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Solving Scientific Problem 

Steps of numerical solving 

• Formulation 

• Selecting right discretization algorithm(Finite Difference, 
Finite Element, …) 

• Solving Linear Equation �� = � 
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Solving Linear Equation Ax = b 

• In most of large-scaled problems, solving linear equation 
takes majority of computation time 

• PROBLEM : Can we solve them faster? 

• Software solution : Numerical Algorithms 

• Hardware solution : GPU, Multiprocessor, … 
• WITH appropriate numerical linear algebra 
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Oil Reservoir Simulation 

     
  

    

    

  

   

      

 

⌲Maximizing total production by optimizing 
production and oil recovery strategies 

⌲Understanding behavior of fluid and reservoir 
under various production/well plans 

⌲ Simulate multiphase flow through porous 
media 

Figure 1. Reservoir Simulation overview 

© Agus Hasan. All rights reserved. This content is excluded 
from our Creative Commons license. For more information, 
see https://ocw.mit.edu/fairuse. 
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Oil Reservoir Simulation 

   

     

      

  
   

  

       

 

⌲ Extremely heterogeneous nature of the earth 

⌲ Resulting linear systems are both huge and ill-
conditioned 

⌲ 80-90% of simulation time is used for Linear Solve 

⌲2 Solutions 
⌲ Software Solution : Preconditioning 
⌲ Hardware Solution : GPU computing 

Figure 2. Heterogeneous Horizontal/Vertical Permeability field of oil reservoir 

© Society of Petroleum Engineers. All rights reserved. This content 
is excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/fairuse. 
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Software Solution : Preconditioning 

       

      

      
      
  

  

⌲ Solving Ax = b with A having large condition number 

⌲ So we propose a new equation, equivalent to �� = � 

⌲We will now solve �� = � with following steps 
1. ��� = � (The matrix �� should have better condition number than �) 
2. �� = � 
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Software Solution : Preconditioning 

      
   

    

     

  
�<latexit sha1_base64="tMPc9bj7o/V0+h8lqOUdeu/i4ns="></latexit> ⇢ 

AP y = b 
Ax = b , 

Py  = x 

⌲Why are we doing this? What is good preconditioning?
1. �� should have (relatively) small condition number 
2. Multiplying � (solving second equation) should be cheap 

⌲Simple simulation with Julia! (Live notebook) 
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Hardware Solution : GPU computing 

         

         

          
         

 

⌲What is GPU? A hardware that has thousands of small CPUs inside 

⌲ They are very simple CPUs which can only do simple operations (+, -, *, /…) 

⌲ So instead of making our main CPU to work on 1000 jobs serially, what if 
we can tell GPU to do 1000 jobs simultaneously, with its small CPUs? 
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Hardware Solution : GPU computing 

      
  

      
       

 

⌲ Simple example : Diagonal Matrix multiplied by Diagonal Matrix 
⌲ Just 1000 multiplications 

⌲ CPU : Need to do 1000 operations 
⌲ GPU : Need only 1 operation each 
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Hardware Solution : GPU computing 

     

         

       

 

 

⌲ A famous specialty of GPU : Matrix multiplication 

⌲ Good algorithm for solving �� = � which is good for GPU : Krylov Method 

⌲ Krylov Methods : Solving Linear Equation by series of matrix multiplications 
⌲GMRES 
⌲CG 
⌲BiCGStab 
⌲Many more 

10



Take home lesson 

     
    

     

 
    

  

⌲ Solving �� = � is another serious problem 
⌲not just an easy linear algebra homework problem! 

⌲ Software solutions are choosing right algorithm : ex) Preconditioning 

⌲ Hardware solutions are using good machines with appropriate numerical 
algorithms : ex) GPU with Krylov methods 
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