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SECOND ORDER FREENESS AND FLUCTUATIONS
OF RANDOM MATRICES:
II. UNITARY RANDOM MATRICES

JAMES A. MINGO ), PIOTR SNIADY ), AND ROLAND SPEICHER (*)()

ABSTRACT. We extend the relation between random matrices and
free probability theory from the level of expectations to the level of
fluctuations. We show how the concept of “second order freeness”,
which was introduced in Part I, allows one to understand global
fluctuations of Haar distributed unitary random matrices. In par-
ticular, independence between the unitary ensemble and another
ensemble goes in the large N limit over into asymptotic second
order freeness. As a corollary, this also yields a generalization of a
theorem of Diaconis and Shahshahani to the case of several inde-
pendent unitary matrices.

1. INTRODUCTION

In Part I of this series [MSp] we introduced the concept of second
order freeness as the mathematical concept for dealing with the large N
limit of fluctuations of N x N-random matrices. Whereas Voiculescu’s
freeness (of first order) provides the crucial notion behind the leading
order of expectations of traces, our second order freeness is intended
to describe in a similar way the structure of leading orders of global
fluctuations, i.e., of variances of traces. In Part I we showed how fluc-
tuations of Gaussian and Wishart random matrices can be understood
from this perspective. Here we want to aim at a corresponding treat-
ment for fluctuations of unitary random matrices. Global fluctuations
of unitary random matrices have received much attention in the last
decade, see, e.g, the survey article of Diaconis [D].
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Our main concern will be to understand the relation between unitary
random matrices and some other ensemble of random matrices which is
independent from the unitary ensemble. This includes in particular the
case that the second ensemble consists of constant (i.e., non-random)
matrices. A basic result of Voiculescu tells us that on the level of
expectations, independence between the ensembles goes over into as-
ymptotic freeness. We will show that this result remains true on the
level of fluctuations: Independence between the ensembles implies that
we have asymptotic second order freeness between their fluctuations.

As a byproduct of these results we also get a generalization to the
case of several independent unitary random matrices of a classical result
of Diaconis and Shahshahani [DS]. Their one-dimensional case states
that, for a unitary random matrix U, the family of traces Tr(U™) con-
verge towards a Gaussian family where the covariance between Tr(U™)
and Tr(U*™) is given by 7+ d,,,. In the case of several independent uni-
tary random matrices, one has to consider traces in reduced words of
these random matrices, and again these converge to a Gaussian family,
where the covariance between two such reduced words is now given by
the number of cyclic rotations which match one word with the other.
This result was also independently derived by Radulescu [R] in the
course of his investigations around Connes’s embedding problem.

The paper is organized as follows. In Section 2, we recall all the nec-
essary definitions and results around permutations, unitary random
matrices, and second order freeness. We will recall all the relevant no-
tions from Part I, so that our presentation will be self-contained. How-
ever, for getting more background information on the concept of second
order freeness one should consult [MSp|. In Section 3, we derive our
main result about the asymptotic second order freeness between uni-
tary random matrices and another independent random matrix ensem-
ble. This yields as corollary that independent unitary random matrices
are asymptotically free of second order, implying the above mentioned
generalization of the result of Diaconis and Shahshahani [DS].

2. PRELIMINARIES

2.1. Some general notation. For natural numbers m,n € N with
m < n, we denote by [m, n] the interval of natural numbers between m
and n, i.e.,

m,n]:={m,m+1,m+2 ....,n—1,n}.
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For a matrix A = (a;;)Y._;, we denote by Tr the unnormalized and by

i.j=1>
tr the normalized trace,

Tr(A) := Z @i tr(A) = %TI(A).

If we are considering classical random variables on some probability
space, then we denote by E the expectation with respect to the cor-
responding probability measure and by k, the corresponding classical
cumulants (as multi-linear functionals in r arguments); in particular,

ki{a} = E{a} and ko{a, as} = E{ajas} — E{a;}E{as}.

2.2. Permutations. We will denote the set of permutations on n el-
ements by S,. We will quite often use the cycle notation for such
permutations, i.e., m = (i1,4s,...,1,) is a cycle which sends iy to i1
(k=1,...,7), where 4,4 = ;.

2.2.1. Length function. For a partition m € S,, we denote by #m the
number of cycles of 7 and by |7| the minimal number of transpositions
needed to write 7 as a product of transpositions. Note that one has

7|+ #7m=n  forallw e S,.

2.2.2. Non-crossing permutations. Let us denote by ~, € S, the cycle
Yo = (1,2,...,m).
For all m € S,, one has that
7l + et < — 1.

If we have equality then we call m non-crossing. Note that this is
equivalent to

#m+ #(%ﬂr—l) =n+1

If 7 is non-crossing, then so are v,7~! and 7= 17,; the latter is called
the (Kreweras) complement of 7.

We will denote the set of non-crossing permutations in S,, by NC(n).
Note that such a non-crossing permutation can be identified with a
non-crossing partition, by forgetting the order on the cycles. There is
exactly one cyclic order on the blocks of a non-crossing partition which
makes it into a non-crossing permutation.
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2.2.3. Annular non-crossing permutations. Fix m,n € N and denote
by Ym.» the product of the two cycles

Y = (1,2,...,m)(m+1,m+2,....m+n).

More generally, we shall denote by 7y, ..m, the product of the corre-
sponding k cycles.

We call a m € S,4n connected if the pair m and ~,,, generates
a transitive subgroup in S,,.,. A connected permutation ™ € S,, .,
always satisfies

(1) 7] + o] < m+ .

If 7 is connected and if we have equality in that equation then we
call T annular non-crossing. Note that with 7 also v, ,7 ! is annu-
lar non-crossing. Again, we call the latter the complement of w. Of
course, all the above notations depend on the pair (m, n); if we want to
emphasize this dependency we will also speak about (m,n)-connected
permutations and (m, n)-annular non-crossing permutations.

We will denote the set of (m,n)-annular non-crossing permutations
by Snyc(m,n). Again one can go over to annular non-crossing partitions
by forgetting the cyclic orders on cycles; however, in the annular case,
the relation between non-crossing permutation and non-crossing parti-
tion is not one-to-one. Since we will not use the language of annular
partitions in the present paper, this is of no relevance here.

Annular non-crossing permutations and partitions were introduced
in [MN]; there, many different characterizations—in particular, the one
(@ above in terms of the length function—were given.

2.2.4. Other notations. We say that A = {A;,..., Ay} is a partition of
aset [1,n]if sets A; = {A;1,..., Aiiu)} are disjoint and non-empty and
their union is equal to [1,n]. We call Ay, ..., Ay the blocks of partition
A. For a permutation m € S,, we say that a partition A is w-invariant
if  preserves each block A;.

IfA={A,..., Ay} and B = {By, ..., B;} are partitions of the same
set, we say that A < B if for every block A; there exists some block B;
such that A; C B;. For a pair of partitions A, B we denote by AV B
the smallest partition C' such that A < C' and B < C. We denote by
1, = {[1,n]} the biggest partition of the set [1,n].

If, for 1 < ¢ < k, m; is a permutation of the set A; we denote by
m X -+ X m, € 5, the concatenation of these permutations. We say
that m = m; X -+ X 7 is a cycle decomposition if additionally every
factor ; is a cycle.
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2.3. Haar distributed unitary random matrices and the Wein-
garten function. In the following we will be interested in the asymp-
totics of special matrix integrals over the group U (V) of unitary N x N-
matrices. We always equip the compact group U(N) with its Haar
probability measure and address its elements then as Haar distributed
unitary random matrices. Thus the expectation E over this ensemble
is given by integrating with respect to the Haar measure.

The expectation of products of entries of Haar distributed unitary
random matrices can be described in terms of a special function on the
permutation group. Since such considerations go back to Weingarten
[W], Collins [C] calls this function the Weingarten function and denotes
it by Wg. We will follow his notation. In the following we just recall the
relevant information about this Weingarten function, for more details
we refer to [C, ICS].

We use the following definition of the Weingarten function. For
€S, and N > n we put

Wg(Na 7T) = E[Ull o Unnvlw(l) T Unrr(n)]a

where U = (Uj;)};—; is an N x N Haar distributed unitary random ma-
trix. Sometimes we will suppress the dependency on N and just write
Wg(7m). This Wg(N, 7) depends on 7 only through its conjugacy class.
General matrix integrals over the unitary groups can be calculated as
follows:

(2) EUsj - Ui Uiy Uil

- Z Oini iy Oty Onsyyy Oy WO -
a,B€Sy

The Weingarten function is a quite complicated object, and its full
understanding is at the basis of questions around Itzykson-Zuber inte-
grals. For our purposes, only the behaviour of leading orders in N of
Wg(N, 7) is important. One knows (see, e.g., [(, ICS]) that the leading
order in 1/N is given by |7| + n and increases in steps of 2.

Let us use the following notation for the first two orders (7 € S(n)):

Wg(N, 71') _ M(ﬂ_)N—(\nH—n) + ¢(7T)N—(|7r\+n+2) + O(N_(‘Wl+n+4)).
One knows that p is multiplicative with respect to the cycle decom-
position, i.e.,
p(my X m) = p(mr) - ().
The important part of the second order information is contained in the

leading order of Wg(m x my) — Wg(m)Wg(ms), which is given by
pa(m1, o) o= pu(my X o) — p(m1)p(ma) — G(m) (7).
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Note that we have
M2(7T177T2) :,U2<7727771)'

Collins [C] has general counting formulas for the calculation of y and ps
(and also higher order analogues); however, a conceptual explanation
of 19 seems still to be missing. p is the Moebius function of the lattice
of non-crossing partitions (thus determined by Catalan numbers), and
this fact is quite well understood by the relation between p and asymp-
totic freeness of unitary random matrices. In a similar way, one should
get a conceptual understanding of py by the relation with second order
freeness. In the present paper we will not pursue further this direction,
but we will come back to it in forthcoming investigations. Here we will
not rely on the concrete values of p or po, but will only use their above
mentioned basic properties.

2.4. Second order freeness. In [MSp|, we introduced the concept
of second order freeness which is intended to capture the structure
of the fluctuation functionals for random matrices arising in the limit
N — o0, in the same way as the usual freeness captures the structure
of the expectation of the trace in the limit. We recall the relevant
notations and definitions.

Definition 2.1. A second order non-commutative probability space
(A, p1, o) consists of a unital algebra A, a tracial linear functional

p1: A—=C  with ¢(1)=1
and a bilinear functional
w2 Ax A— C,
which is tracial in both arguments and which satisfies
wa(a,1) =0 =y(1,b) for all a,b € A.

Notation 2.2. Let unital subalgebras A, ..., A, C A be given.

1) We say that a tuple (ai,...,a,) (n > 1) of elements from A is
cyclically alternating if, for each k, we have an i(k) € {1,...,r} such
that a,, € A and, if n > 2, we have i(k) # i(k+1) forallk =1,... n.
We count indices in a cyclic way modulo n, i.e., for k& = n the above
means i(n) # i(1). Note that for n = 1, we do not impose any condition
on neighbours.

2) We say that a tuple (aq, ..., a,) of elements from A is centered if we
have

e1(ar) =0 forallk=1,...,n.
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Definition 2.3. Let (A, ¢1,¢2) be a second order non-commutative
probability space. We say that unital subalgebras A;,..., A, C A are
free with respect to (@1, p2) or free of second order, if they are free (in
the usual sense [VDN]) with respect to ¢ and if the following condition
for oo is satisfied: Whenever we have, for n,m > 1, tuples (a4, ..., a,)
and (by,,...,b;) from A such that both are centered and cyclically
alternating then we have

(1) If n # m, then
wg(al...an7bm...b1) :0
(2) fn=m=1anda€ A;, be A;, with i # j, then

wo(a,b) = 0.
(3) If n=m > 2, then
n—1
Pa(ar - n, by -br) = or(arbiiy) - r(@sharn) - p(anbn).
k=0

For a visualization of this formula, one should think of two concentric
circles with the a’s on one of them and the b’s on the other. However,
whereas on one circle we have a clockwise orientation of the points, on
the other circle the orientation is counter-clockwise. Thus, in order to
match up these points modulo a rotation of the circles, we have to pair
the indices as in the sum above.

Recall that in the combinatorial description of freeness [NSp|, the
extension of ¢, to a multiplicative function on non-crossing partitions
plays a fundamental role. In the same way, second order freeness will
rely on a suitable extension of (5.

Notation 2.4. Let (A, 1, p2) be a second order non-commutative
probability space. Then we extend the definition of ¢, and ¢y as fol-
lows:

U Sp x A") —
(7T, Aty ..., an) — o1(m)[al, ..., a,
is, for a cycle m = (i1,149,...,1,), given by
pi(m)lar, ..., an] == p1(ai aiaiy -+ - a;,)

and extended to general m € S,, by multiplicativity

p1(m X m)lay, ..., a,] = p1(m)]a, ..., an] - p1(m)|ay, ..., anl.
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In a similar way,

o0

Vg : U (Sm X Sp x A™ x A") — C
m,n=1
(1, T2y A1y o ooy Ay b1y o b)) = 0oy, o) @1, - oy Qs b1y ey by
is defined, for two cycles m = (i1,42,...,1,) and m = (J1,J2,---,Jr),
by
902(71772)[611, ce Qs by -,bn] = 802(6%'16%2 - 'aipvbjjbjg e 'bjr)

and extended to the general situation by a ‘cocycle property’

(3) ()02(71'1 X 7T2,7T3)[CL1, .. .,am;bl, .. 7bn]
= @o(m1, m3)[ar, ..., am; b1, ... ba] - o1(m2)|ar, ..oy am, b1, .., by
+ @2(7T2,7Ts)[a17 R A T 7bn] : 901(7T1)[CL1, ey Oy by '7bn]-

and

(4) @a(my, my X m3)[a1, .-, am; b1,y ..., byl
= @o(m1, m) a1, ..., am; b1, ... ba] - o1(m3)[ar, .oy am, b1, .., by
+ oy, m3) a1, -y A b1y - by - pr(m)[a, - oo am, by, -, by
3. ASYMPTOTIC SECOND ORDER FREENESS FOR UNITARY RANDOM
MATRICES
Notation 3.1. Suppose € : [2]] — {—1,1} is such that 32 ¢ = 0.
We write 6_1(1) = {p17p27 s 7pl} and 6_1(_1) = {Q17 qz, ..., QZ}7 with

prL<pe<---<prandq < g < --- < q. Let Séi) be the permutations
7 in Sy such that 7 takes {p1,...,p} onto {qi,...,q} and vice versa.

Given a 7 in Sé? we may extract a pair of permutations «, and (3, in
S; from the equations
T(Park)) = qr and 7(qr) = s, (k)
and conversely: (a, 3) — m, . Thus we have a bijection of sets between
S4) and S x .
Given 7 € S§) we let 7 € S; be defined by

Wz(pk) = Pz(k)
Note that 77, 5 = o™t
Note that we have
#m = #7,
and thus
|| = |7| + 1.
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Lemma 3.2. Fix |l € N and v € Sy. Let, for N € N, U be a Haar
distributed unitary N X N random matriz. Let € : [21] — {—1,1} such

that ZZ 1€ = 0. Then we have for all 1 < py,...,pa,71,...,790 < N
that

(5) E{U;i, Ty Upsior (20 } - Z H Pk (m (k) We(N, 7).

resse) k=1
Proof. Let iy, i, ji, j;. be such that
E{UEI N s o } E{Uzl e U JUY o UF }7

P17 p2l7 i,31 Y g1, Jisi

e 1, = Tpys Ji = Ty(me) T = Ty(qe)> a0d ji = 7¢,. Thus we have
. . . -/ o
e = Ty(qr) = Ty(m(Pack)))> and Yak) = Tpagk)

and

jé(k) = Ty(psry) = Tv(n(qr))> and Ji =1,
which shows that

. o -/ o
U = 2ak) <= Tpagy = Tv(m(@agey)
and
. o ./ .
Je = Jptk)y <= Taq. = Ty(n(ar))-
Thus
l
H 5% a(k) ]k’]ﬂ(k) H 5"'6’ Ty(m(k)) "
k=1
Hence
€1 . Egl * . *
{Uph (1) P217 y(2l) } {Uzlpﬁ U'LlJl U]hll Ujlﬂl}
= § : 57,17, (1) o ana(n) 5]1][3@) e 6]n]£3(n)wg<ﬁai )
a,BES
21
= E : H 6pk77‘q(7r(k)) We (7).
res(o k=1

g

We can now address the question how to calculate expectations of
products of traces of our matrices. The following result is exact for
each N; later on we will look on its asymptotic version.

Note that the notation Tr,[D;, ..., D,] for m € S, is defined in the
usual multiplicative way, as was done in Notation 24l for ;.
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Proposition 3.3. Fiz my,...,my € N such that m; + -+ + my = 2l
1s even. Let, for fited N € N, U be a Haar distributed unitary N x N -
random matriz and D+, ..., Dy be N x N-random matrices which are
independent from U. Let e - [21] — {—1,1} with .-, & = 0. Put
Y = Yor,mi - Lhen

(6)
E{Tr(DyU - - Dy U™ Y Tr(Dyy 41U+« Dy Uiz ) )

= Y Wg(N,#) - E{Tr,-[Dy,..., D]}.
WESS)

Proof. Summations over r’s and p’s in the following formulas are from
1 to N. We denote v = v,

M

E{Tr(D;U" -+ Dy, U™ )Tt (Dyy 11 U™+ ++ Dy, Um4m2) -

- Z E{ pl, 1) ;jll, «,(21)} E{ 7"(1 o (D21)T(21)P(2l)}

T1,.-.721
P1,---5P21

21
= Z Z H pk,m(ﬂ(k)) E{ (Lp(1) * (DZZ)T(QZ)P(W)}

r1,...T20 WES() k=1

P1,--,P21
=) Wg(7) Y H% r ELD1)rwp) - (Da)raipien }
resle D1ye-P21 k=1
2 71,
= Y Wg(7)E{Tr\z[Ds, ..., Dal}.
WESS)
O

Motivated by the result of Voiculescu [Voill, Voi2] that Haar dis-
tributed unitary random matrices and constant matrices are asymp-
totically free, we want to investigate now the corresponding question
for second order freeness. It will turn out that one can replace the
constant matrices by another ensemble of random matrices, as long as
those are independent from the unitary random matrices. Of course,
we have to assume that the second ensemble has some asymptotic limit
distribution. This is formalized in the following definition. Note that
we make a quite strong requirement on the vanishing of the higher
order cumulants. This is however in accordance with the observation
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that in many cases the unnormalized traces converge to Gaussian ran-
dom variables. Of course, if we have a non-probabilistic ensemble of
constant matrices, then the only requirement is the convergence of ky;
all other cumulants are automatically zero.

Definition 3.4. 1) Let {A4;,..., As}n be a sequence of N x N-random
matrices. We say that they have a second order limit distribution if
there exists a second order non-commutative probability space (A, ¢4,
o) and ay,...,as € A such that for all polynomials py,py,... in s
non-commuting indeterminates we have

(7) ]\}Ln;o ki {tr[pi (A1, ..., A)]} = ei(pi(ai, ..., a5)),

(8) ]\}LH;OkQ{TI‘[pl(Al,..., )] Tl"[pg Al,..., } =

gog(pl(al,...,as);pg(al,...,as)),
and, for r > 3,

(9) ]\}iinookr{Tr[pl(Al, .. ~7A5)], .. .,Tl‘[pr(Al, ce ,AS)]} =0.

2) We say that two sequences of N x N-random matrices, {Ay, ..., As}n
and {By,..., B}y, are asymptotically free of second order if the se-
quence {A1,...,As, By, ..., B;}n has a second order limit distribution,
given by (A, p1,¢2) and ay,...,asby,...,0, € A, and if the unital
algebras

Ay =alg(1,aq,...,a) and Ay = alg(1,by,...,b)
are free with respect to (¢1, ¥2).

Notation 3.5. Fix m,n € N and let € : [I,m +n] — {-1,+1}. We
defined S ), in Notation Bl for the case where """ e(k) = 0, as
those permutations in S,,, for which e alternates cyclically between

—1 and +1 on all cycles. Note that this definition also makes sense
in the case where the sum of the €’s is not equal to zero, then we just

have Sm+n = (. Let ¢; and e be the restrictions of € to [1,m] and to
[m + 1, m + n], respectively. Then we put

S](\?C(m, n) = anJrn N Sne(m,n)
and

NC@) (m) := S 0 NC(m), NC©)(n) := S 0 NC(n).
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Theorem 3.6. Let {U}y be a sequence of Haar distributed unitary
N x N-random matrices and {Aq,..., As}n a sequence of N x N-
random matrices which has a second order limit distribution, given by
(A, p1,02) and ay,...,as € A. Furthermore, assume that {U}yN and
{Ay, ..., A} N are independent. Fix now m,n € N and consider poly-
nomials p1,...,Pmen M S non-commuting indeterminates. If we put
(i=1,....m+n)

Di ::pi(Ala"'7AS) and dl = pl(ala"'aa’s)a
then we have for all (1), ..., e(m+n) € {—1,4+1} that
(10)  lim ko {Tr(D1U - - - Dy U™), Te( Dy U™ -+ - Dy US40 )

_ Z w(7) - o1 (Ymnm)[drs - - s dinen]

WES](\?)C (m,n)

+ Z (Mz(ﬁlﬁz) ~O1(YmT1 X YuT2)[dy, - -+, ]
T ENC(1) (m)
T ENC(€2) (n)

+ lu(ﬁ-l X 77—2) . 902(77117(1’ 7n7r2)[d17 ey dm-f—”]) .

Note that in the case where the sum of the €’s is different from zero
this just states that the limit of ko vanishes.

Proof. For notational convenience, we will sometimes write m +n = 2l
in the following, and also use v 1= Yy, .

We have
ko {Tr(DU -+ - Dy U™), Tr(Dypy U+ -+ - Dy U ) }
=E{Trx(D,U" - - Dy U™ Tr(Dppy U™ - - DyyU™) }
—E{Tx(D,U" - -- DpU™) } - E{Tx (D U™+ -+ - DyU™) }
= Y Wg(7) - E{Trye[D1,..., Dy}
WESS)

— Y Wg(#)We(f2) B{Tty,.r, [D1, .., Do)} B{Tty, m,[Dps1, - - ., Dot}
7'('1657(—:,,1)
7'('2657(162)

= Z Wg('ﬁ-)'E{Trfyﬂ'[Dla"‘7D21]}
WGSé;)

7 connected
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+ Y (Wg(fn X #3) - B{Tts, mrxonmal D1, . Dt}

T GS,(,?)

T 657(;2)

—Wg(le)Wg(@)‘E{Trwmm (D1, ..., Dm]}'E{TT%m Dty - - Dzz]})
The leading order in the first summand for a connected 7 is given by

#(ﬁ_1)N—(|fr*1|+(m+n)/2) . N#Om) -E{trw[Dh o Dm+n]} -
= Nl bl (77 Bt Dy, - Dol -
Recall that, for a connected 7=!, we always have
m+n— |77t —|yr] <0,

and equality is exactly achieved in the case where 7! is annular non-
crossing. Thus, in the limit N — oo the first sum gives the contribution

Z M(ﬁ-_l) ’ Qpl(vﬁ_l)[dla SRR dm-i—n]'
w_lesl(\?c(m,n)

For a disconnected 71 X o, on the other side, the leading orders in N of
all relevant terms are given as follows: Wg(7; X 72) and Wg(7;)Wg(72)
have leading order (note that p is multiplicative)

) (5)

E{Tr%7T1 Dy, ..., Dm]} . E{Tr%7T2 [Dipss - - Dm+n]} and
E{Tr%mX%7r2 [Dy,..., m+n]} have leading order

Y

1 > [y |+ ynme|—(m+n)

O1(YmT1L X Ynm2)[d1, . . ., dipyn) <N

Weg(m X 72) — Wg(7r1)Wg(72) has leading order

- 1\ |71 =2
i 7Y ()

and ko{Try, x[D1, ..., D, Tty my[Diti, - - ., Dings] } has leading or-
der

1 [Ymm1 |+ yn 2| +2—(m+n)
302(7m7r1a 7n7r2)[d17 sy dma dm-l—la ey dm-‘,—n] (N)

If we note that
[+ [y | > m 4+ 1
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for all 7+ € S,,, with equality if and only if 7;! is non-crossing, and

the same for 7, !, then we see that the leading orders in N are coming
exactly from non-crossing 7; ' and 7, and their contribution is as
claimed in the assertion. U

In the following we address the estimates for higher order cumulants,
k, for r > 3.

For a permutation m € Sy, € : [1,2]] — {—1,4+1} and N > 2] we
denote

) —
C7(T€ =k (U;im’ T U;;lyqy)’
where the indices pq, ..., P2, q1, ..., qy Were chosen in such a way that

(pi=q;) = (r(i) =)
It was shown by Collins [C] that

(11) §7(r€) -0 (NZ—\M—Z#W) -0 (N2—2l—#ﬂ') ]
If Dy, ..., D; are random matrices and 7 € .S; is a permutation with
a cycle structure m = 1y X - - - X 7, with 7; = (m; 1, ..., 7;;)) we denote

ke(D1, ..., D)) = ke(Tr(Dry y -+ Doy yiy) ), Te( Dy -+ Doy )5+ )

When o € S, and A = {4,,..., A} is a o—invariant partition of
[1,n] we can always write 0 = 01 X -+ - X 0}, where 0; is a permutation
of the set A;. We denote

Coh = )¢5
and
Ko a(D1, ..., Dy) =kg(D1,...,Dy) ko (Dy,...,D,)

by a multiplicative extension. The relation between moments and cu-
mulants implies that for any o € S,

We(5) =D ¢
A

E{Tt,(D1,...,Dn)} =Y kea(D1,...,Dy)
A

where the sums run over all o—invariant partitions A.

Theorem 3.7. Let {U}y be a sequence of Haar distributed unitary
N x N-random matrices and {Aq,...,As}n a sequence of N x N-
random matrices which has a second order limit distribution, given by
(A, p1,02) and aq,...,as € A. Furthermore, assume that {U}yN and
{Ay,..., A} N are independent. Fiz now k, mq,--- ,my € N and set
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Y = Ymrmps = mq + - +my. Consider polynomials py,...,p; in s
non-commuting indeterminates. We set (i=1,...,1)

Di = pi(Ah e ,AS)

and consider €y, ..., e, € {—1,+1}
Then, for every fived r € N

(12)

kr{Tr(DlU“ o Dy U™, Tr(Dypy g1 U™ - Doy, USmm2) e }

:Z Z Cff,)A'kva(Dlv-“’D”)’

(& AB
mESh A\/BZl[Ln]
where the second sum runs over pairs (A, B) of partitions of [1,n] such
that A is m—invariant and B is ym—invariant and furthermore AV B =
Secondly, we have for r > 3 that
(13)

lim kT{TI‘(Dqu .. .l)ml[]eml)7 Tr(Dm1+1U6m1+1 .. .Dml+m2U€m1+m2)’ C

N—oo

Proof. In order to show (I32) it is enough to use Proposition and to
see that () indeed fulfills the defining property of cumulants.

In order to show ([F), we have to control the order of the appearing
products <7(:,)A -k B

Let ¢; denote the number of blocks of B which contain exactly i
cycles of yw. By the definition of these quantities we have, by using

(D), that
Q(;A _ O(N2#Afn7#7r)
and, by using our assumption on the limit distribution of the D’s, that

B O(Ncl), if B has only blocks of size 1 and 2
ymB o(Ncl), if B has at least one block of size > 3

Note that

c1 = #(ym) — chZ
i>2
Thus we get

¢ knp(Dy,...,D,) = {
Suppose first that cs + ¢4 + --- > 1; then
Zz’ci = (CQ+03+"')+Z(i— 1)Ci Z 1—|—(#(’)/7T) —#B)

i>2 i>1

O(N2#A*n*#7r+#(77f)*262) ifes+cey+ -
O(NZ#A*TL*#WJF#(VW)*EQQ ici) if Cg+cy+ -
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and hence
¢ Kymp(Dr, ..., DY) = o NH#Am—#TH#OM - 1—#(m)+5),
Note now that the requirement AV B = 1j; ,,) implies that
(14) H#A+#B <n+1.
So we can in this case estimate our asymptotics against
o(N#A=#7Y,

which goes to zero in any case, because #A < #.
Suppose now, on the other hand, that c3 + ¢4 + --- = 0; then

#(77-() - #B = Cy,
and thus
C(E)A kyrp(Dy,. .., D,) = O(N##A-—#mH#Om =2 (m)—#5))
Using again ([4) and
#r+H#(ym) =2n— (7| + |y7]) > 2n—|y| =n+7r
we can estimate the asymptotics in this case against
O (NQ—T’) ’
which gives, for r > 3, the required bound. Il

Theorem 3.8. Let {U}y be a sequence of unitary N x N-random
matrices and {Ay, ..., As}n a sequence of N x N-random matrices
which has a second order limit distribution. If{U}n and {Aq, ..., As}tn
are independent, then they are asymptotically free of second order.

Proof. The asymptotic freeness with respect to ky{tr[-]} is essentially
the same argument as Voiculescu’s proof [Voill, Voi2] for the case of
constant matrices, see also the proof of Collins [C].

Theorem B provides the bound on higher order cumulants so we
need to prove now only the second order statement.

We have to consider cyclically alternating and centered words in
the U’s and the A’s. For the U’s, every centered word is a linear
combination of non-trivial powers of U, thus it suffices to consider such
powers. Thus we have to look at expressions of the form

(15) kg{TI'(BlUi(l) o BpUi(p)), Tr(Uj(T)CT o Uj(l)Cl)},

where the B’s and the C’s are centered polynomials in the A’s and
i(1),...,i(p),4(1),...,5(r) are integers different from zero. We have



FLUCTUATIONS OF UNITARY RANDOM MATRICES 17

to show that in the limit NV — oo the expression ([H) converges to
(16)

p—1

Opr Z 01(B1Cir)pr (UMDY - gol(BpCerk)gpl(Ui(P) Uieth)y.

k=0

We can bring the expression (1) into the form considered in Theorem
by inserting 1’s between neighbouring factors U or neighbouring
factors U*. If we relabel the B’s, C’s, and 1’s as D’s then we have to
look at the following situation: For polynomials p; in s non-commuting
indeterminates we consider

Di = pi(Alu s 7AS)7

which are either asymptotically centered or equal to 1. The latter
case can only appear if we have cyclically the pattern ... UD;U ... or
...U*D;U* . ... Formally, this means:

o if €,-1(;) = ¢ then either D; = 1 (for all N, i.e., p; = 1) or

N—oo

e if ¢,-1(; # ¢ then
We can now use Theorem for calculating the limit

lim k2{Tr(D1U€1 e DmUEm)7 TI'(DerlUEm‘H e Dm+nU€m+n)}7

N—oo

and we will argue that most terms appearing there will vanish. Con-
sider first the last two sums, corresponding to m; € NC(m) and my €
NC(n). Since 7, is non-crossing we have that #m; +#(y,m 1) = m+1.
Since each cycle of m; must contain at least one U and one U*, we have

m
#m < 5

which implies #(y,m; ') > m/2 4+ 1. However, this can only be true if
Ym7; ! contains at least two singletons. Note that if (i) is a singleton
of v,y b and if we have D; = 1 for that i, then we have

Y (i) =4, thusw (@) = 9,1 (1) =7 (),
and hence

€xrl() = Ey713) = G

which is not allowed because m; is from N C’(“)(m), i.e., it must connect
alternatingly U with U*. Thus, both

(251 (’Vmﬂ-l X ’7n7r2)[d1a ceey dm-‘,—n]
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and
902(’Ym7Tla ’Yn@)[dla Ceey dm+n]

are zero, because at least one singleton (i) gives the contribution ¢;(d;) =
0.

Consider now the first summand, for a 7 € S](\?)C(m, n). Let us put
again vy 1= Yy, . Since 7 is annular non-crossing we have

|| + |y m+n,

or
#1+ #(yn ) =m+n.

Again, each cycle of m must contain at least two elements, i.e.,

thus

If 7! has a singleton (i), then this will contribute ¢;(d;) and since,
as above the case d; = 1 is excluded for a singleton, we get a van-
ishing contribution in this case. This implies that, in order to get a
non-vanishing contribution, y7~! must contain no singletons, which,
however, means that we must have

#H(yr) = mt n’ and thus also #Hm = m 2+ n

2
i.e., all cycles of ym~! and of 7 contain exactly two elements. This,
however, can only be the case if each cycle connects the outer circle
with the inner circle. Being non-crossing fixes the permutation up to
a rotation of the inner circle. Thus, in order to get a non-vanishing
contribution, we need m = n and

7= (LA 2n)(2,75@2n 1)), .., (n,7 (0 + 1))

for some k =0,1,...,n—1. Note that m must always couple a U with a
U* and the factor p(7) is always 1 for such pairings. This gives exactly
the contribution as needed for second order freeness. U

Let us exploit a bit more the implications of Theorem In partic-
ular, we can choose there all D; equal to 1. Then we have that all ¢
contribute a factor 1 and all o contribute a factor 0. Thus the third
term in Eq. (I0) vanishes and we get the following formula for the limit
of kg.
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Corollary 3.9. Let {U}n be a sequence of Haar distributed unitary
N x N-random matrices. Then {U}x has a second order limit distri-
bution which is given by

(17) ]\}lm kQ{Tr(UEI . Uem)’ Tr(Ueerl . Ueern)}
= Y w®+ D (i, )
ﬂ‘ES](\ié(m,n) reNC(€1) (m)
roeNC(€2(n)

Since U is unitary, we can reduce the considered products of U and
U™ either to 1, a power of U or a power of U*. In this reduced form the
above corollary recovers a classical result of Diaconis and Shahshahani
[DS]. (One should, however, note that Corollary has also some
merits in its general non-reduced form. In principle, it allows to derive
the values of pp. These kind of questions will be considered elsewhere.)

Corollary 3.10. Let {U}y be a sequence of Haar distributed unitary
N x N-random matrices. Then {U}x has a second order limit distri-
bution, which is given by (m,n >0)

(18) Jim ko {Tr(U™), Tx(U™)} =0
and
(19) dim. ko {Te(U™), Te(U™™) } = nbpmy,

Proof. The main observation to be made is that contributing permu-
tations must connect alternatingly a U with a U*. Thus, in the case of
ko {Tr(U™), Tr(U™)} there are no contributing permutations at all and
we get zero in this case. In the other case, there are no possibilities for
7 or me and the only 7 € S](G)C(m, n) which connect in this alternating
way are pairings, where each block must contain one U and one U*.
This forces m and n to be equal. In that case there are n possibilities
for such pairings: we have the freedom of pairing the first U with any
of the U*. After this choice is made the rest is determined. Since p(7)
is always 1 for such pairings we get the claimed formula. U

Of course, a natural question in this context is how the above result
generalizes to the case of several independent unitary random matrices.
Note that after we have established the existence of a second order
limit distribution for Haar distributed unitary random matrices we can
use an independent copy of them as the ensemble {A;,..., As} in our
Theorem Clearly this can be iterated to give the following.
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Theorem 3.11. Let {UM}y, ..., {UD}x be r sequences of Haar dis-
tributed unitary N x N-random matrices. If {UM}n, ..., {UM}xn are
independent, then they are asymptotically free of second order.

This contains the information about the fluctuation of several inde-
pendent Haar distributed unitary random matrices. Again, it suffices
to consider traces of reduced words in our random matrices, i.e., ex-
pressions of the form
(20) TT[U@((Q) T Uﬁfﬁ)]
for n € N, and k(r) € Z\{0} and i(r) # i(r +1) forallr =1,...,n
(where i(n + 1) = i(1)). But these are now products in cyclically
alternating and centered variables, so that by the very definition of
second order freeness we get

k(m l(n l

= Omn Z 901 k(l 1(114:3)) ) (Uf(g)b) Uﬁgﬁj)))-

The contribution of ¢; in these terms vanishes unless the matrices and
their powers match. Note also that the vanishing of higher cumulants
can be rephrased in a more probabilistic language by saying that the
random variables (20) converge to a Gaussian family.

Corollary 3.12. Let {Uq)}n, ..., {Uqm) }n be independent sequences of
Haar distributed unitary N x N-random matrices. Then, the collection
(20) of unnormalized traces in cyclically reduced words in these random
matrices converges to a Gaussian family of centered random variables
whose covariance is given by the number of matchings between the two
reduced words,

(22)
k(l) k(m) I(n) I(1)
]\}I_Igokg{Tr Uiy 1 TUG 00 -+ U )]}

(1
:5mn~#{r€{1, Ln}li(s) =j(s+r),
k(s)=—l(s+r) Vs=1,...,n}

This result was also obtained independently in the recent work of
Radulescu [R] around Connes’s embedding problem.

The following theorem gives an easy way to construct families of
random matrices which are asymptotically free of second order.

Theorem 3.13. Let {U}y be a sequence of Haar distributed unitary
N x N-random matrices, let {Aq,..., As}n be a sequence of N X N-
random matrices which has a second order limit distribution and let
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{By,...,Bi}n be another sequence of N x N-random matrices which
has a second order limit distribution. Furthermore, assume that {A;,
ooy Ag, By, ..., Byl and {U}y are independent. Then the sequences
{A, ... AN and {UB, UL, ..., UB,U™ 1} 5y are asymptotically free of
second order.

Proof. Observe that under the additional assumption that {Ay, ..., A,
By, ..., B} has a second order limit distribution it is enough to apply
Theorem B8 In order to show that the latter assumption is not nec-
essary, one has to revisit the proof to see that trivial bounds on mixed
moments and cumulants are sufficient to show asymptotic second order
freeness.

g

We say that a tuple { By, ..., B} of N x N-random matrices is U (N )—
invariant if for every U € U(N) the joint probability distribution of
the random matrices {By, ..., By} coincides with the joint probability

distribution of the random matrices {UB, U™, ..., UB,U"'}.

Corollary 3.14. Let {Ay,..., As}n be a sequence of N x N-random
matrices which has a second order limit distribution and let {By, ...,
Bi}n be a sequence of U(N)—invariant N x N-random matrices which
has a second order limit distribution. Furthermore assume that the ma-
trices {Ay, ..., As}n and the matrices {By,. .., By} n are independent.
Then the sequences {Ay, ..., As}n and {By, ..., Bi}n are asymptoti-
cally free of second order.
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