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Forbidding 3-Term Arithmetic Progressions

Chapter Highlights

Fourier analytic proof of Roth’s theorem

Finite field model in additive combinatorics: F; as a model for the integers

Basics of discrete Fourier analysis

Density increment argument in the proof of Roth’s theorem

The polynomial method proof of Roth’s theorem in ]Fg’

Arithmetic analogue of the regularity lemma, and application to Roth’s theorem with
popular difference

€ J

In this chapter, we study Roth’s theorem, which says that every 3-AP-free subset of [N]
has size o(N).

Previously, in Section 2.4, we gave a proof of Roth’s theorem using the graph regularity
lemma. The main goal of this chapter is to give a Fourier analytic proof of Roth’s theorem.
This is also Roth’s original proof (1953).

We begin by proving Roth’s theorem in the finite field model. That is, we first prove an
analogue of Roth’s theorem in IF;. The finite field vector space serves as a fruitful playground
for many additive combinatorics problems. Techniques such as Fourier analysis are often
simpler to carry out in the finite field model. After we develop the techniques in the finite
field model, we then prove Roth’s theorem in the integers. It can be a good idea to first try out
ideas in the finite field model before bringing them to the integers, as there may be additional
technical difficulties in the integers.

Later in Section 6.5, we will see a completely different proof of Roth’s theorem in F}
using the polynomial method, which gives significantly better quantitative bounds. This
proof surprised many people at the time of its discovery. However, unlike Fourier analysis,
this polynomial method technique only applies to the finite field setting, and it is unknown
how to apply it to the integers.

There is a parallel between the Fourier analytic method in this chapter and the graph
regularity method from Chapter 2. In Section 6.6, we develop an arithmetic regularity lemma
and use itin Section 6.7 to prove a strengthening of Roth’s theorem showing popular common
differences.

6.1 Fourier Analysis in Finite Field Vector Spaces

We review some basic facts about Fourier analysis in [ for a prime p. Everything here can
be extended to arbitrary abelian groups. As we saw in Section 3.3, eigenvalues of Cayley
graphs on an abelian group and the Fourier transform are intimately related.

203
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Throughout this section, we fix a prime p and let

w = exp(2nri/p).

Definition 6.1.1 (Fourier transform in F)))

The Fourier transform of f: F), — C is a function f : F, — C defined by setting, for
eachr € ]FZ,

F0) = Buey f)0™ =2 3 flao

x€F},

where r - x = rix; + -+ rpx,.

In particular, f (0) = Ef is the average of f. This value often plays a special role compared
to other values f(r).

To simplify notation, it is generally understood that the variables being averaged or summed
over are varying uniformly in the domain F},.

Let us now state several important properties of the Fourier transform. We will see that all
these properties are consequences of the orthogonality of the Fourier basis.

The next result allows us to write f in terms of f

Theorem 6.1.2 (Fourier inversion formula)
Let f: Fj, — C. Forevery x € F),

F) =) Flrw™.

n
refy,

The next result tells us that the Fourier transform preserves inner products.

Theorem 6.1.3 (Parseval / Plancherel)
Given f, g: F}, — C, we have

Brem f(X)8(x) = Y F(r3(r).
refy,

In particular, as a special case (f = g),

Beemy [F0)1P = D IF 0P

n
refy

Remark 6.1.4 (History/naming). The names Parseval and Plancherel are often used in-
terchangeably in practice to refer to the unitarity of the Fourier transform (i.e., the above
theorem). Parseval derived the identity for the Fourier series of a periodic function on R,
whereas Plancherel derived it for the Fourier transform on R.

As is nowadays the standard in additive combinatorics, we adopt the following convention
for the Fourier transform in finite abelian groups:

average in physical space Ef .
and sum in frequency (Fourier) space ) f.
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For example, following this convention, we define an “averaging” inner product for functions
f.8:F, > Cby
(f:8) = Baery f()g(x)  and  |Iflly:= (/..
In the frequency/Fourier domain, we define the “summing” inner product for functions
a,B: F, — Cby
(@B)e =) a@BE). and  lelle = (ea)l.
x€F},

Writing y, : F), — C for the function defined by
7r(x) = 0™

(this is a character of the group F)), the Fourier transform can be written as

F(r) =By, () f(x) = (v f) - 6.1)

Parseval’s identity can be stated as

(f.8)=(fr e and  |Ifla=1fle

With these conventions, we often do not need to keep track of normalization factors.
The above identities can be proved via direct verification, by plugging in the formula for
the Fourier transform. We give a more conceptual proof below.

Proof of the Fourier inversion formula (Theorem 6.1.2). Let y,(x) = w”*. Then the set of
functions

{yr:reF,}

forms an orthonormal basis for the space of functions F), — C with respect to the averaging
inner product (-, -). Indeed,

1 ifr=s,

rs Vs ZE)C('U(S_F).X=
rye) {0 ifr#s

Furthermore, there are p" functions y, (as r ranges over F}). So they form a basis of the
p"-dimensional vector space of all functions f: F), — C. We will call this basis the Fourier
basis.

Now, given an arbitrary f: F), — C, the “coordinate” of f with respect to the basis vector

—~

v, of the Fourier basis is (y,, f) = f(r) by (6.1). So
=2 Fm.

This is precisely the Fourier inversion formula. O

Proof of Parseval’s identity (Theorem 6.1.3). Continuing from the previous proof, since the
Fourier basis is orthonormal, we can evaluate ( f, g) with respects to coordinates in this basis,
thereby by yielding

(Fo8d= Y Py ) = Y. FIDZ(). 0

n n
ref), refFy,
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The convolution is an important operation.

Definition 6.1.5 (Convolution)
Given f, g: F), — C, define f x g: F, — Cby

(f *g)(x) = Eyem f(y)g(x — ¥).
In other words, (f * g)(x) is the average of f(y)g(z) over all pairs (y, z) with y + z = x.

Example 6.1.6. (a) If f is supported on A C [F) and g is supported on B C F}, then f * g
is supported on the sumset A+ B={a+b :a € A,b € B}.

(b) Let W be a subspace of F),. Let uw = (p"/|W|)1w be the indicator function on W
normalized so that Euy = 1. Then for any f: F, — C, the function f * uw is obtained from
f by replacing its value at x by its average value on the coset x + W.

The second example suggests that convolution can be thought of as smoothing a function,
damping its potentially rough perturbations.

The Fourier transform conveniently converts convolutions to multiplication.

Theorem 6.1.7 (Convolution identity)
For any f,g: F, — Cand any r € F,

F+g(r) = F(Ng(r).

Proof. We have
F8(r) = Bulf ) ()0 = BBy ema f (1) ()0 )
=B, . f(1)g(@)w ") = (By f (o) (Bg(Dw™ %) = F(1E(r). o
By repeated applications of the convolution identity, we have
(firexfi)' = fife o

(here we write " for ffor typographical reasons).
Now we introduce a quantity relevant to Roth’s theorem on 3-APs.

Definition 6.1.8 (3-AP density)
Given f, g, h: FZ — C, we write
A(f,8,h) = Ey, f(x)g(x +y)h(x+2y), (6.2)

and

A3(f) = A(fsfsf) (63)

Note that for any A C F”,
A1) = p2" {(x,y) : x,x +y,x + 2y € A}| = “3-AP density of A.”.

Here we include “trivial” 3-APs (i.e., those with with y = 0).
The following identity, relating the Fourier transform and 3-APs, plays a central role in
the Fourier analytic proof of Roth’s theorem.
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Proposition 6.1.9 (Fourier and 3-AP)
Let p be an odd prime. If f,g,h : F, — C, then

A(f. 8. ) = D F(ME(=2)h(r).

We will give two proofs of this proposition. The first proof is more mechanically straight-
forward. It is similar to the proof of the convolution identity earlier. The second proof directly
applies the convolution identity, and may be a bit more abstract/conceptual.

First proof. We expand the left-hand side using the formula for Fourier inversion.

Exyf(x)g(x +y)h(x +2y)

=E., (Z f(n)w”) (Z §(rz>w"'<“”) (Z ﬁ<r3>wrs-<x+zy>)

= Z f(’”l)g(rz)/f;(rg)Exwx'(r1+r2+r3)]Eywy‘(rz+2r3)

ri,1,r3

= Z f(rl):g\(rZ)’];(r?})1r1+r2+r3=01r2+2r3=0

r1,12,13

= > F(N&(=2r)h(r).

In the last step, we use that | + r, + r3 = 0 and r; + 2r; = 0 together imply r; = r;. O
Second proof. Write g((y) = g(-y/2). So gi(r) = g(-2r). Applying the convolution
identity,
By f(X)g(x +y)h(x +2y) =By y zixnyrz=0f (£)g(¥) h(2)
=By, zvryrz=0f ()81 (0)1(2)
= (f * g *h)(0)

= Z f *’81\*}1 (r) [Fourier inversion]
= Z ]? (rgi(r )Z(T ) [Convolution identity]
= > F(N&(=2r)h(r). 0

Remark 6.1.10. In the following section, we will work in F;. Since -2 = 1 in F; (and
so g; = g above), the proof looks even simpler. In particular, by Fourier inversion and the
convolution identity,

As(14) =37 {(x,y,2) € A’ i x+y+2 =0}
= (axlac 1000 = Y (Iax Lax 1) () = ) Ta()* (64)

When A = —A, the eigenvalues of the adjacency matrix of the Cayley graph Cay(F?, A) are
3"14(r), r € F} (recall from Section 3.3 on the eigenvalues of abelian Cayley graphs are
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given by the Fourier transforms). The quantity 3>"As(1,) is the number of closed walks of
length 3 in the Cayley graph Cay(F),, A). So the above identity is saying that the number of
closed walks of length 3 in Cay(F%, A) equals to the third moment of the eigenvalues of the
adjacency matrix, which is a general fact for every graph. (When A # —A, we can consider
the directed or bipartite version of this argument.)

The following exercise generalizes the above identity.

Exercise 6.1.11. Let ay, ..., a; be nonzero integers, none divisible by the prime p. Let
fis-- o, fiu: B, — C. Show that

refF},

6.2 Roth’s Theorem in the Finite Field Model

In this section, we use Fourier analysis to prove the following finite field analogue of Roth’s
theorem (Meshulam 1995). Later in the chapter, we will convert this proof to the integer
setting.

In an abelian group, a set A is said to be 3-AP-free if A does not have three distinct
elements of the form x,x +y,x + 2y. A 3-AP-free subset of F} is also called a cap set. The
cap set problem asks to determine the size of the largest cap set in ;.

Theorem 6.2.1 (Roth’s theorem in %)
Every 3-AP-free subset of F; has size O(3"/n).

Remark 6.2.2 (General finite fields). We work in F; mainly for convenience. The argument
presented in this section also shows that for every odd prime p, there is some constant C,, so
that every 3-AP-free subset of ), has size < Cp,p"/n.

There are several equivalent interpretations of x, y, z € IF} forming a 3-AP (allowing the
possibility for a trivial 3-AP with x =y = z):
e (x,y,2) = (x,x +d,x +2d) for some d;
x=2y+z=0;
xX+y+z=0;
x, y, z are three distinct points of a line in F; or are all equal;
for each i, the ith coordinates of x, y, z are all distinct or all equal.

Remark 6.2.3 (SET card game). The card game SET comes with a deck of 81 cards (see
Figure 6.1). Each card one of three possibilities in each of the following four features:
Number: 1, 2, 3;
Symbol: diamond, squiggle, oval;
Shading: solid, striped, open;
Color: red, green, purple.
Each of the 3* = 81 combinations appears exactly once as a card.

In this game, a combination of three cards is called a “set” if each of the four features
shows up as all identical or all distinct among the three cards. For the example, the three cards
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Figure 6.1 The complete deck of 81 cards in the game SET.
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shown below form a “set”: number (all distinct), symbol (all distinct), shading (all striped),

color (all red).

In a standard play of the game, the dealer lays down twelve cards on the table until some
player finds a “set,” in which case the player keeps the three cards of the “set” as their score,
then dealer replenishes the table by laying down more cards. If no set is found, then the dealer
continues to lay down more cards until a set is found.

The cards of the game correspond to points of IF;‘ A “set” is precisely a 3-AP. The cap set
problem in ]F;‘ asks for the number of cards without a “set.” The size of the maximum cap set
in F‘; is 20 (Pellegrino 1970).
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Here is the proof strategy of Roth’s theorem in F}:

(1) A 3-AP-free set has a large Fourier coefficient.

(2) A large Fourier coefficient implies density increment on some hyperplane.

(3) Iterate.

As in the proof of the graph regularity lemma (where we refined partitions to obtain an
energy increment), the above process must terminate in a bounded number of steps since the
density of a subset is always between 0 and 1.

Similar to what we saw in Chapter 3 on pseudorandom graphs, a set A C F; has pseu-
dorandom properties if and only if all its Fourier coefficients 1a(r), for r # 0, are small in
absolute value. When A is pseudorandom in this Fourier-uniform sense, the 3-AP-density of
A is similar to that of a random set with the same density. On the flip side, a large Fourier
coeflicient in A points to nonuniformity along the direction of the Fourier character. Then
we can restrict A to some hyperplane and extract a density increment.

The following counting lemma shows that a Fourier-uniform subset of F; has 3-AP density
similar to that of a random set. It has a similar flavor as the proof that EIG implies Cy4 in
Theorem 3.1.1. It is also related to the counting lemma for graphons (Theorem 4.5.1). Recall
the 3-AP-density Az from Definition 6.1.8.

Lemma 6.2.4 (3-AP counting lemma)
Let f: F; — [0, 1]. Then

[As () = EF)’] < max FI 15

Proof. By Proposition 6.1.9 (also see (6.4)),
As(f) = D F(r)* = F(0) + ) Fir)’.

r#0
Since Ef = f(O), we have
A5 () = )| < rz#ow < max|f(r)] - Z|f(r>|2 = max| F(nI 115

The final step is by Parseval. O

Remark 6.2.5. It would be insufficient to bound each term | f (r)]> by ||f||f’,0. Instead, Parseval
comes for the rescue. See Remark 3.1.19 for a similar issue.

Step 1. A 3-AP-free set has a large Fourier coefficient

Lemma 6.2.6 (3-AP-free implies a large Fourier coefficient)
Let A C F} and @ = |A] /3". If A is 3-AP-free and 3" > 2a72, then there is r # 0 such
that |14(r)| > o?/2.

Proof. Since A is 3-AP-free, As(A) = |A| /3%" = /3", as all 3-APs are trivial (i.e., with
common difference zero). By the counting lemma, Lemma 6.2.4,

a —~ —~
b = o=at = Ay(1a) < max|1a(r)] 1413 = max|14(r)|a.
r#0 r#0
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By the hypothesis 3" > 2a72, the left-hand side above is > a>/2. So there is some r # 0
with |[14(r)| > a?/2. o

Step 2. A large Fourier coefficient implies density increment on some hyperplane

Lemma 6.2.7 (Large Fourier coefficient implies density increment)
Let A € F;} with @ = |A|/3". Suppose [14(r)| = 6 > O for some r # 0. Then A has
density at least a + §/2 when restricted to some hyperplane.

Proof. We have

@ + QW + @w?

Ta(r) =Bl a()w ™ = 3
where «, a1, a, are densities of A on the cosets of 7*. We want to show that one of ay, a1, a@»
is significantly larger than «. This is easy to check directly, but let us introduce a trick that
we will also use later in the integer setting.
We have a = (g + @1 + @;)/3. By the triangle inequality,
36 < |ao + i+ a'za)2|
= |(a0 —a)+ () —a)w+ (ap — a)w2|

<lao —al+|a; —al + |a; — af

Consequently, there exists j such that |o; — a| + (@; — @) > 6. Note that [¢| + ¢ equals 27 if
t>0and0ifr <0.Soa@; —a > §/2, as desired. m|

Combining the previous two lemmas, here is what we have proved so far.

Lemma 6.2.8 (3-AP-free implies density increment)
Let A C Fy and a = |A[ /3". If A is 3-AP-free and 3" > 2a72, then A has density at least
@ + o /4 when restricted to some hyperplane. O

We now view this hyperplane H as ]F’;” (we may need to select a new origin for H if
0 ¢ H). The restriction of A to H (i.e., A N H) is now a 3-AP-free subset of H. The density
increased from a to & + a?/4. Next we iterate this density increment.

Remark 6.2.9 (Translation invariance). It is important that the pattern we are forbidding
(3-AP) is translation-invariant. What is wrong with the argument if instead we forbid the
pattern x +y = z? Note that {x € F} : x; = 2} avoids solutions to x + y = z, and this set has
density 1/3.

Step 3. Iterate the density increment

We start with a 3-AP-free A C Fj. Let V; := F} with density @y = a = |A] /3". Repeatedly
apply Lemma 6.2.8. After i rounds, we restrict A to a codimension i affine subspace V;
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(with Vy 2 V; 2 ---). Let a; = |[ANYV,|/|V;| be the density of A in V;. As long as
2a;7% < |Vi| = 3", we can apply Lemma 6.2.8 to obtain a V;,; with density increment

2
@iy 2 @ +a; 4.

Since @ = @y < @; < --- < 1, and «; increases by > aiz/4 > a?/4 at each step, the process
terminates after m < 4/a? rounds, at which point we must have 3" < 2qa,? < 2a~? (or
else we can continue via Lemma 6.2.8). Son < m +log;(2a72) = O(1/a?). Thus @ < 1/+/n.
This is just shy of the bound @ = O(1/n) that we aim to prove. So let us re-do the density
increment analysis more carefully to analyze how quickly «; grows.

Each round, «; increases by at least /4. So it takes < [4/a] initial rounds for ; to
double. Once a; > 2a, it then increases by at least a/l.z /4 each round afterwards, so it takes
< [1/a;] < [1/a] additional rounds for the density to double again. And so on: the kth
doubling time is at most [42"‘ /01]. Since the density is always at least «, the density can
double at most log, (1/@) times. So the total number of rounds is at most

o)

Suppose the process terminates after m steps with density «,,. Then, examining the
hypothesis of Lemma 6.2.8, we find that the size of the final subspace |V,,| = 3" is less
than ;> < @™ Son < m+ O(log(1/a)) < O(1/a). Thus @ = |A| /N = O(1/n). This
completes the proof of Roth’s theorem in F; (Theorem 6.2.1).

Jjslog, (1/a)

Remark 6.2.10 (Quantitative bounds). Edel (2004) obtained a cap set of size > 2.21"
for sufficiently large n. This is obtained by constructing a cap set in F3*® of size m =
23727 +3777¢) > 2.21*°, which then implies, by a product construction, a cap set in F3*°
of size m* for each positive integer k.

It was an open problem of great interest whether there is an upper bound of the form c”,
with constant ¢ < 3, on the size of cap sets in ;. With significant effort, the Fourier analytic
strategy above was extended to prove an upper bound of the form 3"/n'* (Bateman and
Katz 2012). So it came as quite a shock to the community when a very short polynomial
method proof was discovered, giving an upper bound O(2.76") (Croot, Lev, and Pach
2017; Ellenberg and Gijswijt 2017). We will discuss this proof in Section 6.5. However, the
polynomial method proof appears to be specific to the finite field model, and it is not known
how to extend the strategy to the integers.

The following exercise shows why the above strategy does not generalize to 4-APs at least
in a straightforward manner.

Exercise 6.2.11 (Fourier uniformity does not control 4-AP counts). Let
A={xeF;:x-x=0}.

Prove that: .
(@) |Al = (5" +o0(1))5" and [14(r)| = o(1) for all r # 0;
(®) {(x,y) €Fl ix,x+y,x+2y,x+3y € A}| # (5% + 0(1))5%".

$1°¢ ¢ WAIOAY, WOIJ Wins ssneo) Y y)im aredwo)) “wins [enuouodxe ue se V| oj1am JSIn JJUTH
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Exercise 6.2.12 (Linearity testing). Show that for every prime p there is some C,, > 0
such thatif f: F, — F), satisfies

Pryern (f()+f(y) = fx+y)=1-¢
then there exists some a € }FZ such that
Pxe]F;ﬂ (f(X) =a- X) > 1- CPS.

In the above P expressions x and y are chosen independently and uniformly at random from
F~.
p

The following exercises introduce Gowers uniformity norms. Gowers (2001) used them
to prove Szemerédi’s theorem by extending the Fourier analytic proof strategy of Roth’s
theorem to what is now called higher-order Fourier analysis.

The U? norm in the following exercise plays a role similar to Fourier analysis.

Exercise 6.2.13 (Gowers U? uniformity norm). Let f: [, — C. Define

/
1 llgs = (B yremy TG+ 0w 3 f (3 +3))

(a) Show that the expectation above is always a nonnegative real number, so that the
above expression is well defined. Also, show that || f||,- = |Ef].
(b) (Gowers Cauchy—Schwarz) For f, f>, f3, fa: ]F; — C, let

(fis f o5 Ja) = Bayyemn f1(x) fa(x + 3) f5(x + ) fa(x +y + ).

Prove that

[<f1s oo fos SO < Wil 120l Ml 1 fall e -
(c) (Triangle inequality) Show that

ILf+glloe < Nl f Nl + liglloe-

Conclude that || ||;» is a norm.
(q) A1ddy reaurnnu st (¥ <€ ¢/ L[ yey) 9JoN JUIyg

(d) (Relation with Fourier) Show that
1Nz = 1.
Furthermore, deduce that if || f||., < 1, then

11l < 1Nl < IFIIL

(The second inequality gives a so-called “inverse theorem” for the U? norm: if
| fllu> = 6 then |f(r)| = 6% for some r € F. Informally, if f is not U*-uniform,
then f correlates with some exponential phase function of the form x — «w"*.)

The inadequacy of Fourier analysis towards understanding 4-APs is remedied by the U?
norm, which is significantly more mysterious than the U? norm. Some easier properties of
the U* norm are given in the exercise below. Understanding properties of functions with large
U? norm (known as the inverse problem) lies at the heart of quadratic Fourier analysis,
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which we do not discuss in this book (see Further Reading). The structure of set addition,
which is the topic of the next chapter, plays a central role in this theory.

Exercise 6.2.14 (Gowers U? uniformity norm). Let f: F), — C. Define

LA llgs = (Buyrynys f (S (e + y1) f(x +y2) f(x + 33) -+

1/8
Sy ) e+ y1+y3) f(x+y2+y3) f(x +y1+y2+y3)

Alternatively, for each y € F), define the multiplicative finite difference A, f: F, — C

by A, f(x) = f(x)f(x+y). We can rewrite the above expression in terms of the U?
uniformity norm from Exercise 6.2.13 as

||f||§[* = EyE]F’;, Ayf|

(a) (Monotonicity) Verity that the above two definitions for || f||,s coincide and give
well-defined nonnegative real numbers. Also, show that

£l < 1 £l -

(b) (Separation of norms) Let p be odd and f: F, — C be defined by f(x) = *™**/7,
Prove that || || = 1 and || | = p~/*.
(c) (Triangle inequality) Prove that

4
uz:

1f +gllys < 1 llps + 118 llys -

Conclude that || ||;» is a norm.
(d) (U? norm controls 4-APs) Let p > 5 be a prime, and fi, fo, fz, fa: IFZ — Call
taking values in the unit disk. We write

A(fi, fon 3, fa) = Ex,yeF;;fl (x) falx +y) f3(x +2y) fa(x + 3y).
Prove that

|A(f1’ f27 f3’ f4)| S mgln ||f5||U3 .
Furthermore, deduce that if f, g: F, — [0, 1], then

‘zremyoS—Ayone)) Ajdde Ajporeadar uayy pue ()] 'z UONIAS Ul Sk ozLIdweIRd-9y JUIH

6.3 Fourier Analysis in the Integers

Now we review the basic notions of Fourier analysis on the integers, also known as Fourier
series. In the next section, we adapt the proof of Roth’s theorem from F to Z.

Here R/Z is the set of reals mod 1. A function f: R/Z — C is the same as a function
f: R — Cthatis periodic mod 1 (i.e., f(x + 1) = f(x) for all x € R).
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Definition 6.3.1 (Fourier transform in Z)
Given a finitely supported f: Z — C, define f: R/Z — C by setting, for all 8 € R,
F0) = f(x)e(=x0),
X€Z

where

e(t) = exp(2rit), t €R.

Note that f(Q) = f (6 + n) for all integers n. So f: R/Z — C is well defined.
The various identities in Section 6.1 have counterparts stated below. We leave the proofs
as exercises for the reader.

Theorem 6.3.2 (Fourier inversion formula)
Given a finitely supported f: Z — C, for any x € Z,

fx) = /0 f(@)e(x@) de.

Theorem 6.3.3 (Parseval / Plancherel)
Given finitely supported f,g: Z — C,

> TWew = | Je)ze)as

X€Z

In particular, as a special case (f = g),

l —
YU = [ 17 ao

X€e€Z

Note the normalization conventions: we sum in the physical space Z (there is no sensible
way to average in Z) and average in the frequency space R/Z.

Definition 6.3.4 (Convolution)
Given finitely supported f,g: Z — C, define f x g: Z — C by

(f*&)x) = ) f(3)glx - ).

yeZ

Theorem 6.3.5 (Convolution identity)
Given finitely supported f,g: Z — C, for any 6 € R/Z,

T+g(0) = £(6)3(0).
Given finitely supported f, g, h: Z — C, define
A(f,8,h) = ) F(x)glx+y)h(x+2y)

X,yEZ
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and
As(f) = A D).
Then for any finite set A of integers,
A3 (A) = {(x,y) :x,x+y,x+2y € A}|

counts the number of 3-APs in A, where each nontrivial 3-AP is counted twice, forward and
backward, and each trivial 3-AP is counted once.

Proposition 6.3.6 (Fourier and 3-AP)
Given finitely supported f,g,h: Z — C,

1 —_ —
A(f.g.h) = /0 F(0)2(=20)71(0) db.

| Exercise 6.3.7. Prove all the identities above.

Exercise 6.3.8 (Counting solutions to a single linear equation). Let cy,...,c € Z. Let
A C Z be a finite set. Show that

1
|{(a1,.. .,ak) S Ak cciayp -t crag :O}l :/ IA(Clt)lA(Czt) IA(th) dt.
0

Exercise 6.3.9. Show that if a finite set A of integers contains 8 |A|* solutions (a, b, ¢) €
A% to a+2b = 3c, then it contains at least 82 |A|* solutions (a, b, ¢,d) € A*to a+b = c+d.

6.4 Roth’s Theorem in the Integers

In Section 6.2 we saw a Fourier analytic proof of Roth’s theorem in Fj. In this section, we
adapt the proof to the integers and obtain the following result. This is Roth’s original proof
(1953).

Theorem 6.4.1 (Roth’s theorem)
Every 3-AP-free subset of [N] = {1,..., N} has size O(N/loglog N).

The proof of Roth’s theorem in F} proceeded by density increment when restricting to
subspaces. An important difference between F; and Z is that Z has no subspaces (more on
this later). Instead, we will proceed in Z by restricting to subprogressions. In this section, by
a progression we mean an arithmetic progression.

We have the following analogue of Lemma 6.2.4. It says that if f and g are “Fourier-close,,”
then they have similar 3-AP counts. We write

X€Z

1/2
17Tl 2= supl F(O)]  and Il == (Z|f<x>|2).
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Proposition 6.4.2 (3-AP counting lemma)
Let f, g : Z — C be finitely supported functions. Then

IA3(f) = As(@)] < 311 F — gllo max {[I f1%, llgl%} -

Proof. We have
A(f)=Ns(8) =A(f—g [, )+ A& f-8f)+Ag.gf-29-

Let us bound the first term on the right-hand side. We have

|A(f_g’f’f)|
1 U —~ —~
-| [ Tro@-2070 Prop. 636
—_— ] — —
<|f - gl '/0 f(=20)1(0) d@' [Triangle ineq.]
o L 5 12 Lo 12
< = &l -20)| do 0)| do auchy—Schwarz
<i=al ([ [F2of ao) ([ [Fof a0)  icoy-scma
<I1f =gl I£117 - [Parseval]

By similar arguments, we have

IAGg. f =g O < IIF =gl 1£12 18]l
and
IAGg.8. f = &) < IIF =gl ligll7- -
Combining with the first sum gives the result. O

Now we prove Roth’s theorem by following the same steps as in Section 6.2 for the finite
field setting.

Step 1. A 3-AP-free set has a large Fourier coefficient

Instead of directly studying the Fourier coeflicients of 14 (which is not a good idea since
14(6) =~ |A] is always large whenever 6 ~ 0), we apply a useful and standard trick and study
the Fourier coefficients of the de-meaned function

1A—CZI[N].

This function has sum zero, and so its Fourier transform is zero at zero, which allows us
to focus on the interesting values away from zero. Subtracting by 1y here has the same
effect as considering 1,4(r) only for nonzero r in the finite field model.
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Lemma 6.4.3 (3-AP-free implies a large Fourier coefficient)
Let A C [N] be a 3-AP free set with |A| = @N. If N > 5a~2, then there exists § € R/Z
satisfying

N 0’2
;(u ~a)(x)e(6x)| = 15N

Proof. Since A is 3-AP-free, the quantity 1,(x)14(x + y)14(x + 2y) is nonzero only for
trivial 3-APs (here trivial means y = 0). Thus

A3(14) = |A| = aN.

On the other hand, a 3-AP in [/N] can be counted by counting pairs of integers with the same
parity to form the first and third element of the 3-AP, yielding,

As(1{ny) = IN/2]* + [N/2]* = N?/2.
Now apply the counting lemma (Proposition 6.4.2) to f = 14 and g = al|y]. We have
||1A||f,2 =|A| = aN and ||a1{n||%, = @*N. So

a’N?

—aN < &As(11n)) = As(1a) < 3aN ||(1a —alin)?., -

Thus, using N > 5a~? in the final step in what follows,

1a3N? —aN
”(IA —QI[N])AHOO > ZW = éa'zN— % > %G’ZN.
Therefore there exists some § € R with
ul 1
Z(IA—oz)(x)e(Gx) =(la—aln)"(0) > Ea/zN. |
x=1

Step 2. A large Fourier coefficient implies density increment on a subprogression

In the finite field model, if T4(r) is large for some r € Fj \ {0}, then we obtained a density
increment by restricting A to some coset of the hyperplane r+.

How can we adapt this argument in the integers?

In the finite field model, we used that the Fourier character vy, (x) = w”* is constant on
each coset of the hyperplane r* C F}. In the integer setting, we want to partition [N] into
subprogressions such that the character Z — C : x +— e(x0) is roughly constant on each
subprogression. As a simple example, assume that 6 is a rational a /b for some fairly small b.
Then x — e(x#) is constant on arithmetic progressions with common difference b. Thus we
could partition [N] into arithmetic progressions with common difference b. This is useful
as long as b is not too large. On the other hand, if b is too large, or if 8 is irrational, then we
would want to approximate 6 be a rational number with small denominator.

We write

[16]],7 = distance from 6 to the nearest integer.
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Lemma 6.4.4 (Dirichlet’'s lemma)
Let € Rand 0 < é < 1. Then there exists a positive integer d < 1/ such that
dbllgz < 6.

Proof. Letm = |1/¢]. By the pigeonhole principle, among the m + 1 numbers 0, 6, - - - , m#6,
we can find 0 < i < j < m such that the fractional parts of i# and ;6 differ by at most 6. Set
d =i — j|. Then ||d0||g,z < 0, as desired. O

Given 6, we now partition [N] into subprogressions with roughly constant e(x6) inside
each progression. The constants appearing in rest of this argument are mostly unimportant.

Lemma 6.4.5 (Partition into progression level sets)
Let0 < n < 1and @ € R. Suppose N > (4r/n)°. Then one can partition [N] into
subprogressions P;, each with length

N'3 < |P;| < 2N'/3,

such that
sup |e(x0) —e(y0)| <n, foreachi.

x,y€EP;

Proof. By Lemma 6.4.4, there is a positive integer d < VN such that dOlz/z < 1/ VN.
Partition [N] greedily into progressions with common difference d of lengths between N'/3
and 2N'/3. Then, for two elements x, y within the same progression P;, we have

le(x0) — e(y0)| < |P;||e(df) — 1| < 2N'3 .2z - N"V? <.

Here we use the inequality |e(d6) — 1| < 27 ||d6|| 7, from the fact that the length of a chord
on a circle is at most the length of the corresponding arc. O

We can now apply this lemma to obtain a density increment.

Lemma 6.4.6 (3-AP-free implies density increment)

Let A C [N] be 3-AP-free, with |A| = N and N > (16/a)'?. Then there exists a
subprogression P C [N] with |P| > N'/3 and |A N P| > (a + a?/40) |P| .

Proof. By Lemma 6.4.3, there exists 6 satisfying

N 0'2
;(u ~a)(x)e(xb)| = 15N

Next, apply Lemma 6.4.5 with = @?/20 (the hypothesis N > (4r/n)% is satisfied since
(16/a)'? > (807 /a?)® = (47/1)®) to obtain a partition Py, ..., Py of [N] satisfying N'/3 <
|P;| < 2N'/3 and
2
le(x0) — e(y0)| < Z—O foralliand x,y € P;.
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So on each P;,

D (a—a)@e(xh)| <

xeP;

2 (=) )|+ 5

xebP;

Thus

N

Z 14— a)(x)e(x0)

3

i=1

o>
—S
10

IA

D (= a)@e(xo)].

xeP;

k

Z( D a-a))
=1 XEP;

k
DD a—a)|+
i=1

2

a
+—|P;

20| |

IA

i
xeP;

Thus

PEPETIIE)

xeP;

k
a?
"= 2
and hence

2 k k
S5 2P < Y llAn Pl - alPi|
i=1 i=1

‘We want to show that there exists some P; such that A has a density increment when restricted
to P;. The following trick is convenient. Note that

k k
Z SZlAﬂP|—a|P||

i=1

(AN P;| - alPil|+ (JANPi| - alPi]).

M» 0

i

as the newly added terms in the final step sum to zero. Thus there exists an i such that
(1’2
olPil <[40 Pil —alPil[+ (AN Pil - alPl).

Since |t| + ¢ is 2¢ for t > 0 and O for ¢ < 0, we deduce

02
—|P;| £2(JANP;| — a|P;
TSI < 20140 Pl = a|Pi,

which yields

az
ANP;| > +— | |P;l. O
Az (o 5 1P
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By translation and rescaling, we can identify P with [N’] with N’ = |P|. Then A N P
becomes a subset A” C [N’]. Note that A’ is 3-AP-free (here we are invoking the important
fact that 3-APs are translation and dilation invariant). We can now iterate the argument. (Think
about where the argument goes wrong for patterns such as {x, y, x+y} and {x, x +y, x +y?}.)

Step 3. Iterate the density increment

This step is nearly identical to the proof in the finite field model. Start with @y = @ and
Ny = N. After i iterations, we arrive at a subprogression of length N; where A has density «;.
Aslongas N; > (16/a;)'?, we can apply apply Lemma 6.4.6 to pass down to a subprogression
with

Niy = N[l/3 and Qi 2 @ + Q’lz/40

We double a; from g after < [40/a] iterations. Once the density reaches at least 2a, the
next doubling takes < [20/a] iterations, and so on. In general, the kth doubling requires
< [40-27%/a] iterations. There are at most log, (1/a) doublings since the density is always
at most 1. Summing up, the total number of iterations is

log, (1/@)
m< Y [40-27%/a]=0(1/a).
i=1

When the process terminates, by Lemma 6.4.6,
N'3" < N, < (16/a;)"* < (16/a)".

Rearranging gives
O(l/a)

N < (16/a)"*" < (16/a)¢

Therefore

Al 1
—=a=0|—].
N loglog N
This completes the proof of Roth’s theorem (Theorem 6.4.1). O

We saw that the proofs in F} and Z have largely the same set of ideas, but the proof in Z
is somewhat more technically involved. The finite field model is often a good sandbox to try
out Fourier analytic ideas.

Remark 6.4.7 (Bohr sets). Let us compare the results in F; and [N]. Write N = 3" for
the size of the ambient space in both cases, for comparison. We obtained an upper bound
of O(N/log N) for 3-AP-free sets in F} and O(N/loglog N) in [N] C Z. Where does the
difference in quantitative bounds stem from?

In the density increment step for F}, at each step, we pass down to a subset that has size
a constant factor (namely 1/3) of the original one. However, in [N], each iteration gives us
a subprogression that has size equal to the cube root of the previous subprogression. The
extra log for Roth’s theorem in the integers comes from this rapid reduction in the sizes of
the subprogressions.

Can we do better? Perhaps by passing down to subsets of [ V] that look more like subspaces?
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Indeed, this is possible. Bourgain (1999) used Bohr sets to prove an improved bound of
N/(log N)!/?*() on Roth’s theorem. Given 6, ..., 6, and some &£ > 0, a Bohr set has the
form

{x € [N] : ||x8||r/z < & foreach j = 1,...,k}.

To see why this is analogous to subspaces, note that we can define a subspace of ¥} as a set
of the following form,

{xeF';:rj-x=0f0reachj:1,...,k},

where ry,...,r € F; \ {O}. Bohr sets are used widely in additive combinatorics, and in
nearly all subsequent work on Roth’s theorem in the integers, including the proof of the
current best bound N/(log N)'* for some constant ¢ > 0 (Bloom and Sisask 2020).

We will see Bohr sets again in the proof of Freiman’s theorem in Chapter 7.

The next exercise is analogous to Exercise 6.2.11, which was in F%.

Exercise 6.4.8* (Fourier uniformity does not control 4-AP counts). Fix 0 < a < 1. Let
N be a prime. Let

A={xe[N]:x’mod N < aN}.
Viewing A C Z/NZ, prove that, as N — oo with fixed «,

@ 1A] = (@ +0(1)N and max,4o| T4 (r)| = o(1);
() |(x,y) €Z/NZ: x,x+y,x+2y,x +3y € A| # (a* + 0(1))N>.

6.5 Polynomial Method

An important breakthrough of Croot, Lev, and Pach (2017) showed how to apply the poly-
nomial method to Roth-type problems in the finite field model. Their method quickly found
many applications. Less than a week after the Croot, Lev, and Pach paper was made public,
Ellenberg and Gijswijt (2017) adapted their argument to prove the following bound on the
cap set problem. The discovery came as quite a shock to the community, especially as the
proof is so short.

Theorem 6.5.1 (Roth’s theorem in IF;: power-saving upper bound)
Every 3-AP-free subset of IF§ has size O(2.76").

The presentation of the proof below is due to Tao (2016).

Recall from linear algebra the usual rank of a matrix. Here we can view an |A| X |A|
matrix over the field F as a function F': A X A — F. A function F is said to have rank 1 if
F(x,y) = f(x)g(y) for some nonzero functions f, g: A — F. More generally, the rank of F
is the minimum k so that F' can be written as a sum of k rank 1 functions.

More generally, for other notions of rank, we can first define the set of rank 1 functions,
and then define the rank of F to be the minimum k so that F can be written as a sum of k
rank 1 functions.

Whereas a function A X A — F corresponds to a matrix, a function A X A XA — F
corresponds to a 3-tensor. There is a notion of tensor rank, where the rank 1 functions are
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those of the form F(x, y, z) = f(x)g(y)h(z). This is a standard and important notion (which
comes with a lot of mystery), but it is not the one that we shall use.

Definition 6.5.2 (Slice rank)
A function F: A X A X A — F is said to have slice rank 1 if it can be written as

fx)g(y,2), f(yglx,2), or f(2)g(x,y),

for some nonzero functions f: A > Fandg: AXA — F.
The slice rank of a function F: A X A X A — F is the minimum k so that F can be
written as a sum of k slice rank 1 functions.

Here is an easy fact about the slice rank.

Lemma 6.5.3 (Trivial upper bound for slice rank)
Every function F: A X A X A — F has slice rank at most |A|.

Proof. Let F, be the restriction of F to the “slice” {(x,y,z) € AX AX A : x = a}; that is,

F(x,y,z) ifx=a, ‘

0 ifx #a. 22
F, 1z

Fa(x,y,2) = {

Then F, has slice rank < 1 since F,(x, y,z) = 8,(x)F(a, y, z), where §, denotes the function
taking value 1 at a and 0 elsewhere. Thus F = } .4 F, has slice rank at most |A|. O

For the next lemma, we need the following fact from linear algebra.

Lemma 6.5.4 (Vector with large support)
Every k-dimensional subspace of an n-dimensional vector space (over any field) contains
a point with at least £ nonzero coordinates.

Proof. Form a k x n matrix M whose rows form a basis of this k-dimensional subspace
W. Then M has rank k. So it has some invertible k X k submatrix with columns S C [n]
with |S| = k. Then for every z € F5, there is some linear combination of the rows whose
coordinates on S are identical to those of z. In particular, there is some vector in the k-
dimensional subspace W whose S-coordinates are all nonzero. O

A diagonal matrix with nonzero diagonal entries has full rank. We show that a similar
statement holds true for the slice rank.

Lemma 6.5.5 (Slice rank of a diagonal)

Suppose F: A X Ax A — Fsatisfies F'(x,y, z) # 0if and only if x = y = z. Then F has
slice rank |A]|.

Proof. From Lemma 6.5.3, we already know that the slice rank of F' is < |A]|. It remains to
prove that the slice rank of F'is > |A].
Suppose F(x,y, z) can be written as a sum of functions of the form

f(x)g(y.2), f(y)gx,z), and f(2)g(x,y),
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with m; summands of the first type, m, of the second type, and m3 of the third type. By
Lemma 6.5.4, there is some function 4: A — F that is orthogonal to all the f's from the third
type of summands (i.e., ) .4 f(x)h(x) = 0), and such that |[supp h| > |A| — m3. Let

G(x.y) = ) F(x,y,9)h(2).

zZ€EA

Only summands of the first two types remain. Each summand of the first type turns into a
rank 1 function (in the matrix sense of the rank)

(x,y) & :E}kf(x)g(y,z)h(z) = f(x)g(y)

for some new function g: A — F. Similarly with functions of the second type. So G (viewed
as an |A| X |A| matrix) has rank < m; + m,. On the other hand,

S
This G has rank [supp /| > |A| — m3;. Combining, we get
|A| = m3 < rank G < my + my.
So mq + my + m3 > |A|. This shows that the slice rank of F is > |A|. O

Now we prove an upper bound on the slice rank by invoking the magical powers of
polynomials.

Lemma 6.5.6 (Upper bound on the slice rank of 1,,.,,-)
Define F: AXAXA — F; by

1 ifx+y+z=0,

HL%@={

0 otherwise.

Then the slice rank of F is at most

n!
3 Z alble!’

a,b,c>0
a+b+c=n
b+2¢<2n/3

Proof. In Fs, one has

0 ifx#0
So, writing x = (x1,...,x,),y = (V1,...,¥n),and z = (24, ..., Z,), We have
Fx,y,2) = | [(1= G+ yi+207). (6.5)
i=1

If we expand the right-hand side, we obtain a polynomial in 3n variables with degree 2n.
This is a sum of monomials, each of the form

i in,J1 Jn ki k
xl ...xn"yl ...ynnzl ...Znn’



MIT OCW: Graph Theory and Additive Combinatorics --- Yufei Zhao

6.5 Polynomial Method 225

where i1,15, ..., J1s---»jn> k1,-.., ks € {0,1,2}. For each term, by the pigeonhole prin-
ciple, at least one of iy + - -~ +i,, j1 + -+ ju, k1 + - - + k,, is at most 2n/3. So we can split
these summands into three sets:

n
[Ja-Givyiez = > alxiifi (02
i=1 ity <22

+ Z y{""y‘f;"gj, ..... jn(X,2)

. . 2;
St ja <3

+ Z le(] e anhkl ----- K, (X, 7).

2
kit otk <5

Each summand has slice rank at most 1. The number of summands in the first sum is precisely
the number of triples of nonnegative integers a, b,c witha+ b +c¢ =nand b + 2¢ < 2n/3
(a, b, c correspond to the numbers of i.s that are equal to 0, 1,2 respectively) . The lemma
then follows. O

Here is a standard estimate. The proof is similar to that of the Chernoff bound.

Lemma 6.5.7 (A trinomial coefficient estimate)
For every positive integer n,
!

n! N
Z alblc! < 276"

a,b,c>0
a+b+c=n
b+2¢<2n/3

Proof. Let x € [0,1]. The sum equals to the coefficients of all the monomials x* with
k < 2n/3 in the expansion of (1 +x +x?)". By deleting contributions x* with k > 2n/3 and

using x*"/3 < x* whenever k < 2n/3, we have
Z n! < (1+x+x>)"
1hle! — 2n/3 ’
W a'b!c! x2n
a+b+c=n
b+2c<2n/3
Setting x = 0.6 shows that the left-hand side sum is < (2.76)". O

Remark 6.5.8. Taking the optimal value x = (V33—1)/8 = 0.59307 .. . in the final step, we
obtain < (2.75510...)". This is the true exponential asymptotics of the sum in Lemma 6.5.7
(for example, see Sanov’s theorem from large deviation theory). We have no idea how close
this is to the optimal bound for the cap set problem. However, quite surprisingly, such bound
is tight for a variant of the cap sets known as the tricolored sum-free sets (Blasiak et al. 2017,
Kleinberg et al. 2018).

Proof of Theorem 6.5.1. Let A C F} be 3-AP-free. Define F': AX AX A — F3 by

1 ifx+y+z=0,
0 otherwise.

F(x,y,2)={

Since A is 3-AP-free, one has F(x, y,z) = l ifandonlyifx =y =z € A. By Lemma 6.5.5, F
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has slice rank |A|. On the other hand, by Lemmas 6.5.6 and 6.5.7, F has slice rank < 3(2.76)".
So |A]| £ 3(2.76)". O

It is straightforward to extend the above proof from F; to any other fixed F,,, resulting in
the following:

Theorem 6.5.9 (Roth’s theorem in the finite field model)
For every odd prime p, there is some ¢, < p so that every 3-AP-free subset of I, has
size at most 3¢,.

It remains an intriguing open problem to extend the techniques to other settings.

Open Problem 6.5.10 (Szemerédi’s theorem in the finite field model)
Is there a constant ¢ < 5 such that every 4-AP-free subset of FZ has size O(c")?

Open Problem 6.5.11 (Corner-free theorem in the finite field model)

Is there a constant ¢ < 2 such that every corner-free subset of IF; x [} has size 0(c™)?
Here a corner is a configuration of the form {(x, y), (x +d,y), (x,y +d)}.

Finally, the proof technique in this section seems specific to the finite field model. It is an
intriguing open problem to apply the polynomial method for Roth’s theorem in the integers.
Due to the Behrend example (Section 2.5), we cannot expect power-saving bounds in the
integers.

Exercise 6.5.12 (Tricolor sum-free set). Let ay,...,am,by,...,bm,c1,...,cn € F).
Suppose that the equation a; + b; + ¢, = 0 holds if and only if i = j = k. Show that there
is some constant ¢ > 0 such that m < (2 — ¢)” for all sufficiently large n.

Exercise 6.5.13 (Sunflower-free set). Three sets A, B, C form a sunflower if AN B =
BNC=ANC=AnBnNC.Prove that there exists some constant ¢ > 0 such that if 7 is
a collection of subsets of [n] without a sunflower, then || < (2 — ¢)" provided that n is
sufficiently large.

6.6 Arithmetic Regularity

Here we develop an arithmetic analogue of Szemerédi’s graph regularity lemma from Chap-
ter 2. Just as the graph regularity method has powerful applications, so too does the arithmetic
regularity lemma as well as the general strategy behind it.

First, we need a notion of what it means for a subset of F;’, to be uniform, in a sense
analogous to g-regular pairs from the graph regularity lemma. We also saw the following
notion in the Fourier analytic proof of Roth’s theorem.

Definition 6.6.1 (Fourier uniformity)
We say that A C F) is g-uniform if |T;(r)| < eforallr € Fj \ {0}.

The following exercises explains how Fourier uniformity is analogous to the discrepancy-
type condition for e-regular pairs in the graph regularity lemma.
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Exercise 6.6.2 (Uniformity vs. discrepancy). Let A C Fj, with [A| = ap”. We say that A
satisfies HyperplaneDISC(n) if for every hyperplane W of F),
|[ANW|
4

(a) Prove that if A satisfies HyperplaneDISC (&), then A is e-uniform.
(b) Prove that if A is e-uniform, then it satisfies HyperplaneDISC((p — 1)¢).

a’SU.

Definition 6.6.3 (Fourier uniformity on affine subspaces)

For an affine subspace W of F), (i.e., the coset of a subspace), we say that A is e-uniform
on W if AN W is g-uniform when viewed as a subset of W.

Here is an arithmetic analogue of Szemerédi’s graph regularity lemma that we saw in
Chapter 2. It is due to Green (2005a).

Theorem 6.6.4 (Arithmetic regularity lemma)

For every £ > 0 and prime p, there exists M so that for every A C F)), there is some
subspace W of F), with codimension at most M such that A is &-uniform on all but at
most e-fraction of cosets of W.

The proof is very similar to the proof of the graph regularity lemma in Chapter 2. Each
subspace W induces a partition of the whole space F), into W-cosets, and we keep track the
energy (mean-squared density) of the partition. We show that if the conclusion of Theo-
rem 6.6.4 does not hold for the current W, then we can replace W by a smaller subspace so
that the energy increases significantly. Since the energy is always bounded between 0 and 1,
there are at most a bounded number of iterations.

Definition 6.6.5 (Energy)

Given A C F),, and W a subspace of F,, we define the energy of W with respect to A to
be

|AN (W +x) |2}

qa (W) = EXE]F;L |W|2

Given a subspace W of F. Define uw : F, — R by

n

—1w.
w "

(One can regard py as the uniform probability distribution on W; it is normalized so that
Euw = 1.) Then,

Hw =

[AN (W +x)|

W] for every x € F),.

(La* pw)(x) =

‘We have (check!)
1 ifr e W,

Hw(r) = {o ifre Wt
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So by the convolution identity (Theorem 6.1.7).

_ — Ta(r) ifr e W4,
14 % r) =14(r r)= 6.6
a*pw(r) =1a(r)pw(r) {0 P (6.6)
To summarize, convolving by uy averages 1,4 along cosets of W in the physical space, and
filters W+ in the Fourier space.
Energy interacts nicely with the Fourier transform. By Parseval’s identity (Theorem 6.1.3),
we have

ga(W) = 1y pwll = Y 1T pw (P = " [Ta). (6.7)

reF; rewt

The next lemma is analogous to Lemma 2.1.12. It is an easy consequence of convexity. It
also directly follows from (6.7).

Lemma 6.6.6 (Energy never decreases under refinement)
Let A C ). For subspaces U < W < IF?, we have g4 (U) > ga(W). O

The next lemma is analogous to the energy boost lemma for irregular pairs in the proof of
graph regularity (Lemma 2.1.13).

Lemma 6.6.7 (Local energy increment)

If A € F}, is not e-uniform, then there is some codimension-1 subspace W with g (W) >
(1Al /p")* + €.

Proof. Suppose A is not e-uniform. Then there is some r # 0 such that |E(r)| > ¢g. Let
W = r*. Then by (6.7),

qa(W) = [T40) 2 + [Ta(") P+ [Ta20) [ + -+ [Ta((p = Dr)?
> [T4(0) 2+ [T4(r)? > (JA] /p")? + 2. O

By applying the above lemmas locally to each W-coset, we obtain the following global
increment, analogous to Lemma 2.1.14

Lemma 6.6.8 (Global energy increment)

Let A C F),. Let W be a subspace of F),. Suppose that A is not £-uniform on > &-fraction
of W-cosets. Then there is some subspace U of W with codim U — codim W < p<odimW
such that

qa(U) > qga(W) +e.

Proof. By Lemma 6.6.7, for each coset W’ of W on which A is not g-uniform, we can find
some r € F \ W+ so that replacing W by its intersection with 7 increases its energy on W’
by more than &2. In other words,
’ IA N VV,I2 2
Ganw W' Nrt) > ——— +¢&°.
wep?
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Let R be a set of such rs, one for each W-coset on which f is not e-uniform (allowing some
rs to be chosen repeatedly).

Let U = W N R*. Then codim U — codimW < |R| < [FP/W| = peodimW,

Applying the monotonicity of energy (Lemma 6.6.6) on each W-coset and using the
observation in the first paragraph in this proof, we see the “local” energy of U is more than
that of W by > &2 on each of the > e-fraction of W-cosets on which A is not -uniform, and
is at least as great as that of W on each of the remaining W-cosets. There the energy increases
by > &? when refining from W to U. m

Proof of the arithmetic regularity lemma (Theorem 6.6.4). Starting with Wy, = F)), we con-
struct a sequence of subspaces Wy > W; > W, > --- where each at step, unless A is -
uniform on all but < e-fraction of W-cosets, then we apply Lemma 6.6.8 to find W;,; < W,.
The energy increases by > &’ at each iteration, so there are < &2 iterations. We have
codim W;,; < codim W; + p*®dimWi: at each i, so the final W = W,,, has codimension at most
some function of p and & (one can check that it is an exponential tower of ps of height
O(&7%)). This W satisfies the desired properties. O

Remark 6.6.9 (Lower bound). Recall that Gowers (1997) showed that there exist graphs
whose g-regular partition requires at least tower(Q(&~¢)) parts (Theorem 2.1.17). There is a
similar tower-type lower bound for the arithmetic regularity lemma (Green 2005a; Hosseini,
Lovett, Moshkovitz, and Shapira 2016).

Remark 6.6.10 (Abelian groups). Green (2005a) also established an arithmetic regularity
lemma over arbitrary finite abelian groups. Instead of subspaces, one uses Bohr sets (see
Remark 6.4.7).

You may wish to skip ahead to Section 6.7 to see an application of the arithmetic regularity
lemma.

Arithmetic Regularity Decomposition

Now let us give another arithmetic regularity result. It has the same spirit as the above
regularity lemma, but phrased in terms of a decomposition rather than a partition. This
perspective of regularity as decompositions, popularized by Tao, allows one to adapt the
ideas of regularity to more general settings where we cannot neatly partition the underlying
space into easily describable pieces. It is very useful and has many applications in additive
combinatorics.

Theorem 6.6.11 (Arithmetic regularity decomposition)

For every sequence &g > & > & > -+ > 0, there exists M so thatevery f: F, — [0,1]
can be written as

f = fstr + fpsr + fsml

where
e (structured piece) fy, = f * pw for some subspace W of codimension at most M;

e (pseudorandom piece) || fpsrllco < Ecodimw'
e (small piece) || famll2 < 0.
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Remark 6.6.12. Itis worth comparing Theorem 6.6.11 to the strong graph regularity lemma
(Theorem 2.8.3). It is important that the uniformity requirement on the pseudorandom piece
depends on the codim W.

In other more advanced applications, we would like fy, to come from some structured
class of functions. For example, in higher order Fourier analysis, fy, is a nilsequence.

Proof. Let ko = 0 and k;,; = max{k;, |'s,;_2]} for each i > 0. Note that kg < k; < ---
Let us label the elements ry, 7, ..., 7rpn of }FZ so that

el 2 1F )l 2 -
By Parseval (Theorem 6.1.3), we have

-
2P =Ef < 1.
j=1

There is some positive integer m < [£,2] so that

> P <, (6.8)

ki <J<kmsi

since otherwise adding up the sum overallm < [g; 2] would contradict Y, | f (r)]> < 1. Also,

we have

|f(rk)| < L for every k. (6.9)

bl

The idea now is to split

<

—~

fo) =) Flrpen

J

1l
—_

into
f = fstr + fsml + fpsr
according to the sizes of the Fourier coefficients. Roughly speaking, the large spectrum will

go into the structured piece fy,, the very small spectrum will go into pseudorandom piece
Jpsr» and the remaining middle terms will form the small piece fm (Which has small L? norm

by (6.8)).
LetW ={ry,...,rg,}" and set

fstr = f * Uw .

Then, by (6.6),

— f(r) ifrewH,

Jou(r) = . n

0 if r e W+,

Let us define fys and fqy via their Fourier transform (and we can recover the functions via
the inverse Fourier transform). Foreach j = 1,2,..., p", set
f(r)) ifj > kpe andr; ¢ W,
0 otherwise.

Foe(r) ={
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Finally, let fyn = f — fpsr — fomi, SO that
— f(ry) ifkm <j < kpe andr; ¢ W2,
Fa(rp) =477 _ ey
0 otherwise.

Now we check that all the conditions are satisfied.

Structured piece. We have fy, = f * uw where codimW < k,, < kfé‘[}z]’ which is bounded
as a function of the sequence gy > €1 > ....

Pseudorandom piece. For every j > k.1, we have |f(rj)| < 1/vVke1 by (6.9), which is
inturn < &, < Ecoaimw DY the definition of k,,. It follows that ||]7p:r|| < EcodimW-

Small piece. By (6.8),

FmlZ < D 1F0)P < 8. g
km<j5km+l
Exercise 6.6.13. Deduce Theorem 6.6.4 from Theorem 6.6.11 by using an appropriate
sequence ¢&; and using the same W guaranteed by Theorem 6.6.11.

Remark 6.6.14 (Spectral proof of the graph regularity lemma). The proof technique of
Theorem 6.6.11 can be adapted to give an alternate proof of the graph regularity lemma
(along with certain weak and strong variants). Instead of iteratively refining partitions and
tracking energy increments as we did in Chapter 2, we can first take a spectral decomposition
of the adjacency matrix A of a graph:

n

— T

A= Z/l,-vivi s
i=1

where vy, ..., Vv, is an orthonormal system of eigenvectors with eigenvalues 1; > --- > 4,,.
Then, as in the proof of Theorem 6.6.11, we can decompose A as

A=Ay + Apsr + Agmi
with
_ T _ T _ T
Age = Z /livivi s Apsr = Z/livivi , and Ay = Z /liViV,' s
i<k i>k’ k<i<k’

for some appropriately chosen k and &k’ similar to the proof of Theorem 6.6.11.
We have

n
Z/lf =trA? < n’.
i=1

So A; < n/Vi for each i. We can guarantee that the spectral norm of Ay 1s small enough as
a function of k and &. Furthermore, we can guarantee that tr Afml = Ypeicp A2 < &

To turn Ay, into a vertex partition, we can use the approximate level sets of the top k
eigenvectors vy, .. ., vx. Some bookkeeping calculations then shows that this is a regularity
partition. Intuitively, A provides us with regular pairs. Some of these regular pairs may not
stay regular after adding Ay, but since Agy has < & mass (in terms of L? norm), it destroys
at most a negligible fraction of regular pairs.

See Tao (2007a, Lemma 2.11) or Tao’s blog post The Spectral Proof of the Szemerédi
Regularity Lemma (2012) for more details of the proof.



MIT OCW: Graph Theory and Additive Combinatorics --- Yufei Zhao

232 Forbidding 3-Term Arithmetic Progressions

The following exercise is the arithmetic analogue of the existence of an g-regular vertex
subset in a graph (Theorem 2.1.26 and Exercise 2.1.27).

Exercise 6.6.15 (e-uniform subspace).
(a*) Prove that forevery 0 < & < 1/2and A C F}, there exists a subspace W C F) (note
that 0 € W) with codimension at most exp(C/&) such that A is e-uniform on W.
Here C is some absolute constant.
(b) Let A = {x € F} : there exists i such thatx; = --- = x; = 0,x;;; = 1}. Prove that A
is not c-uniform on any positive dimensional subspace of ;. Here ¢ > 0 is some
absolute constant.

6.7 Popular Common Difference

Roth’s theorem has the following qualitative strengthening. Given A C F; with density a,
there is some “popular common difference” y # 0 so that the number of 3-APs in A with
common difference y is > (a® — 0(1))3?", which is what one expects for a random A of
density a. This was proved by Green (2005a) as an application of his arithmetic regularity
lemma (from the previous section).

Theorem 6.7.1 (Roth’s theorem with popular common difference in IF%)

For all & > 0, there exists ny = ny(g) such that for n > ny and every A C F; with
|A| = @3", there exists y # 0 such that

{xeF" :x,x+y,x+2y € A} > (&® - )3".
| 3 y y

In particular, Theorem 6.7.1 implies that every 3-AP-free subset of F has size 0(3").

Exercise 6.7.2. Show that it is false that every A C F} with |A| = a3", the number of
pairs (x,y) € F withx,x +y,x+2y € Ais > (e’ - 0(1))3*", where o(1) — Oasn — 0.

We will prove Theorem 6.7.1 via the next result, which concerns the number of 3-APs
with common difference coming from some subspace of bounded codimension, which is
picked via the arithmetic regularity lemma.

Theorem 6.7.3 (Roth’s theorem with common difference in some subspace)

For every € > 0, there exists M so that for every A C F%, there exists a subspace W with
codimension at most M, so that

|{(x,y) eFXW:x,x+y,x+2ye€ A}| > (a® - £)3" |W].

Proof. By the arithmetic regularity lemma (Theorem 6.6.4), there is some M depending
only on & and a subspace W of [F, of codimension < M so that A is e-uniform on all but at
most e-fraction of W-cosets.

Let u + W be a W-coset on which A is g-uniform. Denote the density of A in u + W by

AN (u+W)|
14

u
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Restricting ourselves inside u + W for a moment, by the 3-AP counting lemma, Lemma 6.2.4,
the number of 3-APs of A (including trivial ones) that are contained in u + W is

{(x,y) € (u+W)xW:x,x+y,x+2y € A}| > (o — &) [W|*.

Since A is e-uniform on all but at most e-fraction of W-cosets, by varying u + W over all
such cosets, we find that the total number of 3-APs in A with common difference in W is

|{(x,y) eFXW:x,x+y,x+2ye€ A}| > (1-¢)(a®-e)3" |W| = (a® —2&)3" |W|.
This proves the theorem (with € replaced by 2¢). O

Exercise 6.7.4. Give another proof of Theorem 6.7.3 using Theorem 6.6.11 (arithmetic
regularity decomposition f = fy + fose + foml)-

Proof of Theorem 6.7.1. First apply Theorem 6.7.3 to find a subspace W of codimension
< M = M(g). Choose nyp = M +1og;(1/g). So n = ny guarantees |W| > 1/e.
We need to exclude 3-APs with common difference zero. We have

(& —&)3" |W| < |{(x,y) eF;XW:x,x+y,x+2ye€ A}|
={(x,y) € Ff x (W\ {0}) : x,x +y,x+2y € A} +|A].

We have |A| < 3" < £3" |W|, so
(a® —2&)3" |W| < |{(x,y) eF; x (W\{0}) : x,x+y,x+2y¢€ A}|.
By averaging, there exists y € W \ {0} satisfying
|{x eFyix,x+y,x+2y¢€ A}| > (a® —2¢)3".
This proves the theorem (with € replaced by 2¢). O

By adapting the above proof strategy with Bohr sets, Green (2005a) proved a Roth’s
theorem with popular differences in finite abelian groups of odd order, as well as in the
integers.

Theorem 6.7.5 (Roth’s theorem with popular difference in finite abelian groups)

For all & > 0, there exists Ny = Ny(&) such that for all finite abelian groups I' of odd
order |I'| = Ny, and every A C I" with |A| = a |I'], there exists y € " \ {0} such that

HxeT :x,x+y,x+2y € A} > (&’ — &) |T.

Theorem 6.7.6 (Roth’s theorem with popular difference in the integers)

For all € > 0, there exists Ny = Ny(&) such that for every N > Ny, and every A C [N]
with |A| = @N, there exists y # 0 such that

{x € [N]: x,x+y,x +2y € A}| > (&’ — &)N.

See Tao’s blog post A Proof of Roth’s Theorem (2014) for a proof of Theorem 6.7.6 using
Bohr sets, following an arithmetic regularity decomposition in the spirit of Theorem 6.6.11.
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Remark 6.7.7 (Bounds). The above proof of Theorem 6.7.1 gives ny = tower(¢~°("). The
bounds Theorems 6.7.5 and 6.7.6 are also tower-type. What is the smallest (&) for which
Theorem 6.7.1 holds? It turns out to be tower(®(log(1/¢))), as proved by Fox and Pham
(2019) over finite fields and Fox, Pham, and Zhao (2022) over the integers. Although it
had been known since Gowers (1997) that tower-type bounds are necessary for the regularity
lemmas themselves, Roth’s theorem with popular differences is the first regularity application
where a tower-type bound is shown to be indeed necessary.

Using quadratic Fourier analysis, Green and Tao (2010c) extended the popular difference
result over to 4-APs.

Theorem 6.7.8 (Popular difference for 4-APs)

For all & > 0, there exists Ny = Ny(&) such that for every N > Ny and A C [N] with
|A| = aN, there exists y # 0 such that

{x:x,x+y,x+2y,x+3y € A}| > (a* — €)N.

Surprisingly, such a statement is false for APs of length 5 or longer. This was shown by
Bergelson, Host, and Kra (2005) with an appendix by Ruzsa giving a construction that is a
clever modification of the Behrend construction (Section 2.5).

Theorem 6.7.9 (Popular difference fails for 5-APs)

Let 0 < @ < 1/2. For all sufficiently large N, there exists A C [N] with |A| > aN such
that for all y # 0,

Hx:x,x+y,x+2y,x +3y,x +4y € A}| < @l N,

Here ¢ > 0 is some absolute constant.

For more on results of this type, as well as for popular difference for high dimensional
patterns, see Sah, Sawhney, and Zhao (2021).

Further Reading

Green has several excellent surveys and lecture notes:
e Finite Field Models in Additive Combinatorics (2005c) — For many additive combina-
torics problems, it is a good idea to first study them in the finite field setting (also see
the follow up by Wolf (2015)).
o Montreal Lecture Notes on Quadratic Fourier Analysis (2007a) — An introduction to
quadratic Fourier analysis and its application to the popular common difference theorem
for 4-APs in F%.
e Lecture notes from his Cambridge course Additive Combinatorics (2009b).
Tao’s FOCS 2007 tutorial Structure and Randomness in Combinatorics (2007a) explains
many facets of arithmetic regularity and applications.
For more on algebraic methods in combinatorics (mostly predating methods in Section 6.5),
see the following books:
o Thirty-Three Miniatures by Matousek (2010);
e Linear Algebra Methods in Combinatorics by Babai and Frankl;
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o Polynomial Methods in Combinatorics by Guth (2016);

e Polynomial Methods and Incidence Theory by Sheffer (2022).

In particular, the book Fourier Analysis by Stein and Shakarchi (2003) is a superb un-
dergraduate textbook on Fourier analysis. The analysis viewpoint has different emphases
compared to this chapter, though many standard tools (e.g., Parseval) are common to both.
It is helpful to become familiar with general principles of Fourier analysis, such as the
relationship between smoothness and decay.

Chapter Summary

e Basic tools of discrete Fourier analysis:
— Fourier transform,
— Fourier inversion formula,
— Parsevel / Plancherel identity (unitarity of the Fourier transform),
— convolution identity (Fourier transform converts convolutions to multiplication).

o The finite field model (e.g., ]Fg’) offers a convenient playground for Fourier analysis
in additive combinatorics. Many techniques can then be adapted to the integer setting,
although often with additional technicalities.

o Roth’s theorem. Using Fourier analysis, we proved that every 3-AP-free subset has size
at most
- 0(3"/n) in F", and
- O(N/loglogN) in [N] C Z.

e The Fourier analytic proof of Roth’s theorem (both in IFg‘ and in Z) proceeds via a density
increment argument:

(1) A 3-AP-free set has a large Fourier coefficient;

(2) A large Fourier coefficient implies density increment on some hyperplane (in IFg‘) or
subprogression (in Z);

(3) Iterate the density increment.

e Using the polynomial method, we showed that every 3-AP-free subset of ]Fg‘ has size
0(2.76").

e Arithmetic regularity lemma. Given A C Fz, we can find a bounded codimensional
subspace so that A is Fourier-uniform on almost all cosets.

— An application: Roth’s theorem with popular difference. For every A C Fg‘, there is
some “popular 3-AP common difference” with frequency at least nearly as much as if
A were random.
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