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Linear Algebra: Basic Concepts

Vectors
® \ector v e R™
® Ordered list of m numbers: v = (vi,vo,...,Vpy)
e Column vector / 1-column matrix:
Vi
V2
vV =
Vm
® Special vectors:
0 1
Zero vector 0 = | : Ones vector 1 =
0 1

Graphical Representation:
Point v e R™ or

Directed segment: from 0 to v
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Basic Concepts: Vectors
Examples of Vectors:

® Closing prices on a given day t of all stocks in the S&P 500
stock index
pi(t)
p=| : € R500
psoo(t)
where for stock j(=1,...,500) the series of daily closing
prices is given by the time series {p;(t), over days t}

® For a portfolio holding only S&P 500 stocks, the number of
shares held at start of day t

q1(t)
Q= | :
gso0(t)
® Value of the portfolio at end of day t

= 7% qi()Py(t).
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Basic Concepts: Vectors
Vectors for Portfolios

® Include cash as asset i = 0 with value pp(t) = $1 and time t
cash position go(t)

po(t) qo(t)
o l?l(t) c R q— C{l(ﬂ
l;soo(t) gso0(t)

e Portfolio Value at end of day t (no intra-day trading)
Ve = 32220 q;()pj(1).
® Rebalance portfolio at end of day t, trade A;(t) shares of
each asset j with no net contribution/distribution:
qi(t +1) = q;(t) + Aj(t) subject to 2% A;(t)p;(t) = 0.
Note: V; = Z?i% qi(t+1)pj(t)
e Portfolio Net Gain (PnL) on day ¢ + 1:
Pnl(t+1) = Vi —Ve=31q(t+1)[p(t+1) — pi(t)]
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Basic Concepts: Vectors

Vector Algebra

® Scalar multiplication: for m-vector v € R™ and scalar ¢ € R,

Vi
V2

Vm

® Addition of vectors: for two m-vectors v.and w € R,

Vi

Vo
vV4+w=| +

Vm

¢ Inner Product / Dot Product: for m-vectors v and w € R™,

viwy + vowo 4 - - - VaWpy

2

(vow) =v-w =

cC X VvV
Cc X Vo

C X Vp

wi
w2

Wm

=1 YjWj

vi+wy
Vo + Wp

Vi + Wm
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Basic Concepts: Vectors
Vector Algebra with Portfolios
e Two portfolios: (m + 1)-vectors of cash and share holdings for
each portfolio (m = 501) start of day t (end of day t — 1):

qO(t) W()(t)

Q1(t) Wl(t)
q; = i and w; = i

gs00(t) wsoo(t)

® Beginning of Day (BOD) Values of two portfolios:
V_BOD(q;,t) = ({Q;Pt—1)) = Q¢ * Pr—1
V_BOD(w¢, t) = ((We, Pr_1)) = We* Py
¢ End of Day (EOD) Values of two portfolios:
V_EOD(q,, t) = {(a;, p¢)) = a; * P;
V_EOD(w¢, t) = ((We,p)) = We - p;
e Portfolio Net Gain (PnL) of two portfolios
Pnl(q,,t) = V_EOD(q,,t)— V_BOD(q,,t)
= a4 [pr — Pe]
PnL(Wt, t) = Wg¢- [pf — pt—l] 6/35



Basic Concepts: Vectors

Vector Algebra with Portfolios
e Difference of two portfolios: Long/Short Portfolio
d: =q, —w;
PnL(d:,t) = V_EOD(d:, t) — V_BOD(d;,t)]]
= deop;—deepg
= PnlL(q,, t) — PnL(wy, t)
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Basic Concepts: Vectors

Vector Algebra with Portfolios
e Difference of two portfolios: Long/Short Portfolio
d: =q, —w;
PnL(d:,t) = V_EOD(d:, t) — V_BOD(d;,t)]]
= deop;—deepg
= PnlL(q,, t) — PnL(wy, t)
® Zero-Cost Portfolio dy:
0= V_BOD(d¢, t) =d; - p;_;.
® Zero-Cost Arbitrage Portfolio dj:
V_BOD(d;,t) = 0.
PnL(d3, t) > 0
Issue(!): At time (¢t — 1)
Prices p, are Random.
= PnlL(d}, t) is Random.
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Basic Concepts: Vectors

Vector Algebra
® Norm of a Vector: v € R™.
vl = Vv-v

_ m 2
= Y2XmY

® Geometric definition of dot product / inner product

v-w = |v| X |w| X cos(f)
where 0 is the angle between v and w

® QOrthogonal vectors: v and w are orthogonal if
v-w=0.
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Basic Concepts: Vectors

Linear Independence
® Vectors v and w are linearly independent if
cav+ow=>0
onIy if a=c=0
Vector Space: S = { vectors }
® If ve S then cv € S, for all scalars c € R.
elfveSandwe Sthen(v+w)eS
Basis for a Vector Space: {vi,vo,...,vp} is a basis for S if
® For any w € S there exist ¢1,¢,...cp € R
W = Vi + Vo + -+ CpVp
e lfw=0thenci=c0=---=¢=0.
Basis vectors are linearly independent
p = Dim(S)
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Basic Concepts: Matrices

Def: An m by n matrix A is a rectangular array of (m X n)
numbers {a;;,1 <i<m, and 1 <j<n}

a1 a1 e ain

a1 axp e azn
A = )

dm,1 dm,2 ce dm,n

= |laijl| (mxn)
Equivalent representations:

® Array of n column vectors: A= [aj ap --- a,] with
al?j
=1 | eRrm j=1,2
aj=| = ER™ j=1,2,...,n
am,j

10/35



Basic Concepts: Matrix Algebra

Scalar multiplication: for a matrix A = ||a;j||, scalar ¢ € R,

cA = ||caj||=claiar - - a,]
= |[caj cay ... cay) ‘
Matrix Transpose: for an m by n matrix A = ||ajj|| the

transpose of A is the n by m matrix t(A) = AT = ||a;|

The transpose of each column vector a; is a row vector:

-
aij
T_ | - I
a = |: = [ayj az amj]
amJ
The matrix transpose AT is the array of row-vectors
T
a
AT =la1 --aq] = |
al

n
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Basic Concepts: Matrix Algebra

Multiplication of a Matrix and a Vector
* A=|laj|| =[a1 ---an] an m by n matrix

Vi
€ R", an n—vector

Vn
® The product of A times v is the m-vector

y:Av:a1v1+azv2+~--a,,v,,.

Linear combination of A's columns

Vector of dot-products of A's rows

y= | yi |,withy; =377, ai;v; = row;(A) - v
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Basic Concepts: Matrix Algebra

Multiplication of Two Matrices

A = ||ajj|| = [a1 --- a,] an m by n matrix

B = ||bjj|| = [b1 --- bp] an n by p matrix

The product of A times B is the m by p matrix
C=AB=A[by by --- by] =[Ab; Aby --- Ab,]
C = ||cjj|| is m by p with
Cij = k=1 ikbyj
A and B must be “conformal”
(column-count of A = row-count of B)
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Basic Concepts: Matrix Algebra

Matrix Operations
* Addition of matrices A = ||ajj|| and B||bj||, both m by n
matrices
C = A+ B =||cjj||, where ¢cjj = a;; + b
® Transpose of matrix sum:
(A+B)" =AT +- BT
® Transpose of matrix product:
(AB)T = BT AT (order reverses!)
Associative/Distributive laws:
A(BC) = (AB)C
A(B+ C)=AB+ AC
Matrix multiplication typically not commutative:
AB # BA, generally
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Basic Concepts: Matrix Algebra

Special Matrices

® Ais a Symmetric Matrix if
AT = A ie., aj=ajiforall1<i,j<n=m

® Zero matrix
0= 0m><n
® |dentity matrix: I,
10 --- 0
01 0
oo - :[6162"'en]
0 0 0
0 0 1

Matrix of ones: J = ||Jj||, with J; =1 for all /, .

Diagonal matrix (n by n matrix of all zeros except for
diagonal)
D= diag(dl, C/27 ey dn)
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Matrices in Applications
Stochastic Matrices
® A a;>0,1<ij<m=n
® Columns of A sum to 1.
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Matrices in Applications
Stochastic Matrices

® A a;>0,1<ij<m=n

® Columns of A sum to 1.
Markov Chain Model

® m possible states: s=1,2,...,.m

e S, :state attime t =0,1,2,...

e Stationary transition probabilities

ajj=P(Stx1 =115 =) (same for all t)
7(t) : m-vector of probabilities
wi(t)=P(Se=j). j=1,....,m

e T(t+1)=A7(t)
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Matrices in Applications

Stochastic Matrices

® A a;>0,1<ij<m=n

® Columns of A sum to 1.
Markov Chain Model

® m possible states: s=1,2,...,m

e S, :state attime t =0,1,2,...

e Stationary transition probabilities

ajj=P(Stx1 =115 =) (same for all t)
e 7(t) : m-vector of probabilities
wi(t)=P(Se=j). j=1,....,m

e T(t+1)=A7(t)
Markov Chain Dynamics

o #(t+2)=A7(t+1)=A[AR(t)] = A*7(t)

e Given 7(0) = 7 : 7(t) = A7y, t=1,2,...

® Does: lim;_o T(t) = 7« exist? Stationary Distribution!
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Matrices in Applications

Positive matrices (prices/costs)
® A a;>01<i<m1<j<n
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Matrices in Applications
Positive matrices (prices/costs)
® A a;>01<i<m1<j<n
Single-Period Market Model
® nAssets: i=1,...,n

® Times: t =0 (start) t= T (end)
® Asset Price Processes:
A={AL A2 . A" t=0,T}
® Ay is known price of asset j at time t =0
® A is random price of asset j at time t = T
m Possible Scenarios at time t = T: Q = {wy,...,wy}
® Positive Price Matrix at t = T (Scenario-Dependent) :

A= laijll,
where a; j = A (wj) = Price(asset j | scenario w;)
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Single-Period Market Model

Portfolio of Assets
¢ Portfolio holdings in assets: ¢ = (q1,...,qn)
® Portfolio Cost at time t = 0:
Vo =3 i 1A0Gi = Ao~ §
® Portfolio Pay-Off at time t = T in scenario w :
Vr(wi) =227 Ar(wi)g;
m-vector of Pay-Offs for all scenarios

Vr(w1) Ar(wr) - §

. Vr(w A - g

v = T(. 2) | _ T(t«fz) | _ ag
Vr(wm) Ar(wm) - G
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Single-Period Market Model

Portfolio of Assets
¢ Portfolio holdings in assets: ¢ = (q1,...,qn)
® Portfolio Cost at time t = 0:
Vo =3 i 1A0Gi = Ao~ §
® Portfolio Pay-Off at time t = T in scenario w :
Vr(wi) =227 Ar(wi)g;
m-vector of Pay-Offs for all scenarios

Vr(w1) Ar(wr) - §
. Vr(w2) Ar(w2) - q .
Vr(wm) Ar(wm)-d

Arbitrage Portfolio ¢
e Zero/Negative Cost: Vo = Ag-G < 0.
® Positive/Non-Zero Payoff:
VT(w,-) 20, all i = 1,...,m
>0 at least one i
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Single-Period Market Model

Important Theorems/Concepts

e Conditions ensuring No Arbitrage

® Analyze space of (m+ 1)-tuples: cost/Payoffs
P = {[Vo, V7] € R™1, for all portfolios § € R".}
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Single-Period Market Model

Important Theorems/Concepts

e Conditions ensuring No Arbitrage
® Analyze space of (m+ 1)-tuples: cost/Payoffs
P = {[Vo, V7] € R™1, for all portfolios § € R".}
® Market Completeness (existence of portfolios realizing any
pay-off vector v € R™ at time T)
® Existence and uniqueness of Pricing Measure on scenarios:

Q" : @ (wi) =97 >0,> 4 =1,
which prices assets at t = 0 by
Al = aEQV A =aX " Ar(wi)agr

for every asset j =1,...,n and
the scalar a > 0 is a Discount Factor

* No Arbitrage if all g7 >0

® Market Complete with No Arbitrage

if Pricing Measure Q* is Unique.
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Systems of Linear Equations

Solving a System of Equations:
AX = b where

® Ais mx n (known)
e be R™ (known)
® X € R" (unknown)

Case 1: m = n and A has full rank n.

e det(A) = |A| # 0.
* A1 exists:
AATL = ATIA =1,
® Solution:
X=A"'b
Other Cases:
® m < n (under-determined)
® m > n (over-determined)
® rank(A) < min(m, n)
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Eigenvalues and Eigenvectors

Definition 1: Let A = ||a;||, an n by n matrix of real values aj;
Suppose

€R

€ R"

=V

<UL >

A
Then:

® ) is an eigenvalue of A
® vV € R" is an eigenvector of A corresponding to A
Solving for Eigenvalues/Eigenvectors:

e (A— )V =0.
System of equations (linear in V)

® det(A— M) =|A— )| =0.
Roots of polynomial in A of degree n
(May be real /complex/repeated)
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Eigenvalues and Eigenvectors

Theorem. max|y—1|AV| = max{|\(A)|, }

(maximum absolute eigenvalue of A)
Proof: (to come)
Theorem. Suppose that the n by n matrix A has n independent

eigenvectors {V;,j = 1,...,n}
AV = \wvi
A\72 = )\2\72
AV, = AV,
Define the n by n matrix S = [v4 Vo -+ V]

e AS = SA, where A = diag(A1,...,\n)
e S—1 the inverse matrix of S exists

e A=SAS!

® S71AS = A, (A is diagonalized by S)
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Eigenvalues and Eigenvectors

Powers of a Diagonalizable Matrix A
o A= SAS1 where
S=[hva - V]
N= diag()\l, )\2, ceey )\n)
o Ak = SAKS—1 for positive integer k
Eigenvectors: columns of S (unchanged!)
Eigenvalues: \;(A%) = [)\;(A)]k = )\J’-‘
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Eigenvalues and Eigenvectors

Powers of a Diagonalizable Matrix A

o A= SAS1 where
S=[hva - V]

N= diag()\l, )\2, ceey )\n)

o Ak = SAKS—1 for positive integer k
Eigenvectors: columns of S (unchanged!)
Eigenvalues: \;(A%) = [)\;(A)]k = )\J’-‘

State Equations in Kalman Filters

® {;: the n-dimensional state of a dynamical system at time t

® iy, the system state at time t = 0.

e State equation (deterministic):

Uy = Aldy_1, t =1,2, ...

General Solution: 7 = Atip.
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State Equations in Kalman Filters

State Equations:
® jip: initial state
® iy =Ai;_1,t=1,2,...
CINTAES Atﬁo = 5/\t5_1£70.
where
S=[vivn - V)
N = diag(A1, A2, ..., Ap)
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State Equations in Kalman Filters

State Equations:
® jip: initial state
® iy =Ai;_1,t=1,2,...
CINTAES Atﬁo = SAtS_lﬁo.
where
S=[vivn - V)
N = diag(A1, A2, ..., Ap)
Explicit Solution:
® {Vi,V,...V,} are independent (S~ exists)
=—> form a basis for R"
® 3 (unique) ¢1,¢2,...,Cn
lp = C1V1 + Vo + - -+ + CpVpy
= iy = Atﬁo = SAtS_lﬁo

= C1>\§‘71 + Cz)\é\_/é + -+ C,,)\f,f/,,
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Key Theorem
Theorem. Let A be a Real Symmetric Matrix. Then the following

holds:

o All eigenvalues are real.
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Key Theorem

Theorem. Let A be a Real Symmetric Matrix. Then the following
holds:

o All eigenvalues are real.

® |f A\; and ), are distinct eigenvalues with corresponding
eigenvectors v; and 5, then
1 and v, are orthogonal: ;- b = 0.
® A is orthonormally diagonalizable
A = SAS~! where
N = diag(A1, ..., \n)
S=["ih - V)
ST =51 ie,57S=1
1, i=j
=T = _ _ )
Vit vi = 5’J - { 0 I7éj
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Singular Value Decomposition
Theorem. Every m by n matrix A, of can be expressed as
Amn = UpmZmn VI, where
® Upm is an m x m orthogonal matrix (U] = U.1)
® >, is a (non-negative) diagonal matrix
[ o, i=j (eacho; >0)
Z,"j = 0 I';é .
) J
® V,,is an n x n orthogonal matrix (V,[ = V1)
Proof:
® Let r < n < m be the rank of A.

® The symmetric matrix AT A has rank r.

® Let 02,02,...,02 be the non-zero eigenvalues of AT A.

® let V4, Vb,...,V, be the orthonormal eigenvectors
corresponding to the positive eigen values and
let Vy11, ...V, be orthonormal eigenvectors corresponding to

the zero eigenvalues which are also orthogonal to the first r ;.
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Singular Value Decomposition

Proof (continued)
® For1<j<r,define 0= UiA\_/}
J

® For any two /,j we have

ST = 1 =T AT A
up up = oiajvi A AVJ
— _LyT(ATAV)
oj0j IT
_ 1 = 2=
- gig;j Vi (o-_j V,/)
9T 3.
o VivVi= Oi j
[
with ﬁr+1, ey ﬁm
U: [Ul U2 um]
® Define the n x n matrix

V:[\_/’l b ...‘7”]

(Lifi=j, else0)

Complete this collection of m-vectors to an orthonormal basis

27/35



Proof (continued)

We can now write:
UT AV

Which gives:

A

Singular Value Decomposition

UT[AVL Al - AV

UT[o1iy ogta -+ 0pidy)

[1U Tt | ooUTip | -+ | 0,UT i)
(0161 | 02& | -+ | 0n€h]

Y note: upper-left block = diag(o1,02,...

(Im)A(In)
(UDUTYA(WT)
(UDUTYA(WT)
U(UTAV)VT
uzvT

7Un)
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Singular Value Decomposition

Definition: The singular values of A are the square roots of the
eigenvalues of AT A. It is customary to order them:
0120222020
(last n — r are equal to zero)

A = UxzvT

= [ﬁl | ﬁ2 | | ﬁ,,]diag(al,ag,...,a,,)[vl | \72 | | \7,,]T

= O’1L71\7J + UzUQVZT + -+ a,,UnVnT

= 0‘131\717— + O‘2L72\72T —+ e+ O’rﬁ,\7rT

(Sum of r rank-1 matrices)

Note: The reduced SVD (for n < m) can be written replacing
the m x m U with the m X n sub-matrix consisting of the first n
columns of U and replacing the m x n diagonal matrix X with the

n X n upper-left sub matrix.
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Perron-Frobenius Theorem

Theorem. Suppose A = ||a;j|| is an n by n Real Positive Matrix
(a,-J > O,Vi,j). Then

® There is a real eigenvalue g such that all other eigenvalues
satisfy
[Al < Xo.
® There is a positive eigenvector Vv corresponding to Ag
® )y is an eigenvalue of multiplicity 1.
Proof:
e Consider T = {t : AX > tX, for some X > 0}.
e Claim: tmax = sup{t € T} is the real eigenvalue \g
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Perron-Frobenius Theorem

Proof (continued)
e Fixany X >0 (X #0). Then
AX > tX where t = min{a;;} > 0.
J

For each component i of AX
AX]i = Yjq iy = aiixi
>

rr}in({ajJ})Xi = tx;

® Theset T = {t: AX > tX, for some X > 0} must satisfy:
{t 0<t< minj{ajJ}} cT

® SO tmax = sup{t €T} >0

e Claim: 3X > 0: AX = tmaxX.
= Ao = tmax is an eigenvalue with eigenvector X.
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Proof (continued)
® Suppose that X is such that
AX > tmaxX but AX # tmaxX
® Define ¥ = AR — tmaxX > 0 (but # 6)
e Ay > 0 because A is strictly positive and ¥ > 0 and £ 0.
Consequently
Ay >
= A(AX — tmaxX) > 0
= A(AX) > tmax(AX)
but this contradicts the definition of t,,,x because it can be
increased using the n-vector (AX) instead of X,
It follows that there exists an X > 0 (strictly) such that
AX = tmaxX.

1 Ol
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Proof (continued)
Still to show: no eigenvalue is larger than Ao = tmax
Suppose A and Z are an eigenvalue/eigenvector pair:

AZ = \Z.
Note: A may be complex and z may be complex and/or negative.
|21 (Az)q] |21
. |22 (Az)q| |22
Az =AZ = |} ) = ) <A )
|Zn |(Az)n] |Zn|

The last inequality follows because |}, aj;zj| < > aj ||, for
each 7. Thus it follows that t = |A| € T with

|21

|22

X1
I

|Zn]

such that AX > tX. Thus || < tmax = Ao.
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Proof (continued)
Suppose that eigenvalue \g = tmax has multiplicity at least 2.

Let X and y be two distinct eigenvectors of norm 1.

Since X and y are both eigenvectors of eigenvalue \g, X — ¥
must also be an eigenvector of eigenvalue \g.

Since X and ¥ are distinct, the vector X — y has both positive
and negative entries.

But this is impossible because we showed that the eigenvector
of Ao must have entries all with the same sign.
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Financial News Sources

Yahoo Finance: https://finance.yahoo.com/
Wall Street Journal: https://www.wsj.com/
Bloomberg: https://www.bloomberg.com/
Marketwatch: https://www.marketwatch.com/
Reuters: https://www.reuters.com/
Zerohedge: https://www.zerohedge.com/

CNBC: https://www.cnbc.com/
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