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Solution for 18.112 Mid 2


Problem 1. 
Solution: The function 

1 
f(z) = 

ez − 1 
is analytic in C − {2nπi, n ∈ Z}, and has simple pole at points z = 2nπi. Thus 
there are three poles in the region bounded by γ, which correspond to n = 0,±1. 
Moreover, at each pole z, the residue equals to 

1 1 
= = 1. 

(ez − 1)′ ez 

By residue theorem, 

1 
dz = 2πi(1 + 1 + 1) = 6πi. 

ez − 1γ 

Problem 2. 

Solution: Let 
u(z) = Ref(z), 

then by formula (66), there exists constant C such that for any |z| < R, 

1 ζ + z dζ 
f(z) = u(ζ) + iC. 

2πi |ζ|=R ζ − z ζ 

Thus 

f ′ (z) = 
1 u(ζ) 

dζ 
πi |ζ|=R (ζ − z)2 

for any |z| < R. 

Now for any z, take R > 2|z| large enough such that 

|u(ζ)|
< 1 

|ζ | 
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for any |ζ | ≥ R. Then


|f ′ (z)| ≤ 
1 |ζ |

|dζ | ≤ 
1 
· 2πR · 

R 
= 8. 

π |ζ|=R |ζ − z|2 π (R/2)2 

Thus f ′ (z) is bounded analytic function on C. By Liouville’s theorem, f ′ (z) is 
constant, so f(z) = az + b is linear. By condition 

u(z) 
→ 0, 

z 

we see that a = 0, which implies that f is a constant. 

N.B. You can also prove that 
Imf(z) 

→ 0, 
z 

thus 
f(z) 

→ 0 as z → ∞. 
z 

So by Problem 4 or Problem 5 in Mid 1, f is a polynomial, and thus f is a constant. 

Problem 3. 

Solution: By Cauchy’s formula, 

n! |f(ζ)|
|f (n)(0)| ≤ 

|ζn+1|
|dζ |

2π |ζ|=r 

n! 1 1 
≤ · 2πr · 

2π 1 − r rn+1 

n! 
= 

(1 − r)rn 

for 0 < r < 1. On the other hand, 

1 1 1 
= 

(1 − r)rn nn (1 − r)(r/n)n 

� �n+1 
1 n + 1 

≥ 
nn 1 − r + r + · · · + r 

n n 

(n + 1)n+1 

= 
nn 

2 



by Algebraic-Geometric Mean Value inequality, with equality holds if and only if


r 
1 − r = , 

n 

i.e. 
n 

r = . 
n + 1 

So the best estimate of f (n)(0) that Cauchy’s formula will yield is 

|f (n)(0)| ≤ 
n!(n + 1)(n+1) 

= (n + 1)!(1 + 
1
)n . 

nn n 

N.B. You can also get the minimal value of 

1 
(1 − r)rn 

by computing derivatives. 

Problem 4. 

Solution: Let 
f(z) = z 7 − 2z 5 + 6z 3 − z + 1,


g(z) = 6z 3 ,


h(z) = z 7 .


Then we have 

|f(z) − g(z)| = |z 7 − 2z 5 − z + 1| ≤ 5 < 6 = |g(z)| 

on the curve |z| = 1, and 

|f(z) − h(z)| = | − 2z 5 + 6z 3 − z + 1| ≤ 115 < 128 = |h(z)| 

on the curve |z| = 2. Thus by Rouche’s theorem, f has 3 roots (as g) in |z| < 1 and 
7 roots (as h) in |z| < 2. 

N.B. You can also choose g(z) to be 6z3 +1 or 6z3 − z, or choose h(z) = z7 + 1 etc. 
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