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Abstract

The main goal of this paper is to estimate the magnitude of the second largest
eigenvalue in absolute value, Ay, of (the adjacency matrix of) a random d-regular
graph, G. In order to do so, we study the probability that a random walk on a
random graph returns to its originating vertex at the k-th step, for various values
of k. Our main theorem about eigenvalues is that

; log d 1 d3/21oglogn "
E{|A(G)|"} < (2\/2d—1(1+ \/ﬁ+o<ﬁ)) +O<T>)

for any m < 2|logn [\/2d —1/2|/logd|, where E {} denotes the expected value
over a certain probablity space of 2d-regular graphs. It follows, for example, that
for fixed d the second eigenvalue’s magnitude is no more than 2v/2d — 1+ 2log d+
C' with probability 1 — n=¢ for constants C' and C” for sufficiently large n.

1 Introduction

Let G be a d-regular (i.e. each vertex has degree d) undirected graph, and let A be its
adjacency matrix. We allow G to have multiple edges, in which case the corresponding
entry of A is that multiplicity; we allow (possibly multiple) self-loops, in which case
the corresponding entry of A is twice the multiplicity of the self-loop. Since A is
symmetric it is diagonalizable with (an orthogonal set of eigenvectors and with) real
eigenvalues. It is easy to see that d is the largest eigenvalue in absolute value (with the
all 1’s eigenvector). Let Ay = A3(G) be the next largest eigenvalue in absolute value.

*The author wishes to acknowledge the National Science Foundation for supporting this research in
part under Grant CCR-8858788, and the Office of Naval Research under Grant N00014-87-K-0467.
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The magnitude of |A\;| has received much attention in the literature: for example, it
is useful to give some estimate of the expansion properties of G (see [Tan84],[Alo86])
or the rate of convergence of the Markov process on G (with probabilities 1/d at each
edge) to the stable distribution (see [BS87] for more on this and references). The
smaller |A| the better, usually; intuitively it measures the difference (in Lq operator
norm) between A and the all d/n’s matrix, and more generally that between A™ and
the all d™/n’s matrix.

The main goal of this paper is to estimate the magnitude of |A;| of a random
d-regular graph. We view d as fixed and n — oo; if d is sufficiently large with respect
to n, it is well known that [As| = O(v/d) with high probability. In order to estimate
|A2], we study the probability that a random walk on a random graph returns to
its originating vertex at the k-th step, for various values of k (for us, k£ ~ logn or
(logn)? are important). We will actually work with 2d-regular graphs, drawn from a
pp babiliy space G, 24 to be defined shortly. Our main theorem is

Theorem A For G € G, 2q we have

log d 1 d3/%loglog n
ARG < 2vad = 1(” E+O<ﬁ)) +0( ™)

(with an absolute constant in the O( ) notation), where E{} denotes the expected
value over G, 24 and where the logarithm is taken base e; more generally we have

m log d 1 d**loglog '\ )"
B < (2var=T(1+ B o ) ) 4o Tl )

for any m < 2|logn |v2d — 1/2]/logd].

All logarithms in this paper are taken base e. A corollary of this theorem is

Theorem B For any 8 > 1 we have

|A2(G)| > (2\/@(1 + % —I—O<%)) +O<%))

with probability
2

< .
~ p2lv2d-1/2]logB/logd

In particular, we have that for any C there is a C' such that for any d there is an ng
such that if n > ng then a G € G, 24 has

A2(G)| < 2v2d — 1+ 2logd + C’

with probability at least 1 — n=C.
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One can compare this to the well-known lower bound

|A2(G)] > QM—I—O( ! )

log,n

for any 2d-regular graph, G, with, say, d < y/n (the bound as stated is easy, and
has been discovered by many people; for a proof see section 3; a similar result also
holds for the second largest positive eigenvector, see [McK81] and Alon and Boppana
in[Alo86]). Previously Broder and Shamir, in [BS87] had shown that for fixed d,

E{|A(G)]} < 2°/4@%4(1 + € + (1))

as n — oo, and the analog to the second equation in theorem A with m < (2 —
€) logg/yn.  Our method refines Bo der and Shamir’s estimate of the probabiliy
that a random walk in a random graph returns to its original vertex after some
specified number of steps; this therefore improves the estimates on |[Ay(G) . Also,
Kahn and Szemerédi, in [KS], have independently given a much different approach,
which modifies the standard counting argument (the standard counting argument
gives no interesting bound), to get |Ay(G)| = O(v/d) with probability — 1 as n — oc.
The following conjecture of Alon is still unresolved, which states that for fized d, as
n — 00, |Az] < 2¢/2d — 1 + € with high probability for any epsilon > 0.

The standard approach to estimating eigenvalues is to estimate the trace of a high
power of the adjacency matrix, i.e. estimate the probabiliy that a random walk of a
given length will return to the starting vertex on a random graph. Since

Trace (Ak) = Zn: Y
=1

for a matrix, A, with eigenvalues Aq,..., A,, this gives bounds on the magnitude of
the largest unknown eigenvalue. This method was used by Wigner in [Wigh5] to find
the limiting distribution (the “semi-circle law”) of the eigenvalues in a random n X n
symmetric matrix with independently chosen entries drawn from a fixed distribution,
as n — oo; implicit in his paper is that when the expected value of the entry is 0 the
largest (second largest othew ise) eigenvalue is of magnitude roughly proportional
to y/n. His approach to estimating the trace of high powers of the matrix, and
subsequent refinements (see [Gem80], [FK81] for example) do not work when the
distribution of the entries vay too much with n, in particular with matrices of graphs
whose edge density decreases too fast with n. In [McK81], McKay derived a semi-
cirlce law for d regular graphs, i.e. the limiting distribution of the eigenvalues, but the
method did not give bounds on || (the limiting distribution only gives information
on n—o(n) of the eigenvalues). In [Mar87] and [LPS86], Margulis and (independently)
Lubotzky, Phillips, and Sarnak constructed a class of graphs with |Ay] < 2v/d — 1.
In [BS87], Broder and Shamir gave a method of estimating traces for random graphs
which gave |Ay] = O(d3/4) with high probabiliy . In this paper we use Broder and
Shamir’s framework for trace estimates; we also make use of the cosine substitution



1 INTRODUCTION 4

and resulting formulas as in [LPS86], and Alon’s theorem that says expansion implies
“small” second eigenvalue, in [Alo86]. We begin by reviewing the terminology and
results in [BS87].

The model we take is for a random 2d-regular graph on n vertices. Choose in-
dependently d permutations of the numbers from 1 to n, each permutation equally
likely. We construct a directed graph, G = (V, E) with vertex set V ={1,...,n} and
edges

E:{(i,ﬂj(i)),(i,ﬂj_l(i)) lj=1,....d 1:1n}

G is therefore a graph with possibly multiple edges and self-loops, and which is sym-
metric in the sense that for every edge in the graph the reverse edge is also in the
graph. Although G is directed, we can view it as an undirected graph by replac-
ing each pair of edges (i,7(7)), (7(7),7) with one undirected edge. We denote this
pp babiliy space of random graphs G, 24.

Let A be the adjacency matrix of a graph G € G, 24. Let 1I be the alphabet of
symbols

II= {771,771_1,772,...,71';1} .

We think of 71,..., 77 as being the d permutations from which G was constructed,
and any word, w = oy ...0% of II* as the permutation which is the composition of the
permutations oy, ...,0k. Let

. )1 i (1) =
tTI= { 0 otherwise '
We have that the 7, j-th entry of A* is

diBg.

wellk

We wish to estimate the expected value of the above sum for ¢ = j. In evaluating
i = 4, we can cancel in w any consecutive pair of letters 77 ~! with 7 € II. We say
that a word w € II* is irreducible if w has no pair of consecutive letters of the form
mrn~'. We denote the set of irreducible words of length & by Irred;. Clearly Irredy
has size 2d(2d — 1)*~1. It turns out that to estimate the second eigenvalue it suffices
to get an estimate of the form

u . 11
Z i %0 = 2d(2d — 1)*1 = + error t.1)
n
welrred,

for all fixed ¢ with a small error term; to estimate the expected second eigenvalue it
suffices to estimate the expected value of the left-hand-side of equation 1.1. Intuitively,
for k > 1 we expect that words in Irred; will send a fixed vertex to each vertex with
more or less equal po bability, 1/n. The corresponding eigenvalue estimate is roughly
O(n'/*(v/d + error'/*)). In [LPSS86], the error terms for a specific family of graphs
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were each bounded by (ed)*/? for all k, yielding |Ay| < 2¢/d — 1. In [BS87] the error

term for the expected value over G, 24 was bounded as

0 (ﬁ 2d(2d — 1)F1 + k (cd)k/2>
n? ’

n

which for k = 2logyn is < (ed)?*/4/n.
In this paper we obtain sharper estimates on the error term for the expected value
over G, 4. One that is useful for information on the eigenvalues is (corollary 3.6)

Theorem C There is a constant ¢ such that the error term in efquation 1.4 is no

more than
k2V2d (2d — 1)7F/2
pl+V2d—1/2] T n )

2d(2d — 1)*! (ckd)é( (.2)

Jor all k with k < nt/(c 0 /(cd®?) and d > 4.

(See theorem 2.18 for other estimates on the error term.) From the above theorem
we derive estimates on the second eigenvalue.

In section 2 we do the most of the work, which is to prove that the sum in
equation 1.1 has an r-th order asymptotic expansion in 1/n for any r < v/2d — 1/2 of
the form

el Y ﬂm} = 2d(2d—1)k" (% Jol) + 5 k) + ot %(g_l(k))—l-error,
welrred,
(.3)

where the error involves a 1/n6gH term and a term like the second term in equation 1.2,
and where the J/S are polynomials of degree 5¢ 4+ 2 whose coeflicients are bounded
by (Cdr)”’(z. In section 3 we show why theorem C follows from equation 1.3, i.e.
why fo(k) = 1 and all the other (fi’s must vanish, and derive information on the
eigenvalues, such as theorem A.

2 An Asymptotic Expansion

The goal of this section is to develop the asymptotic expansion of equation 1.3. We
first explain the reason that such an expansion should exist, reviewing the ideas in
[BS87]. Throughout this section we will bound error terms by expressions involving
various absolute constants. Rather than giving each one a distinct name, we shall
denote them all by ¢; in cases where confusion could arise we shall also use .

For w = oy...04 € Irredy and 7 fixed, consider the random variable i = i. We
wish to estimate E{i = i}. In [BS87] the analysis is as follows. It is helpful to consider
the random variables ¢, = 0y(7), t = 02(t1), etc. which trace ¢’s path through G
along w. We simplify the calculation of E{i = i} over Gr,24 by considering only the
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values of m1,..., 74 needed to determine the ¢;’s and therefore the value of 7 2 4. So
consider the po cess of selecting an element of G,, 24 by first selecting ¢;, then ¢, until
g, and then determining the remaining values of the 7;’s.

To determine ¢; it suffices to know the value of oy(7), which clearly takes on
the values {1,...,n} each with po bability 1/n. Next we determine the value of
o2(t1); there are a few cases to consider. If oy # oy, then o3 and o; represent
different permutations (since w is irreducible, o5 # o7!), and so 4 takes on the
values {1,...,n} each with po bability 1/n. If 0y = o5, then either ¢; = ¢ and so ¢,
is forced to be ¢, or 1 # ¢, in which case § takes on the values {1,...,n}— {1} each
with probability 1/(n — 1). We can continue to determine {3, ...,¢; in this fashion,
each ¢;’s value conditional on the values of the previous ones. When ¢;’s value is
exactly determined by the previous values, i.e. ¢;(¢;_1)’s value is known, we say that
t; is a forced choice; othew ise we say that %j is a free choice. If t; is a free choice,
then clearly ¢; takes on any one of n — m values with probability 1/(n — m) for some
m < j — 1. If a free choice ¢; happens to be a previously visited vertex (i.e. = ¢ or
= ., for some m < j) we say that ¢; is a coincidence; given that ¢; is a free choice, ¢;
will be a coincidence with probabiliy < j/(n— j+ 1). During this paper we will also
call an edge (¢;_1,¢;) a free choice, forced choice, or coincidence if ¢; is respectively a
free choice, forced choice, or coincidence.

In [BS87], it is observed that two coincidences occur in any given w and 7 with
probability no greater than

2
(5) (5 =ol)
2 n—k+1 n?
This accounts for the first of their error terms. The rest of the work is to analyze
the case of one coincidence, since if there are no coincidences then clearly i = i is 0.
We will analyze the case of < r coincidences for any ¢ < /2d — 1/2, and show that
the error term in equation 1.1 actually has an ¥ term asymptotic expansion in 1/n,
whose coefficients are polynomials in k& for any fixed d. The key to the proof is to
go up together walks in the graph which have the same rough shape, which we call
the type of the walk.
Let

0 otherwise

ioﬂmﬁ%'“%i]‘E{ 1 if wg(ig—y) =i fork=1,...,7 }

Consider
EX Y z‘ﬂm}: 3 B{i 2 T Py Il
welrred,, w=o1...oq€lrred;

t;€{1,cn}, j=1,0k—1

We will group the terms of the right-hand-side summation by their geometric configu-
ration. Fix a word w = 0y .. .0y, integer i, and sequence of integers § = (L1, tk—1)
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-~

and let {; = . With these values we associate a directed graph, I', ;;, with edges
labeled by II. The graph’s vertex set is V = {iy,..., ¢, }, where m is the number of
distinct integers among ¢ and ¢; we think of 7 as representing ¢ and, more generally, ¢
as representing the [-th distinct member of the sequence ¢, %1, ...,tx_1. The edge set,
E, has one edge e; for each free choice t;; e; is an edge (44, t5) Where 7, @, respectively
represent the values of ¢;_; and (ij; in addition e; is labeled with o;. I'y, ;¢ Tepresents
the geometric structure of the intended path from ¢ through ¢ and back to i along w;
it contains the amount of conditioning on 7y, ..., 74 given that the intended path is
actually taken. We say call I'y, ; + the generalized form of w,1,t.

Consider an abstract generalized form, I' = (Vr, ET), i.e. a directed graph with
vertices named Vp = {¢1,..., ¢, } and with edges labelled by II, which is =T, ; ; for
some (w,,t) triple, but where we ignore the particular (w,%,t) from which is arises
(at least for the time being). Let a;(I") denote the total number of occurences of 7;
and 7Tj_1 as labels of edges. a; gives the number of values of 7; determined by I'. For
a fixed w we have

B{i 2t T Dy, Dl =
{ i0)IC,i=T)
L 1
— 1) (= Vo[ +1
Bn—1)...(n Hﬂ+)l1ﬂn—1

Jooi(n—a;()4+1) 7

where the j-th term in the above product is omitted if a;(I') = 0. We denote the
above by Pr(I'). We can expand

1 (6] Co
h@)zﬁ$ﬁj@+}+ﬁ+”) (2.1)
where the £;’s are constants depending on I' and coin (I') denotes the number of
coincidences in I' (more precisely in any triple (w,1,t) with I'y,;+ = I'), which does
not depend on (w,,t). Clearly

S B{i%i} = S Prw(l k), (2.2)
w_e_ Ilrred & r

where w(I', k) denotes the number of irreducible words, w, of length & compatible
with I', i.e. for which there are ¢ and ¢ with I',;; =T

Next we go up together generalized forms, I', whose underlying graphs have the
same rough shape. Consider again, for a fixed word, w, and vertex, ¢, the process
of determining the (ij’s. We begin by generating distinct vertices £;, £5, ..., adding
vertices and edges to ', until we encounter a coincidence. We may then encounter
forced choices, which is to say walk in I" without generating new vertices or edges,
until we encounter a free choice, {;. Starting with the edge from ¢;_; to %1, we depart
from the “old” I', walking along new edges and vertices until we encounter our next
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coincidence. We call a point such as #;_; (more precise, the last vertex in a consecutive
sequence of forced choices) a departure. We will sometimes also refer to the edge
(%1_1,t1) as a departure, if ¢;_y is. Clearly departures alternate with coincidences
throughout the walk. We now go up I'’s by forgetting any vertex which is not a
coincidence or a departure. In other words, w forget all degree 2 vertices (except 71);
nothing interesting happens at them.

We say that a vertex ; of I is a coincidence (departure) if one of its corresponding
t;’s is a coincidence (departure); as with coin (I'), these notions are independent of
(w,2,t). In fact, ¢y is always a coincidence, ¢; for j > 1 is a coincidence iff its indegree
is > 1, and ¢; for all j is a departure iff its outdegree is > 1. Any vertex of I' which
is not a coincidence or a departure has indegree and outdegree 1, and so the edges
of I' are a union of simple (directed) paths from pairs of the subset of vertices, S,
consisting of all coincidences and departures. With I' we associate its {ype, 1T, which
is an undirected graph, possibly with multiple edges and self-loops. Its vertex set is

{v1,..., v} where [ = |S]|, and as before we think of v; as representing the j-th vertex
of S in the order ¢y, ..., t,. 11 has an edge for each simple directed path from pairs
of S.

Given an abstract type, 7', which is just an undirected graph (corresponding to at
least one I'), we order any go up of multiple edges to distinguish each edge from its
copies. In other words, for each edge of multiplicity s, represented by distinct edges
{e1,...,es}, we label {eq,...,es} with distinct integers {1,...,s} in some fashion.
This labelling is equivalent to imposing an order on each group of multiple edges. We
call a type together with such an ordering or labelling a type with ordered mulliple
edges, or simply an ordered type. The point is that given an abstract generalized
form, I'; any word w compatible with [' gives rise to a unique oriented labelling with
labels in I1* of the edges of the corresponding (abstract) ordered type Tt (an oriented
labelling being one where we orient the edge and give it a label, assigning the inverse
label to the oppositely oriented direction), and to a unique walk in 7. To see this,
consider the walk from #; to itself along w, which traces out a unique walk in I'. This
gives rise to possibly many walks in 71, but only to one walk such that (1) the edges
are labelled and oriented as they are traversed, labelled with the word in I1* which is
simultaneously traced out in I', and oriented in the direction traversed, (2) once an
edge is labelled it is traversed only when it matches the word in II* traced out during
the traversal, and (3) multiple edges are traversed in increasing order.

Conversely, let 7" be an (abstract) ordered type. By a legal walk in T we mean a
walk from vy to itself which traverses every edge at least once, and which traverses
multiple edges in increasing order. By a legal oriented labelling we mean an oriented
labeling of T”s edges by irreducible words in IT* of length > 1 such that for any vertex,
v, in T the labels on the outwardly oriented edges from v begin with distinct letters.
It is easy to see that we have a one-to-one correspondence

, W eneral forms, I', w € Irred compatible wit —
I, w) | General f r Irred ible with T} 4=
{(T',y,€) | Ordered types T, legal walks y and oriented labellings ¢ for 7'} .



2 AN ASYMPTOTIC EXPANSION 9

To calculate the asymptotic expansion, we will sum over types, walks, and oriented
labellings, rather than over generalized forms and words.

Given a legal walk, y, on an ordered type, T', we define the multiplicily of the walk
to be the function which assigns to each edge of T the number of times it is traversed,
disregarding orientation. For a legal oriented labelling, ¢, of T', we define the letlering
of the labelling to be the function which takes a vertex, v, and an incident edge, e, and
returns the first letter of e’s label with the outward orientation from v. We define the
weight of the labelling to be the function which takes an edge and returns the length
of the word with which it it labelled. The notion of coin (1") for types 1’ carries over
from that of generalized forms (i.e. as equal to coin (I') for one and therefore all I'’s
with Tt = T'). Our strategy will be to fix a type, a multiplicity, and a lettering, and
then sum the corresponding terms in equation 2.2.

We are now ready for the nitty-grity . Lemmas which are not followed by proofs
are immediate or easy.

Lemma 2.1 For any type, T' = (V, E) we have coin (T') = |E| - |V|+ 1.
Lemma 2.2 For a type, T, of coincidence r we have |V| < 2f and |E| < 3¢ — 1.

Proof In any legal walk in a generalized form, the coincidences and departures
alternate, starting and ending with coincidences. Any vertex, v, of the type, with
[ > 2, must be either a coincidence or a departure (or both). Thus [V| < 2r. This
and lemma 2.1 yield |F| < 3r — 1.

O

6¢—2

Lemma 2.3 The number of types of coincidence ¥ is less than (29‘) . The number

of types of coincidence < r is less than (27‘)6(’_1.

Lemma 2.4 The number of letterings of a type of coincidence r is < (2d)6("Q.

Let 7¢ be the type with two vertices, vy, vy, with one edge from v; to vy and r
edges from vy to itself (i.e. self-loops). 7, is of coincidence r.

Lemma 2.5 In a type, T, of coincidence & which is not equal to T, each vertex ha®
degree at most 2V

Proof Again, consider any legal walk in a generalized form. When a vertex is first
encountered it is entered and left, giving it indegree and outdegree 1 up to that point.
Then it can be entered by coincidence edges up to r times, and left by departure edges
up to r — 1 times. The degree of the corresponding vertex in the type will therefore
have degree < 2f + 1. We claim that equality can only occur in the type 7,. For
equaliy implies that the corresponding vertex, v, in the type must have r self-edges
and that it is the only coincidence and departure in the type; this leaves room for
only (possibly) one other vertex, vy, which corresponds to ¢;. If v is not vy, then this
type must be 7¢, and if v = vy, then v’s degree is 2r.
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a

Lemma 2.6 In a fized lype of coincidence r, there are < (2r)™ legal walks whose
sum of its mutliplicities is m.

Proof If 7" is not 7,, then each vertex has degree < 2r and so there are < (2r)™
legal walks of length m in T. In 7,, a legal walk consists of one step from vy to vy,
then m — 2 steps each taking one of the r self-loops in either of its two directions, and
finally returning to vy, for a total of < (2r)™~? legal walks.

Consider the function

g(x):(l—bw)...(l—b,w)(l L )< L )

-z 1—csx

where b1,...,b,,c1,...,cs are positive constants. Its i-th derivative is

Z ( . ! . . ) (—bl)il(l — blx)il_l . (_br)ir(l _ brw)ir—l %
i1ttt ot ja=t Uy eeeslpyJly---3]s
ix<1 for k=1,...r
c{l ..cls
1- Cl.’E)jl e (1 — CS$)js '

jll...js!(

For any 0 < z < 1/¢, where ¢ is an upper bound on the b;’s and ¢;’s, we have

7! ] o B L A
<1_$C Z (“w"alra]h"'a]s) ! m s

G it s=i

= < ! )iu(ZbHch)i, (2.3)

1-zc

199 ()]

IN

by the multinomial theorem. As a consequence we have

Lemma 2.7 For any generalized form I of < k edges, Pr (I') has an expansion

1

Pr (F) = ,ncoin(F)—l

- €
<p0+ﬂ+p—§+---+p—r+ ) (2.4)
n n n

nrtl
(with pg = 1), where € is an error term bounded by
r—I—l)k/ner—I—Q

e(

and the p;’s are constants.
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Proof We apply equation 2.3 to equation 2.1, where we have >~ b; + %j < k*. By
Taylor’s theorem, € is bounded by

1 1 T 27’(1
(r—}—l)!(l— kg) (r+ DUED™

for some € € [0, 1/n] for each n.

a

The p; of lemma 2.7 are polynomials in the a; and |Vr| of equation 2.1, and we
wish to bound their size and coefficients.
For any integer a, consider the function

1 1
o l-—z1-2z " "1—az’

9(z)

A power series for ¢ is given in terms of Stirling numbers. We wish to bound the size
of their coefficients as polynomials in a.

Lemma 2.8 g(z)’s power series aboult © = 0 is of the form
14+ zRy(a)+ $2R2(CI,) 4+ -4 gg("RT,(a) e,

where the R;’s are polynomials of degree 21,

where the Em- ’s are non-negative integers with
bio+ -+ byg < 8L
Proof Writing
l4+aRy(a) +2*Ry(a) ++ = (1+az)(1+aRy(a — 1)+ 2*Ro(a— 1) +--)
and comparing terms yields
Re(a) = Re(a - 1) + aRi(a) (2.5

for i > 1 (with Rg(a) = 1). We get a definition for the R¢’s recursive in r. Since
Ro(ajs 1 it easily follows that R, is a polynomial of degree 2r. Since R, (1) =1 for
all f, setting @ = 1 in equation 2.5 yields R,(0) = 0, where we identify R¢ with the



2 AN ASYMPTOTIC EXPANSION 12

polynomial which agrees with it on all positive integers. Thus ¢, = 0 for all r. For
the other coeflicients we have

R.(a)— R.(a—1) = Tz_: Cr_lvka(;:)
k=0
£ o (o 8a)os v+ (01
=2 a—1 a—1 a—1 a—1
= Do (e (o () (1))

Solving the above difference equation it follows by induction on r that all the ¢, ’s
are non-negative integers, and that >, ¢, x < (87 — 6) > ¢r—1 k-

Similarly, we consider
glz)=(1-2)1-22)...(1 - az).
Lemma 2.9 g(z)’s power series about x = 0 is of the form
1—2Qi(a) +2%Qz(a) — -+ (-1)"2"Qr(a) + - - -,

where the (Q;’s are polynomials of degree 21,

27
Qi(a) = Z Cij (a) ;
=0 \J
where the c; ;’s are non-negatlive integers with
Ciod e < 4L
Proof The @)’s satisfy
Qr(@) = Qrla— 1)+ aQy_1(a - 1),
and a similar analysis yields the lemma.
Corollary 2.10 In equation 2.4, we have
nn=% cz-,z('vr}o_ 1) ((FI) i 1) (ad(l}l_ 1) ’ (2.6

where we have used “tensor” notation with I = (Iy, ..., 1) (i.e. I} ’s are non-negative
integers, and |I| = Iy + - - -+ Iy), with constants ¢; 1 each of absolute value < 8'3! .
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Our goal is to estimate the terms of the sum in the right-hand-side of equation 2.6,
when summed over all (I', w) pairs of a given type. This is easy once a lettering of
the type is fixed.

For a fixed o,7 € II, let Irredy , » denote the set of irreducible words of length &
beginning with ¢ and ending with .

Lemma 2.11 For any o, 7 € Il and non-negative inlegers sy, ...,sq we have
ay (w aq(w
ICEEDS ( ! )) ( o )) = (24— DEP() + (“1)FQ(E) + B(Y)
51 5d
welrredy, , .

where P, @), R are polynomials of degree s = sy + - - - 4+ sq with coefficients bounded by
(cd)>.

Proof Consider the 2d x 2d matrix

1 0 29 9 -+ xg wy
0 21 29 o -+ xg w4
1 x1 xy 0 -+ xg wmy
M = gy 1 0 a9 -+ xy ay
1 X1 Ty Ty - xg 0
1 X1 Ty xg -+ 0wy

i.e. the matrix M whoose coeflicients are

MZi—l,Qj—l = MQi,Qj =;
M2i,2j—1 = M2i—1,2j =Zj; if 4 7’é J
M?i,?j—l = MZi—l,Qj =0 ifi=y

over all 0 < ¢ < dand 0 <j<d. Itis easy to see that

k i a1 (w) ag(w)
(M%), ;= E Ly
where 09;,_1 is 7; and oy; is 7r2-_1. Hence

welrredk,oz.,oj
1 J \* a \ %
By=—([(—) ...(=—) M*
/ (k) s1!. .. sg! ((3951) <3wd) ml:...:xdﬂ)ab

for the a,b with 0, = 0, 0 = 7. Let C; = %M, which is a matrix with 4d — 2 1’s
and the rest 0’s. All second derivatives of M vanish, and so

1 0 \* 0\
sﬂ...sd!(%) <0—-Td) M=

Z Z MjOCilMﬁCZ-Q...CZ-SMjS
(11,-sts)  Jot-Fis=k—s
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where the first summation is over all tuples (i1, ..

etc. For fixed (i1,...,7s) we have

S MRC, . M
ot +ie=h—s

where

We claim that C' has eigenvalues 2d —

multiplicity d. To see this, note that the map 7: R?? — R?? given by

T(Yry--nv2d) = (W1 +y2, 01 — Y2, Y3+ Ya, Y3 — Ya, - -

gives

o N D =
oo = O

TCT™! =

20
00

r1=---

:ajdzl =

—_ = O =

1
1
L,

o = O N

2
0

=]

1
1

[

1
1

Jotrtis=h—s
1 1
1 1
0 1
1 1
1 1
1 0

>

chcy ..

—_ = = =

0
1

.Cs

14

., ts) which contain s; 1’s, s 2’s,

—1 with multplicity d — 1, and 1 with

-0 O o

0
0

o N O N

oo o o

s Y2d—1 — Y2d)

By permuting the basis vectors this becomes the block matrix with d x d blocks

B 0
('

where [ is the identity matrix, and

N
—_

2 2

2

)

3

N DN DO

1

(2.7)

Since B+ 1 is the d X d matrix of all 2’s, whose eigenvalues are 2d (simple) and 0 with
multiplicity d — 1, it follows that B’s eigenvalues are 2d — 1 and —1 with multiplicity
d — 1. Thus C’s eigenvalues, which by equation 2.7 are the union of those of B and
those of I, are 2d — 1 (simple), —1 with multiplicity d — 1, and 1 with multiplicity d.
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Thus

Yoo Ol ...Cl =Y ADPATIC ADTATY L LCi, AD* AT!
R j
where D is the diagonal matrix with diagonal consisting of one 2d — 1, d — 1 —1’s,

and d 1’s, and A is an orthogonal matrix diagonalizing C'. We can write the sum on
the right-hand-side of the above equation as

S TADPE\DM . ED; A7 (2.8)
J
with
E]’ = A‘ICZ-jA .
Since

I1Eill2 = [IAll2 [Cll2 [A ]2 = IC,]l2 < v4d - 2,

(where || ||z denotes the Ly operator norm) we have that each of E;’s entries are
< v/4d — 2. Clearly each of A and A~1’s entries are < 1 in absolute value. Therefore,
the a, b-th entry of the matrix in equation 2.8,

Z Z (A)a,bl (Djo)bo,bo (El)bo,bl (Djl)bl,bl te (Es)bs_l,bs (D]'S)bs,bs (A_l)bs,b 7

7 bg,e.bs€[1,...,2d]

is just .
Y e (2.9)
7 €Q4ens€s
e e{2d—1,-1,1}
where the ¢, . .. ’s are constants. Fixing €, ..., €, and letting «, 8,7 be the number

of respective occurences of 2d — 1, —1, 1 among the €’s, we see that

|Ceen| < (4d — 2)%1%(d — 1)PdY < 2°d°5/% (2.10)
Also,
; ; +a-1\f{v+-1\[{w+v-1
¢ s = 2d — 1)*(~1)* [ * .
Zj:o u—I—v—Igu::k—s( )( )(04—1 )( /6_1 )( 7_1 )
(2.11)
From .
RFL ]
> B
= R-1
we derive
RF1 1 RF -1 R'—1
Z R"SY = <7)+< )5_|_...+< )Sk
woek R-1 R-1 R-1

u,v >0



2 AN ASYMPTOTIC EXPANSION 16

R+ S S\* 1 L
= 14+ =4 ... = - (1
R_1(+R+ +<R)) (IS + 45

SKH2(R — 1) + R*2(1 - ) + (S — R)
(R-1)(S—1(S—R)

and thus
Z Rusva:Sk+2(R_P)+Rk+2(P_S)+Pk+2(S_R)'
L (R-P)(S-P)(S-R)
u,v,w >0

Multiplying the above by R*~1§8=1P =1 then differentiating by (8%%)‘1_1(885)’6_1 (%)W_1

the substituing & — s for £ yields
3 (2d—1)“(—1)”(“+0‘_1) (”+ﬁ_1) (w+7_1) (2.12)
utv+w=k—s a—1 ﬂ -1 7= 1

is equal to a sum of six terms, the first of which is

1 1 1 O\ O\ 9\ RoSkestAEL pr=t
e nayer) (s) Gr) lEopeopem
evaluated at R =2d—1, 5 = —1, P = 1; the other five terms are similar. In the above
term, the %’s can be applied to any of the three terms P?~1 (in the numerator) and

(R— P) and (S — P) (in the denominator), and similarly for the other partials. We
get a sum of 3917173 terms, each of the form

(k_5+ﬁ+1)5k9’

l

where [ is an integer between 0 and s and 6 is a polynomial in R,.S, P, independent
of k, which satisfies

<(2d-1).
R=2d-1,S=-1,P=1

(k—s+ﬂ+1)
!

(k+ s)!
[! ’

8(R, 5. P)|

The coefficients of the polynomial

are clearly dominated by those of
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which are clearly less than

s/ (j) 5l
max < max — <¢€°.
i=0,..,0 1! 7=0,..,0 7!

After doing a similar analysis for the other five terms whose sum equals the expression
in equation 2.12, it follows that the expression in equation 2.11 is of the form

(2d = 1)*p(k) + (—=1)*q(k) + r(k)
with p, g, r polynomials of degree s whose coeflicients are bounded by
35725 (2d — 1)* .

Summing over the 3°t! possibilities for ¢g,..., €, in equation 2.9, using also equa-
tion 2.10, yields

aq(w agq(w
f(k) = Z ( i )) ( il )) :(2d—1)kP(k)+(—1)kQ(k)—I-R(k)
51 5d
welrredy .
where P, (), R are polynomials in k of degree s whose coeflicients are bounded by

2472351139725 (2d — 1)° < (36¢€)°d™/? .

Corollary 2.12 For any o, € Il and non-negalive inlegers sy, ...,sq we have

Jky= 3 (a(w)™ . (ag(w))* = (2d = DFP(k) + (-1)"Q(k) + R(k)

welrredy, , .

where P, @), R are polynomials of degree s = sy + - - - 4+ sq with coefficients bounded by
(cds)®® for some absolute constant c.

Proof We use the fact that the constants ¢,, in

" x
" = E Cm,
m=0 m

are always positive (see, for example, [Knu73] page 65); it follows that ¢,, < n”
by substituting n for z in the above. Applying this to each a;(w)*, expanding the
product, and applying the previous lemma yields the desired result.
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For a type T' = (Vr, Er) with Er = {e1,...,e:}, let L7,k denote the set of
oriented labelling with weights (ki,..., k). For a labelling, ¢, we define a;(¢) to be
the number of occurences of 7; and 7TZ-_1 in £. Any generalized form, I', compatible
with 7" and a labelling in L7, ..k has

Vel = Vel + D (k= 1) = Ve[ + 1l =t = [(] +1 -7,

by lemma 2.1, where |{| = " a;(¢). We can therefore define the p; of equation 2.4 as
pi(T,€), for T and ¢ determine the value of p;(I') for any compatible I'.

Lemma 2.13 For any fized type, I', of coincidence < r, and ky,... ks, let L =
LTy, k- Forany i <r+1 we have

Spro= > @2d-)E )Rl g g (R k) (2.13)
LeL K1,K9,K3

where the right-hand-side sum is over all partitions of K = {ky,...,ks} into three
disjoint sets K1, K9, K3, where

|I(]'| = Z ks,

k€K

and where Pk, K, K, are polynomials of degree < 2i whose coefficients are bounded by
(cdr)e" for some absolute constant c.

Proof By equation 2.6 we have that the sum on the left-hand-side of equation 2.13

> (h + - -IO+ ke — r) (m(f}l— 1) (“d(?d‘ 1) (2.14)
1<i

with |ef| < 8%l Let a;1(0) denote the number of 7rj,7r]-_1 occurences in e;. Since
a;(£) = aj(6) + ...+ a;(f)
we can expand equation 2.14 as a sum of (¢ + 1)%02/1 . 2% terms of the form

t d t
‘ (Hk?l) (H me“l)
=1 j:l =1

with coefficients ¢s bounded by (cdr)® and with
Zsz + Zsj,l <.
I i
Fix a lettering, and let £ denote those £ € £ of that lettering. We can write

d
> @) =11 > T (aji(w))™,

el il =1 welrredy, o, 771
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with oy,...,04 71,...,7: given by the lettering. By corollary 2.12, the above is

[(2d = 1) Pi(ke) + (=1)"Qu(ke) + Ri(k0)]

-~

o~

1

with P, @, R; polynomials of degree < 237, s;; and coeflicients bounded by (cdr)®”
for some absolute constant c. Hence the above is

Z (2d — 1)|K’1|(—1)|K’2|QK’1,I(2,K’3 (klv sty kt) ’

Ky,K9,K3
partition {kp,...k:}

for polynomials Qi Kk, i, of degree <2 Z]-J s;1 with coefficients bounded by (cdr)®”
for some absolute constant c. Summing the above over the < (2d)%" 2 letterings yields
the lemma.

O

Our goal is to sum p;(7, £) over all triples (T, y, £) corresponding to pairs (I', w)
with w € Irred;. So far we can estimate

Z pi(T,0)

el

with £ = Ly, .. k. We start summing over walks. So fix multiplicitites mq, ..., my,
and let k = kymy+- - -+kymy. Clearly k is the length of w in any (I', w) corresponding
to a (T, y, ) with multiplicity mq, ..., m; and weights kq, .. .k;.

Lemma 2.14 For fized type, T, with t edges and of coincidence < r, fized multiplic-
ities my, and 1 < r + 1 we have for any k > m=mqy+ ---+ my

> . wlT0=(2d- 1) Rk) + ¢
kl,...,kt Z 1 Wlth ZG'CT,kl ..... ky
kymi+-+kime=k

where € vanishes if my = ...= my = 1 and otherwise
|€| < (Qd— 1)(k—m)/2kt+26(crd+ ,m)cr2 7

and P; a polynomial of degree t + 21 with coefficient bounded by (crd + m)c’"2 for some
absolute constant c.

Proof Applying lemma 2.13 and exchanging summations yields

Z EpZ (T’ E) = Z Z (Qd—l)lﬁyﬂ (_1)|I{2|PI{1,I{2,I(3 (klﬂ ey kt) .
ky,onks £ K1,K2,K3 k. ke > 1 with
kiymi+-+kime=k

Fix a partition, Ky, K5, K3. We shall need some sublemmas.
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Sublemma 2.15 For any integer r, integer t < 3r — 1, and polynomial P of degree
< r+4t, we have for any k >t

P(ky, ..., k) =Q(k)
kitko+-+ki=k
ki>1

with Q of degree deg(P) +t — 1 with
QI < [P[(edr)™
where | | for a polynomial denotes the largest absolute value among its coefficients.

Proof We proceed by induction on {. For ¢ = 1 there is nothing to prove. We claim
that if the sublemma holds for ¢ replaced by ¢ — 1, then it also holds for t. To see this,

we write
deg(P)

Plky,....k) = > Pi(k,... k1)K,
=0

with deg(P;) < deg(P)—1, and |P;| < |P|. Applying the sublemma to each P; we get

deg(P) k—t+1
Py, k)= Y > Qulk— )5,
kitko+-+ke=k =0 j=1
ki >1

with @ of degree < deg(P)—I+4(t—2) and with coefficients bounded by |P|(cdr)*¢=1),
For each fixed [, the sum over j on the left-hand-side of the above is clearly a polyno-
mial of degree 1+ +deg(Q;) < deg(P)+¢—1 and coeflicients bounded by |P|(cdr)<,
assuming c is sufficiently large. Summing over [, using deg(P) < r+t < 4r —1 proves
the inductive step.

O
Sublemma 2.16 For any m; = 1,mq,...,my, partition Ky, Ky, K3 of {ky,... k}

with ky € Kqi, t < 3r — 1, and polynomial P of degree < r + L, we have for any
k>m=1+mg+ - +my

3 (2d — DIl py, o k) = (2d = D) Q () + ¢
kimitkamatthkime=k
ki>1
(2.15)

where € vanishes if m; = 1 and k; € Ky for all i, and otherwise
le] < (2d — 1)(r=m)/2pdealP)+t=1 P (e 4 )t | (2.16)
and with @ of degree deg(P) +t — 1 with
QI < |Pl(edr +m)™" . (2.17)
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Proof We can assume ky,..., ks are all in Ky, that m; = ... = m,; = 1, and that
Ky ={ky,..., ky} with mgyq, ..., m, all greater than 1. Writing

deg(P)

P(kl,...,k‘t): Z Fl(kla---7ks)El(ks+17---7kt)
=0

with R; of degree [, by sublemma 2.15 we can write the sum in equation 2.15 as

deg(P) k—s

> > (2d—1)Fetrt e ()2l (2d— 1) P Qy (k=) Rk, -

=0 j=m—s kp1mep1+--+hkemi=j
ki>1

For each fixed | we write the above sum over j as
¥()-x0-20)
j=m—s j=m—s k—s+1

where () denotes the summand (for j) in the preceding equation. Note that the

number of solutions to ksy1msyy + -+ -+ kymy = J is clearly < (]"t"i;le), and that

1
ksyr+--+k, < 5(2k5+1+"'+2ku)

< %(J — Mygr — = My — (Msg1 — 2)kspr — - — (M — 2)ky)
€ U=t = = (mg = 2) = = (1, = 2))
<SG -mt2u—s)+s)
< %(j—m—s)—l-t.
It follows from the identity
= (n) , p7H1
nz:% (T)p S -pr
that -
T () =ea-vram
j=m—s

where @ is a polynomial of degree < deg(Q;), and |Q)] < |Qi||Ri|(crd + m)et <
|P|(crd +m)°", and that

2 ()

k—s+1

< (2d . 1)(k—m)/2kdeg(P)+t—s—1|P|(Cdr + m)cm‘.

Summing over [ completes the proof.
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O
Sublemma 2.17 For any my, my, ..., my, partition Ky, Ky, K3 of {ky,...,k:} with
k1 € K1, t < 3r—1, and polynomial P of degree < r + t, we have for any k > m =
my+my 4ty
> (2d — DI Kl Py, k) =€

kimi+komot-Fkime=k
ki>1

where
|€| < (2d . 1)(k—m)/ukdeg(P)+t—1|P|(Cdr + m)crt ’

where p is the smallest integer among the m; with k; € K.

Proof We do the same calculation asin the last sublemma, the difference being that
this time we have

1 .
k1+---—|-ku§;(,uk1+---+uku)§ (j—m)+u

==

and therefore get the 1/u factor in the exponent of (2d — 1).
O

To finish the proof of lemma 2.14, we sum over the 3! partitions of {ky,..., k:}
into three sets, K1, K, K3, applying one of the sublemmas (noting that r¢ < 3r?).

O
Let
P, 7.7(k)
denote the polynomial P; in lemma 2.14, which depends (only) on 7" and my, ..., my,
where we use 71 to abbreviate the sequence (mq, ..., m¢). For an ordered type T and

multiplicities 7, let W (1';m) be the number of legal walks in 7" with multiplicities
m = (mq,...,m). By lemma 2.6,
> W(Tym) < (2r)"
|77 |=m
for types of coincidence < r, where || = my + ...+ my. It follows from this and
lemma 2.14 that for any type of coincidence < d — 1 the infinite sum

f: i W(T;m)(2d — )™ P 7, (k)

m1:1 thI

converges for each ¢ to a polynomial of degree 2i + ¢, which we denote f;r. For
0<i<d—2,let
fi (k) = Z fi—l—l—coin(T),T(k) )
coin(T)<i+1
which is a polynomial in k of degree < 2i+ (3¢ + 2) = 5i+ 2, since ¢t < 3¢+ 2 for any
T of coincidence < 7+ 1.
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Theorem 2.18 Let d and r < \/2d — 1/2 be fized positive integers. For any fized
ve{l,...,n} we have

w 1 (1 1 1
E{ Yooovs v} = 2d(2d—1)*! <—fo(k) += Ak +. .+ = (k) + ermr) ,
n n n
welrred,
where . ,
k2r+2 -l . B r— (Ckid)cz'
error < ——o3 (14 2k DRy (24 — 1)K/2 3 e

=0
and where the f; are polynomials of degree < bt + 2 whose coefficients are bounded by
(cdr)®, where ¢ is an absolute constant (independent of d and r). For any

b eva)
k< Cd3/2n

we have 2
k_+c_|_ (2d — 1)—’“/2@ )

error < T
n’ n

Proof By virtue of the one-to-one correspondence between pairs (I', w) and triples
(T, y, ) we have

E P G W(T; m) Pr(T,0)| |
R Y
kimi+-+kimi=k

where Pr (), as with p;, extends from a function on general forms, I, to a function

on pairs (7', ¢). The probability that the walk along v starting at ¢ has more than r
coincidneces is no more than the number of ways of choosing r + 1 points of the k
unknown points times the probability that each of these points is indeed a coincidence.
Thus we can replace the summation over all types, T', above, with a summation over

all types T of coincidence < r while incurring an error of no more than

b1 k k r+1 k_1k2r+2
2d2d -1 <n_ k) < 2d(2d— 1)

if & < n/2. Obviously the second summation has non-zero terms only when m =
my + - - -+ my is < k; we shall restrict the second sum to being over such m.

The total number of Pr (7', £)’s occuring in the above quadruple summation is the
same as the total number of (I', w) pairs (and less when we restrict ourselves to types
of coincidence < r — 1). For each w € Irred, there are no more than

> (’;) ko < 2k

=0
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compatible I'’s of coincidence < r, because I' there is at most one I' for any 5 < r
specified points of coincidence (among the k unknown points 1, ..., ¢ of the walk)
once we specify at which of the previous vertices each of the j coincidences arrive. By
lemma 2.7 we have for each T of coincidence < r

Do h1 Pr—1 | €

Pr (T’ E) = neoin(1)—1 neoin(T') oot nr—1 + nr’
where ¢ is bounded by
e(r+1)k/nk27’—|—2.
It follows that
1 1/ fi(k : s
LYy wm ¥ e = (i + 2y Lot 2
K coin(T)<r m<k e n n n n
(2.18)
(we have abbreviated the inner two summations by ZW) where
§ < KA1 4 2k T HVR/) (2.19)

and

fl(k) = Z Z W(T7 'IT”L) Z pi-}-l—coin(T) (T7 6) .

coin(T)<i+1 |m|<k ke

We claim that f;(k) do not differ much from the infinite sum

k)= > Z: W(T;7m) (2d — 1) Py —coin(r), 7,7 (K) - (2.20)

coin(T)<i+1 m

By lemma 2.14 we have for any type of coincidence < i+ 1, fore <r —1,
(Qd_ 1)t mP—I—l c01n Z pz—l—l COlIl T K) S (Qd_1)(k_m)/Qk(s(é—l—l)_2)—|—2(H—1)(Crd‘l‘rfn)cz.2

Since there are less than (2¢+ 2)6“'5 types of coincidnece < ¢+ 1, and since for each
such type there are < (2i4 2)™ < (2d — 1)"™/? legal walks with || = m, we have

2. LW

coin(T)<i4+1 m<k

Qd_ 1)t mlDz—}—l —coin(T) m E Epz T E 2d 1)k’/2(6kld)

ky

(2.21)
It remains to estimate
fz(k) - Z Z Qd_ 1)t mP—I—l com(T)T(k) <
coin(T)<i+1 |m|<k
S Y W) d - 1) Py —coin(ry 2 (8)] - (2.22)

coin(T)<i+1 |R|>k
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By lemma 2.14, each P, 7, has degree <t 4 24, and coeflicients bounded by (cid +

m)*. Thus we have

Bgl-l—coin T),T,'ﬁi(k)| < kH—Zi(Cid + m)ci?

and thus for a type, T, ot oincidence < ¢ + 1 we have that the expression in equa-
tion 2.22 is bounded by

: 2 s (24 2\" : (202"
k52—|—2 2d -1 3142 < ) d cze < k d cz?( )
( ) m;m sq 1) (cidtm)T < (hid)™ | 5o

(for « < d — 2). Combining the above with equations 2.18, 2.19, and 2.21 yields the
first estimate on the ero r term. For

i D

= %’d3/2
assuming ¢ < v/2d — 1/2, the sum

2 (ckid)e®
— nitl

is clearly bounded by the first term. Finally, (i’s coefficients are bounded by

21_}_ 2 62 5 Z Cld+ cze <w) S (Cl’l:d)clﬂ
— 2d 1

(for i < d - 2).

3 Consequences of the Expansion

We start by computing fo, f1,...in theorem 2.18. Without too much work, one can
use methods akin to those of section 2 to argue that fo(k) = 1 and if f1(k) is non-
zero, then its leading coefficient is negative (which is as good as proving fi(k) = 0
as far as eigenvalue estimates are concerned). Direct arguments for other f;’s seem
harder to come by. We will argue by using previously known facts about the second
eigenvalue, which will give the desired values for the f;’s. These values for f; will in
turn give much sharper information on the second eigenvalues, as we will show later
in this section. We warn the reader that other literature on this subject often worb
with d regular, not 2d regular, graphs; to maintain consistency when quoting results
or using techniques from previous work, we will sometimes state theorems in terms
of d regular graphs.
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Theorem 3.1 For every d > 2 there is a conslant o > 0 such that for a random
graph G € G, 24 we have

1 1
Pr{ha(G)| <2—a} = 1-— +o<n2d_2) ,
1 1

Proof A graph, GG, with n vertices is said to be a y-magnifier if for all subsets of
vertices, A, of size < n/2 we have

IT(A) = Al 2 7|4,
where I'(A) denotes those vertices connected to some member of A by an edge. It is
known that any d regular y-magnifier has
2

v
A <d-

(see [Alo86]). We say that GG is a y-expander if for all subsets of vertices, A, of size
< n/2 we have
IT(A)] = (14 7)|A].

A standard counting argument gives the following.

Lemma 3.2 G € G, 24 s not a y-expander with probability

2o . e
> (m)(mwm)(%) g

and more precisely

S S 0 T RN [ Ll

for v < 1/3.
Proof For fixed subsets of V', A and B, we have

Pr{l'(A) c B} < Pr{mi(a)e B Vaec A, Vie{l,...,d}}

<@IBI -1 |B|- |A|+1)d . (@)d'“
n n—1" ""n—|Al+1/) ~\n )

IN

If G is not a y-expander, then there exist some m € {1,...,n/2}, |A|] = m, and
|B| = [(1 4+ v)m] with I'(A) C B. This yields the first estimate. To refine this
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estimate, notice that the bound given for Pr{I'(A) C B} is only tight when A = B.
Indeed, if A and B are disjoint, then for I'(A4) to be contained in B we need both 7; and
772»_1 to map A into B for each m;, which roughly doubles the amount of conditioning
on each 7;. In particular, for |[A| = |B| =1, A # B we have

Pr{l(A) C B} < <7n(n1_ 1))d,

and a similar analysis for the case |A| = 2 and |AN B| = 1 or 0, giving the second
estimate.

a

Assuming v < 1/3 and using the estimate () < (ne/m)™ we can bound the
probability that GG € G, 24 is not a y-expander by
n/2

1 1 m\™ 42 I R R | 1

Flby 2409\
-1 +O<n2d_2)+ Z(z) ((1—}—7) Ye W) = +O<n2d_2)
m:D
if ~ is sufficiently close to 0 and d > 2. If G is a y-expander, then clearly G2, the
graph whose adjacency matrix is the square of G’s, is also a v-expander, and thus
also a y-magnifier. Therefore

2
A Y
(X (G))° < s

with probability at least

1 1
1- nd—1 + O<n2d—2) :
On the other hand, A\y(G) = d if G has an isolated vertex. By the inclusion-
exclusion principle, this happens with po bability

<o)
>a() - (3) ()

Let G = (V, E) be an undirected d-regular graph. By a non-backtracking walk in
G w mean a walk that at no point in the walk traverses an edge and then on the next
step traverses the same edge in the reverse direction. For vertices v, w, and integer
k, let Fi (v, w) be the number of non-backtracking walks of length & from v to w. Let

W k) = Z Fr(v,v).

veV

and

a

Theorem 2.18 gives us the expected value of W¢ k) for a random G € G, 24. In the
spirit of [LPS86] we have:
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Lemma 3.3 Lel the eigenvalues of G’s adjacency malriz be Ay, ---, \,. Then

where g, ts a polynomial of degree k. It is given by

d—2sin(k+1)8
qr(2vd — 1cos ) = ( d—l)k( cos kb + sink + 1) >

2
d—1 d—1 sin 6

Proof Regarding Fj as an n X n matrix, we easily see that Fp = I, Fy = A, where
A is the adjacency matrix of G,

Fy=A*—dI,
and for any ¢ > 3 we have
F,=AF,_1 - (d-1)Fi_3 .
It follows that

Fy = qr(A)

where ¢ is some k degree polynomial independent of A, and that
Wa (k) = Trace (Fy) = Trace (x(4)) = Y_qr(N) -

One can solve for ¢, explicitly by noting that for fixed A, ¢ = ¢x()) satisfies the
simple recurrence

Gk = Aqr—1 — (d - 1)%—2 .
One therefore has
qk = C1(T1)k + Cz(f‘z)k

for some ¢y, ¢3, where rq, r9 are the roots of
rP—Ar+(d-1)=0.

One can directly solve for ry, rg, €1, ¢o, but it is easier to substitute A = 2y/d — 1 cos 8.
One gets
1,2 = d— 16:,:26 y

and then after a few more calculations and simplifications one gets

d—2sin(k+1)6
p I B S )'

gk (2vd — 1cosf) = (Vd — 1)k<



3 CONSEQUENCES OF THE EXPANSION 29

The qé()\)’s are quite easy to use. For example, if A = d, the first eigenvalue, then
=

clearly

qr(d) = d(d - 1)
For |A| < 2v/d — 1 one has A = 2v/d — 1cos  for some real #, and therefore
lan (V] < (VA=D1 (k+2) (3.1)

since |sin(k + 1)68/sind| is always < k + 1. Otherwise, say for A > 2v/d — 1, one can
rewrite the identity in lemma 3.3 as

/T d— 2sinh(k+1
qr(2vd — 1coshz) = ( d—l)k< cosh kz + sinh (k + )x)

d—1 d—1 sinh z

and solve A = 2v/d — 1 coshz. For A < —2v/d — 1 one solves for A = —2v/d — 1 coshz
and po ceeds similarly. For |A| near 24/d — 1, sin @ or sinh z is very close to 0, and it
is convenient to write

sin(k 4+ 1)0

sin 6

= cos kb + cosbcos(k — 1)0 + cos? Ocos(k —2)04---+ cos® 6

for estimating. In particular, since as z > 0 increases A = 24/d — 1 cosh z increases,

we have that for all A with 2v/d— 1< A < d — «a,

z = cosh™! (L)
2v/d -1

< cosh™! (L) —
2vd — 1

for some positive €. Doing the same for A negative we therefore get

must be

Lemma 3.4 For any o > 0 there is a § > 0 such that if |A\| < d — «, then
)] < (F+2)(d— 1) .

Proof Using
cosh(z + y) = coshz coshy + sinh z sinh y ,

it follows that
cosh kz > cosh  cosh(k — 1)z > cosh? z cosh(k — 2)z > ...

Also, cosh kz < e** < (d—1—6)* for all z corresponding to [A| < d—a, [A] > 2v/d — 1.
For [A| < 2v/d — 1, the lemma follows from equation 3.1
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Theorem 3.5 In theorem 2.18, with r < |v2d—1/2], we have fy(k) = 1 and
fik)y=0forj>1,ifd—2>+2d—1/2 (i.e. d>4).

Proof By theorem 3.1 we have that (remember, the degree is now 2d)

E{ ) vﬂw} - (1—%—FO(#))(2d(2d—1)’“‘1—|—O((k—|—2)(2d—1—5)’“))+

welrred,
1 1 k—1

Taking k even and = |(logn)?| or = |(logn)?| + 1, letting n — oo, and noticing that
(2d —1—6)*/(2d — 1) and (2d — 1)=%/? are less than any polynomial in n as n — oo
yields fo(k) =1 and f;(k) =0 for any j > 1.

To restate the results so far:

Corollary 3.6 For any fized v, k> 1, and d — 2 > \/2d — 1/2 (i.e. d > 4) we have

E{ Z v v} = 2d(2d — 1)*! <l + errorn7k> ,

n
welrred,

where

2v/2d _ 1y=k/2
errory j < (de)c< k (2d-1) ) .

nl+V2d—1/2] T n

a

Now we use this corollary to estimate the expected sum of the k-th powers of the
eigenvalues. Any word in I1* can be reduced by repeatedly cancelling all consecutive
occurences of m, 7% in the word, until we get an irreducible word; this irreducible
word is independent of how the reducing was done. Notice that

1 w k 1 w

_—_E - —— E ,

2d)F {E “—”)} Pro+ D Phoggng Tyt { 2 QHU}
wellk s=1 welrred,

where pj, ¢ is the probability that a random word in I1* reduces to an irreducible word
of size s. Since ), prs = 1, we have

1 w k
(2d)* Z 2 { Z v v} = 1+ (n—1)pro+ Z NPk, s €ITOTy,

wellk s=1
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and therefore

n k
E {Z )\f} = (Qd)k(n — D)pro+ (Qd)k Z NPk, s €ITOL,, 5 . (3.2)
1=2

s=1

To estimate the above, first notice that py s = 0 if £ and s have different parity. In
[BS87], the following estimate is given:

<25+1 2k + 1 <i)k_s<1 i)%—l
Pak2s = 9079\ k= s )\ 24 2d

Proof See [BS87]; for an exact formula and sharper bounds, see [McK81].

Lemma 3.7

Incidentally, from the proof of the above lemma in [BS87] it is clear that also

1 (2k + 1) (2d — 1)*

> -
P02 5579\ & )T (2a)%

It follows that for any graph of degree 2d,

SN > (2d)* (n - 1)pro =~ (n — 1)225(2d — 1)F,
=1

so that taking 2k slightly less than 2log, n yields the lower bound mentioned in the
introduction,

ol 22\/2d—1+0< ! )

log;n

Now we take k& = 2[logn [v2d — 1/2]|/logd]|, so that k is even, and calculate
using the simplified bound
1 k—s
s < 2%k <—) .
P2k,2s & 2d

It is easy to see that the dominant terms of the summation over s in equation 3.2 are
s =1 and s = k, and therefore

k
" o 2d
E {Z Af} < 0 HEEd (chd) ok (2\/2d T 1) .
=2 o

Taking k-th roots, applying Hélder’s (or Jensen’s) inequality, and noticing that

1+1gg_z)1/’f log d < 1 )
n'tlesd ) =14 +0(—=],
< V2d Vd
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that
(de)c/kkm/ﬁ/k 14 O<10gd loglog n)
logn '
and that
1 4
k S Cd3/2nc\/§
for loe
ogn Z C,\/a
loglog n
yields:

Theorem 3.8 For G € G, 24 we have

log d 1 d*/?loglogn
PN} = 2vad - 1(” Ver +O<ﬁ)) +o( et )

(with an absolute constant in the O( ) notation), and more generally

- log d 1 d3/? loglog n "
b < (a1 258 o L)) o £sinn)

for any m < 2|logn |v2d —1/2]/logd].

As a corollary we also get:

Theorem 3.9 For any B > 1 we have

log d 1 d*?loglogn
1A2(G)] > (zm(l + 7o +0<ﬁ>) +O<W>)ﬁ

with probability
ﬁQ
< .
~ p2lv2d-1/2]logB/logd

4 Concluding Remarks

An interesting question would be to see if an expansion in theorem 2.18 exists for

r > +/2d — 1/2. In section 2 we defined f;(k) really for any ¢ such that

X242\
> (375)

m=0
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converges, which is to say any ¢« < d — 2. We only used fz(k) fori < (vV2d-1/2) -1,

because in equation 2.21, we needed to use
(2i +2)™ < (2d — 1)™/?

in order to get a reasonable bound on the error term. If there were some way to bound
this error term by a reasonable quantity for larger ¢, one could extend the expansion,
with the n=7 coefficient being f;_1 (k). Whether or not Jz(k) fori> (vV2d—-1/2) -1
is involved in an asymptotic expansion, it might be interesting to evaluate them, since
they seem to be a fairly naturally defined quantity.

If one were able to get an expansion up to r-th order for r close to d, one might
notice G, 24’s weakness, that according to theorem 3.1 a graph in G, 24 has a d as
a multiple eigenvalue with probability on the order of n~ d_las. From the arguments
in sectign 3, it would follow that the expansion, if it existed, would fail to vanish by
the n=9*t! term. However, one might hope for a better second eigenvalue estimate
tho ugh various approaches. First of all, one might be able to find the graphs Whi(:h
give the non-vanishing terms, such as graphs with isolated vertices for the n=%t!
term, and thus show that upon removing them (which does not affect the probability
measure very much) one has a better moment estimate. Secondly, one might do
better with a different probabiliy distribution, say H, 24, which is constructed like
Gr,24 but only allows permutations, 7, which consist of one cycle. There are (n — 1)!
such permutations, and once a values of such a 7 have been determined (which do
not already give 7 a cycle), there are

(n—1)!
(n—=1)(n-2)...(n—a)

ways of completing 7 to be a permutation of one cycle. It follows that over H,, 54 one
has

1
n—Dmn-2) .. (n—a)’

d
Pr(F):n(n—l)...(n—|Vp|—|—1)1:[(

and therefore the asymptotic expansion and second eigenvalue theorems hold for H,, 24
as well. However, in #,, 24 one can never have an isolated vertex or similar phenomena,
and so one would have a much better theorem 3.1 for H,, 24, and a possibility of having
a further than d-th order expansion for which all lower order terms vanish.
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