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G B ?DCFEHGJIFK*LM?ONQPRC0K*S /!T S*?DU�PRVQEREWGMX*NYX[Z*I B ?AP\V0] G
G^E_@RS*?`I�GJX*GJI�Z*IaX[Z*I B ?AP2V0]@RGMIF?bEc@RSdCe@\@RS*?O?bf*N0?bE_V0]

G
U�PRVQERE_GMX	CgX[hif*PRCkj\GJX*N�Vg]

G
GJX�@RS*?`K*L^CgX*? /

l,GMP4EH@bm*GM@2GJE_GJIFK&VQPH@4CgXn@_@WV�f-?A@W?bPWIFGJX*?`?�o*C0U�@WLJh�j\SdCe@2G^E_IF?bC0XQ@ B hiCFf-P4Ckj\GJX*N /
��pnq,r,s$tuswvxrzy&{|y&{~}��g�W�e�����[�DV0]&C�N0P4CgK*SDG^E!f-?��&X*?bfD@WV B ?\C�IFC0KD@RSdCe@�EH?bXdf*E,?bCQU4S��Q?APW@W?�o@RV�C�K&VQGMXn@!GMXY@WSd?cKdLJC0X*?cC0XdfD?uC0U4SY?bf-NQ?�@WVOC�EHGJIFK*LJ?~KdCg@WS�mQEHZ B*� ?bU�@,@WV`EW?A�0?bPRC0LnUAV0Xdf*G�@RGMVQXdE /T S*?c?AX&f-K&VQGMXn@4E�V0]*@WSd?cGJI�CgNQ?~V0]&CgXY?bf-NQ?~IYZdE�@ B ?~@RS*?cGMI�CgNQ?bE,Vg]&G�@4E��Q?APW@WG^U�?uE /,T S*?~GJI�CgNQ?V0]!CF�Q?APW@W?�o�I�ZdEH@2X*Vg@�LMGJ?OGMX	@RS*?OGJXQ@R?APRGMVQP\Vg],@WS*?�GMI�CgNQ?OVg]�CgX[h�?uf-N0? /�� ]�C�KdCgGJP2Vg]!?bf*N0?bEEWSdCgPR?DCgX�GJXn@W?bPWGJV0P2KxV0GJXn@bm&@WS*?bX�@WSd?Ah	I�ZdEH@�UAPWVnEWE2Cg@2@WSdGJE�K&VQGMXn@ /2� V�@RPWGJK*LJ?DVg]�?uf-N0?uE�UAC0X
EWSdCgPR?`CgX�GMXn@W?bPWGJV0P\KxV0GJXn@ /
� XFC0f*f-GM@WGJV0XY@WV�@RS*?\V0P4f-GJXdCgPRhOU�PRVQEREHGJX*N�X[Z*I B ?bP2�wf-?bX*Vg@R?bf cr(G) � m[EW?A�0?bPRC0LQV0@WS*?bP�U�PRVQERE��GJX*NFX[Z*I B ?AP4E\CgPR?`Vg]�GJXn@W?bPW?uE�@ /

��pnq,r,s$tuswvxr�yx{^��{ T S*?OK&CgGJPWj\G^EH?A��UAPWVnEWEWGJX*NDX[Z*I B ?AP paircr(G)
G^E_@WS*?OIFGJX*GJI�Z*IaXnZdI B ?APV0]�KdC0GMP4E_Vg],?bf-NQ?bE_Vg]

G
@WSdCg@\UAPWVnEWEcGJX�C�f*PRCkj\GJX*NFVg]

G
/

��pnq,r,s$tuswvxr�yx{J��{ T S*?iV-f*f-��UAPWVnEWEWGMXdN�XnZdI B ?AP oddcr(G)
G^ED@RS*?iIFGJX*GJI�Z*I�X[Z*I B ?bPYV0]KdC0GMP4EcVg]!?bf-NQ?bE_V0]

G
@WSdCg@�U�PRVQEREcC0X�V-f*f�X[Z*I B ?bP\Vg],@WGJI�?uE_GMX�CFf-P4Ckj\GMXdN�V0] G

/
��ZdU4S�PR?AI�CgGJXdE�@WV B ?\�nXdVej\XYC B V0Z*@,@RS*?bEW?\U�PRVQEREHGJX*N�XnZdI B ?AP4EAm B Z-@�C2]$?bj PR?AL^Ce@RGMVQXdE,CgPR?�[X*Vej\X /�¡ LJ?bCgPRLJh0m

oddcr(G) ≤ paircr(G) ≤ cr(G)
/�T Sd?�Xd?�o[@�EH?uU�@RGMVQX�j\GJLML�NQGM�Q?�EWV0IF?

B V0Z*X&f*E�VQX paircr(G)
GMX�@W?APRI�E�V0]6@WS*?�XnZdI B ?AP�V0]�?bf-NQ?bE~CgXdf��Q?APW@WG^U�?uE / }\f*f-GM@WGJV0XdC0L&PR?AL^Ce�@RGMVQXdE B ?�@�jc?A?bX cr(G)
C0Xdf�@WS*?YKdCgGJPRj\GJEW?DCgXdf	V-f*f�U�PRVQEWEWGJX*NFXnZdI B ?AP4E2j\GJLML B ?YK*PW?uEH?bXn@W?bfL^Ce@R?AP /

¢-/2£O8�;�3�:�¤F8�3¥<x7x8,¤b¤b=�3�¦¥3�;�§�¨&©d7�¤F=�3ª56©*76§�¤�8�«	56¬�©3�;�§�¨x©*7®8�«¯©*:,¦�©&¤�°�3�:
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²~pn³®³ª´i�6{|y&{\µ�¶A·
V (G) ¸ ¶�·$¹*¶��dº-» ¸ ¶���¼H½\¾e¶���·¿�wÀ4¶�Á�¼H½ G Â �g�x��ÃM¶�· E(G) ¸ ¶�·$¹*¶��dº-» ¸ ¶��¼H½D¶R�b�Q¶�ÁAÄ�Åx¹d¶��

paircr(G) ≥ E(G) − 3V (G)
Ä

Æ Z*KdK&VnEH?�@WSdCg@
G
G^E�KdLJC0XdCgP / >�?A@

F (G) B ?~@WSd?�X[Z*I B ?AP,Vg]-]wCQU�?uE�GJX�C2K*L^CgX&CgP�f*PRCkj\GJX*N2V0]
G
/ Æ GJXdU�?

G
G^E�CDEWGJI�KdLM?2NQPRC0K*S�mQ?bC0U4SFV0]9GM@RE�]wC0UA?bE�S&C0E�Cg@�LM?uC0EH@�@WSdPW?b?�EHG^f-?uE /!T S*?

F (G) ≤
2
3E(G)

/�Ç h�È�Z*LJ?APuÉ Ec@RS*?AVQPW?bI	m
V (G) − E(G) + F (G) = 2

mdEWV
V (G) − 1

3E(G) ≥ 2
/

� ]
E(G)−3V (G)

G^E,X*Vg@�KxVQEWG�@RGM�Q?0mgf-P4Ckj
G
EWZdU4SD@RSdCe@!@RS*?_XnZdI B ?AP!Vg]dK&CgGJPRE,Vg]xU�PRVQEREHGJX*N?uf-N0?uE�G^E~IFGJX*GJI�GJÊA?uf /�Ë ?bI�Ve�[GJX*N�C0Xi?bf*N0?�j\GM@WS�C�UAPWVnEWEWGMXdN�f-?bUAPW?uC0EW?bE

E(G)− 3V (G) B hVQX*?OCgXdf
paircr(G) B h�Ce@\LM?uC0EH@\V0X*? /�T S*?`LM?bI�I�C�]$VQLMLJVej2E B hiGMXdf*ZdU�@RGMVQX /
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ìDí p[vdîep[³ �6{��6{iµ�¶�·

V (G) ¸ ¶�·�¹d¶¯�&º-» ¸ ¶A��¼�½�¾e¶���·¿�wÀ4¶�Á�¼H½ G Â �e�x�®ÃM¶A· E(G) ¸ ¶�·�¹d¶�&º-» ¸ ¶A�Y¼�½�¶4�A�n¶�ÁAÄYï$½ E(G) ≥ 4V (G) Â ·�¹d¶��z·$¹*¶�ðd�e�������^ÁA¶iÀA�W¼eÁRÁ����[�	�dº-» ¸ ¶��Y�^ÁF�e·\ÃJ¶R�eÁ�·
E(G)3

64V (G)2
Ä

ñ�PRCkj
G
EHVF@RSdCe@\@RS*?DX[Z*I B ?AP�Vg]!KdCgGJP4E\Vg]�U�PRVQEREHGJX*NF?bf*N0?bE_G^E2IFGJX*GJI�GJÊA?uf /\¡ VQLMVQP\?bCQU4S�Q?APW@W?�oå?AGM@WSd?AP�PW?ufåV0P B LMZd?iP4CgXdf-VQIFLMhåCgXdfªGMXdf*?AKx?AXdf-?bXn@WLJhzj\G�@RS®K*PRV B C B GJLMGM@�hòV0]2PW?uf p

/
ldV0PRIa@RS*?�EHZ B N0P4CgK*S¯UAV0XdEWG^E�@RGMX*N�Vg]~C0LML!PR?bf��0?APW@WG^U�?uE�C0Xdf�C0LML!?bf*N0?bE�U�VQX*X*?uU�@WGJX*N�@�j~V�PW?uf�Q?APW@WG^U�?bE /�T S*?~?�o-K&?uU�@4Ce@WGJV0X`�eCgLJZ*?�]$VQP�@RS*?�X[Z*I B ?AP�Vg]-�0?bPH@RGJUA?bE6V0][@WS*G^E�EWZ B NQPRC0K*S`GJE pV (G)

m
@RS*?�?�o-Kx?bU�@4Ce@RGMVQXò�eCgLJZ*?F]$VQP`@WS*?�X[Z*I B ?bPOVg]_?bf-NQ?bE`G^E p2E(G)

m�CgX&f¯@RS*?�?�o-Kx?bU�@4Ce@RGMVQXV0]
@RS*?	KdCgGJPWj\G^EW?�U�PRVQEREWGMX*NòX[Z*I B ?APFG^E�Cg@�I�VnE�@�@WSd?�?Ao-K&?uU�@RCg@WGJV0X Vg]�@RS*?	X[Z*I B ?APFVg]�KdCgGJPREV0]`UAPWVnEWEWGMXdNò?uf-N0?uE�GMX¥@RS*?�U�ZdPWPR?AXn@�f-P4Ckj\GMX*N&m�j\S*G^U4SóG^E

p4paircr(G)
/�Ç hª@RS*?¯LJ?AIFI�C*m

p4paircr(G) ≥ p2E(G) − 3pV (G)
/ Æ GJXdU�?

E(G) ≥ 4V (G)
m
p
UAC0X B ?�EH?A@�@RV 4V (G)

E(G)

/
T S*?bX

paircr(G) ≥ E(G)3

64V (G)2
/

Æ ZdU4S B V0Z*X&f*E�UAC0X B ?\ZdEW?bf�mg]$V0P�?�o*CgIFK*LJ?0me@RVOK*PRVe�0?c@WS*? Æ ÊA?AIF?bPWôuf-G�� T PWV0@H@W?bP T S*?AVQPW?bI /
õ*/2öD©d¤b;�÷�5�¤�<98�3�<x©*763�=�3�¦ø8�:�:ø<&798,¤b¤b=�3�¦,¤

T S*?i]$V0LJLMVej\GJX*N�@RS*?AVQPW?bIùj_C0E�K*PRVe�0?bf�&PREH@ B hzú�CgX&CgX*G�û ¡ ú õgüeý C0XdfzL^Ce@W?bP B h T Z*@H@W?û T�þeÿký�/
ìDí p[vdîep[³ ��{wyx{

oddcr(G) = 0
��»�ðxÃ �w¶�Á

cr(G) = 0
Ä

���gX*VnE���C0U4SªC0Xdf���ôAÊuC T	� @WSóû � T\ÿ0ÿgý K*PRVe�0?uf@WS*?i]$V0LJLMVej\GJX*N¯NQ?AX*?bPRC0LMGJÊbCg@WGJV0X�m,j\S*G^U4Sj\GJLML B ?OZdEW?bf�L^Ce@W?bP_@WVFPR?AK*L^C0UA? paircr(G)
j\GM@WS

oddcr(G)
GJX��eC0PWGJV0ZdEcGJX*?�
nZdC0LMGM@WGJ?bE /

ìDí p[vdîep[³ ��{��6{��¼e�D�g�����e�W�g�����n�i¼H½
G Â ÃM¶�· G′ ¸ ¶O·$¹*¶�Á�º ¸ �g�R�Rð*¹¯¼�½ G

À4¼g�*Á��^Á�·|���[��¼�½O�eÃ�Ã
¶4�A�n¶�Á�¼H½

G
·$¹*�g·�ÀA�W¼kÁ4ÁF¶A¾e¶�����¼g·�¹d¶���¶4�A�n¶i�g� ¶�¾e¶A�ª�dº-» ¸ ¶��F¼�½F·|��»�¶�Á�ÄªÅ9¹d¶��ª·$¹*¶A�W¶��^Á���g�W�e�����[��¼H½
G
½�¼e�O��¹-�wÀR¹�·$¹*¶�¶R�b�Q¶�Á�¼�½

G′ �0¼��x¼g·_ÀA�W¼kÁ4Á��e���i¶4�A�n¶Y¼H½ G
Ä

T S*?OK*PRV[Vg],K*PW?uEH?bXn@W?bf�S*?bPW?`G^E2EHVQIF?Aj\SdCg@\f*G��9?APR?AXn@\]$PRV0I @RS*?OV0PRGMNQGMX&CgL / Æ Z*K*KxVQEW?�@RSdCe@
@RS*?APR?�j_C0EcC�UAV0Z*Xn@W?bPW?Ao*CgIFK*LJ?2@WVY@WSd?�@RS*?AVQPW?bI /!T S*?bX�@WSd?APR?�jcV0Z*L^f B ?OCDIFGMXdGMI�CgL6UAV0Z*X-�@R?APR?�o*CgIFK*LJ?

(G, G′)
/

²~pn³®³ª´¯��{^��{`ï$½
G
�^Á���»����d��»��eÃ!À4¼eº-�d· ¶A�W¶��[�g»2ð9ÃM¶ Â ·$¹*¶A����·�Á��g·|�^Á��c¶�ÁO·$¹*¶�Á�¶\ðx�R¼Rðd¶���·¿�w¶�Á��� . ��� ¼�¾k¶A��·�¶���¼�½�¹d�kÁ��0¶��0�W¶4¶�¼g�x¶���� G′ Ä� ¢ ��� ¼�·|��¼�¾k¶A��·|�wÀ4¶�Á�¼�½��Q¶¿�0�W¶4¶�·|��¼���� G′ �e�W¶�À4¼e�d�9¶4À�· ¶4� ¸ �i�g�¶4�A�n¶F¼�½ G′ Ä

T V�K*PWVe�Q?�� . � m�EWZ*K*KxVQEW?Y@RSdCe@�C G′ SdC0fåC��0?bPH@R?�o v
V0]_f*?AN0PR?A?�V0Xd?�GMX

G′ / >�?A@ e B ?@RS*?�?uf-N0?DV0]
G′ @WSdCg@�SdCQE\@WSdGJE��0?bPH@R?�o�C0E�C0X¯?AX&f-K&VQGMXn@ / Æ GJXdU�?YGJE (G, G′)

IFGMXdGMI�CgL¿mxG�@`GJE
KxVQEREHG B LJ?�@WVFPW?uf-P4Ckj G

EWV�@WSdCg@
e
GJEc@RS*?OV0X*LJh�?uf-N0?�Vg]

G′ GJXn@W?AP4EW?bU�@RGMXdN�C0Xnhi?bf-NQ?�V0] G
/
vUbCgX B ?�K*Z*LJLM?uf�CgLJV0X*N e Z*Xn@WGJL e XdVOLMVQX*N0?bP�GMXn@R?AP4EH?uU�@RE�C0X[h�?bf*N0?bE / Æ GMX&U�? e

UACgXdX*Vg@�GJXn@W?AP4EW?bU�@
C0Xnhi?bf-NQ?bE_Vg]

G′ m-@WSdGJE2f*Vn?uE\X*V0@2GMXn@WPRV-f-ZdUA?DCgX[h�X*?bj GJXn@W?AP4EW?bU�@RGMVQXdE_Vg]!?bf*N0?bE_V0] G′ /�Ç Z-@@RS*GJE\UAV0Xn@WP4C0f*GJU�@REc@WSd?DC0EREHZ*IFK-@RGMVQXi@RSdCe@
(G, G′)

GJE�C�UAV0Z*Xn@R?APR?�o*CgIFK*LJ? /
� ]

G′ SdCQE�@�jcV��Q?APW@WG^U�?uE�Vg],f-?ANQPW?b?\@�j~V�@WSdCg@_EWSdC0PW?�CgX�?uf-N0?Qm0@RS*?AX	U�VQXQ@RPRCQU�@�@RSdCe@_?bf*N0? /Ë ?uf-P4Ckj EWV�@WSdCg@2@WSd?D?bf-NQ?bE�Vg]!@WS*?�I�V-f-GM�d?uf
G′ SdCk�Q?OX*V�U�PRVQEREWGMX*NnE /cT S*?DVQX*LMh�KxVQEREHG B LJ?@RV�V B EH@RC0UALM?�@WVFZ*X&f-V0GJX*N�@WS*?OUAV0Xn@WP4C0U�@WGJV0XiG^Ec@WS&Ce@_@WS*?DUAh-U�LJGJU�V0P4f-?bPcV0]�@RS*?`?bf-NQ?bE_I�Ckh B ?GJXdU�VQPWPR?bU�@ / Æ GJXdU�?�@WSd?DU�V0Xn@RPRCQU�@W?uf��Q?APW@W?�o�S&C0EcV0X*LJh�@�jcVY?uf-N0?uEc]$PWVQI

G′ m-G�@2G^E_K&VnEWEWG B LM?�@RVUAV0PRPW?uU�@�@RS*?_U�h-U�LJGJU~V0P4f-?bP�j\GM@WS*VQZ-@�GMXn@RPWV-f-ZdUAGMXdN�C0XnhDUAPWVnEWEWGJX*NQE�Vg]*@RS*VQEW?�@�jcV�?bf-NQ?bE / }2NnCgGJX
@RS*GJE�U�VQXQ@RPRCQf-G^U�@REc@RS*?�CQEWEWZ*IFK-@WGJV0X�@RSdCe@

(G, G′)
G^E2C�U�VQZ*Xn@W?bPW?Ao-C0IFK*LM? /~T S*G^E\K*PRVe�0?uEc@WS*?

LJ?AIFI�C /
¡ V0X&E�@RPWZdU�@

G̃′ CQE�]$V0LJLMVej2E / ñ�?ALJ?�@W?�CgLJL��0?APW@WG^U�?uE�@WSdCg@�SdCk�Q?Ff*?AN0PR?A?FÊb?APRV�GJX G′ / }2L^EWVf-?bLM?A@W?�C0X[h��Q?APW@W?�o�Vg]*f-?bN0PR?A?!@�jcV2GMX
G′ C0XdfOU�VQX*X*?bU�@�@WSd?�@�j~V��0?APW@WG^U�?uE9@WS&Ce@�jc?APR?�C0f � C0U�?bXn@@RVY@RS*G^E\�0?bPH@R?�o /�Ç hiLM?bI�I�C õ*/ õ m-?b�0?bPWh��Q?APW@W?�o�Vg]

G̃
SdCQE2f-?ANQPW?b?�Cg@\LM?uC0EH@\@WS*PR?A? /



Þ&ß6à9áxâ�ãYß6áåä*ædß�ãbã�ç^á6èåá9à9é_Þdê-æxã �

� =$¦�;�76© �"!$#�!\� ]�?b�0?APRhFU�h-U�LJ?�V0]
G
SdCQEcC0X�?AIFK-@�h�GJXn@W?bPWGJV0P~V0Pc?�o[@W?bPWGJV0Pum

@WS*?bX
G
G^E\V0Xd?�V0]�@RS*?bEW?`N0P4CgK*S&E /

>�?A@
P B ?�@RS*?�LJV0X*NQ?bEH@�KdCe@RS�V0] G̃ muC0XdfOEHZdK*K&VnEH?,@RS*?�EW?�
nZ*?AX&U�?�Vg][�0?bPH@RGJUA?bE6G^E v0, v1, . . . , vn

/
Ç ?bUbCgZdEW?

P
G^E�I�Cgo[GJI�CgL¿m�CgLJL~X*?bGMNQS B VQPRE�Vg] v0

I�ZdEH@ B ?�GJXz@RS*?�K&Ce@WS / v0
SdC0E�Ce@�LM?uC0EH@

@RS*PW?b?�X*?bGMNQS B V0P4Ebm�EWV�@WS*?bPW?i?�o-GJEH@ j > i > 1
EHZ&U4Så@WSdCg@

v0vi

C0Xdf
v0vj

C0PW?�?uf-N0?uE / Æ V
v0, v1, . . . , vj

G^E�C�U�h-U�LJ?�C0Xdf
v0vi

GJEcCDU4S*VQPRf�V0]6@WS*G^E~UAh-U�LJ? /,� ]
G
U�V0X&EHG^E�@4E�?bXQ@RGMPR?ALJh�Vg]9@WS*?

K*ZdLML B C0U4�iVg]�@RS*G^E2U�h-U�LJ?OCgXdf v0vi

m-@RS*?AX	GM@2I�ZdEH@ B ?OVQX*?OVg]�@WS*?ONQPRC0K*SdE_EWS*Vej\X�GJX õ*/J.0/>�?A@
C B ?OC�U�h-U�LJ?`U�V0X&EHG^E�@RGMXdN�Vg]�?bf-NQ?bEcGMX G′ /�T S*?�KdPW?b�nGJV0Z&E�KdC0PRC0N0P4CgK*S�GJIFK*LJGM?uE�@RSdCe@EWZdU4S�C�U�h-U�LJ?�?Ao[G^EH@RE / Æ GJXdU�?

C
G^E!C�U�LJVQEW?bf�U�Z*PR�0?QmuGM@�EH?bKdCgP4Ce@R?bE6@RS*?cK*LJC0X*?�GJXn@WV�CgX&%HGJXQ@R?APRGMVQP('

C0Xdf�C0X)%H?�o[@W?bPWGJV0P*'i�$KxVQEREHG B LJh�f-G^EWUAV0X*Xd?bU�@R?bf�G�] C
GJXn@W?AP4EW?bU�@4E�G�@4EH?bL�] � /Y� ] G

G^E�X*Vg@OV0Xd?�V0]
@RS*?2N0P4CgKdSdE�Vg]6�&N0Z*PR? õ*/J. m

C
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