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Error Probability for Optimum Combining of M -ary
PSK Signals in the Presence of Interference and Noise
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Abstract—An exact expression for the symbol-error probability
(SEP) for coherent detection of M -ary phase-shift keying using an
array of antennas with optimum combining in a Rayleigh fading
environment is derived, based on the theory of orthogonal polyno-
mials. In particular, performance analysis in the presence of mul-
tiple uncorrelated equal-power cochannel interferers and thermal
noise is considered, starting from problems related to the eigen-
values distribution of complex Wishart matrices. We give an effec-
tive technique to derive the SEP involving only one integral with
finite integration limits. The result is general and valid for an arbi-
trary number of receiving antennas and/or cochannel interferers.
Based on our efficient method, new results that are useful for the
design of wireless systems are obtained.

Index Terms—Adaptive arrays, antenna diversity, cochannel in-

terference, eigenvalues distribution, minimum mean-square error
(MMSE) receivers, optimum combining, Wishart matrices.

. INTRODUCTION

HE performance of wireless communication systems can

be significantly improved by using arrays of antennas
to reduce fading effects and suppress interference. Optimum
combining (OC) has been used with adaptive arrays where the
received signals are weighted and combined to maximize the
output signal-to-interference-plus-noise ratio (SINR) [1]-[4].
Another technique is maximal-ratio combining (MRC), where
the received signals are combined to maximize the desired
signal power only [5]-[7]. The OC technique provides substan-
tial improvement in performance over MRC when interference
is present. For OC, the receiver requires the knowledge of
the desired signal channel gain vector (as with MRC), and
the short-term covariance matrix of the overall disturbance
due to undesired interferers and thermal noise. In modern
communication systems, especially in light of the on-going
development of digital signal processing technology, the choice
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of OC is evident due to its much more efficient usage of the
radio spectrum. It should, however, be emphasized that the
analysis of systems with OC is more difficult than those with
MRC and that the performance evaluation of the former is even
more complicated if fading is taken into account for interfering
and the desired signals.

Closed-form expressions for the bit-error probability (BEP)
have been derived in [1] and [2] for the single interferer case
under the assumption of Rayleigh fading for the desired signal.
BEP expressions with Rayleigh fading of the desired signal and
a single interferer are given in [8] and [9], where the results in
[8] require numerical integration, and the results in [9] involve
the evaluation of the Gaussian probability integral function.

With multiple interferers of arbitrary power, Monte Carlo
simulation has been used to determine the BEP [2]. To avoid
Monte Carlo simulation, approximations have been presented in
[10] and [11] for the case of equal-power interferers. However,
the approximation of [10] still requires Monte Carlo simulation
to obtain mean eigenvalues (a table is provided in [10] for some
cases), and the approximation of [11] has been proposed when
the number of interferers is less than the number of antenna el-
ements. The BEP expression is derived in [12] and [13], but the
results are limited to the case of binary phase-shift keying (PSK)
modulation, equal-power interferers, and no thermal noise.

In [14] and [15], upper bounds on the BEP of OC were de-
rived, given the average power of the interferers. Unfortunately,
these bounds are generally not tight. Recently, moving from
the approach presented in [3], tighter bounds have been de-
rived in [4], [16], and [17], in the context of multiple-input mul-
tiple-output (MIMO) systems [18]-[20]. It was shown in [3] and
[4] that the exact symbol-error probability (SEP) can be derived
starting from the eigenvalues distribution of Wishart complex
matrices. However, numerical evaluation of SEP requires the
evaluation of multiple integrals, with the number of integrals
depending on the minimum of the number of antennas and in-
terferers.

To alleviate this problem, we develop in this paper an efficient
method to derive the SEP for coherent detection of M -ary PSK
using OC in the presence of multiple uncorrelated equal-power
interferers as well as thermal noise in a flat Rayleigh fading en-
vironment. Our new approach, based on a classical technique
involving orthogonal systems, leads to exact solutions that re-
quire only the evaluation of a single integral with finite limits.
Based on this new powerful tool, insightful results for the design
of wireless systems are obtained. Our results are parameterized
by signal-to-noise ratios (SNRs) and signal-to-interference ra-
tios (SIRs). The (SNR, SIR)-plane corresponding to target SEP
is investigated. We also obtain the increase in SNR required to
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cope with the presence of interference for a given target quality
of service.

The paper is organized as follows. In Section Il we provide the
system description, including a statistical analysis of the eigen-
values of the short-term covariance matrix. The exact SEP is de-
rived in terms of multiple integrals in Section I11. In Section 1V,
the efficient methods are developed to derive the SEP in terms
of a single integral with finite limits. Finally, in Section V, we
show some numerical results and in Section V1, we present some
conclusions.

Il. PRELIMINARIES

We consider OC of multiple received signals in flat fading
environment with coherent demodulation, where the fading rate
is assumed to be much slower than the symbol rate. Throughout
the paper, ()T is the transposition operator and (-)Jf stands for
conjugation and transposition. The received signal at the N -el-
ement array output consists of desired signal, Ny interfering sig-
nals, and thermal noise, all being mutually independent. After
matched filtering and sampling at the symbol rate, the array
output vector at time & can be written as

Z(k) =/ EDCDbo(k) + ZIN(k) (1)
with the interference plus noise term
]\TI
ZIN(]i,') =/ EIZCI,jbj(k7Tj) —l—n(k) 2
j=1

where Ep and E; are the mean (over fading) ener-
gies of the desired and interfering signal, respectively;
cp = [CDJ? N CD’NA]T and cr; = [CLJ'J? RN CL]"NA]T are
the desired and jth interference propagation vectors, respec-
tively; and n(%) represents the additive noise. We model ¢p and
cr,; as multivariate complex-valued Gaussian vectors having

]E{CD} = IE{CL]'} = 0and IE{CDC]T) = {CLjCIj} =1,
where I is the identity matrix. The desired signal b (%) belongs
to the element of the signal constellation that is being consid-
ered, i.e., binary PSK, quadrature PSK, etc.

The interfering data samples are denoted by b;(k, ;) for j =
, N1, where the dependence of a (random) time delay ;
is written explicitly to emphasize the asynchronicity between
the desired signal and interfering users. They can be modeled
as uncorrelated zero-mean random variables, and without loss
of generality bo(k) and b;(k, ;) for j = 1,..., Ny are assumed
to have unit variance. The statistical distribution of b;(k, ;) for
j = 1,..., Ny are known to be tractable only for some pulse
shapes and modulation formats [21], [22]. A common approach
is to model b;(k,7;) for j = 1,..., Nt as Gaussian random
variables, giving rise to an overall Gaussian residual total inter-
ference at the output of the linear combiner [2], [8]-[15].

The additive noise is modeled as a white Gaussian random
vector with independent and identically distributed (i.i.d.) ele-
ments with E{n(k)} = 0 and IE {n(k)an(k)} = NpI, where
Ny /2 is the two-sided thermal noise power spectral density per
antenna element. In the following, R denotes the short-term co-
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variance matrix of the disturbance zin(k), conditioned on all
interference propagation vectors, given by

R =Enp, (k,r)) {ZIN(/f) : ZIN(/f)T} ®)

and IEx {-} denotes expectation with respect to X .

In this paper, the decision variable by (k) that serves to esti-
mate the useful symbol by (%) is obtained by a projection of z(k)
on the weighting vector w, as follows:

bo(k) = wia(k). ()

We now derive the weight vector w that maximizes the output
SINR defined by

EplEy, (1) {‘WTCDbo(k‘)‘Z} Ep ‘chD ’

2 T
]En,b]‘(k,‘r]‘) {‘WTZIN(IC)‘ } w RW

Note that the mean is here taken over the “fast” processes, i.e.,
the thermal noise, the desired and jth interferers’ symbols, and
is conditioned on the vectors ¢p and ¢g ;; in the time domain, this
corresponds to averaging over a time window of a few symbol
periods over which the propagation vectors for all users are as-
sumed to be constant.

In order to find the expression of the optimum weights in the
above defined sense, let us first note that SINR in (5) is invariant
to a scaling of w. Then, setting the gradient of (5), with respect
to w, to zero gives

L

v )

CDWTC*DWTRW = |WTCD|2RW (6)
that, recalling the scaling invariance, means
cp x Rw. (7)

Furthermore, if R is nonsingular, the OC solution is explicitly
obtained as

(®)

w=nRlep

with n an arbitrary constant.
The (maximum) SINR at the output of the V4 -element array
with OC can, therefore, be expressed substituting (8) into (5) as

[2

v = EpelRep ©)

where it is important to remark that R, and consequently also
the SINR ~, varies at the fading rate.
A. Relation Between OC and MMSE

For what follows, it is worthwhile to recognize that (7),
with a proper choice of the scaling factor, also provides the
minimum mean-square error (MMSE) between the estimated
symbol and the transmitted one. In fact, defining the mean
square error (MSE) as

J=F {’BO(k) - bo(k)r} - ‘ Eowlen — 1’2 +wiRw
(10)
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and setting the gradient of .J in (10) equal to zero, it is found
that the MMSE criterion weights must satisfy

Rw:@(l—

which is in the form (7). Moreover, if R is nonsingular, the
explicit MMSE solution is readily obtained as

w = Jrﬂin V E'D]R/_1

where the constant J,,;,, is the minimum residual MSE given by

1 -1
CD> .

Thus, we have shown that MMSE and OC receivers are equiva-
lent and will be used interchangeably throughout the paper.

- EDWTCD) (&) (11)

(12)

Jonin = (1 + EpelR™ (13)

B. SINR Analysis

In order to study the performance of OC, we start from the

SINR expression (9). Let R = CIC}L be an (Na x N4 ) random
matrix where Cg is defined by

| |
CI, N,

isan (Na x Np) matrix composed of Ny interference propaga-
tion vectors as columns. The SINR can be written in terms of
the eigenvalues (A1, ..., Ax,) of R as

(14)

N,
NN L (15)
= Et\i + No

where vector u = [uq,...,ux,]T is given by u = UTcD for
some unitary matrix U arising from the diagonalization of R
[4]. Since U represents a unitary transformation, the distribu-
tion of u is the same as that of ¢pp. Note that the eigenvalues vary
at the fading rate. The joint probability density function (pdf)
of ()\1, )\M) was derived in [3] and [4] using the theory
of muItlvarlate statistics, relating to complex Wishart matrices
[23]-[26]. It can be shown that the general expression for the
joint pdf of the first Nmln 2 mm{NA N1} unordered eigen-
values A = [)\1, .. ¥ of R, valid for arbitrary N, and

Ny, is
f}\(dﬁ, s 7$Nn}in)
K Nmin Nmin— Nmin
— H e~ T Nmax—Nmin (:17 _ :1:-)2
Niin! ¢ 7
mme] =1 i=1 j=it1

(16)

where Ny = max{Na, Ni} and K is the normalizing con-
stant given by

7 Vmin (Nmin—1)
K= - _ 17)
FNm;,, (NmaX)FNmin (Nmin)
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with

Nmin

f‘Nm;n(”) — = Nmin(Nmin—1)/2 H n—i).

=1

(18)

The additional Ny — N, eigenvalues of R are identically
equal to zero. Note that the joint pdf derived in [3] and [4] was
for the case of ordered eigenvalues. Here, we consider the un-
ordered distribution, which is a reason for the difference in a
factor of N, !

I11. DERIVATION OF THE SEP

The SEP for OC in the presence of multiple cochannel inter-
ferers and thermal noise in a fading environment was derived in
[3] and [4], using the chain rule of conditional expectation, as

|uL
ol

Ps\i

(19)
where Pr{e|v} isthe SEP conditioned on the random variable ~.
In deriving (19), we first perform ]Eu|i{'} and average over the
channel ensemble of the desired signal to obtain the conditional
SEP, conditioned on the random vector A, denoted by P, 5 We
then perform IE5 {-} to average out the channel ensemble of the
interfering signals.

In many cases of interest, the contribution from the cochannel
interference and noise at the output of the MMSE combiner is
well approximated by a Gaussian random variable [27]. This ob-
servation is also valid for OC via the equivalence of maximum
SINR and MMSE and will be verified by Monte Carlo simula-
tions in Section V. Therefore, the conditional SEP, conditioned
on A, for coherent detection of M -ary PSK in the general case
of N antennas and Ny interferers, can be written as [3], [4]

-1 r°

™

Na 2
CMPSK |u,|
E ;<e -——FF E _ df
ulx{ Xp( sin”f © & EI)\,L»—I—N())}

(20)

1 Nmm sin® ¢

— jom do
i | sin 0 + evipsk BraN,
(21)
where eypsk = sin?(7/M), © = 7(M — 1)/M, and
2 Na—Nmin
Sin

A(f) = 22
®) [Sinz 0+ CMPSK%] @)

and we have used the fact that u is Gaussian with i.i.d. elements
in deriving (21).t
1Although this paper concerns the derivation of exact SEP, it is noted here

that the integrand of (21) is Schur monotonic [28], and this fact can be used to
obtain bounds on SEP.
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Using (19), the unconditional SEP for OC becomes

PE,:/0 /0 Pel;\(:c)-fx(x)darl...da:

where Pe‘;\(z) is given in (21). Expression (23) is exact and
valid for arbitrary numbers of antennas and interferers; however,
it requires the evaluation of N,;,-fold integrals, which can be
cumbersome to evaluate for large N,,i,. We will show how this
analytical difficulty can be avoided using the classical theory of
orthogonal systems and the properties relating to the Vander-
monde matrix.

(23)

Nmin

IV. EFFICIENT EVALUATION OF SEP FOR OC

We first note that the term ]~ [H;V;‘;j‘rl (z; — xj)] in
(16) can also be seen as the determlnant of the Vandermonde

matrix V(zy,...,zn,_,. ) given by
1 1 . 1
A 1 T2 T Nomin
V(x17"'7‘/1:Nrnin) = : : :
Newin =1 o Newin - Q;N,,,.;“—l
1 2 Nmin
(24)
Therefore, the pdf can also be written as
f;\(xl, . 7$Nm;“)
K ]\T .
= V(1 0N e i~ Nmin - (25)
Nmin! | ' 1;[

For what follows, it is convenient to introduce the function?

. A+ R
Pp(\,0) 2 (26)
M amE
and using (25), the expression (23) becomes
K 2
pﬁ:N_'W/ A(6) / / (@1seens )|

[H o
=1

The evaluation of (27) is difficult because the integrand does not
factor and the number of integral depends on the minimum of
the number of antennas and interferers. \We now give an efficient
method to reduce (27) to the SEP expression involving a single
integral with finite integration limits. The approach is based on
a classical technique commonly used in mathematical physics
involving orthogonal systems [29].
Let us first consider a more general problem of evaluating

Nmin
i=1

where z(z, §) is a nonnegative function, and the average is with
respect to the distribution of the eigenvalues given by (25). This
problem can be efficiently solved by using some classical results
from orthogonal polynomials, as follows.

““dxi] 9. (27)

(28)

2The dependence of the parameters Er,, E;, and Ny is suppressed to simplify
the notation.
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Foreachf € [0, ©], let Pév be the space of all polynomials
with degree less than or equal to N,;, — 1 with measure

dpg(w) = z(z, 0)2"

equipped with the inner product and norm defined, respectively,

by
s /'°° F(@)g(x)z(x.6
0

(f.9) ()
||f||z 2 /0 f(:L) f(x)Z(ZL/ H)CENmax*Nminefxdx'
(31)

If the nonnegative function z(z,6) is such that pe(x) is
increasing in at least N, points of z, then the elements
1,z,22,...,xN=»—1 of the Hilbert Space P, are linearly
independent. This implies that there exists an orthogonal
system { ¢, (z,6)} NVmin =1 with

Gn(7,0) = Pno(0) + pn1(0) + -+ + ()"

such that (¢, ) (8) = ||¢nll 6n.m, Where &, ., is the Kro-
necker delta function defined by

1,
A ’
5n,m - { 07

The orthogonal system { ¢, (z, 0)}5;3*1 can be obtained by a
Gram-Schmidt procedure using the measure dyg(z), as shown
in Appendix A. Hence, we have constructed an uncountable
number of orthogonal systems, each generated by the measure
dug(z) indexed by 6 € [0,0].3
Theorem 1:
o)

Nmin
Ej; { II K H lbnlly
=1

where K is given in (17) and [ ™ “‘“‘_1 ||¢TL|IZ is the product
norm squares of all the elements |n a particular orthogonal
system generated by dpug(z).

—Nmin ,—T
'max min o dx

(29)

Vmi ne

JapNmax = Nomin o =2 g (30)

(32)

n=m

n #m. (33)

(34)

2

Proof:
N"]in ~
]E;{ [T =% 0) } / / ----- T N o)
l:l mln
X H z(a:i,H)wfv““‘"_N“‘*“e_midxi. (35)
=1

For any given 8 € |0, ©], the Vandermonde matrix V (x4, .. .,

T, ) canbetransformed, usingtheorthogonal systemgenerated
by dpg(x),intoV(zy1,...,zN,,,;0) defined by
V(z1,...,zN,.:0) 2
bo(r1,0) bo(r2,0) G0 (T Nppin» 0)
¢1(z1,0) ¢1(z2,0) ¢>1(11\mm79
Nmin—1 (‘Th 9) ¢anin_1 (x% 9) ¢N1nin_1 (:Uanin 0

(36)

30ther choices of measure lead to other orthogonal systems [29].
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by means of elementary row operations. Since the determinant
is invariant to such row operations [30]

|\/v(£1)17 e

VEN )| = |\~/(w1, e ./a:Nmm;H)|. (37)

We now let Sy

min

be the set of all permutations of integers

{0,1,..., Nmin — 1} and let 0 € Sy, denote the particular
function o : (0,1,...,Npin—1) — (01,02,...,0nN,,,) Which
permutesthelntegers {0 1,..., Npin—1}.The determmantcan
be written as
Nimin
V(z1,..., TNpw)| = Z sgn{o} H bo,(xi,6) (38)
UeSNn]ln
where
) _ | 41, foreven permutation
sgn{o} = { —1, for odd permutation. (39)

Substituting (37) and (38) into (35) gives

Nmin
i= 1

T Y D D S B

[IllIl

QGSNITA]!] O-GSNII‘UD
Nmin
x H b (3?;7 )(250_1(%7 ) (xhg)xi\’mafom;ne—zidxi
K
> Z sgn {a} sgn {0}
mm- €SN, . OESN
Nmin
x [ (be(i,0), b (2:,6)) . (40)
i=1

Using the orthogonality property of {¢,, (z, 0)}5;‘3‘_1, (40) be-
comes

Nmin
Z
=1

> Y senfa}sen{s}

Q€SN ocESN

Hlll’l

min min

Nmin

><H||¢m
X
— Z (sgn {o})? HII% I

s TESN,,

“zy”i

=

Nmin—

=K H ”d’nH&

where we have used the fact that the cardinality of S, isequal
to N,i,! in obtaining the last equality. This completes the proof
of Theorem 1. O
Using Theorem 1, we immediately obtain the following the-
orem.
Theorem 2: The SEP for coherent detection of M-ary PSK

signals using OC with an N -element antenna array in the pres-

1953

TABLE |
PSEUDOCODE FOR EVALUATION OF C'(8)

function C(6, Nuin)

C = by = Go(9)

oo =1

for n=1 to Ny,-1
for m=0 to

n—1

n—1 ) 7
bnm == (plj)—’_m > ik Guin(6)
j=m J k=0

end for

¢n,n =1

= Z Z Gnm®Pni Gma1(0)

m=0 {=0

CcC=C-b,
end for

return C
end

. /

ence of Ny uncorrelated equal-power cochannel interferers and
thermal noise in Rayleigh fading is given by

O
-y
7T'0

Here, A(6) is given by (22), and C(0) £ [T ||pnl|Z, with
Nuin = min{Nx, Nt} is the product norm squared of all the
elements in a particular orthogonal system generated by dyg(z)
of (29) using z(z,8) = ¥(z,6).

Thus, the derivation of the SEP for coherent detection of
M -ary PSK using OC, involving the N ,,;,-fold integrals in (23),
essentially reduces to a simple single integral over & with finite
integration limits. The integrand is a product of two functions
A(6) and C(8); the former function A(#) involves trigonometric
functions and is given by (22), and the latter function C'(¢) can
be evaluated easily as described by the pseudocode provided
in Table I, based on the approach illustrated in Appendix A.
Finally, the SEP expression (41) can be efficiently and rapidly
evaluated using standard mathematical packages, even for a
large number of antennas and/or cochannel interferers, where
previous studies relied on highly time-consuming simulations.

(41)

V. NUMERICAL RESULTS

In this section, the performance in terms of SEP of adap-
tive arrays with OC is investigated using the analytical approach
given in Theorem 2, with different choices of the SNR defined
as Ep /Ny, the ratio between the desired received signal power
and the total interfering power (SIR) defined as Ep /(N1 - Ex),
the number of interferers, and the number of antennas.

Let us first assess the accuracy of our analytical tool. It is
worthwhile noting that Theorem 2 provides the exact SEP, under
the assumption that the residual interference term at the com-
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N;=4, SIR=5 dB, QPSK
10 SR S —
3 .
107" % e » Np=
b — e
1072 : ﬁp\\ i
o X |
_ T~ N, =4
107 : T A
N, =8 N,=5 '
AT :
107 ; \*\ TR
% Simulations ‘[ - N R
107 N I : N
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
SNR [dB]
Fig. 1. Comparison between analytical and simulation results, quaternary PSK

modulation, N1 = 4 interferers.

biner output is a Gaussian random variable [27] leading to (20).4

This is verified in Fig. 1 where the analytical results are com-
pared to time-consuming simulation results obtained for asyn-
chronous cochannel interferers.> We remark that here the simu-
lation is at the signal level, thus without any adjoint hypothesis.
The simulation, which took several days of computation time,
was obtained with at least 1000 error events per point and can be
considered quite reliable. The goodness of the exact analytical
results based on the Gaussian approximation can be appreciated
in the figure and justify the adoption of the Gaussian model for
the residual interference after combining.

Fig. 2 shows the SEP as a function of SNR for No = 6
antenna branches, N1 = 4 interfering signals, and SIR = 10
dB. Several modulation formats are considered: binary PSK,
quaternary PSK, 8-PSK, 16-PSK, and 32-PSK. Also shown in
the figure are semianalytical results obtained by generating the
random propagation vectors, computing the SINR by (9), and
then averaging the conditional SEP given by [4, eq. (15)]. Since
the analytical framework proposed in this paper provides an
exact result under the same hypotheses, we find perfect agree-
ment between our analysis and semianalytical results.

Fig. 3 shows the SEP for coherent detection of 8-PSK with
five antenna branches as a function of SNR for SIR of 10 dB,
with the number of interfering signals ranging from one to eight.
It can be seen that when the number of interferers becomes
equal to or larger than the number of receiving antennas, the
curve exhibits an error floor. This can be easily explained by
remembering that adaptive array systems have N, — 1 degrees
of freedom to cope with interfering signals and thermal noise.
When the number of interferers is greater than the array degrees
of freedom, the system is not able to null out the interferers and,
for large values of SNR, the performance is limited by the in-
terfering power. The opposite is true when the number of an-

4This was always assumed, explicitly or implicitly, in all previous literature
on OC [2], [8]-[15].

SFig. 1 shows the SEP as low as 10~3 only to illustrate the asymptotic be-
haviors of the SEP; these extremely low SEPs are not practical, especially for
wireless mobile communications. Similar comments apply to the extremely low
SEP ranges shown in Figs. 2 and 3.
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N,=6, N=4, SIR=10 dB

107
|
107 !
107 ) o joN : i i
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
SNR [dB]
Fig.2. SEPasa function of SNR for Ny = 6, N1 = 4, SIR = 10 dB. Several

modulation formats are considered: binary PSK, quaternary PSK, 8-PSK,
16-PSK, and 32-PSK. Semianalytical results are also provided (symbols).

N,=5, SIR=10 dB, 8-PSK

J
30

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28
SNR [dB]

Fig. 3. SEP as a function of SNR for Ny = 5, 8-PSK, SIR = 10 dB; the
number of interferers ranges from 1 to 8.

tenna branches is greater than the number of interferers; here
the additional Lp;, = Na — Ny degrees of freedom are used
to mitigate thermal noise and desired signal multipath fading,
and this provides an asymptotic behavior for SEP proportional
to 1/(SNR)Lviv (in other words, a diversity degree Lp;, with
respect to fading of the useful signal).

Fig. 4 shows the required SNR as a function of SIR to achieve
a target value of SEP of 103 for the case of 8-PSK in the pres-
ence of four interfering signals. The number of antennas ranges
from two to six. The figure shows, in the plane (SNR, SIR), the
pair of points which provide the desired SEP for a given number
of antennas and interferers; the regions above the curves repre-
sent the values of SNR and SIR, providing a SEP less than the
target SEP. For example, if we fix SNR = 14 dB, an optimum
linear combiner with six receiving antennas requires a SIR of
about 9 dB to achieve a target SEP of 10~2. This value increases
to 14 dB with Ny, = 5 and 21 dB with Ny, = 4; moreover,
when the number of antenna branches is smaller than four, no
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Fig. 4. SNRas a function of SIR, desired SEP = 10~3, N1 = 4, 8-PSK; N,
ranges from 2 to 6.

value of SIR can achieve the desired SEP. A similar behavior can
be observed if we fix SIR and determine for the required value
of SNR. Finally, when SIR — oo, the result for OC converges
to those for MRC, the performance is limited only by thermal
noise; this justifies the floor observed, whatever the value of N .

VI. CONCLUSIONS

In this paper, we have derived the exact SEP for coherent
detection of M-ary PSK using optimum combining in the
presence of multiple uncorrelated equal-power interferers and
thermal noise in a flat Rayleigh fading environment. Starting
from an expression requiring the numerical evaluation of nested
integrals, and by using the theory of orthogonal polynomials,
we obtained a simple and numerically stable solution with only
one finite-limit integral, valid for M -ary PSK and an arbitrary
number of interferers and/or antenna elements. This made pos-
sible the exact SEP evaluation for wireless systems with many
users and antennas, where previous studies relied on highly
time-consuming simulations. Hence, performance evaluation of
wireless systems scenarios with optimum combining, that were
either extremely time consuming or impossible by simulation
with current computing power, becomes feasible.

APPENDIX

Derivation of the Orthogonal System

As pointed out earlier in Section IV, the polynomials
1,z,22,...,2N=»=1in the Hilbert Space P, ™=, with inner
product (f, g) (¢) and norm || f||, given by (30) and (31), re-
spectively, are linearly independent. Therefore, we can apply the
Gram-Schmidt procedure to obtain the orthogonal systems as
follows.

First, polynomial 1 gives the function ¢ (z, 8) as follows:

1 — ¢o(z,0) =1. (42)
The polynomial x produces the second function by
v — br(e8) =a— LB g0 ) (g

2
llBolly

1955
In general, the polynomial =™ forn = 0, ..., Ny, — 1 trans-
forms into
n—1
", ¢i(x,0
" — ¢, (z,0) = 2" — Z W@(xﬂ)- (44)
§=0 ||¢J||9
Now, adopting the following notation for polynomials:
the norm square of ¢,,(z, §) can be expressed as
||¢n||0 = Z Z ‘;bnl d’nm )<$ T > (46)
=0 m=0
Using the inner product (30) with z(x,60) = 3(x,0), ||¢nll2
becomes
bl = E Z bni(0)bnm(O)Grim(6).  (47)
=0 m=0
where
Gr(0) = / ghtNmax=Nuin e =o)y (3 0)dz.  (48)
0

A closed-form expression for G(#) can be derived starting
from the integrals [31, eq. 3.353.5]

ks Tta k—1 k
———dx =K' —-b| (-1 b
/0 e ar+a+b$ [( AR

k
e“+bEi(—a —-b)+ Z (m—1)Y(—a— b)k_m‘| (49)

where Ei(-) is the exponential integral function [31, Sec. 8.2].
Using (49) in (48) and the relations between the exponential
integral function and the incomplete Gamma function I'(a, z)
[31, Sec. 8.35], we finally have

Gl Nt Noin (8) = C() < DR C(B) (1 + k)

D(=1 =k CO) + 2T (- m(e))] (50)

where C(H) = C]\,{ps}(E])/(SiH2 QEI)

The coefficients ¢,, ,,(0) can be calculated iteratively using
the following formula, which we derive as follows. Substituting
(45) into (44) gives

n—1
Inlw ) =" =) ||<z>1||9 <

7=0
J

X Z bjm(0)
||¢>J||9 Z‘/’” )
Z Bj.m (0

S
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Once again, using the inner product (30) with z(z, §) = ¥ (x, §),
we have

n—1[n-1

bu(,0) =27 = S| S — sy m(6)

m=0 j=m |I§b3”9

J
XY $jk(0)Gnyi(0)|2™. (51)
k=0

Comparing (45) and(51), we obtain the mth coefficient of the
nth polynomial as

n—1 J

brm(8) == 3 — = 6m(0) > 034(0) G (0)
j=m ||¢J||9 k=0
52)

m=0,....n—1

with ¢,, () = 1.
Exploiting the previous relations (47) and (52) leads to the
procedure shown in Table I.
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