 or a = x — 1. Equations 6 and 7 prove Equations 4 and 5. We’re done!
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Problems below here are not assigned. Do them just for fun.

Problem Fun.1. (No points)
o0
(a) Let f(z) = e . Letw > 0 and I = / f(z)e?“Tdz. Use the rectangle with
0

vertices at 0, R, R + 1w and iw and the known integral / e dy = V)2 to show that
0

[=ev VT/2+1iB. Here B is the imaginary part and we are not concerned with its value.

_ .2

Solution: Let g(z) = e % e'?**. We go through the 4 sides of the rectangle one at a time.

=) o, (R, iw)
w A
_04\’ 4\02
C1
> R
b Re(2)

On C;, z = z, with z from 0 to R. So,

R—o0

lim g(z)dz = / e ei20w g = T
c 0

On C,, 2 = R+ iy, with y from 0 to w; dz = i dy; 22 = R?> —y* +i2Ry; 2izw = 2i Rw — 2yw.

So,
/c g(z)dz

2

w w
2,2 ; ; . _R2 2

/ e R ey e—2zRyeQsze—2yw2dy’ <e R / e¥ e 2yw dy.

0 0

Clearly this goes to 0 as R goes to oo.

On Cy, z = x + iw, with  from 0 to R; dz = dz; 2° = 2% — w? + 2izw; 2iz2w = 2izw — 2w

So,
R R
2 2 ; . 2 2 2
/ g(z)dz = / e T eV e 2iTweiTwe 2wty — oW / e " dx.
c 0 0

3

w2

As R — o0, this integral goes to e~

S

On C,, z = iy, with y from 0 to w; dz = i dy; 2% = —y?; 2izw = —2yw. So,

[ stgie= [ temia,
C 0

4

This is pure imaginary, call it ¢ 5.

Since g(z) is entire, we have / g(z)dz = 0. So, using the limits above, we have
C+Cy—Cy—C,

lim / g(z)dz=1— e_“’Qﬁ —iB.
C,+Cy—C3—C,y 2

R—o0
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This is what we needed to show!
(b) Now use part (a) and symmetry to show that the Fourier transform f / flx)e ™o dy =

Ve w4

Solution: Since, f(x) =

/ fx)e ™ do = / fx)(e ™ qeier) dy = /OO f(x)2 cos(wr) dw = 2 Re (/oo flw)ete dx)
0 0

Part (a) implies / f(x)eiw® dx = / f(x)e?!w/2)7 dg = *w2/4f +1B. So, we have that

0
the Fourier transform

/OO f(zx)e ™ dx = 2Re (/00 f(x)eiws dx) =e /4 /r. QED
—o0 0

2
~%7 is an even function we have

Problem Fun.2. (No points)

27
27 - (2n)!
C’ompute/o (cos0)>df. Forn =1,2,.... (Answer: W)

Solution: Let

f() = - (”1/2>2"_(z2+1)2n

2 19221 52n+1 :

We know that

2
/ (cos0)* df = f(2)dz = 2w Res(f,0).
0 |z|=1
Expand (2% + 1)?" using the binomial theorem:
2n)!
(2+ 1) =+ ﬂ,22" + ...
nin!
1 2n)!
From this it’s clear that Res(f,0) = —— - ﬂ
227 nln!
21 - (2n)!

Thus, the integral in question is as asserted.

22nplnl ’

Problem Fun.3. (No points)

$2

Compute p.v. /OC m dzx.

oo 2
x
Is this the same as the integral / ————— dx without the principal value?
| (22 +1)2

2

x
(22 + 1)2
totic to 1/22, so the integral converges absolutely. This implies the integral is the same
with or without the principal value.

Solution: The integrand f(z) = has no singularities on the z-axis and is asymp-
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Let I be the integral in question. Since |f(z)| decays like 1/|z|?, we can use a semicircular
contour.

Im(2)

Cr

Re(2)

-R o} R

The residue theorem implies / f(z)dz = 2mi g residues of f inside the contour. We
C1+Cgr
examine each of the pieces in this equation.

lim / f(z)dz=0. (Theorem 9.1 in the Topic 9 notes.)
R—o00 Ch

lim / f(z)dz=1. (This is clear.)

R—o0 c,

The only pole of f inside the contour is at z = 4. This is a pole of order 2. Letting
2 .

g9(z) = (z—1i)*f(2) = 5> we have Res(f,i) = ¢'(i) = L

(z+1) 4

Thus, | I = T
2
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