18.04 Problem Set 6, Spring 2018 Solutions

Problem 1. (12 points)
Say whether the following series converge or diverge.

DEE wEr 0 wg

n=0
1422 5
Rl Since |r| = £ > 1, the

1 NG

answers: (a) This is a geometric series with ratio r =
series diverges.

(b) This is a geometric series with ratio 7 = ¢. Since |r| = 1, the series diverges. (We need
the terms of the series to go to 0.)
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1—1
(c) This is a geometric series with ratio r = T2 Since |r| = —= < 1, the series

+2i V5

converges.

(d) Using the ratio test we have

1)!/107+! 1
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n—00 n!/10" n—oo 10

Since L > 1 the series diverges.

Problem 2. (8 points)
Find the radius of convergence.
S ZSn
(@) fitz) =) 5o (b) fols) =143z =1 +3(z—1)* + (2 — 1)’
n=0
53
answers: (a) The series is a geometric series with ratio OR The series converges if

|23]/2 < 1, i.e. for ||2] < 21/3.

(b) This is a finite series. The radius of convergence is co.

Problem 3. (8 points)

oo

Suppose the radius of convergence of Zanz" is R.  Find the radius of convergence of
n=0

each of the following.

00 00
(a) Z anZQ'n, (b) Z nf’nanzn
n=0 n=1

answers: (a) Let w = 2z2. We know Zanw” converges for |w| < R. That is, the series
converges for |22| < R, equivalently for |z| < R'/2. The radius of convergence is R'/2.

(b) We'll see that the series converges for all z, i.e. the radius of convergence is infinite.
The proof is by asymptotic comparison. Pick any z. For large enough n, know |z|/n < R/2.
Thus, by asymptotic comparison to the convergent series Z la,,|(R/2)™ the series converges
for all z.
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Problem 4. (10 points)
(a) Give a function f that is analytic in the punctured plane (C — {1} ), has a simple zero
at z =0 and an essential singularity at z = 1.

(b) Suppose f is analytic and has a zero of order m at z,. Show that g(z) = f'(2)/f(z)
has a simple pole at z, with Res(g, z,) = m.

answers: (a) f(z) = ze'/*~ Y will do.

(b) This is a matter of writing out the Taylor series

f(2) = am(z = 2)™ + apya (2 — 20)" 4
=a,,(z— %)™ - g(2), where g(z,) =1

f/(z) =ma,,(z—z)™ ™ + (m+ Va1 (z — 2)™ + ...
=ma,,(z — z5)™ - h(z), where h(z,) =1

So,
f(z) _ mag, (2 —2)" " h(z) m_ h(2)

) am(z—2)mglz) 2=z g(2)
Since h(z)/g(z) is analytic and h(z,)/g(z,) = 1, the desired result Res(g, z,) = m follows.

Problem 5. (20 points)
1

(a) What is the order of the pole of f,(z) = (Goos(z) —2 1 22 at z = 0.

Hint: Work with 1/ f,(z).
Solution: Let g = 1/f, = (2cos(z) — 2 + 2%)2. We write out the Taylor series for this

22 2t 2 2
g(z) = (2 (1—2'—1—11‘—...) —2—1—22> =28 (E—i—agz—i——l—...)

Since g has a zero of order 8, f; = 1/g has a pole of order 8 at z = 0.

2
1
(b) Find the residue of fyo(z) = AR at z=0.

Solution: Since cos(0) = 1, g(z) = zf,(2) is analytic at z = 0. This tells us the pole is
simple and Res(f,,0) = ¢g(0) = 1/2.

z

(c) Let fs(z) = ﬁ Find all the isolated singularities and compute the residue at
z(z

each one.

Solution: There are poles at z =0 and z = —1.

At z=10: the pole is simple,

Res(f5,0) = lin% 2fs(z) =1 (by inspection).
zZ—
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z

At z=—1: g(2)=(2+1)3f3(2) = s analytic at z = —1. If g(2) = ay +a,(z+ 1) + ...,
z
then Res(f,—1) = ay, = g”(—1)/2!. Now it’s easy to compute that Res(f;, —1) = —5e1/2.

1
(d) Find the residue at infinity of f,(z) = . .
—z
Solution: First we find
1 1 1 1
— (1 w) = — . —
g(Z) w2f4( /'lU) w2 1-1/11) w(w—l)
So
’Res(f4, o00) = —Res(g,0) = 1.‘
(e) Let f5(z) = ;OS(Z) , where f(z) is analytic and f(0) = 1. Find the residue at z = 0.
f f(w) dw

Let g(z / f(w)dw. So g is analytic and g(0) = 0 and ¢’(0) = f(0) = 1. That is ¢g has
a simple zero at z = 0. Thus, f5(z) = cos(z)/g(z) has a simple pole at z = 0 and we have,

Res(f5,0) = (;,S(E;) =1

Problem 6. (10 points)

Write the principal part of each function at the isolated singularity. Compute the corre-
sponding residue.

(a) fi(z) = 2%/

Solution: The only singularity is at z = 0. We know

e 1 11 1
+= +—+W+ﬁ+
So,
1 1
fiz) =234+ 22+ +3,+ + .
1
Thus, we have | Res(f;,0) = 20
1 — cosh(z)
(b) fo(z) = 3

Solution: The only singularity is at z = 0. We know

22 A
hiz) =14 — + —
cosh(z) + > + 1 + ..
So,
—22/2 —24/4 — .. 1z
f2(Z>: 23 :_Z_@_

Thus, we have | Res(f,,0) = —
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Problem 7. (8 points)
(a) Let f(z) = (1+ 2)*, computed using the principal branch of log. Give the Taylor series
around 0.

Solution: We’ll do this using derivatives. Keeping the branch in mind f(z) = e®'°e(1+2), On
the principle branch, f(0) = 1. Taking derivatives we have

fM(2)=ala—1)-(a—n+ 1)1 +2)*", f0)=ala—1)(a—n+1).

So

f(z):1+az+a(aQ_DZQ—F...—f-a<a_1>“;l<!a_n+1>z"+...:§:(Z)z”

n=0

—1)(a—n+1)
n!

where (a) is defined as a(a
n

The question didn’t ask for the following, but they are worth noting.

1. If a = n is a nonnegative integer then the Taylor coefficients are 0 for powers bigger than
n. For such a, f is entire and the radius of convergence is oc.

2. For all other a the disk of convergence centered at 0, goes as far as the first singularity,
which is at z = 1. That is, the radius of convergence is 1.

(b) Does the principal branch of \/z have a Laurent expansion in the domain 0 < |z|?

Solution: No, y/z is not analytic on the region 0 < |z|. In fact, it is not analytic on any
annulus centered at 0.

Problem 8. (15 points)
Using variations of the geometric series find the following series expansions of

) 1
f(z) = 41— 2
about z; = 1.

(a) The Taylor series. What is the radius of convergence?
(b) The Laurent series on 1 < |z —1| < R,. What is R, ?
(c) The Laurent series for |z — 1| > 3.

answers: Here is a picture showing the singularities of f and the various regions. The
labels are:

A lz—1 <1, Ay 1<|z—1] <3, Ag: 3<|z—1].

We’ll get a different Laurent series in each region.
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Im(z)

A

The calculations will be easier if we express f using partial fractions

1 1 1

f(z) = 2—2)(2+2 42—z +4(2+Z)'

We write the Laurent series for each piece in each region.
I 1
2—z 1—(2—1)

In A; we have |z — 1] < 1, so the geometric series

1 1 2, _ %\ n
5 = 1_(Z_1):1+(z—1)+(z—1) +..._HZ:0(Z—1)

converges.

In A, and A5 we have |z — 1] > 1, so the geometric series

11 1 i( )"
2—z -1 1-1/z-1) &\z-1

converges.
1 1 1 1
2+2z 3+(2—1) 3 1+(2—1)/3

In A, and A, we have |z —1|/3 < 1, so the geometric series

Likewise

11 1 1 (z—1\"
2+z:§'1+(z—1)/3:§;<_1) ( 3 )

converges.

In A5 we have |z —1]/3 > 1, so 3/|z — 1| < 1 and the geometric series

2Jlrz_ <zi1>‘<1+3/1(z—1)> _zilTi(z_—?)l)n_ > Ez_iy;)nl

0 n=1

converges.

1 1 1
We can now answer each part using f(z) = 1 (2 — + 7T z)
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(a) On A;: f(z) is analytic on A; and the Taylor series is

fa)= 1 (i(z s f}(—w(z;f)”) - (Fro) e

n=0 n=0 n=

(b) On A,: The Laurent series is

> 1 1 & z—1)"
D o +122(_1)n(3n>

n=1 n=0

| =

f(2) ==

(c) On Aj: The Laurent series is

1S 1 Igx (=3) 1t 1 & 1
@ =1 e 1 o = g o (1 ()
4= (z—1)" 4;(7:—1)" 4T;< )(z—l)"
Problem 9. (15 points) ‘
(a) Use the residue theorem to compute /Z_S 20 ;)(z 50 dz.
eiz

is meromorphic with poles at 0, 2, —5i. Of

Solution: The function f(z) = 2(z—2)(z +5i)

these, only 0 and 2 are inside the countour of integration C: |z| = 3.

Im(z)

So, /f(z) dz = 2mi(Res(f,0) + Res(f,2)). To finish the problem we must compute the
c

residues.

eiz —12 + 5Y)

At 2 =0: g(z) = 22f(2) = is analytic. Thus, Res(f,0) = ¢’(0) =

(z—2)(z + 5i) 100
(We'll leave it to you to provide the details for finding ¢’(0).)
iz 2
At 2=2: g(z)=(2—2)f(2) = ﬁ is analytic. Thus, Res(f,2) = ¢g(2) = m.

e —12+5i e
W lude that dz = 2mi '
e conclude tha /z|3 22(z — 2)(z + 5i) FTem ( 0o 4(2+5i)>
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(b) Ewvaluate / et/*sin(1/2) dz.

Jlz|=1

Solution: The integrand f(z) = e'/#sin(1/2) has a pole at z = 0 and no other singularities.
To compute the residue we multiply series

Thus, Res(f,0) =1 and f(z)dz = m

|z|=1
(¢) Ezplain why Cauchy’s integral formula can be viewed as a special case of the residue
theorem.

Solution: Cauchy’s integral formula says: if C' is a simple closed curve and f is analytic on

and inside C' and / /() f(z9) = 2mif(z)-
c

Z_ZO

On the other hand, since f is analytic the only singularity of f(z)/(z — z,) is at z = 2;. So,
f(z :

EL fz0) = 2mi Res( £(2)/ (=~ ) )
To see both theorems give the same result we note that z is a simple pole and Res(f(z)/(z—
20):20) = [f(20)-

Note: the condition f is analytic on C' can be relaxed. It is enough the f be analytic inside
C and continuous on and inside C. Even this can be further relaxed.

the residue theorem says /
C

Problem 10. (15 points)

o0

In this problem we will compute Z — using the residue theorem. The techniques learned
n

—oco

here are general. In particular, the use of cot(nz) is fairly common.

(a) Let ¢(z) = meot(mz) = WM

and the residue.

. At all the singular points give the order of the pole
sin(7z)

Solution: We know that ¢g(z) = sin(7z) has zeros at all integers n. Also, ¢’(n) = mcos(nm)
Since this is not zero, the zeros are simple. Therefore the poles of ¢ are simple and

_ mcos(nmw)
Res(gb,n) = W =1.

(b) Take the contour Cy which is the square with vertices at £(N +1/2)+i(N+1/2). Use
the Cauchy residue theorem to write an expression for

' t
/ 7 cot(mz) .
c

22
N

You’ll need to do some work to compute the residue at z = 0.

Solution:
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Im(z)

Cy

Ho———— = —— [+ Re(2)

L _Ni |

g

Cy, with poles inside at the integers

First we compute the residues of f:
At z=n # 0: Since 1/n? # 0, Res(f,n) = Res(¢,n)/n? = 1/n?.

At z = 0: Below we’ll show that Res(f,0) = —72/3.

The poles inside C'y are at —N,—N +1,...,0,1,2, .../ N. So, taking into account that the
residue at z = 0 is special, we get

X N1 g2 N o g2
. (2)dz = 2mi ZNRes(f,n):%m 72 $—§:2Z$—?.
N n=-— n=—N,n#0 n=1

The last equality uses the fact 1/n? = 1/(—n)2.

The last thing we need to do is show how to compute the residue at z = 0. For the grunge
work we’ll work with cot(z). We can bring back the factors of 7 at the end. We know cot(z)
has a simple pole at z = 0, so

b
cot(z) = = +ag + a2z + ayz?
z
Because we'll be dividing by 22 the residue will come from a,. We compute this as follows:

b
cot(z) = Zl +ag + a2 + ay2?

_cos(z)  1—2%/2+4 ...
Cosin(z)  z—23/314 ...

Cross-multiplying we get

1 22 (b 23
—E—F...—(;—i-ao—kalz—i-...) z—§+...

b
=b; +agz+ (al —§1> 224 ..
Equating coefficients of 2" we get:
1 — bl
0=aq

—1/2 = ay — by /3!, which implies a; = —1/3.
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1
Thus cot(z) = - — % + .... This gives us
z

_ meot(mz) ow ( 1 7z ) 1 x
f(z) = e =2l 3 +..] = + ..

This shows Res(f,0) = —m2/3 as claimed above.

(c) We'll tell you that | cot(mz)| < 2 along the contour Cy. Use this to show that

lim / meot(mz) 4 .
C

N—o0 22

Solution: The length of Cy is 2(2N + 1). Since | cot(7z)| < 2, along C we have

meot(mz) 27
22 (N +1/2)2
So
mcot(mz) 27 27

This last expression clearly goes to 0 as IN goes to infinity, so we have shown what we need
to.

o 1
(d) Use parts (b) and (c) to compute Z —
n

n=1

Solution: By parts (b) and (c), letting N — oo, we have

: o1 A
]\}grloo/c f(z)dz—2m[ 22—3]—0.

This implies ii = Tr—z
) n:1n2— 6t

Problems below here are not assigned. Do them just for fun.

Problem Fun 1. (No points)
By considering the 3 series Z Z Zz show that a power series may

n=1
converge on all, some or no pomts on the boundary of its disk of convergence.

Solution: For all three series the radius of convergence is R = 1. So the boundary of the
disk of convergence is the circle |z] = 1. (Often this is called the circle of convergence, which
is a slightly confusing name as this problem shows.)

1
Since Z — s convergent, the series Z Z—z converges absolutely everywhere on the circle
n n
|z| = 1.
: (—=1)" " I
Since Z ~——— converges (conditionally not absolutely) and Z — diverges. We see that
n n

n
the series E — converges at some points on |z| = 1. (In fact, it turns out this series
n

converges at every point on the circle except at |z| = 1.)
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When |z| = 1 the terms in Z 2™ do not decay to 0. Therefore the series is not convergent
for any z on the unit circle.

Problem Fun 2. (No points)
Suppose that there exists a function f(z) which is analytic at z = 0 and which satisfies the
differential equation

(14 2)f'(2) =2f(2), with f(0)=1.

(a) Solve this equation to get a closed-form expression for f(z).
Solution: The differential equation is separable: f’'/f = 2/(1 + z). Solving we get f(z) =
C(z+ 1)2. The inital condition f(0) = 1 determines C = 1. So, | f(z) = (z + 1)2.

(b) Find the formula for the power series coefficients of f(z) directly from the differential
equation.

Solution: We express f(z) and f’(z) as Taylor series

f(z) =ayg+az+..= Zanz”
n=0
ffz)=a,+..= Znanz”’l
n=0

Multiplying we get and substituting into the DE we get

oo

(1+2)f'(2) = Z(nan +(n+1)a,, )z" = Z 2a,,2".

n=0

Equation coefficients gives the relation: 2a, = na, + (n+1)a, ;. A little algebra converts

this to the recursive formula
(2 - n>an

1+n

The initial condition gives f(0) = a; = 1. Using the recursion relation we find a; = 2,
as =1, a,, =0 for m > 3. Thus, f(z) =1+ 2z + 2°.

Apt1 =

(c) Check your answer to part(b) against the Taylor series obtained by expanding out the
closed-form expression for the solution found in part (a).

Solution: The answers to parts (a) and (b) are clearly the same.

Problem Fun 3. (No points) Show that | cot(rz)| < 2 along the contour in problem 10.

Hint, show that along the vertical sides |cot(mz)| < 1, while along the horizontal sides
| cot(mz)| < 2.

Solution: We know

B COS(?TZ) _ ,ei”—i—e_i“ _ Z'<627Tiz + 1)
cot(mz) = sin(7z) - Zeiﬂ'z _eimz | @2imiz _ 1
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The right side of C'y is along the line (N + 1/2) 4 ¢y. On this line

| cot(mz)| = =

ci@N+)mg—2my _ |

et2N+1)m =27y +1
_ef27ry —1

—e 2™ +1 ‘

Since e 2™ > 0, the denominator is clearly larger in magnitude than the numerator. So
|cot(mz)| < 1 along the right side of Cy.

Since the left side of C'y is minus the right side and cot is an odd function, the result holds
along the left side as well.

The top side of C'y is along the line x + (N + 1/2). So along this line

27Tz’wef(2N+1)7r +1 1 +ef(2N+1)7r

| cot(mz)| = o2riza—2N+T _ 1| = ] — e-@N+1)w

This is of the form g, with 0 < a < e ™. Since (1+a)/(1—a) is an increasing function,
the maximum is at @ = ™™ and this is clearly less than 2 (in fact, less than 1.1).

Again, by symmetry the result holds on the bottom also.

We have shown that, along Cy, | cot(nz)| < 2.

o0
Problem Fun 4. (No points) Suppose the radius of convergence OfZa”z” is R.  Show
n=0

o.]
that the radius of convergence of Zn2anz" is also R.

n=0
Solution: Idea: if the we can use ratio test then the factor of n? does not change the limit
of the ratio test. That is,

L = lim (n+ 1>2|a”+12n+1| = lim (n+1)7 li |a 12| =i |Gy g1

m—+00 n?|a,, z"| n? la

||

nl
Since we get the same limit with or without the factor of n?, the radius of convergence is
the same in both cases.

The problem is that the limit might not exist. We offer two more technical proofs.

Proof 1. Let f(z) = Z a,z". We know that f(z) is anlaytic inside the radius of conver-
n=0

gence R. By Taylor’s theorem we also know that

P =3 nayent
n=0

has the same radius of convergence. Thus g(z) = zf'(z) = Znanz” also has radius of

n=0

oo
convergence R. Continuing in the same way, zg’'(z) = E n?a,, 2" has radius of convergence

n=0

R.
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Proof 2. Pick z with |z| = r < R. Then pick r; with » < r; < R. Since the original series
has radius of convergence R, Z la,, | converges. Now, since 7 /r > 1, we know
2,,,,77, Tl2

1. —_— = 1' _— = 0
wose ()

Thus Z Ina, 2" = anlan\r" converges by asymptotic comparison with Z la,|rT.
QED
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