18.218 Topics in Combinatorics Spring 2021 — Lecture 5

Dor Minzer

In this lecture, we will discuss one of the most important tools in analysis of Boolean functions, known
as the hypercontractive inequality. In essence, the inequality tells us useful information about the behaviour
of the values of low-degree real-valued functions on the hypercube.

Definition 0.1. For any p > 1 we define the LP norm of f: {—1,1}"" — Ras

1/p
Hﬂb=< E Hﬂ@ﬂ) -

x~{—1,1}"

1 Motivation — degree 1 functions

To begin the discussion, consider the case of degree 1 functions. That is, suppose we have a function
n n
f:{-1,1}" — R of the form f(z) = 3 a;z;, where we normalize the coefficients a; so that > a? = 1.
i=1 i=1
What can we say about the distribution of f(z)?

Well, by Parseval we clearly have that E, [\ f (x)]z} = 1, but because f has degree 1 we are able to

say much more. Roughly speaking, if each one of the coefficients a; is small individually, i.e. |a;| < €
for each i, then the distribution of f(z) is similar to that of a standard Gaussian random variable N (0, 1).
In particular, we are able to conclude that the moments of f(z) are similar to those of a Gaussian random
variable, i.e. £ [\f(x)\Qm} ~ (2m — 1)!!

If, on the other hand some of the coefficients are large, then we can partition f into H + L, where H is
the part of f with large coefficients (which in particular depends only on a few coordinates), and L which is
the part of f with low coefficients (which then intuitively behaves like a Gaussian). Using this information,
one again may prove moment bounds on f. In particular, a direct computation shows:

Lemma 1.1. If f: {—1,1} — R has degree 1, then || f|s < V3| f|l2. More generally, for any q¢ > 2,

1 lle < va =Tl Fll2

This inequality is good enough for many purposes — for example, it is good enough in order to show that
the value of | f(x)] is relatively concentrated around || f||2.

2 The hypercontractive inequality

The case that f is a higher degree function, even 2, is significantly more complex to understand. In par-
ticular, f(z) need not behave like a Gaussian, even if all its coefficients are small in magnitude. Thus, our
understanding of the distribution of f(z) is significantly weaker. Yet, we can prove moment bounds for it
(and get as a corollary tail bounds and such).



2.1 Low-degree function formulation
Theorem 2.1. If f: {—1,1} — R has degree d, and q > 2 then || f||q < /q — 1dHfH2.

Proof. We will prove the statement for ¢ = 4; a similar argument works for all even ¢ (which by itself is
good enough for all applications that we’ll see). To prove the statement for other ¢’s, one needs a different
argument.

The proof proceeds by induction on d and n. The proof for d = 0 is trivial, so assume d > 1. We may

~

take i € [n], and then write x = (y,z,,) and f(x) = g(y) + x,h(y), where g(y) = >_ f(S)xs(y), and
SFi
h(y) = 0if(y). Then

4

E[f(2)'] = E [g(y)‘1 + <;l) g(y)>znh(y) + (;1) gW)*22h(y)? + (3

T Y;Tn

>g(y)$ih(y)3 +aph(y)*].
Note that 22 = 1, and z,, = x> have expectation 0, so

1113 = llgllz + b l9(y)*h(y)?] + |IAll]-

By Cauchy-Schwarz, By [g(y)?h(y)?] < ||g/|3]|2|3, and by the inductive hypothesis ||g||s < \@ngHg and
lh|ls < \/§d_1|]hHg. Plugging that in we get that

1115 < 9%gllz +6-3°Ugll3 - 37 HIRlz + 9" IAll2 < 9%(lgllz + 2lgl3lAlIZ + [1A]12)-

To finish the proof, note that || f||3 = ||g||3 + ||]|3, and the right hand side about is just 9¢ times the square
of || £13- O

2.2 Noise operator formulation

The hypercontractive inequality has yet another useful and equivalent formulation. To state it, we need to
introduce the noise operator, T',.

Definition 2.2. Let v € {—1,1}", and let p € [0, 1]. The distribution of p-correlated inputs with x, denoted
as y ~ T,x, is defined as: for each i € [n] independently, set y; = x; with probability p, and otherwise
resample y; according to the uniform distribution over {—1, 1}.

Intuitively, one may think of y ~ T,z as a point obtained after performing a random walk of length
(1—p)n/2 from . With this definition in place, we can define the averaging operator T , acting on functions,
ie. Tp: L2({—1,1}") — L?>({—1,1}"), as follows: given f: {—1,1}" — R, define

Tof(x)= E [f(y)]-

y~Tprx

The source of the name the “hypercontractive inequality” really lies in this operator. First, one may
easily show that for each p € [0, 1], the operator T, is a contraction — it can only shrink norms. That is, for
allg > 1, || T,f|lqg < || fllq- It turns out that in fact a much stronger result holds

Theorem 2.3 (The hypercontractive inequality). Forall f: {-1,1} 2 R, 1 <p<qand0 < p < %
it holds that || T fllg < || £1lp.



We will not include here the proof, and defer the interested reader to Ryan’s book. It is a good exercise
however to work out the case that ¢ = 4 and p = 2, and see how to adapt the proof from the previous section
to this case. For that, the following claim is useful, showing the effect of T, on the Fourier transform.

Claim 24. Forall f: {—1,1} — Rand p € [0, 1] we have that

T,f(x) = > oI f(S)xs(@).
SCln]

Proof. Note that as the operator T, is linear, it is enough to show that for each character g, it holds that
(T,xs)(z) = pl¥lxs(x). Indeed, note that

(Toxs)(@) = E [xs®)]= E [Hy]:H E (v,

y~Toz y~Tor g jeg Vi~ Toti

where the last transition is by independence. With probability p, we have y; = x;, and otherwise we resam-
ple y; uniformly in {—1, 1}, in which case the contribution to the expectation is 0 therefore, Ey,~t,2, [1:] =
px;, and plugging it above finishes the proof. O

3 Hypercontractivity — basic applications

We begin by showing a few simple yet instructive applications of the hypercontractive inequality. In the
next lecture we will see more substantial ones.

3.1 Small Set Expansion

Definition 3.1 (Noisy hypercube). For p € [0, 1], the p-noisy hypercube graph is the graph on the vertex
set {—1,1}", whose edges are sampled according to the T, process. Namely, the distribution over the
neighbours of a given vertex x € {—1,1}" is given by T .

Definition 3.2 (Edge expansion). Let G = (V, E,w) be a weighted regular graph, and let S C V be a
vertex set. The expansion of S is defined as
Pi(S) = Pr S|.
o(S)=  Pr ¢S]

Expander graphs, that play important role in discrete mathematics, are graphs G in which ®¢(S) > ¢
for all subsets S' containing at most half of the vertices of G, where c is some absolute constant. Intuitively,
the larger c is the better the expansion and mixing of the graph is; however, since this is a requirement for
all |S| < |V| /2, itis easily seen that one cannot hope to get ¢ that is close to 1.

For this purpose, one sometimes considers the notion of small set expansion. Here, the point is that one
may require that the expansion of sets much smaller than n/2 have expansion close to 1.

Definition 3.3. A graph G = (V, E,w) is called an (g, 0)-small set expander if for any S C 'V of size at
most on, it holds that ¢ (S) > 1 — e.

Informally, when we say a graph is a small set expander, what we really mean is that we (often implicitly)
have in mind a sequence of graphs (G, )nen, such that for every e > 0 there is 6 > 0 such that for large
enough n, Gy, is an (g, §)-small set expander.



Claim 3.4. For p = —%, the noisy hypercube graph is a small-set expander.

V3

Proof. Fix 6 > 0,and let S C {—1, 1}" be a set of vertices of size at most §2". Let f = 1g be the indicator
set of S. Note that

1¢,T 1) = P S S
(s Tp1s) = Pr [resyes)
y~Tpx
SO )
m<1san1$> = g:rs [y € S]=1—2¢(S).

y~Tpx

Thus, so show that ®;(S) is close to 1, we must upper bound the left hand side. For that, we use a
useful Holder-inequality trick:

1 1 1 1
—— (15, Tpls) < —<= sllassll Tplslle = —z (S Tylslla < —wn(S)**|[1sll2 = ()%,
p(S) T sy u(s) ’ u(s)
which is at most §*/4. In the penultimate inequality we used hypercontractivity. O
Remark 3.5. There is nothing special about p = 1/+/3, and the noisy hypercube is a small-set expander
for any p bounded away from 1. The proof is an easy adaptation of the proof above, and is left to the reader.

3.2 A concentration inequality for low-degree functions

One simple application of the hypercontractive inequality is a concentration bound for low-degree functions,
which is somewhat similar to Chernoff’s inequality for linear functions, and can be seen as a generalization
of it for higher degrees.

Theorem 3.6. Suppose f: {—1,1}" — R is a function of degree at most d, and let t > 2°. Then

_ ¥4
Prlf(z)| = tllfll2] <e =
Proof. Let q > 2 be a parameter to be chosen later. We have

Eo [1f(@)*] _ £
tall f113 ta)l f113°

Pr{if(z)] = tllfll2] = Priif(=)* = | 3] <

where we used Markov’s inequality. By hypercontractivity, || f||; < /¢ — 1dH f

dq q
vVg—1
Pr(|f(z)| = tl|f]l2] < Y — o2 ’q‘fHQ = e3dlosla—D)—alogt,
@ 7] £l

2, SO we get that

Optimizing, we set ¢ = # and get that

Pr{lf(x)] > 17l < e % =

Remark 3.7. The exponent t2/% is tight.



3.3 An anti-concentration for low-degree functions

On the other hand, one may ask if the value of f(x) is non-trivial with non-trivial probability (as opposed to
being 0 almost always, and very rarely huge). The following inequality asserts that this is not the case.

Theorem 3.8. Suppose f: {—1,1}" — R is a function of degree at most d, and let 0 < 6 < 1. Then

(1—06%)*

Pr(f(@)| 2 0llf1) >

Proof. By definition,
IF12 =B [£@)*] = E[f@)* L y@zois.] + B [f @)1 pwy<onss]

We upper bound each expectation on the right hand side separately. For the first one, we use Cauchy-
Schwarz:

1/2

1/2
E [£@)1spois:) <E F@'E [Wrysoisa) = 17115\ /Pr0f@)] > 01 £a)

Using hypercontractivity now we get that || f||4 < \/§d|| f||2, so the second expectation is at most

3113, /Pr 1 (@) > 1 ]a).

For the second expectation, clearly
E [f (@) L@)zos1.] < ONF12-
Plugging the two estimates above, we get

1113 < 3d||f||§\/Pr [1f(@)] = 0l fll2] + 6| £1I3,

and rearranging yield that Pr [| f(z)| = 0| f]]2] > (1_9?12)2. O

3.4 The 1-norm trick

Theorem tells us that for low-degree functions f, the g-norm of f is comparable to the 2-norm of f.
This raises the question of whether one can more generally relate the ¢g-norm of f to the p-norm of f for any
g > p > linthis case. If p > 2, then || f||2 < || f]|», so one gets that for free. It turns out that one can get a
result for any p > 1 using a simple trick.

Lemma 3.9. Let f: {—1,1}" — R be a function of degree at most d. Then || f||2 < 3% f|1.

Proof. Note that by Holder’s inequality
1/3
1F13 =& |If@)1*° @) 2] <E[[F@I] TE1A@N = 171521715

By Theorem 1 flla < \/§d|]fH2, and plugging that in gives that || |3 < \/§4d/3]\f\|3/3||f||?/3. Rear-
ranging finishes the proof. O



3.5 Next lecture

In the next lecture we will show more applications of the hypercontractive inequality.

Degree 1 functions that are close to Boolean. Recall that in the HW assignment, you have proved that
degree 1 functions that are Boolean can only be dictatorships (or anti-dictatorships). What can one say if a

a; T4
degree 1 function f(z) = Y is nearly Boolean, i.e. close to a Boolean function in L? distance?
i=1

The Fourier spectrum of small sets. What can one say regarding the Fourier spectrum of small-sets?
Can their indicator function be a low-degree polynomial (or “close” to one)? We will study this question;
you are encouraged to think of how would such statement align with the small-set expansion property we
have seen in this lecture.

The KKL theorem and the Friedgut Junta theorem. Moving on from low-degree functions, one may
ask about the structure of functions that have small average degree, i.e. I[f] < K for K thought of as small.
What can one prove about such functions? How does it all relate to the study of low-degree functions?
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