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1. Measuring Volatility with Daily OHLC Data

In the following sections we introduce alternative measures of volatility based on daily bar price data. The
notation for different symbols are given in the following table

Symbol | Description

o Volatility

N Number of closing prices in a year

n Number of historical prices used for the volatility estimate
O; The opening price

H; The high

L; The low

C; The close

We illustrate the different measures with the S&P 500 Index. First, import prices of S&P500 Index using the
function tq_get() from the libarary tidyquant.

SP500<-tq_get (" "GSPC")

The object SP500 consists of daily bar data, collected from finance.yahoo.com
## [1] 2729 8
## # A tibble: 6 x 8

## symbol date open high low close volume adjusted
##  <chr> <date> <dbl> <dbl> <dbl> <dbl> <dbl> <dbl>
## 1 "GSPC 2014-01-02 1846. 1846. 1828. 1832. 3080600000 1832.
## 2 “GSPC 2014-01-03 1833. 1838. 1829. 1831. 2774270000 1831.
## 3 "GSPC 2014-01-06 1832. 1837. 1824. 1827. 3294850000 1827.
## 4 “GSPC 2014-01-07 1829. 1840. 1829. 1838. 3511750000 1838.
## 5 "GSPC 2014-01-08 1838. 1840. 1831. 1837. 3652140000 1837.
## 6 "GSPC 2014-01-09 1839 1843. 1830. 1838. 3581150000 1838.
## # A tibble: 6 x 8

##  symbol date open high low close volume adjusted
## <chr> <date> <dbl> <dbl> <dbl> <dbl> <dbl> <dbl>
## 1 "GSPC 2024-10-28 5834. 5843. 5823. 5824. 3691280000 5824 .
## 2 "GSPC 2024-10-29 5820. 5847. 5802. 5833. 3879100000 5833.
## 3 “GSPC 2024-10-30 5833. 5851. 5811. 5814. 3851120000 5814.
## 4 "GSPC 2024-10-31 5775. 5775. 5703. 5705. 4425660000 5705.
## 5 "GSPC 2024-11-01 5723. 5773. 5723. 5729. 3796450000 5729.
## 6 "GSPC 2024-11-04 5725. 5741. 5697. 5713. 3602060000 5713.
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The following sections provide the definitions of different measures of historical volatility measures.

We set n = 21, the number of periods for the volatility estimate which corresponds to the typical number of
business days in a month.



1.1 Close-to-Close Volatility

Historical volatility calculation using close-to-close prices.
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Note that the historical volatility is computed from a time series of n closing prices. The annualized volatility
is computed using an unbiased estimate of the (n-1) period variance of the close-to-close returns.

The 21-day variance is scaled up to an N=252 day horizon corresponding to typical annual period of days.
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1.2 Parkinson High-Low Volatility

The Parkinson formula for estimating the historical volatility of an underlying is based on only the daily high
and low prices.
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Note that the Parkinson volatility component for a day will be positive if the daily range (High minus Low)
is positive, even if the Close-to-Close return is zero.



1.3 Garman-Klass OHLC Volatility

The Garman and Klass estimator for estimating historical volatility assumes Brownian motion with zero drift
and no opening jumps (i.e. the opening price equals the close of the previous period). This estimator is 7.4
times more efficient than the close-to-close estimator.
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1.4 Rogers and Satchel OHLC Volatility

o= % L (n&)Wng)+Ig)(ng)

The Roger and Satchell historical volatility estimator allows for non-zero drift, but assumed no opening jump.
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1.5 Garman-Klass Yang and Zhang Historical Open-High-Low-Close Volatility

Yang and Zhang derived an extension to the Garman-Klass historical volatility estimator that allows for
opening jumps. It assumes Brownian motion with zero drift. This is currently the preferred version of
open-high-low-close volatility estimator for zero drift and has an efficiency of 8 times the classic close-to-close
estimator. Note that when the drift is nonzero, but instead relative large to the volatility, this estimator will

tend to overestimate the volatility.
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1.6 Yang and Zhang Volatility Estimator

The Yang and Zhang historical volatility estimator has minimum estimation error, and is independent of
drift and opening gaps. It can be interpreted as a weighted average of the Rogers and Satchell estimator, the
close-open volatility, and the open-close volatility.

When using the volatility() function of the R package TTR (in tidyquant), users may override the default
values of o (1.34 by default) or k used in the calculation by specifying alpha or k in the following expressions,
respectively. Specifying k will cause alpha to be ignored, if both are provided.

s = sqrt(s20+ k* s2c + (1 — k) * (s2rs?))
s20 = N xrunVar(log(Op/lag(Cl,1)),n =n)
s2¢c = NxrunVar(log(Cl/Op),n =mn)
s2rs = wolatility(OHLC,n, "rogers.satchell”, N, ...)
k = (alpha —1)/(alpha+ (n+1)/(n — 1))
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1.7 Panel time series plot of all volatility measures
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1.8 Time series plot of all volatility measures
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‘1.9 All volatility measures for 2023-2024
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2. Modeling 2023-2024 Volatilities
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2.1 Modeling Close-to-Close Volatility
2.1.1 Naive model (Random Walk) of Close-to-Close Volatility

Series: volmat0.Close
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##

## Ljung-Box test

##

## data: Residuals from Naive method

## Q*x = 31.178, df = 10, p-value = 0.0005483
##

## Model df: O. Total lags used: 10

Forecasts from Naive method
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Time
## ME RMSE MAE MPE MAPE MASE

## Training set -0.0001700588 0.006783606 0.004413028 -0.2851496 3.665752 1
## ACF1
## Training set 0.01007286
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2.1.2 Arima model of Close-to-Close Volatility

ACF

PACF

Series: volmat0.Close
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## Series: volmatO.Close
## ARIMA(3,1,0)

##

## Coefficients:

## arl ar?2 ar3
## 0.0004 0.063 0.1260
## s.e. 0.0462 0.046 0.0472
#it

## sigma”2 = 4.541e-05: 1log likelihood = 1655.86
## AIC=-3303.73 AICc=-3303.64 BIC=-3287.19

Residuals from ARIMA(3,1,0)
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##
## Ljung-Box test
##

## data: Residuals from ARIMA(3,1,0)

## Qx = 16.212, df = 7, p-value = 0.02325
##

## Model df: 3. Total lags used: 10
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Forecasts from ARIMA(3,1,0)
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## ME RMSE MAE MPE MAPE MASE

## Training set -0.0001343701 0.006709699 0.004491782 -0.2208863 3.742326 1.017846
## ACF1
## Training set 0.00572056
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2.2 Modeling Yang Zhang OHLC Volatility
2.2.1 Naive model (Random Walk) of Yang Zhang OHLC Volatility

Series: y.YZ
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##

## Ljung-Box test

##

## data: Residuals from Naive method

## Q*x = 88.116, df = 10, p-value = 1.266e-14
##

## Model df: O. Total lags used: 10

Forecasts from Naive method

0.20-
N 0.15-
>
>
0.10-
0 100 200 300 400
Time
## ME RMSE MAE MPE MAPE MASE

## Training set -0.000201434 0.005417014 0.002755738 -0.227783 2.312162 1
#i# ACF1
## Training set 0.297244
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2.2.2 Arima model of Yang Zhang OHLC Volatility

Series: volmat0.YZ
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## Series: volmat0.YZ
## ARIMA(1,1,1)

##

## Coefficients:

## arl mal
## 0.6963 -0.4457
## s.e. 0.0928 0.1164
#it

## sigma”2 = 2.625e-05: 1log likelihood = 1781.95

## AIC=-3557.91 AICc=-3557.86 BIC=-3545.5
Residuals from ARIMA(1,1,1)
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##
## Ljung-Box test
##

## data: Residuals from ARIMA(1,1,1)

## Qx = 9.4541, df = 8, p-value = 0.3054
##

## Model df: 2. Total lags used: 10
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Forecasts from ARIMA(1,1,1)
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## Training set -0.0001116682 0.005106629 0.002629226 -0.09888589 2.22816
44 MASE ACF1

## Training set 0.9540913 -0.002886522
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3. Fitting Seasonal Arima Models

3.1 Seasonal Arima Model of Close-to-Close Volatility

The ACF of the residuals to the naive model for close-to-close volatility had high autocorrelations at lag 21,
equal to the time period for computing the rolling volatility.

Series: volmat0.Close
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PACF

##
##
##
##
##
##
##
##
##
##

Series: volmat0.Close
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Series: diff(volmatO.Close)
ARIMA(3,0,3)(2,0,0)[21] with zero mean

Coefficients:
arl ar2 ar3 mal ma2
-0.4714 0.2845 0.7491 0.5223 -0.2178
s.e. 0.1579 0.1324 0.0867 0.1988 0.1532

sigma”2 = 4.445e-05: log likelihood = 1663.04
AIC=-3308.08 AICc=-3307.68 BIC=-3270.86
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ma3 sarl sar2
-0.6031 0.0611 0.0747
0.1159 0.0525 0.0516
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ACF

##
##
#
##
##
##
##

Residuals from ARIMA(3,0,3)(2,0,0)[21] with zero mean
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data: Residuals from ARIMA(3,0,3)(2,0,0)[21] with zero mean
Q*x = 89.128, df = 34, p-value = 7.849e-07

Model df: 8.

Total lags used: 42
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Forecasts from ARIMA(3,0,3)(2,0,0)[21] with zero mean
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Time (multiples of 21 days)
w4 ME RMSE MAE MPE  MAPE MASE

## Training set -8.904124e-05 0.00660945 0.004474902 -37.15941 561.1833 0.6588441
## ACF1
## Training set -0.009091166

3.2 Seasonal Arima Model of Yang Zhang OHLC Volatility

With the Yang Zhang Volatility computed on price series of length 21 days, fit seasonal models with frequency
(number of seasons per ‘year’) equal to 21.
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Series: volmat0.YZ
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PACF

##
##
##
##
##
##
##
##
##
##

Series: volmat0.YZ
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Series: volmat0.YZ
ARIMA(2,1,3)(2,0,1) [21]

Coefficients:
arl

0.0965

s.e. 0.5822

sigma”2 = 1.555e-05:

AIC=-3769.9

ar2 mal
0.7292 0.1418
0.5069 0.5842

AICc=-3769.5

ma2

Lag

ma3

-0.6108 -0.0828
0.3893 0.0607

BIC=-3732.68

29

log likelihood = 1893.95

sarl
-0.0788
0.0723

sar2 smal
-0.0687 -0.7806
0.0652 0.0594
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Residuals from ARIMA(2,1,3)(2,0,1)[21]
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##

## Ljung-Box test

##

#t Residuals from ARIMA(2,1,3)(2,0,1)[21]

## 34, p-value = 0.5759

##

## Model df: 8. Total lags used: 42



Forecasts from ARIMA(2,1,3)(2,0,1)[21]
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Time (multiples of 21 days)
## ME RMSE MAE MPE MAPE
## Training set -0.0002163818 0.003904248 0.002270872 -0.2283371 1.916646
#it MASE ACF1
## Training set 0.08375773 -0.0009697551
Note:
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e The MAPE of the Seasonal Arima model of the YZ volatility is 1.746 versus 3.58 for the Naive model

of the Close volatility

e The coefficients of the seasonal Arima model are all highly significant in terms of being many multiples

of their standard errors.

« In addition to being a more efficient estimate of historical volatility (theoretically), the predictability of

the YZ volatility is stronger than that of the Close volatility
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4. Comparing Close-to-Close and Yang-Zhang Volatilities

We first compare daily pairs of (Close,YZ) volatilities for 2023 to 2024

Comparing YZ to Close Volatilities (2023-2024)
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Close
Note:

e The YZ volatility is generally smaller than the Close volatility.
e There are cases when the YZ volatility is much higher than the Close volatility
e Theoretically, the variance of the Close volatility is much higher than the variance of the YZ volatility.
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Second, we compare the volatilities for the entire analysis period

Comparing YZ to Close Volatilities (entire analysis period)
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Close
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