
1. Manifolds

1.1. Topological spaces and groups. Recall that the mathematical
notion responsible for describing continuity is that of a topological
space. Thus, to describe continuous symmetries, we should put this
notion together with the notion of a group. This leads to the concept
of a topological group.

Recall:
• A topological space is a set X certain subsets of which (including
∅ and X) are declared to be open, so that an arbitrary union and finite
intersection of open sets is open.
• The collection of open sets in X is called the topology of X.
• A subset Z ⊂ X of a topological space X is closed if its comple-

ment is open.
• If X, Y are topological spaces then the Cartesian product X×Y has

a natural product topology in which open sets are (possibly infinite)
unions of products U × V , where U ⊂ X, V ⊂ Y are open.
• Every subset Z ⊂ X of a topological space X carries a natural

induced topology, in which open sets are intersections of open sets
in X with Z.
• A map f : X → Y between topological spaces is continuous if for

every open set V ⊂ Y , the preimage f−1(V ) is open in X.
For example, the open sets of the usual topology of the real line R

are (disjoint) unions of open intervals (a, b), where −∞ ≤ a < b ≤ ∞.

Definition 1.1. A topological group is a group G which is also a
topological space, so that the multiplication map m : G×G→ G and
the inversion map ι : G→ G are continuous.

For example, the group (R,+) of real numbers with the operation of
addition and the usual topology of R is a topological group, since the
functions (x, y) 7→ x+ y and x 7→ −x are continuous. Also a subgroup
of a topological group is itself a topological group, so another example
is rational numbers with addition, (Q,+). This last example is not
a very good model for continuity, however, and shows that general
topological groups are not very well behaved. Thus, we will focus on a
special class of topological groups called Lie groups.

Lie groups are distinguished among topological groups by the prop-
erty that as topological spaces they belong to a very special class called
topological manifolds. So we need to start with reviewing this no-
tion.

1.2. Topological manifolds. Recall:
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• A neighborhood of a point x ∈ X in a topological space X is an
open set containing x.
• A base for a topological space X is a collection B of open sets in

X such that for every neighborhood U of a point x ∈ X there exists
neighborhood V ⊂ U of x which belongs to B. Equivalently, every
open set in X is a union of members of B.

For example, open intervals form a base of the usual topology of
R. Moreover, we may take only intervals whose endpoints have ra-
tional coordinates, which gives a countable base for R. Also if X, Y
are topological spaces with bases BX ,BY then products U × V , where
U ∈ BX , V ∈ BY , form a base of the product topology of X × Y . Thus
if X and Y have countable bases, so does X × Y ; in particular, Rn
with its usual (product) topology has a countable base (boxes whose
vertices have rational coordinates).
• X is Hausdorff if any two distinct points have disjoint neighbor-

hoods.
• If X is Hausdorff, we say that a sequence of points xn ∈ X,n ∈ N

converges to x ∈ X as n → ∞ (denoted xn → x) if every neighbor-
hood of x contains almost all terms of this sequence. Then one also
says that the limit of xn is x and writes

lim
n→∞

xn = x.

It is easy to show that the limit is unique when exists. In a Hausdorff
space with a countable base, a closed set is one that is closed under
taking limits of sequences.
• A Hausdorff space X is compact if every open cover {Uα, α ∈ A}

of X (i.e., Uα ⊂ X for all α ∈ A and X = ∪α∈AUα) has a finite
subcover.
• A continuous map f : X → Y is a homeomorphism if it is a

bijection and f−1 : Y → X is continuous.

Definition 1.2. A Hausdorff topological space X is said to be an n-
dimensional topological manifold if it has a countable base and
for every x ∈ X there is a neighborhood U ⊂ X of x and a continuous
map φ : U → Rn such that φ : U → φ(U) is a homeomorphism and
φ(U) ⊂ Rn is open.

The second property is often formulated as the condition that X is
locally homeomorphic to Rn.

It is true (although not immediately obvious) that if a nonempty
open set in Rn is homeomorphic to one in Rm then n = m. Therefore,
the number n is uniquely determined by X as long as X 6= ∅. It is
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called the dimension of X. (By convention, ∅ is a manifold of any
integer dimension).

Example 1.3. 1. Obviously X = Rn is an n-dimensional topological
manifold: we can take U = X and φ = Id.

2. An open subset of a topological manifold is itself a topological
manifold of the same dimension.

3. The circle S1 ⊂ R2 defined by the equation x2 + y2 = 1 is a
topological manifold: for example, the point (1, 0) has a neighborhood
U = S1 \ {(−1, 0)} and a map φ : U → R given by the stereographic
projection:

φ(θ) = tan( θ
2
), −π < θ < π.

and similarly for every other point. More generally, the sphere
Sn ⊂ Rn+1 defined by the equation x2

0 + ... + x2
n = 1 is a topologi-

cal manifold, for the same reason. The stereographic projection for the
2-dimensional sphere is shown in the following picture.

4. The curve∞ is not a manifold, since it is not locally homeo-
morphic to R at the self-intersection point (show it!)

A pair (U, φ) with the above properties is called a local chart. An
atlas of local charts is a collection of charts (Uα, φα), α ∈ A such that
∪α∈AUα = X; i.e., {Uα, α ∈ A} is an open cover of X. Thus any
topological manifold X admits an atlas labeled by points of X. There
are also much smaller atlases. For instance, an open set in Rn has an
atlas with just one chart, while the sphere Sn has an atlas with two
charts. Very often X admits an atlas with finitely many charts. For
example, if X is compact then there is a finite atlas, since every atlas
has a finite subatlas. Moreover, there is always a countable atlas, due
to the following lemma:

Lemma 1.4. If X is a topological space with a countable base then
every open cover of X has a countable subcover.

Proof. Let {Vi, i ∈ N} be a countable base of X. If {Uα} is an open
cover of X then for each x ∈ X pick α(x) such that x ∈ Vi(x) ⊂ Uα(x).
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Let I ⊂ N be the image of the map i. For each i ∈ I pick x ∈ X such
that i(x) = i and set αi := α(x). Then {Uαi , i ∈ I} is a countable
subcover of {Uα}. �

Now let (U, φ) and (V, ψ) be two charts such that V ∩ U 6= ∅. Then
we have the transition map

φ ◦ ψ−1 : ψ(U ∩ V )→ φ(U ∩ V ),

which is a homeomorphism between open subsets in Rn. For example,
consider the atlas of two charts for the circle S1 (Example 1.3(3)), one
missing the point (−1, 0) and the other missing the point (1, 0). Then
φ(θ) = tan( θ

2
) and ψ(θ) = cot( θ

2
), φ(U ∩ V ) = ψ(U ∩ V ) = R \ 0, and

(φ ◦ ψ−1)(x) = 1
x
.

1.3. Ck, real analytic and complex analytic manifolds. The no-
tion of topological manifold is too general for us, since continuous func-
tions on which it is based in general do not admit a linear approxima-
tion. To develop the theory of Lie groups, we need more regularity. So
we make the following definition.

Definition 1.5. An atlas on X is said to be of regularity class Ck,
1 ≤ k ≤ ∞, if all transition maps between its charts are of class Ck

(k times continuously differentiable). An atlas of class C∞ is called
smooth. Also an atlas is said to be real analytic if all transition
maps are real analytic. Finally, if n = 2m is even, so that Rn = Cm,
then an atlas is called complex analytic if all its transition maps are
complex analytic (i.e., holomorphic).

Example 1.6. The two-chart atlas for the circle S1 defined by stereo-
graphic projections (Example 1.3(3)) is real analytic, since the function
f(x) = 1

x
is analytic. The same applies to the sphere Sn for any n. For

example, for S2 it is easy to see that the transition map R2 \0→ R2 \0
is given by the formula

f(x, y) =

(
x

x2 + y2
,

y

x2 + y2

)
.

Using the complex coordinate z = x+ iy, we get

f(z) = z/|z|2 = 1/z.

So this atlas is not complex analytic. But it can be easily made complex
analytic by replacing one of the stereographic projections (φ or ψ) by
its complex conjugate. Then we will have f(z) = 1

z
. On the other

hand, it is known (although hard to prove) that Sn does not admit a
complex analytic atlas for (even) n 6= 2, 6. For n = 6 this is a famous
conjecture.
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Definition 1.7. Two Ck, real analytic, or complex analytic atlases
Uα, Vβ are said to be compatible if the transition maps between Uα
and Vβ are of the same class (Ck, real analytic, or complex analytic).

It is clear that compatibility is an equivalence relation.

Definition 1.8. A Ck, real analytic, or complex analytic struc-
ture on a topological manifold X is an equivalence class of Ck, real
analytic, or complex analytic atlases. If X is equipped with such a
structure, it is said to be a Ck, real analytic, or complex analytic
manifold. Complex analytic manifolds are also called complex man-
ifolds, and a C∞-manifold is also called smooth. A diffeomorphism
(or isomorphism) between such manifolds is a homeomorphism which
respects the corresponding classes of atlases.

Remark 1.9. This is really a structure and not a property. For
example, consider X = C and Y = D ⊂ C the open unit disk, with the
usual complex coordinate z. It is easy to see that X, Y are isomorphic
as real analytic manifolds. But they are not isomorphic as complex
analytic manifolds: a complex isomorphism would be a holomorphic
function f : C → D, hence bounded, but by Liouville’s theorem any
bounded holomorphic function on C is a constant. Thus we have two
different complex structures on R2 (Riemann showed that there are
no others). Also, it is true, but much harder to show, that there are
uncountably many different smooth structures on R4, and there are 28
(oriented) smooth structures on S7.

Note that the Cartesian product X×Y of manifolds X, Y is naturally
a manifold (of the same regularity type) of dimension dimX + dimY .

Exercise 1.10. Let f1, ..., fm be functions Rn → R which are Ck or real
analytic. Let X ⊂ Rn be the set of points P such that fi(P ) = 0 for all i
and dfi(P ) are linearly independent. Use the implicit function theorem
to show that X is a topological manifold of dimension n−m and equip
it with a natural Ck, respectively real analytic structure. Prove the
analogous statement for holomorphic functions Cn → C, namely that
in this case X is naturally a complex manifold of (complex) dimension
n−m.

1.4. Regular functions. Now let P ∈ X and (U, φ) be a local chart
such that P ∈ U and φ(P ) = 0. Such a chart is called a coordi-
nate chart around P . In particular, we have local coordinates
x1, ..., xn : U → R (or U → C for complex manifolds). Note that
xi(P ) = 0, and xi(Q) determine Q if Q ∈ U .
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Definition 1.11. A regular function on an open set V ⊂ X in
a Ck, real analytic, or complex analytic manifold X is a function
f : V → R,C such that f ◦ φ−1

α : φα(V ∩ Uα) → R,C is of the
corresponding regularity class, for some (and then any) atlas (Uα, φα)
defining the corresponding structure on X.2

In other words, f is regular if it is expressed as a regular function
in local coordinates near every point of V . Clearly, this is independent
on the choice of coordinates.

The space (in fact, algebra) of regular functions on V will be denoted
by O(V ).

Definition 1.12. Let V, U be neighborhoods of P ∈ X. Let us say that
f ∈ O(V ), g ∈ O(U) are equal near P if there exists a neighborhood
W ⊂ U ∩ V of P such that f |W = g|W .

It is clear that this is an equivalence relation.

Definition 1.13. A germ of a regular function at P is an equivalence
class of regular functions defined on neighborhoods of P which are
equal near P .

The algebra of germs of regular functions at P is denoted by OP .
Thus we have OP = lim−→ O(U), where the direct limit is taken over

neighborhoods of P .

1.5. Tangent spaces. From now on we will only consider smooth, real
analytic and complex analytic manifolds. By a derivation at P we
will mean a linear map D : OP → R in the smooth and real analytic
case and D : OP → C in the complex analytic case, satisfying the
Leibniz rule

(1.1) D(fg) = D(f)g(P ) + f(P )D(g).

Note that for any such D we have D(1) = 0.
Let TPX be the space of all such derivations. Thus TPX is a real

vector space for smooth and real analytic manifolds and a complex
vector space for complex manifolds.

Lemma 1.14. Let x1, ..., xn be local coordinates at P . Then TPX has
basis D1, ..., Dn, where

Di(f) :=
∂f

∂xi
(0).

2More precisely, for Ck and real analytic manifolds regular functions will be
assumed real-valued, unless specified otherwise. In the complex analytic case there
is, of course, no choice, and regular functions are automatically complex-valued.
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Proof. We may assume X = Rn or Cn, P = 0. Clearly, D1, ..., Dn is a
linearly independent set in TPX. Also let D ∈ TPX, D(xi) = ai, and
consider D∗ := D −

∑
i aiDi. Then D∗(xi) = 0 for all i. Now given

a regular function f near 0, for small x1, ..., xn by the fundamental
theorem of calculus and the chain rule we have:

f(x1, ..., xn) = f(0)+

∫ 1

0

df(tx1, ..., txn)

dt
dt = f(0)+

n∑
i=1

xihi(x1, ..., xn),

where

hi(x1, ..., xn) :=

∫ 1

0

(∂if)(tx1, ..., txn)dt

are regular near 0. So by the Leibniz rule D∗(f) = 0, hence D∗ = 0. �

Definition 1.15. The space TPX is called the tangent space to X
at P . Elements v ∈ TPX are called tangent vectors to X at P .

Observe that every tangent vector v ∈ TPX defines a derivation
∂v : O(U) → R,C for every neighborhood U of P , satisfying (1.1).
The number ∂vf is called the derivative of f along v. For usual
curves and surfaces in R3 these coincide with the familiar notions from
calculus.3

1.6. Regular maps.

Definition 1.16. A continuous map F : X → Y between manifolds
(of the same regularity class) is regular if for any regular function h
on an open set U ⊂ Y the function h ◦ F on F−1(U) is regular. In
other words, F is regular if it is expressed by regular functions in local
coordinates.

It is easy to see that the composition of regular maps is regular, and
that a homeomorphism F such that F, F−1 are both regular is the same
thing as a diffeomorphism (=isomorphism).

Let F : X → Y be a regular map and P ∈ X. Then we can define
the differential of F at P , dPF , which is a linear map TPX → TF (P )Y .
Namely, for f ∈ OF (P ) and v ∈ TPX, the vector dPF · v is defined by
the formula

(dPF · v)(f) := v(f ◦ F ).

The differential of F is also denoted by F∗; namely, for v ∈ TPX one
writes dFP · v = F∗v.

3Note however that ∂vf differs from the directional derivative Dvf defined in
calculus. Namely, Dvf = ∂vf

|v| (thus defined only for v 6= 0) and depends only on

the direction of v.
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Moreover, if G : Y → Z is another regular map, then we have the
usual chain rule,

d(G ◦ F )P = dGF (P ) ◦ dFP .
In particular, if γ : (a, b)→ X is a regular parametrized curve then
for t ∈ (a, b) we can define the velocity vector

dtγ · 1 = γ′(t) ∈ Tγ(t)X

(where 1 ∈ R = Tt(a, b)).

1.7. Submersions and immersions, submanifolds.

Definition 1.17. A regular map of manifolds F : X → Y is a sub-
mersion if dFP : TPX → TF (P )Y is surjective for all P ∈ X.

The following proposition is a version of the implicit function theo-
rem for manifolds.

Proposition 1.18. If F is a submersion then for any Q ∈ Y , F−1(Q)
is a manifold of dimension dimX − dimY .

Proof. This is a local question, so it reduces to the case when X, Y are
open subsets in Euclidean spaces. In this case it reduces to Exercise
1.10. �

Definition 1.19. A regular map of manifolds f : X → Y is an im-
mersion if dPF : TPX → TF (P )Y is injective for all P ∈ X.

Example 1.20. The inclusion of the sphere Sn into Rn+1 is an immer-
sion. The map F : S1 → R2 given by

(1.2) x(t) =
cos θ

1 + sin2 θ
, y(t) =

sin θ cos θ

1 + sin2 θ

is also an immersion; its image is the lemniscate (shaped as∞). This
shows that an immersion need not be injective. On the other hand, the
map F : R → R2 given by F (t) = (t2, t3) parametrizing a semicubic

parabola≺ is injective, but not an immersion, since F ′(0) = (0, 0).

Definition 1.21. An immersion f : X → Y is an embedding if the
map F : X → F (X) is a homeomorphism (where F (X) is equipped
with the induced topology from Y ). In this case, F (X) ⊂ Y is said to
be an (embedded) submanifold.4

4Recall that a subset Z of a topological space X is called locally closed if it is
a closed subset in an open subset U ⊂ X. It is clear that embedded submanifolds
are locally closed. For this reason they are often called locally closed (embedded)
submanifolds.
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Example 1.22. The immersion of Sn into Rn+1 and of (0, 1) into
R are embeddings, but the parametrization of the lemniscate by the
circle given by (1.2) is not. The parametrization of the curve ρ by
R is also not an embedding; it is injective but the inverse is not a
homeomorphism.

Definition 1.23. An embedding F : X → Y of manifolds is closed
if F (X) ⊂ Y is a closed subset. In this case we say that F (X) is a
closed (embedded) submanifold of Y .

Example 1.24. The embedding of Sn into Rn+1 is closed but of (0, 1)
into R is not. Also in Proposition 1.18, f−1(Q) is a closed submanifold
of X.
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