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Heat Problem
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1 Problem 2
Consider the non-homogeneous heat problem
ou  0%u
E—@—i—b, u(0,t) =0=u(1,t); u(x,0) = (1)

where £ > 0, 0 < x < 1 and b is constant.
a. Find the equilibrium solution ug ().
Solution: The equilibrium solution ug (x) satisfies the PDE (1) and BCs,

0=ulf+0; up (0) =0=ug(1).

The solution is b
ug (z) = 556’(1 — 1)

b. Transform the heat problem (1) into a standard homogeneous heat problem for a
temperature function v (z,t).
Solution: Let
v(z,t) =u(zr,t) —ug ()

and substitute into (1) to obtain

ov 0%
5% = 52 v(0,t) =0=wv(1,1); v (z,0) = —ug (x) (2)

This is the basic Heat Problem.



c. Show that after a large time, the solution of the heat problem (1) is approximated by
u(z,t) ~ ug (x) + Ce ™ tsin (7).

Find C' and comment on the physical significance of its sign. Illustrate the solution qual-
itatively by sketching typical temperature profiles ¢ = constant and the central amplitude
profile x = 1/2.

Solution: The solution to the basic heat problem (2) is

2

v (z,t) = Z B, sin (nmx) e
n=1

where
1 1 2b
B, = 2/ (—ug (z))sin (nrx) de = —b/ z (1 —x)sin (nrz)de = —— (1 — cosmn)
0 0 ™n
Thus
B _ —%, n odd,
" 0, n even.
Hence

4b N sin ((2m — 1) ) (om—1)2x2

m i (2m —1)°

After a large time, the first term dominates, so that

2 4b 2
v (x,t) = Bysin (mz)e ™' = —— sin (1) e "
7T
and i
u(z,t) = ug (r) — —36_”2'5 sin ()
m

Thus C' = 4b/m3.
For plots, note that ug (x) is an upside-down parabola whose vertex is at (1/2, —b/8) in

the uz-plane. Also,

1 y 1 4b _ 2, . (71') b 4b _ o
ul = ~ U — — —€ sim| —- ) = - — —e€ .
2’ P\2) 3 2) 8 73

The plots are below.
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2 Problem 4

Show that if u is a solution of the generalized heat equation

ou 0*u  Ou
— = —— 4+ b— t
% a2 + o +cu+g(x,t) (3)
where b, ¢ are constants, then
v (z,t) = e Py (x, 1) (4)
satisfies the standard heat equation
ov 0%
— =— +h(zt
ot Ox? +hiz?)

for suitable choices of the constants a, 5 and function A (x,t). In this way, more complicated
heat problems can be simplified.

Solution: Re-writing (4) for u (z,t) gives

u(w,t) = e Py (x,t) (5)
Note that
w, = e PN (—Bu+ )
U, = e P (—aw +u,) (6)
Upy = efa:rfﬁt (&21) o 20“}1 4 U:m:)

Substituting into the generalized heat equation (3) gives
Uy =V + (b—2a)v, + (®+ B —ab+c)v+ ge At (7)
To get rid of the v, and v terms, we choose
b—2a = 0
A+p—ab+c = 0
Solving for «, 3 gives
a = b/2
g = —(aQ—ab—l—C) =——c

4
Choosing

h(z,t) =g (x,t)e®®Pt = g (x,t) 2>t

gives the standard heat equation



3 Problem 6

Consider the heat problem with periodic boundary conditions

Ut = Uga
u(0,t) = 0; u(1,t) = coswt; t>0
u(xz,0) = f(x) O0<z<l1.

a. Prove that the steady-state solution, ugg (x,t), is unique.

Solution: The steady-state solution ugg (x,t) satisfies

(USS)t = (uss)x:(:

uss (0,t) = 0; uss (1,t) = coswt; t>0

2
ugs periodic in time with period —
w

Consider two steady-state solutions u; and us. Let v (x,t) = u; — ug. Then v satisfies

V¢ = Vg

v(0,t) = 0 v(1,t) =0; t>0

2T
v (z,t) periodic in time with period —
w

From class, solutions to the heat equation with homogenous (zero) Type I BCs approach

zero exponentially as ¢ — o0,
lim v (z,t) =0

t—00
But v (x,t) is 2w /w-periodic, and hence the only possibility is that v (z,t) = 0, which implies
u; = uy and the steady-state ugg (z,t) is unique.
b. Find ugs (z,t) by using the complex change of variable uggs (z,t) = Re {U (z) e“*}.
Solution: Following the steps in class. The solution is given by making the transforma-

tion x — 1 — x to our solution from class,

e (VEQ+in) e (VB D) ,
Uss(xat)_Re{ exp (/5 (1+1) —exp (—/5 (1 +1)) Ae }
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