13. TWO-DIMENSIONAL CONFORMAL FIELD THEORY

13.1. Classical free massless scalar in two dimensions. Consider
a free massless scalar boson ¢ on R? with Lagrangian £ = $(d¢)?. In
this case the local functional ¢(¢,x) satisfies the 2-dimensional wave
(=string) equation

(btt - (bxm = 07
so it splits into a sum of two functionals
¢ = \/%G% + \/%651%,
where
¢L(ta [L‘) = wL(ZE + t)) ¢R(t7 I’) = @Z)R(Jf - t)a

which for obvious reasons are called the left-mover and right-mover. In
other words, we have

(O — 0p)pr, =0, (0y + 0z)pr = 0.
So we get

b+ & = V2 (2 +1), ¢ = V2¢h(x — t).
So the Poisson bracket of i, ¢}, is given by

[ (0). 0 ()} = '@ — ). (W) Wpy)} = 0 — ).
{0} (2). (w)} = 0.

Thus upon Wick rotation, which replaces ¢ with it and makes ¢
complex-valued, setting u := = + it, we have

gugbL = 07 8u¢R =0

i.e., ¢ = ¥ (u) is holomorphic and ¢r = ¥g(u) is antiholomorphic.
Now consider the case when = runs over the circle R/27Z, with
Lebesgue measure normalized to have volume 1. Then, if we still want
to have a decomposition of ¢ into a left-mover and a right-mover, we
should “kill the zero mode” by requiring that fo% ¢(t,x)dxr = 0 (oth-
erwise we have a solution ¢(¢t,z) = ¢ of the string equation which
cannot be written as a sum of a left-moving and right-moving periodic
wave). Then we may introduce the coordinate z = e which takes
values in C*, and ¢, g become holomorphic, respectively antiholo-
morphic fields on C*, which we’ll denote by ¢, ¢*. So we have Laurent

expansions
= a0 (@) =D e

neL neL
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with @9 = @5 = 0. When z is on the unit circle, these are just the
Fourier expansions of ¢ (0, x), ¢g(0,x), and for

a(z) = Z a2 "= i0.0(2), a*(Z) = Z a’z "= —i0,0%(2),

neZ nel

where ag = aj = 0, we have

za = Oy¢p, = Uy (u), Za* = 0u0p = Vi (@).

Thus for z = ™, w = € we get

(13.1) {za(z), wa(w)} = §'(u — v).
Note that
8 (u—v) = ZZ nz"w™".
nez
So setting
dw —z):= Z 2w
nez

(Fourier expansion of the distribution 6(w — z) on (S1)?, where |z| =
|lw| = 1), we can write (13.1) as

(13.2) {a(2),a(w)} = —id'(w — 2).

In components, this takes the form

{Z Az ", Z a_,w"} = —i Z nz "w".

mez nez nez
Thus we get
(13.3) {an, @} = —in6y .
Similarly,
(13.4) {a;,ar.} = indy —m,
and
(13.5) {an,a;,} =0,

which in terms of generating functions can be written as
(13.6) {a*(2),a"(w)} = 10" (w — 2),{a(2), a"(w)} = 0.

Finally, let us write down the hamiltonian of the theory in terms of the
Fourier (=Laurent) modes a,. Recall that in the original notation it
has the form

1
H=y [ @+
R/27Z
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Thus we have

1 1
H=- / ((za* — za)* + (Za* + za)?)dz = = / (Z2a** + 2%a®)dx,
4 Jrj2nz R/27Z

ie.,

(13.7) H=> (a_nay, +a*,a}).

n>0

It satisfies the relations
{am, H} = —imayy,, {a,,H} =ima},.

13.2. Free quantum massless scalar on R x R/277Z with killed
zero mode. Consider now the free QFT of a massless scalar boson
¢ on R x R/277Z with Minkowskian metric dt? — dz?, with killed zero
mode, i.e., a quantization of the classical field theory described in Sub-
section 13.1. Since this is not a theory on a vector space, it won’t satisfy
Wightman axioms. However, we can naturally quantize the commu-
tation relations (13.3),(13.4),(13.5) (with & = 1), by replacing them
with

] =0.

In other words, for a(z) = > ,a,2™" ! a*(z) = >, paiz " ! we
have

[a(2), a(w)] = &'(w—2), [a"(2),a”(w)] = =0'(w — 2), [a(2),a"(w)] =0,

which quantize equations (13.2),(13.6) (this is a field-theoretic gener-
alization of the analysis of Subsection 8.5, with an infinite sequence of
harmonic oscillators labeled by positive integers). Thus we see that the
Euclidean space-locality property is satisfied.

This shows that we have an infinite system of independent harmonic
oscillators. To restate this algebraically, consider the infinite dimen-
sional Heisenberg Lie algebra A with basis a,,n # 0 and K (central)
with commutation relations

[am am] = nfsn,fma [CLZ, a;l;z] = _n(sn,fmy [anv ajn

[, Gm] = 10y, —m K.

Then we see that some dense subspace of the Hilbert space H of our
theory should carry a pair of commuting actions of A (by left-movers
and right-movers), with K acting by 1 and —1, respectively (we'll de-
note the second copy of A by A*).

Let us now describe the Hilbert space H. Note that the Lie algebra A
has an irreducible Fock representation F generated by ) with defining
relations

a,2=0, n>0 KQ=Q.
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As a vector space, F is the Fock space
f - (C[Xl,XQ, ]

(with = 1), on which the operators a_,, for n > 0 act by multiplica-
tion by X,, and a,, act by n%.
Now, the hamiltonian of the system (which we rescale for convenience
by a factor of 2) should satisfy the commutation relations
[H,a,) = —na,, [H,a*] =na’.
Thus we see that if we want the spectrum of H to be bounded below
and if Q0 € H is the lowest eigenvector of H then we must have

a,2 =0, a*,2=0

for n > 0. But in this case the space D generated from {2 by the
action of a,,a; has to be the irreducible representation F ® F* of
the Lie algebra A @ A*, where F* := C[X;, X3, ...] with a acting by
multiplication by X and a*,, — n 8% for n > 0.

Thus the space D is the tensor product of polynomial algebras C[.X}]
and C[X;]. Each of the algebras C[X] carries a positive inner product
with X7 being an orthogonal basis and || X7||* = j"n!, and similarly
for C[X}]. This yields a positive inner product (, ) on F,F* and D,
with respect to which aj» = a_; and a;kT = a*,. The Hilbert space H is
the completion of D with respect to (, ).

This implies that the quantum Hamiltonian has to be given by the
formula

H= Z(a_nan +aya*,)+C
n>0
obtained by quantizing the classical hamiltonian (13.7) (note that the
annihilation operators are written on the right to make sure the infinite
sum makes sense). We may write H as the sum of left-moving and
right-moving parts:
j—]\— = ]/—:I\—L + ﬁRa
where

A._E: CA._E:** c
HL = a_nan—{—E, HL = ana_n—l—?

n>0 n>0

13.3. (-function regularization. At the moment it is not clear what

the right value of C' should be. To answer this question, recall that the
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hamiltonian of a single harmonic oscillator is zd, + 1 acting on Cl[z].
This suggests that the formula for H should be

~ 1
H = Z(a_nan +ala*, +n)= 3 Z(a_nan +asa*,),
n>0 n#0

which is a more symmetric and natural formula for quantization of H.
This formula, however, does not make sense, since the series

1+2+3+...

is divergent. We may, however, regularize it using (-function regular-
1zation.
Namely, recall that the Riemann (-function is defined by the formula

((s) =) n".

It is well known that this function extends meromorphically to the
entire complex plane with a unique (simple) pole at s = 1 and satisfies
the functional equation, which says that the function 7= 3['(£)((s) is
symmetric under the change s — 1 — s:

F( 1—s ) '

2

C(1—s)= 2

Now, it is natural to define
C=14+2+4+3+..:=((-1).

But the functional equation for s = 2 implies that

3 =3 72 1
So from this point of view it is natural to set
1
C.=——
12

Remark 13.1. Recall that for integer g > 1

Cl2g) = (~1)Foent S

So the functional equation for ¢ implies that

((1—2g) = W%—%& : (_1)g+122g—1%7r2g — _%.
I'(5 —g) (2g)! 2g
Thus the Harer-Zagier theorem can be interpreted as the statement

that the Euler characteristic of the moduli space of curves of genus g
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is (1 — 2g). In particular, for g = 1 we get the Euler characteristic of
SLy(Z), which is —55.
13.4. Modularity of the partition function. The value —1/12 turns
out indeed to be the most natural value of C'. To see this, let us return
to Euclidean signature |du|*> = dt* + dx? and put our theory on the
complex torus F = E, = C*/¢? 2 R/21T7Z x R/27Z, where

T>0,7=iT, g=¢e*" = > € (0,1).
In this case, as we know from quantum mechanics, we should consider
the partition function

Z(1) = Tr(e%”ﬁ).

Note that R

HP®Q)=(degP +degQ+ C)P® Q,
where P € F and ) € F*, and the degree is given by

deg(X,,) = deg(X,) = n.

Thus we have

Z( ) 627rir(0+%)
T)= ——,
n(7)?
where .
L n
n(r):=q= [J(1—¢")
n=1

is the Dedekind 7n-function. Now recall that n(7) is a modular form of

weight %, namely,
n(=1) = V=it (7).

So the partition function Z has a nice modular property for a unique
value of C', which is exactly —%.

Let us explain why we should expect Z(7) to have a modular prop-
erty.

For this, note that the Lagrangian of the theory

1 1
£(6) = E[EW)? - E[Ed¢A*d¢

is conformally invariant, as it is written purely in terms of the Hodge
*_operator which depends only on the conformal structure on E. The
same is true for the equation of motion, which is the Laplace’s equation
A¢ = 0. In other words, our classical field theory is conformal. Thus
we could hope that the corresponding quantum theory is conformal as
well. This should mean that Z(—2) = Z(7), since the complex tori
E_1 and FE. are conformally equivalent.
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This said, we note that this modular property is only satisfied up to
a linear factor in 7: in fact, we have

Z(=%) = —itZ(7).

This is because we have killed the zero mode, which we should, in fact,
have included (after all, the space cycle in the torus E; is not SLs(Z)-
invariant, hence neither is the condition that the integral of ¢ over this
cycle vanishes). This is done in the next subsection.

13.5. Including the zero mode. The zero mode corresponds to the
periodic solutions ¢(t,x) = a + pt of the string equation (o, u € R),
which for nonzero 1 cannot be split into a left-moving and right-moving
periodic wave. So putting back the zero mode corresponds to replacing
the Hilbert space H with Hpy := H ® L*(R), where L*(R) is the
Hilbert space Qf a quantum-mechanical free massless particle, and the
Hamiltonian H by R R
Hsa = H + 127,

where 71 is the quantum momentum operator for this quantum mechan-
ical particle, acting on L?(R) by multiplication by the momentum .
Thus we may write

Heant = /’Hudu,
R

with H, = F, ® F where F, = F but with ay = p instead of ag = 0,
and similarly F; = F* but with a5 = p instead of ag = 0. Then we
still have

H:HL+HR7
where
7 1.2 1 77 1 %2 * % 1
HL_§a0+§ a_ntn — 55, Hp = 504 +E a,a’, — 5;-

n>0 n>0
According to Remark 8.29, the partition function of such a parti-

cle when time runs over R/LZ is, up to scaling, L~2. Thus the full
partition function should be

Z(7) = (—ir) 2 (7).
And then we have the genuine modular property:
Z(-7)=2(r).
We note that the function Z(7) has a natural extension to arbitrary
7 € C, (not necessarily purely imaginary), which is just the path
integral over a “non-rectangular” complex torus F,.. To explain this,

note that we have a natural action of the translation group R/27Z

on our spacetime, hence we should expect its action on the Hilbert
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space ‘H. The infinitesimal generator D of this group should satisfy
the commutation relations

D, a,| = na,, [D,a] =na;

(which differs from the corresponding relations for H by the sign in the
first relation). As DQ = 0, it follows that

D(P®Q) = (deg P —deg Q)P ® Q,
ie.,
D= H, — Hp.

Let s € R and 7 := ¢T'+s. Then a twisted version of the Feynman-Kac
formula implies that given s € R, we have

Z(r) = Te(e > P = |q| 1 Tx(g " q"™),

where ¢ = e~ 27(T+55) = 277 Thus we still have

1
20 = or
Hence
) ——

VIm7|n(r)[2

which is a (real analytic) modular function for SL(2,7Z), i.e., invariant
under 7 %IZ for a,b,c,d € Z, ad — bc = 1. Thus here we have a
genuine quantum conformal symmetry (as the moduli of complex tori
E. is exactly C/SLy(Z)). Indeed, this function is obviously symmetric
under 7 — 7 + 1, and we’ve seen that it is invariant under 7 — —1/7,
but these two transformations generate SLs(Z).

13.6. Correlation functions on the cylinder and torus. We may
also consider correlation functions of the quantum fields a and a*. They
are computed separately in F and F* and can be easily found using
representation theory. For example, we have a,a_,2 = n{) for n > 0,
so the 2-point function is given by

. 1
Q,a(z)a(w)?) = ny "yl = ——
CYCUOUEDS —
More precisely, the series converges only for |w| < |z|, but the function
analytically continues to all z # w. Since our theory is free, the higher

correlation functions are given by Wick’s formula:
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Proposition 13.2. We have

(Q,a(z1)....a(z9)2) = 1

i Hje[l,Qk]/a(Zj = Z(j))?

and the 2k + 1-point correlation functions are zero.

We note that since F is generated by () as an A-module, these func-
tions determine a(z) as a local operator (=quantum field). More gener-
ally, they determine the operators a(z1)...a(z,) when z; # z;, which are
symmetric in 2y, .., 2, due to space locality. However, these operators
are not well defined (have poles) on the diagonals z; = z;.

Exercise 13.3. Give a direct algebraic proof of Proposition 13.2.

Exercise 13.4. Compute the normalized 2-point correlation function
of the quantum field a(z) := za(z) on the torus E := R/2nTZ xR /277
in terms of theta functions.

Hint. This correlation function is given by

<CL(Z)(I(U}) >E _ Tr;(”d(z)'d(w)e’Q“THL).
(0)e

13.7. Infinitesimal conformal symmetry: the Virasoro algebra.
We have already pointed out that the theory of a free massless scalar
in two dimensions is classically conformally invariant and saw some
manifestations of the fact that this invariance survives at the quantum
level (modular invariance of the partition function on the torus). How-
ever, to study conformal symmetry systematically, we need to consider
infinitesimal conformal symmetry, given by “infinitesimal conformal
mappings”, i.e., holomorphic vector fields on C*.

For simplicity we consider polynomial vector fields P(z)0, where P
is a Laurent polynomial (this is sufficient since polynomial fields are
dense in all holomorphic vector fields in an appropriate topology). Such
vector fields form a Lie algebra called the Witt algebra (or centerless
Virasoro algebra in the physics literature), and we’ll denote it by W.
A convenient basis of W is {L,, = —2""10,,n € Z} which satisfies the
commutation relations

Ly, Liy) = (n —m)Lypyn, m,n € Z.

The Lie algebra W acts by symmetries of the classical field theory of
a free massless scalar, since its Lagrangian is conformally invariant. In
fact, importantly, this action is only R-linear and not C-linear, which is
a good thing - this means that we have an action of the complexification
We =W @ W™, where W* is the Lie algebra of antiholomorphic vector

fields; in other words, we have two commuting actions of W.
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If our theory is quantum-mechanically conformally invariant, then
the Lie algebra W & W* should act on the space D in a way compatible
with the action of A & A*, i.e., so that

[Lusa(2)] = 2" ld/(2) + (n + 1)z"a(2),
(L5, a*(Z)] = 2" a™ () + (n + 1)2"a.(2),
(L7, a(z)] = [Ln,a*(Z)] = 0,
or in components

Ly, a%] = [LE, am] = 0.

ny Y'm

[Ln7 am] = —M0m+n, [L:w CLZ] = _ma';H—n?

Is there such an action? To figure this out, first note that the operators
Ly, L satisty the same commutation relations with a,a* as Hy, —Hp
respectively. Since D is an irreducible A & A*-module, this means that
by Schur’s lemma we must have

Lo=H,+Cyp, Lt =—Hp+Cg

for some constants C,, C'r. This shows that L, has to shift the grading
in F by n, and similarly for L} and F*.
Now by analogy with the formula

Ly = E a_gay + const,
k>1

define for n # 0

1
(13.8) L, = 5 Z A sn.

kEZ

It is easy to check that this operator on F (and hence on D = F ® F*)
is well defined, and satisfies the desired commutation relations

(Lo, a(2)] = —2""d (2) + (n 4+ 1)2"a(2), [L,,a*(z)] = 0.

Again using irreducibility of D and Schur’s lemma, we see that if the
desired action of W exists at all, then L,, must be given by formula
(13.8) (note that here we can’t add a constant since L,, must shift the
degree). So it remains to check if the constructed operators satisfy the
commutation relations of W.

First assume n # —m. In this case using the Jacobi identity, we
see that the operator [L,, L,,| — (n — m)L,, ., commutes with a,a*, so
again by Schur’s lemma it must be a constant; however, since it shifts
degree, we get the desired relation

Ly, L) — (n—m)Lyn = 0.
197



So it remains to consider the case n = —m > 0. In this case the same
argument shows that

Ly, L_,] —2nLy = C(n),

where C'(n) € C, and we have an action of W if C(n) = 0 for all n. So
let us compute C'(n). To this end, note that the eigenvalue by which
(L, L_,] acts on § is 2nCL + C(n). So it suffices to compute this
eigenvalue, i.e., the vector L, L_,S2.

In terms of the polynomial realization, we have

L2=1> XX,

0<j<n

Thus
. . 52 . .
0<j<n 0<j<n 0<y<n
So 5
n-—n
C =
(n) 5

Thus we see that we almost have an action of W, but not quite -
no matter how we choose Cp, the cubic term in n will be present (a
quantum anomaly)! Instead, we have a projective representation of W,
which is, in fact, a representation of a central extension of W. Such
projective actions are, in fact, common in quantum mechanics, since
quantum states correspond not to actual unit vectors in the space of
states, but rather to vectors up to a phase factor, on which (as well as on
quantum observables) there is a genuine action of the symmetry group.
Prototypical examples of this are the Heisenberg uncertainty relation
[0, z] = —ih, when the classical 2-dimensional group (or Lie algebra)
of translations of the phase plane is replaced in quantum theory by the
3-dimensional Heisenberg group (Lie algebra), and the phenomenon of
spin, when the classical rotational symmetry group SO(3) is replaced
in quantum theory by its double cover SU(2).
This motivates the following definition.

Definition 13.5. The Virasoro algebra is the 1-dimensional central
extension of the Witt algebra W with basis L,,,n € Z and C (a central
element) with commutation relations

n—n

12

Thus we have a 1-dimensional central ideal CC' C Vir spanned by
C, and Vir/CC = W.

So we obtain

Ly, L) = (n—m)Lpyn + On,—mC.
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Theorem 13.6. The formulas
Lo = Za—kaka L, = %Za—kak—i-m n #0

k>1 keZ

define an action of Vir on F with C acting by 1.

It is easy to check that the same theorem holds more generally on
the space F, where ay = pu. The only change is that Ly acquires an
additional summand £.:

LO = %,UJQ + Za_kak.
k>1

If C acts on a representation V of Vir by a scalar ¢ (as it will, for
instance, on every irreducible representation) then one says that V has
central charge c. Thus F), is a representation of Vir of central charge
c=1.

Similarly, the formulas

* __ 1,2 x ok * 1 * sk
Ly = —31” — E aga_g, Ln__§§ R0 oy, 7 0

E>1 kez

define an action of Vir on F; with the central element C* acting by
—1 (i.e., of central charge ¢ = —1).

Thus we obtain two commuting projective actions of W on the space
D = F ® F* which define usual linear actions only for the central
extension Vir of W. Still, the corresponding adjoint action of W on
quantum observables is a genuine linear action, so this quantum field
theory is conformal.

We note that the Virasoro action preserves the positive Hermitian
form on F), in the sense that

Ll =1L_,.

Thus F, is a positive energy unitary representation of Vir (positive
energy means that Ly is diagonalizable with spectrum bounded below).

More generally, we may consider the theory of ¢ massless scalars
G1, ..., ¢¢. In this case D = F® @ F*®¢ and F* is a positive energy
unitary Vir-module with central charge ¢ = ¢ (the tensor product of ¢
copies of F).

Exercise 13.7. 1. Show that Vir is a non-trivial central extension of
W (i.e., not isomorphic to W & C as a Lie algebra).
2. Show that Vir is a universal central extension of W, i.e., every

non-trivial central extension of W by C s isomorphic to Vir.
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13.8. Normal ordering, composite operators and operator prod-
uct expansion in conformal field theory. Let us now summarize

the theory of normal ordering, composite operators and operator prod-

uct expansion from Subsection 11.11 in the case of conformal field the-

ory, for the running example of a quantum massless scalar boson. We

have seen that the operator product a(z)a(w) is well defined only if
w # z and has a pole when w = 2, leading to the local operator a(z)?

not being well defined. So let us expand this operator product in a Lau-

rent series near w = z and identify the singular part involving negative

powers of w — z. For this purpose consider the difference

b
(z —w)*

The formula for the correlation functions for a(z) implies that

(Qa(z1)..a(zi—1) a(z)a(zig) - a(zig2)...a(2,)Q) =

1
PPN | e
Note that this function is regular at z; = z;.1, hence the operator
s a(z)a(w) : is regular at z = w, i.e., defined for all z,w € C*. This
operator is called the normally ordered product of a(z) and a(w). In
particular, although the square a(z)? is not defined, we have a well
defined normally ordered square : a(z)? :.

In terms of Laurent coefficients,

ca(z)a(w) = Z DA 2w

m,ne’

ca(z)a(w) == a(z)a(w) —

where : apa,, == apay, if m > n and : a,a,, = apa, if m <n (normal
ordering of modes). Of course, this ordering only matters if m+n = 0.
In particular, we see that

1ra(z)?=T(z) = Z L,z
nez
the generating function of the Virasoro modes L,. This operator is
called the (quantum) energy-momentum tensor.

Thus we see that the Virasoro modes L,, may be viewed as Noether
charges for the corresponding infinitesimal conformal symmetries, in
the holomorphic sector of the theory. The corresponding Noether cur-
rents are 2" 17T(2), as

1
L, = 5 2" (2)dz.
200



The Noether charges for the full theory are then L, + L,,, with currents
2T (2) 4+ 27T (2). In particular, the Hamiltonian H, up to adding
a constant, is Lo + Lo, which agrees with formula (11.5).

Similarly, we may define the normal ordered products of more than

two factors, : a(z1)....a(z,) :. This can be done by induction in n.
Namely, we have
(13.9)
i alz)
ca(zo)a(zy)...a(z,) == a(zo) : a(z1)...a(z,) : — Z sz
ke€[l,n] (ZO o Zk)

It is easy to see that the operator : a(z1)....a(z,) : has no singularities
and is well defined for all values 2z, ..., z, € C*. Thus for every rq,..,7,
we have the operator

: a(”)(zl)...a(r")(zn) =0,..00 a(z1)....a(z) :

Setting z; = ... = z,, we can then define the local operator : P(a)(z) :
for any differential polynomial P in a(z). This local operator, called a
composite operator, is a quantization of the corresponding local func-
tional P(a)(z) in classical field theory.

Exercise 13.8. (The state-operator correspondence) Show that the
map P +— P(a)(2)$2|,=0 is well defined and gives an isomorphism be-
tween the space V of (polynomial) local operators and the Fock space

F.
More generally, repeatedly using (13.9), we have
s a(z0) [lgs alwy)

— Wws())?

sa(z1)...a(zn) - a(wr)...a(wm) = Z

. 2
IC[1,n],JC[1,m],s:I==J HZEI( ¢

So setting z; = z,w; = w, we obtain

La(z)" s a(w)™ = min(zmyn) k! (Z) (”}Z) : a(zz:a&)kmk g

k=0

E.g. for n = m =1 we get the familiar identity
1
a(z)a(w) = 5+ ra(z)a(w) = EEm + regular terms.

(z —w)
More generally, for n = 1 and any m we get

a(z) : a(w)™ = :a_1<w):—{—'azawb'
()' ( ) ‘ (Z w)2 ‘ ()( ) ‘
;e _l(w):—i—re ular terms

(z —w)? gular t '
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For m = 2 this can be written as

a(z)T(w) = a(w) 5 + regular terms,

(2 —w)
which encodes the commutation relations between a; and Lj;.
For n =2, m = 2 we get
2 2 4:a(z)a(w) :
: 1

- (r-w)
2 4:a(w)?:  4:alw)d(w)
+
(z—w)t  (z—w)? z—w
This can also be written as
1 2T (w) T (w)
+ + regular terms,
20z—w)*  (z—w)? z—w
which encodes the commutation relations between L;. More generally,
at central charge c this relation would look like
c 2T (w)  T'(w)
2(z—w)t  (z—w)?
These are the simplest examples of the operator product expansion.
In fact, we have the following theorem, whose proof we will leave to
the reader:

+ regular terms.

T(2)T(w) =

T(z)T(w) =

+ regular terms.

Theorem 13.9. For any local operators P, Q) € V, there exist a unique
finite sequence of local operators Ry, ..., Rny € V such that

P(a)(2)Q(a)(w) = Z Rj(a)(w)(z — w) ™7 + regular terms,

where (2 —w)™ =37, (kj'il)z_j_kwk.

Note that the space locality property implies that Q(a)(w)P(a)(z) is
given by the same formula, but with (z —w) ™ expanded in the opposite

direction, i.e., (z —w) ™ == =", (kﬁzl) 2777 Fw*. Thus. we have
[P(a)(2), Q(a)(w)] = Z ﬁRj(a)(ij_l)(w - 2).

Thus Theorem 13.9 gives us information about commutators between
the modes of P and (). For example, as we have seen above,

[a(2), a(w)] = &'(w = z),

and also
[(I(Z), T(w)] = a(w>5/(w - Z>7
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T(2), T(w)] = 1—625’"(10 — )+ 2T (W) (w — 2) + T'(w)d(w — 2),

where in our example ¢ = 1.

Moreover, it is clear that one can uniquely continue the expansion
of Theorem 13.9 to also include terms of nonnegative degree; namely,
we simply need to expand the regular terms into a Taylor series with
respect to z — w for fixed w. For example, we have an asymptotic
expansion

a(z)a(w) ~ ——— + Z a : %

k=0

So in general we have

P(a)(2)Q(a)(w) ~ Y Rj(a)(w)(z —w) ™.

j=—00

This formula is called the operator product expansion of the product
of P and (). The operator product expansion satisfies certain axioms,
which means that it defines on the space V = F an algebraic structure
called a vertezr algebra (which we will not discuss here, however).

13.9. Vertex operators. Verter operators are obtained by quantizing
the local functional ¢*?(®) where

gp(Z) :—Z/a(2>dZ:— aologz+z —nzn+a0
n#0

and ay is a constant of integration (dual variable to ag). In other words,

we have
z)\<p )\f )\(ao logz—&—zn#o —L2™) )\(zo

A natural quantization of this functional is the operator

2—n n i
X (), z) =1 eMoologzt2ns0 552" 1 ghag —
— 6A2n>0 n ei)‘zn>0 aTnZ_nz/\”e)‘aﬂy

which, due to the last factor, acts from F, to F,.x by Xo(\, )2
where
Xo(A, z) == A Lnso T oA L0 BT

Here we work over the group algebra of C with basis 2%, a € C.
Now note that if [A, B] commutes with A, B then by the Campbell-

Hausdorfl formula

AP — BBl
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and that

[ %nz_", Z CLf"w”] = Z Zin = —log(1 —%2).

n>0 n>0 n>0

Thus
X0<)‘7 Z)XO(Vv w) = (1 - %))\V : XO()‘v Z>X0(V7 w) :
for |w| < |z]. So we get
X\ 2)X(vw) = (z—w)™ : X(\, 2) X (v,w) :

for |w| < |#|, where the normal ordering puts 9, to the right of ;. More
generally, we see that

X (A1, 21) . X (Any 2n) = H (zj — 26)MM 0 X (A, 21) 0. X (A, 20)

1<j<k<n

for |z1] > ... > |z,|. In particular, denoting the highest weight vector
of F, by Q,, we have

n

(s X(Ar, 20)- X (A 20) ) = HZJM I ==

j=1 1<j<k<n

for |z1| > ... > |za|.

We see that this correlation function admits analytic continuation to
the complement of the diagonals z; # z;, but this continuation is not,
in general, single valued. In other words, the fields X (), z) in general
do not satisfy space locality. Instead, we have

(13.10) X\ 2)X(v,w) =™ X (v,w) X (), 2),

which is understood in the sense of analytic continuation along a path
where v := w/z passes from the region |v| < 1 to the region |v| > 1
along positive reals, avoiding the point v = 1 from above. In particular,

X\, 2) X\ w) =™ X (A, w)X (), 2),
i.e., X(\ z) has “statistics A\?/2” (where statistics « € R/Z means

that switching the order produces a phase factor e*™*; e.g. statistics 0
corresponds to bosons and statistics 1/2 to fermions).

Note that if we apply commutation relation (13.10) twice, we obtain
a multiplier > which corresponds to the fact that the operator
product X (A, z) X (v, w) is multivalued in general.

This is an example of appearance of a braiding in conformal field the-
ory. Namely, relation (13.10) is called braided space-locality (or braided
commutativity), since it can be viewed as commutativity in a suitable

braided monoidal category.
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Note also that
X'\ 2)=X:a(z)X(\ 2) :
where X' := 0,X, and
[an, X (A, 2)] = A2"X (A, 2).

Hence
2

(Lo, X(\, 2)] = 2" X7 (N, 2) + %(n +1)2"X (), 2),

which implies that X (), z) has spin A?/2. Thus we have the spin-
statistics property for X (), z), which generalizes the usual one: spin
modulo Z equals statistics.

As noted in Remark 11.2, such quantum fields are called “anyons”
(as they can have any spin and statistics) and can exist only in two
dimensions. The most general spin-statistics property for these anyons
says that if X,Y are anyons of spins sy, sy > 0 then

X(2)Y (w) = X™VXYY () X (2).

In particular, we see that if \* € Z is odd then X (n), z) behave like
fermions for odd n and like bosons for even n with respect to each other
(i.e., the corresponding operators X (nj A, z) and X (nqA, z) commute if
ninsy is even and anticommute if nyny is odd), while for even A? they
all behave like bosons (i.e., the operators commute).

13.10. The circle-valued theory. Now consider the theory of a mass-
less scalar on C* with values in the circle R/27rZ. This theory is the
same as the line-valued one, except for the zero mode, which entails
the following circle-valued solutions of the string equation:

o(t,x) = a+ put + Nraz,

where o € R/2nrZ, p € R, and N is an integer (the winding number).
The space of such solutions is a disjoint union of cylinders 7*S* labeled
by values of N. So in quantum theory we get the Hilbert space

Hy = P Hy (N, 0),

N €7

where He (N, £) is the completion of ]:%(wurm) ®}—l\/§(€rl—m)' Thus

we obtain the following formula for the partition function on the torus
FE,:
Z2(r) = () 20,(r, ),
where
797‘<7—7 ?) = Z e%ﬂiT(f?"l—i—Nrﬁ—%m?(frfl—Nr)2 _

¢,NEZ
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§ 6—W(Z2r’2+N2T2)ImT+27ri€NRe7'
tNEZ

This shows an interesting duality Z7(7) = Z°_,(7); in fact, we see that
the whole theory with parameter r is equivalent to the one with pa-
rameter 1. This duality is called T-duality, and it plays an important
role in string theory.

Also we note that 9, is a real modular form of weight 1:

(=21, =2) = |7|9,(7,7),

T T
which leads to modular invariance of the function Z.(7), as expected

in a conformal field theory. To see this, it is enough to note that in the
exponential we have a quadratic form on Z? with matrix

Q(r) = (7‘211117' —iReT>

—iRer r2Imt

So
_ o (r~2Im7 iRer r~2Im7’ —iRer’ ,
Q=1 ( )= (T ) = se)s

iRer  r?Imr r?Tm7’

;1 (0 1

where 7/ ;= —~ and S = (1 0
Poisson summation formula.

We see that if r? = £ € Q (in lowest terms), this conformal field
theory has a special property called rationality: the Hilbert space H;
is the completion of a finite sum of “sectors” @} ,V; ® Vf, where the
left-moving fields act on V; and right-moving ones in V}, so that 9, (7,7)
and hence Z?(7) are finite sums of products of a holomorphic and an
antiholomorphic function (in fact, it is easy to see that n = 2pq).
For example, the vacuum vector {2 is contained in the tensor product
V(pq) ®V(pq)* where for s € Zo we defined V(s) := @pezF,, 5;- The
space V(s) is a vertex algebra called the lattice vertex algebra attached
to the even lattice v/2sZ. This algebra is generated by the vertex
operators X (m+v/2s, z) (which, as we know, satisfy the bosonic version
of space locality).

). Thus the result follows from the

Example 13.10. Consider the case » = 1. In this case we have two
sectors, the vacuum sector V(2) ® V(2)* and another one, W @ W*,
where W = ®n€22+1f%. The particles corresponding to ]—"% for odd n

are anyons with statistics i, so they satisfy the braided commutativity
relation of the form X (2)Y (w) =Y (w)X(2).
It is not difficult to show that the Fourier modes of the vertex oper-

ators X (v/2,2) and X(—+/2, z) generate a projective action of the Lie
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algebra sly[z, 271] on V(2) = Ly and on W = Ly, which are exactly the
irreducible integrable representations of the affine Kac-Moody algebra
sly = sly [t,t7!] ® CK (the universal central extension of sl[t,t71] at
level k = 1 (i.e., K acts by 1), namely X(v/2,2), X(—v/2,2), v2a(2)
give the currents e(z), f(z) and h(z), where for b € sly

b(z) = Z(b @tz "t
This is the so called Frenkel-Kac vertex operator construction of level
1 irreducible integrable modules (defined for any finite dimensional
simply-laced simple Lie algebra) in the simplest special case g = sls.
Thus the circle-valued theory of a free boson for » = 1 is the so-called
Wess-Zumino- Witten model in the simplest example of the Lie algebra
sly and level 1.

Example 13.11. Let r = V2. In this case we have four sectors:
V;@Vr;, j=0,1,2,3, where V;j = @neazy;Fr. Inparticular, Vo = V(4)
and particles in V, = F; are fermions arising in the boson-fermion
correspondence.

13.11. Free massless fermions. In a similar way to free massless
bosons, one can describe the theory of a free massless fermion £(z).
As explained in Subsection 11.4, in two dimensions it makes sense to
consider chiral spinors taking values in the tautological representation
of Spin(2) = U(1) with kinetic term (£, DE). So we have a single
quantum field

€)= &t

nGZJr%

and the conjugate quantum field &,(Z). The modes of £(z) satisfy the
relation

[£(2), E(w)]y = d(z — w),
where [;], is the supercommutator. This yields the Clifford algebra
relations

gngm + fmgn = 5m,—n
for m,n € Z. This algebra has a unique irreducible positive energy rep-
resentation A = A(€-1/2,&—3/2,...) on which §; acts by multiplications
for 7 < 0 and by differentiations for 7 > 0. There is an invariant posi-
tive Hermitian inner product on A in which the Clifford monomials in
&;, 7 > 0 form an orthonormal basis (invariance means that 5} =& ;).
Thus the Hilbert space of the theory is the completion of D := A ® A*,

where A* is the dual of A corresponding to antiholomorphic fields.
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The hamiltonian H is supposed to satisfy commutation relations

[H7 gn] = _£n7 [H7 g:z] = 5:“

So we have

H ::}YL +_}{R7
where
Hy =Y né &
n>0

and similarly for Hg. The Virasoro algebra is defined by

Lm = % Z n: fné.—n—i-m 5

nGZ—i—%
ie., Hy = L.

Exercise 13.12. Show that these operators L, satisfy the Virasoro

commutation relations with central charge ¢ = %
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