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Abstract—We derive an upper bound and investigate some ap-
proximations on the symbol error probability (SEP) for coherent
detection of M -ary phase-shift keying, using an array of antennas
with optimum combining in wireless systems in the presence of
multiple uncorrelated equal-power cochannel interferers and
thermal noise in a Rayleigh fading environment. Our results are
general and valid for an arbitrary number of antenna elements as
well as an arbitrary number of interferers. In particular, the exact
SEP is derived for an arbitrary number of antennas and inter-
ferers; the computational complexity of the exact solution depends
on the minimum number of antennas and interferers. Moreover,
closed-form approximations are provided for the cases of dual
optimum combining with an arbitrary number of interferers, and
of two interferers with an arbitrary number of antenna elements.
We show that our bounds and approximations are close to Monte
Carlo simulation results for all cases considered in this paper.

Index Terms—Adaptive arrays, antenna diversity, cochannel in-
terference, eigenvalue distribution, optimum combining, Wishart
matrices.

. INTRODUCTION

DAPTIVE ARRAYS can significantly improve the

performance of wireless communication systems by
weighting and combining the received signals to reduce fading
effects and suppress interference. In particular, with optimum
combining, the received signals are weighted and combined
to maximize the output signal-to-interference-plus-noise ratio
(SINR). In the presence of interference, this technique provides
substantial improvement in performance over maximal ratio
combining where the received signals are combined to max-
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imize the desired signal-to-noise ratio (SNR) only. However,
determining the performance of optimum combining is more
difficult than with maximal ratio combining.

In this regard, closed-form expressions for the bit-error prob-
ability (BEP) of binary phase-shift keying (BPSK) have been
derived for the single-interferer case with Rayleigh fading of the
desired signal in [1] and [2], and with Rayleigh fading of the
desired signal and interferer in [3]. An exact BEP expression,
which requires numerical integration, for BPSK and a single in-
terferer is also given in [4].

With multiple interferers of arbitrary power, Monte Carlo
simulation has been used to determine the BEP in [2]. In [5],
upper bounds on the BEP of optimum combining were derived
given the average powers of the interferers. However, these
bounds are generally not tight.

To avoid Monte Carlo simulation, the exact BEP expression
was derived in [6] for the case of equal-power interferers, which
permits analytical tractability. However, the results are limited
to the case of BPSK and no thermal noise. Approximations for
the BEP have been presented in [7] and [8] for binary modula-
tion in the presence of thermal noise. However, the approxima-
tion of [7] still requires Monte Carlo simulation to derive mean
eigenvalues (a table is provided in [7] for some cases), and the
approximation of [8] is valid only for the case when the number
of interferers is less than the number of antenna elements.

In this paper, starting from the eigenvalues distribution of
complex Wishart matrices, we first give the exact expression
of the symbol-error probability (SEP) for coherent detection of
M -ary phase-shift keying (MPSK) using optimum combining in
the presence of multiple uncorrelated equal-power interferers,
as well as thermal noise, in a Rayleigh fading environment.
Evaluation of this expression involves multiple numerical inte-
grals. Then, based on some new results on the eigenvalues distri-
bution of complex Wishart matrices, we derive new closed-form
upper bounds. We show that these bounds are generally tighter
than those of [5]. Moreover, we extend the approaches in [7]
and obtain new closed-form approximations of the SEP that do
not require Monte Carlo simulation and are close to simulation
results.

In Section 11, we describe the system model, and in Sec-
tion 111, derive the exact SEP of optimum combining with mul-
tiple interferers. Upper bounds are derived in Section IV, and
approximate formulas are given in Section V. In Section VI,
we compare our analytical results with simulations, and in Sec-
tion VII, we present a summary and conclusions.
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Fig. 1. Baseband model of optimum combining receiver.

Il. SYSTEM MODEL

We consider coherent demodulation with optimum com-
bining of multiple received signals in a flat fading environment
as in Fig. 1. The fading rate is assumed to be much slower
than the symbol rate. Throughout the paper, (-)” denotes the
transposition operator, and (-)]L stands for conjugation and
transposition. The received signal at the N 4-element array
output consists of the desired signal, N interfering signals,
and thermal noise. After matched filtering and sampling at the
symbol rate, the array output vector at time & can be written as

2(k) = v/Bpenbon(k) + 3 v/Erjer ibi(k) + n(k), (1)

where Ep and FEp; are the mean (over fading) ener-
gies of the desired signal and jth interferer, respectively;
cp = [CD17~~-~CD]VA] andC]J = [ijl ..... CI‘]Ny]
are the desired and jth interference propagation vectors,
respectively; bo(k) and b;(k) (both with unit variance) are
the desired and interfering data samples, respectively; and
n(k) represents the additive noise. We model ¢p and ¢y ;
as multivariate complex-valued Gaussian vectors having
[E{CD} =E {C],j} =0and E £CDCTD} =E {C[,jCPj} =1,
where I is the identity matrix. The additive noise is modeled
as a white Gaussian random vector with independent and
identically distributed (i.i.d.) elements with E {n(k)} = 0 and
E {n(k)nT(k)} = NI, where Ny /2 is the two-sided thermal
noise power spectral density per antenna element.

The SINR at the output of the N 4-element array with op-
timum combining can be expressed [1], [2] as

v = EDCLR_ch 2

where the short-term covariance matrix R, conditioned to all
interference propagation vectors, is

i VE1jer jbj(k) +n(k)

R =Ens,m)

Ny
> VErjerbi(k) +n(k) ®)
j=1

and Ex{-} denotes expectation with respect to X . Therefore

Ny
R=Y Erjer el + Nl @)
7=1

It is important to remark that R and, consequently, also the
SINR ~ vary at the fading rate.

The matrix R~! can be written as UA~U" where U is
a unitary matrix and A is a diagonal matrix whose elements
on the principal diagonal are the ei?envalues of R, denoted by
(A1y---5An,). The vector u = Ulep = [u,...,un,]T has
the same distribution as ¢p, since U represents a unitary trans-
formation. The SINR given in (2) can be rewritten as

= EpchUA'UTep = Ep Z |“‘ ©)

Since R is a random matrix, its eigenvalues are random vari-
ables.

We now investigate the statistical properties of
(A1,--., AN, ). We will show later that this is related to
problems arising in multivariate statistics, regarding the eigen-
value distribution of complex Wishart matrices. Let

C; = crN, (6)

be a (N4 x Njy) random matrix composed of N; interference
propagation vectors as columns. For equal-power interferers,
ie, Br; = Erforj=1,...,Np, (4) can be rewritten as

R = E/R+ NoI (7

where R = CICj isa (N4 x N4)random matrix. The eigen-
values of R can be written in terms of eigenvalues of R, denoted
by (A1, A2,...,AN,), @S

N = Er\; + Ny, i=1,...,Na4 (8)
where the joint probability density function (pdf) of the N4
eigenvalues of R are given by the following theorem.
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Theorem 1: The joint pdf of the flrst Nyin = mln{NA, Nr}

grdered eigenvalues A = A1, Agyeeesy AN, )T OFf R, with Ay >
)\2 > - > )\Nnnn’ IS
Fx e A = K H .5 Mo N
Nmin—1 | Nmin ~ B
< IT [ I Ge=2*| @
i=1 j=i+1

where N, = max{N 4, Nr} and K is a normalizing constant
given by

ﬂ-Nlnin(Nlnin_l)

i (10)
FN,m,, (Nmax)I' Npin (Vimin)
with
Nmin
[y (n) = 7N Noin=D/2 TT (n = ). (10)
i=1

The additional N4 — N, eigenvalues of R are identically
equal to zero.
Proof: See Appendix B. [ |

As a consequence of Theorem 1, we have the following corol-
lary.

Corollary 1 (Reciprocity Principle) : The statistical distribu-
tions of the eigenvalues of R, for the case of m antennas and p
interferers with m < p, are equal to that of the (nonzero) eigen-
values of R for the case of p antennas and m interferers..

Using the distribution theory for transformations of
random vectors [9] together with (8), the joint pdf of

A= [/\17 B /\Nmin]T with Ay > - > )\Nlnin > Ny is
1
I,y ANuin) = FNe
NO )\Q_N[) AN _NO
< ..., min 12
fo< o et M (12)

where f+(+) is given by Theorem 1. The additional N4 —
eigenvalues of R are identically equal to Ny.

Nmin

I11. EVALUATION OF THE EXACT SEP

The SEP for optimum combining in the presence of multiple
cochannel interferers and thermal noise in a fading environment
is obtained by averaging the conditional SEP over the (desired
and interfering signal) channel ensemble. This can be accom-
plished by

P. :[EwciPr{e | 'y}}
:/o Pr{e | v ==} fy(z)de

where Pr {e | v} isthe SEP conditioned on the random variable
v, and f.(-) is the pdf of the combiner output SINR. Note that
~ depends on the desired and interference propagation vectors.
Although the evaluation of (13) involves a single integration for
averaging over the channel ensemble, it requires the knowledge

(13)

1This proves the equality, observed also numerically by Monte Carlo simula-
tion in [7, Table 1], of the expectations of the nonzero eigenvalues of R when
the number of antennas is exchanged with the number of interferers.
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of the pdf of ~, which can be quite difficult to obtain. This is
alleviated by using the chain rule of conditional expectation as

Z\T
P. =E){E, {Pr{e|’y—E’DZ|uL|2}} (14)

~~

Pox
where we first perform E,, {-} (i.e., average over the channel
ensemble of the desired signal) to obtain the conditional SEP,
conditioned on the random vector A, denoted by P a- We then
perform E  {-} to average out the channel ensemble of the in-
terfering signals.

The jth interfering data samples, b;(k) 7 = 1,..., N, can
be modeled as zero-mean, unitary variance Gaussmn random
variables. Note that the Gaussian assumption gives a good ap-
proximation when the interfering contribution is due to a large
number of interferers sampled at a random time, and generally
it represents a worst case [10]; here, it will be used regardless
of the number of interferers. In the following, we assume that
bo(k) is an MPSK data sample. With the previous assumption
together with the Gaussianity of n(k), Pr {e | ~} for coherent
detection of MPSK is given by [11], [12]

1 [® CMPSK >
P = — — db 15
r{e|~} 7r/0 eXp< —2g (15)
where cyipsk = sin?(r/M) and © = 7(M — 1)/M. Using

(15), P, ) can be written as

CMPSK

P _l/e E e _AeR SYA M dé
A T 7 0 u) P sin? 6 Di:1 i
1 [® CMPSK
:;/0 b <_ d

sin? #
where ¥, A(+) is the characteristic function (cf) of ~, condi-

tioned on ,\ given by

(16)

1
jv) = 17
1/}7|A(JV) Hii“l (1_ j”}fD) ( )
and we have used the fact that u is Gaussian with i.i.d. elements.
Therefore, the conditional SEP, conditioned on A, in the general

case of V4 antennas and Ny interferers, becomes
sin®#

1 e Numin
P y=- A(6 do (18
oA 7T/o ) E Lm 9+CNIPSKEI)] (9

where

sin% 6

NaA—Nmin
] (19)

A9) =

©) [Sin2 0+ CMPSK%
Using (9), (12), (14), and (18), the unconditional SEP for op-

timum combining becomes

Fe =E) {Pe|/\}

- /NOO - /:O /:0 Pox- N)dhdds -
(20)

Equation (20) is exact and valid for arbitrary numbers of an-
tennas and interferers; however, it requires the evaluation of

.dAN,,
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nested N,,;,-fold integrals, which can be cumbersome to eval-
uate for large Nni,. TO give an idea of the amount of time
needed for N,in = 2 (which allows us to investigate either dual
combining with an arbitrary number of interferers or an arbi-
trary number of antennas with two interferers), the computation
of (20) on a 450-MHz PC requires about 100 s.

Since the computation time for the numerical evaluation of
(20) increases with the number of antennas and interferers, rig-
orous bounds, as in [5], or approximate expressions, as in [7],
are useful; unfortunately, the bounds in [5] are generally not
very tight, and the approximation in [7] requires Monte Carlo
simulation. This motivates the need to derive simpler and tighter
bounds or approximate expressions in closed form.

IV. UPPER BOUNDS ON SEP

In this section, we derive a new upper bound for the SEP
based on the knowledge of the pdf of the trace of the covariance
matrix R.

Theorem 2: The SEP is upper bounded by

P. < 1 /6 A(0)Ey {B(Y,0)} do
0

™

(21)

where A(6) is defined in (19), and Y is a chi-square distributed

random variable with 2N 4 N; degrees of freedom (DOFs),

having pdf given by
L_y(NaND=1¢—y

frin) = { 77

0, otherwise.

ify >0 (22)

In (22), T'(z) is the gamma function [13, eq.(8.310), p. 942], and

. Nmin
(y + —N"};‘“IAO ) sin? @
B(y,0) =
(y + NmEinINo) Sin2 0+ CMPSKéVIminED
(23)

For a single-interferer scenario, (21) is an equality, i.e., it gives
the exact SEP for Ny = 1.

Proof: By applying the result in Appendix C to (18), we
have

1 [® Nonin sin® 6 ]
P,y :;/0 A() H [ do

i 2 cvupsk Ep
i |sin® 0+ 35

7 Nmin
1 © : 26
S—/A(H) S L &0
™ Jo sin® f + SMPSKZDAmin
3
@
where the equality is verified for Npi, = 1, therefore
Nmin
1 [® 24
Pps—/ A(9)E — SlanN, &
™ Jo sin” 8 + w
3
i=1
(25)

Note, from (8), that

Nmin Nmin

Z \i =E; Z Ai + NininNo
=1 le_/\l
B A NuinNo (26)
=1

where we have used the fact that N4 — N, eigenvalues of R
are identically equal to zero by Theorem 1, and hence

Nmin

3 = Egtr [R} + Nt No. @7)
i=1

In order to evaluate the expectation in (25), we observe that
tr [f{} =tr CICH =3 ler_j.+|*. Hence, the random vari-

able Y £ ¢r |R| is chi-square distributed with 2V 4 N; DOFs,
with pdf given by (22). This completes the proof of the theorem.
|

The expectation Ey{B(Y, 6)} is evaluated in Appendix D as
shown in (28) at the bottom of the next page, where E;(z) is
the exponential integral defined by (57) in Appendix D.

The bound (21) allows the evaluation of SEP for coherent
detection of MPSK modulation with optimum combining; the
numerical evaluation of it only requires a fraction of a second
on a PC. Note that the inequality in (24) becomes equality for
the case of single interferer (as well as for single antenna), and
our bound gives the exact results.

V. APPROXIMATIONS ON THE SEP

In this section, some new results on the SEP approximations
will be presented. Here, we start from the approximation pro-
posed in [7], and we derive a methodology which allows us
to eliminate the need for Monte Carlo simulation in the cases
of dual optimum combining with an arbitrary number of inter-
ferers, and of two interferers with an arbitrary number of an-
tenna elements. We prove that the approximation proposed in
[8] is an upper bound of [7]; furthermore, we generalize the re-
sult of [8], and the generalized results are now applicable for the
case N; > N4 in additionto Ny < Ny4.

A. Approximation via Expected Eigenvalues

In [7], it is proposed to approximate the unconditional cf of
yasEy {w'ﬂA(jV)} ~ Il/}’Y“E)\{A} (jv).

By adopting this approximation in (20), the SEP for MPSK
is approximated as follows:

P.~F(B,) (29)
where F' (8) is given by
1 [© M sin? ¢
F(B) =— A0 déd (30
o=1 [ a1l LmQHCMPSK%] (30
and the ith element of 84 is
[3A,'i:EIIE {5\1}+N07 izla"'7Nmin~ (31)
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Discussion
Since R is semidefinite positive, the eigenvalues
A1,A2,...,An, are real and nonnegative. Therefore, for

each 6, it is easy to verify that the function

Nmin
9, A2, AN ) = A(6) H [

sin” ]
) By
i1 [ sin® 8+ empsk K-

(32)
is N-concave in each \; when the other variables are fixed, but,
despite this, the function is neither globally convex nor concave.

Approximation (29) is obtained by replacing the expected
value of g(-) with the function evaluated at the expected values
of the \;’s, i.e.,

E{g(A1, A2, ANpini 0)}

~g(E{M}EDe) . E{Av,.}10). (33)
Now, if the function ¢(-) were concave (convex), applying
Jensen’s inequality will produce an upper (lower) bound, but,
since (32) is neither concave nor convex, Jensen’s inequality
[14] cannot be applied. However, (29) gives good agreement
with the exact SEP expression (20) for typical parameters of
interest. This may be due to the fact that, in the region where
the pdf of the eigenvalues A is not negligible, (32) behaves
essentially as an affine function.

Integrating both sides of (33) over 6 and scaling by 1/, we
obtain

P. [E,\{ ‘,\}

1 ©
z;/ g(E{A1}7E{A2}7"'7E{A]Vxnin};6)d6
J0O

1 [® Nomin sin? @
:—/ A(6) H — 7| db
T Jo iy | sin” 0+ cvpsk B

=F(B4). (34)
Note that, given the expectation of the eigenvalues E { \; ¢,
the last integral can be also derived in closed form by using a
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canonical decomposition method [15], [16]. In the following,
(34) will be denoted as approximation A, and we will show in
Section VI that it is in good agreement with the exact analysis
of (20) as well as simulation results. In general, approxima-
tion A requires knowledge of E ﬂﬂ,} In [7], the expectation
of the eigenvalues for some specific cases were calculated via
Monte Carlo simulation. For the case of dual optimum com-
bining (N4 = 2) with arbitrary Ny, or the case of two inter-
ferers (N; = 2) with an arbitrary number of antenna elements,

E {5\2} is obtained easily in a closed form using the reciprocity

principle given in Corollary 1, together with the results of Ap-
pendix E.

B. Approximation via Equal Expected Eigenvalues

The determination of E < \; ¢, in general, requires the evalua-
tion of multiple integrals for each of the (N;, — 1) eigenvalues.
This can be alleviated, at the expense of tightness, by the fol-
lowing bound.

Theorem 3: F' (B ,) is upper bounded as follows:

F(B4) < F(Bp) (35)
where F' () is given in (30) and the ith element of 85 is
BB = ErNmax+ No,  i=1,...,Nuin. (36)
Proof: The integrand of (34) can be written as
10) = A(0 i sin” 6 37
91, -+ YNains 0) = A(0) 1;[1 LmQH n CMP;TED] @37)

where y; = E{\;} for 1 = 1,..., Nmin- By using (45) of

Appendix C, with n = Ny, we get
Nmin

sin% 6

YNin3 0) < A()

g<y17 R sin? @ + cueskEp Niin

Nnun
Yi
i=1

(38)

min NaN7r—1

N, cevpsk NminEp \ "
1 Nuin'\ (NaNp -1 NaN; -1 (m—n) E
Ey {B(Y, = — E E 1) —_— —n)!
v 1BV} = ry X{ ( n >< m >< ) wtg )

n=0 m=n

Nmin

mon oy cMPSK Nmin Ep
X - Er
)
sin” 0
1

Er

. (Nmin> <NANI - 1) (_1)]\744]\71
+
‘ n m (n—m—1)!

NAN;—1—m+l1
NO)
cvpSK NminEp \ ™
Er
sin’ #

I

cMPSK Nmin Ep. Nmm Ep

sin’ @

cMPSK Nmin ED
(=)' —1)! < = +

NminNO

+

+ E;

sin® 6

X e

NaN;—1—-m-—lI
NminNO
Ey

) NAN;—1—-m

+(CMPSK NuinEp/E1/sin® 0+ Nuin NO/EI)

(28)

cMPSK Nmin Ep
E
X E1 z

sin? 6

=)

Er



CHIANI et al.: BOUNDS AND APPROXIMATIONS FOR OPTIMUM COMBINING OF SIGNALS 301

N,=2, SIR=10 dB

Lo

F -+ b4

e O R
1 | | | | | | |
I I L 1 I | I

2 2 6 10 14 18 22 26 30
SNR [dB]

Fig.2. SEP for coherent detection of BPSK, quaternary PSK, and 8-PSK using
dual optimum combining (N4 = 2) for N; =1, 2, and 4 and STR = 10 dB.
Excellent agreement between exact analysis and simulation can be observed.

Using (8)

Nmin Nmin N
> vi=Er Y E{A} + NuwulNo (39)
=1 1=1

:EINminNmax + NminNO (40)

where we have used (66) from Appendix E in deriving (40).
Therefore

sin’ 6

) Nmin
E1Nmax+No

g(y17 <oy YNmin § 9) S A(@) <Sin2 0 + cuprsk Ep

(41)
Finally, by using (30), (36), and (41), it is straightforward to
show that (34) is upper bounded by F' (85). [ |

The above theorem provides a rigorous proof that the ap-
proximate solution for N4 > N; proposed in [8], based on
heuristic assumptions, represents an upper bound of the solu-
tion proposed in [7]. It also provides the generalization of the
approximation of [8], which is now valid for arbitrary numbers
of antennas and interferers. In the following, we will denote (30)
together with (36) as the approximation B. Note that approxima-

tion B does not require knowledge of E {S\L}

V1. NUMERICAL RESULTS

In this section, we evaluate the exact SEP [given by (20)], the
upper bound [given by (21) together with (28)], the approxima-
tion A [given by (30) together with (31)] and the approximation
B [given by (30) together with (36)] derived in previous sec-
tions, and compare them with Monte Carlo simulation results.
The simulations were performed over 10 000 trials. We investi-
gate the effect of SNR defined as E'p / Ny, signal-to-interference
ratio (SIR) defined as Ep /(Ny - Er), the number of interferers,
and the number of antenna branches on the SEP. Unless other-
wise stated, we consider the coherent detection of 8-PSK with
optimum combining.

We first consider coherent detection of BPSK, quaternary
PSK and 8-PSK using dual optimum combining (N, = 2).

N,=4, SIR=10 dB, BPSK

10 <
10 W
107 |
-5
o 1 0 .......
w H
o 10°® |-|G—© Approximation A

&----E Approximation B

_7 & - - Upper Bound
10 | ¥ —V Upper Bound [5]
, A Simulation
10°
107
107 — —
0 4 8 12 16 20 24 28

SNR [dB]

Fig. 3. Comparison between upper bound derived in Section IV with the only
previously known upper bound given by [5, eq. (13)] for the case of BPSK,
SIR = 10dB, N4 = 4, Ny = 1, 4, and 8. Note that our upper bound is 4.8
and 5.3 dB (at BEP of 10~ 2) tighter and 4.8 and 7.4 dB (at BEP of 10— *) tighter
than [5, eq. (13)] for N; = 4 and 8, respectively.

N,=2, 8-PSK

SEP

-2 SIB=10 DN
107 ffy K Exact SEP a8

G - -O Approximation A
&8 Approximation B
_.|©=—® Upper Bound

A Simulation

10

-2 2 6 10 14 18
SNR [dB]

Fig. 4. SEP as a function of SNR for coherent detection of 8-PSK using dual
optimum combining (V4 = 2) for the case of N; = 1 and 3 with SIR = 5 and
10 dB.

Fig. 2 shows the SEP as a function of SNR, for N; =1, 2, and
4, and SIR = 10 dB. The results show excellent agreement be-
tween exact analysis and simulation. The curves also exhibit an
error floor when the number of interferers Ny is greater than the
array DOFs, i.e., N4 — 1. Next, we compare in Fig. 3 the upper
bound derived in Section IV with the only previously known
upper bound given by [5, eqg. (13)]. Note that our upper bound
is 4.8 and 5.3 dB (at BEP of 10~?) tighter and 4.8 and 7.4 dB
(at BEP of 10 %) tighter than [5, eq (13)] for N; = 4 and 8,
respectively.

Fig. 4 shows the SEP with dual optimum combining for the
case of N; = 1 and 3 with SIR = 5 and 10 dB. Note that there
is the error floor for the case of Ny = 3 which decreases as
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N,=83, 8-PSK
10° | -
SNR=5dB -
107 L
SNR=10:dB
e
) |
o 10 O——© Approximation A
@----E Approximation B
& —& Upper Bound
A Simulation
107 ool o G NBU L bbb
107 : ' i
2 2 6 10 14 18

SIR [dB]

Fig. 5. SEP as a function of SIR for 8-PSK, N, = 3, Ny = 1 and 4,
SNR = 5, 10, and 20 dB.

N,=4, SNR=10 dB, 8-PSK

10 T T T T
G—©O Approximation A
‘| @3 Approximation B
_|©— —< Upper Bound H
A Simulation SIR=0dB
L A
et
a & o
! ; é
g et
3=5dB
£ £
D S
107
1 2 3 4 5 6 7 8
N

Fig. 6. SEP versus the number of interferers N, for case of 8-PSK, N, = 4,
SNR = 10 dB, SIR =0, 5, and 10 dB.

SIR increases. In order to further investigate the dependence of
SEP on SIR, the SEP is plotted as a function of SIR in Fig. 5
for the case of N4 = 3, with N; = 1 and 4, and SNR = 5,
10, and 20 dB. Note that when the SIR is comparable with the
SNR, the number of interferers plays a marginal role. Finally,
the asymptotic SEP is limited by the thermal noise.

The SEP versus the number of interferers is plotted in Fig. 6
for N, = 4, SNR = 10 dB, and three different values of SIR (0,
5, and 10 dB). It can be seen that, when the array is overloaded,
the performance does not depend significantly on the number
of interferers; this behavior is accentuated for small values of
SIR. The SEP versus the number of antenna branches is plotted
in Fig. 7 for SNR = 10 dB, SIR = 5 and 10 dB, and N; = 3.
The figure shows that the system is able to exploit the spatial
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SNR = 10 dB, SIR = 5 and 10 dB.
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Fig. 8. SEP versus SNR for 8-PSK, N, = 4, N; =1, 3, and 5; and SIR
= 5dB.

diversity provided by the increasing number of antennas (the
SEP in logarithmic scale is a approximately linear in NV 4). Note
that our upper bound is quite close to the simulation results.
Fig. 8 shows the SEP as a function of SNR for N, = 4,
SIR = 5dB, and Ny = 1, 3, and 5. As expected, we note
the presence of error floor in the overloaded case (5 = Ny >
N4 —1 = 3). Moreover, when Ny < N4, the remaining DOFs
(diversity order) is Lp;y, = N4 — Ny and we expect an asymp-
totic behavior for SEP proportional to 1/(SNR)%viv, This im-
plies that the curve of the SEP versus SNR approaches, for
large SNR, a straight line on a semilogarithmic scale with slope
—(N4 — Np)/10 decade/dB. Indeed, slopes of 3/10 decade/dB
for Ny = 1, and 1/10 decade/dB for N; = 3 can be observed
from Fig. 8. Similar results are shown in Fig. 9 for N4, = 4,
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Fig. 9. SEP versus SNR for 8-PSK, N, = 4, Ny = 3,SIR =0, 10, and 15
dB.

Ny = 3,and SIR = 0, 10, and 15 dB, and the asymptotic be-
havior of SEP for large SNR can be seen for all values of SIR.

VII. CONCLUSION

In this paper, we derived the exact SEP for optimum com-
bining of signals in the presence of multiple equal-power inter-
ferers and thermal noise. Both cases Ny < Nyand Ny > N;
were investigated and, to validate the analysis, results were com-
pared to Monte Carlo simulation results. The exact analytical
SEP requires the solution of a multiple integral whose com-
plexity depends on the smaller of N4 and Ny. This led us to
derive upper bounds and approximations for reduced computa-
tional complexity.

For the case of a single interferer (as well as for a single
antenna) our bound becomes the exact result, and agrees with
known results for the single-interferer case given in [3] and [4].
Finally, the performance of the upper bound and the approxi-
mate formulas have been assessed by comparison with simula-
tions.

The results show that, for typical cases considered in this
paper, our new upper bound is at least 4.8 dB tighter than the
only other available bound in the literature. The results also
show that the approximation based on the knowledge of the
expectation of the eigenvalues is close to Monte Carlo simula-
tion results; to this end, we derived a closed-form expression for
the expectation of the eigenvalues in the cases of dual optimum
combining with an arbitrary number of interferers, and of two
interferers with an arbitrary number of antennas. Finally, the re-
sults show that the upper bound and approximation B provide
similar accuracy.

APPENDIX A
DISTRIBUTION OF EIGENVALUES OF THE WISHART MATRIX

Let us define A € M, ,, with m < p, where M,, , is the
set of the (m x p) complex matrices, and W (m, p) = AAT.

If all the ¢jth elements of A, a;;, are complex values with
real and imaginary part each belonging to a normal dis-
tribution A(0,1/2), then the (m x m) Hermitian matrix
W (m,p) is called Wishart. Moreover, the joint pdf of the
ordered eigenvalues X = [A1, Az, ..., A\n]T of W(m,p), with
A > Ay > --- > A, can be found in [17] as

am(m—1) m 5.5 m—1 mo ~
= . e MAPT™ (A — Xj)?
Ly (p)'m(m) £[1 i=1 j=111 ’
(42)
with
Lon(p) = 7D T (p — i) (43)
=1

APPENDIX B
PROOF OF THEOREM 1

In this appendix, we will prove Theorem 1 using the results
of Appendix A, and derive the distribution of the eigenvalues of
the matrix R of (7) for arbitrary N4 and N;. Let us consider the
cases Ny < Nyand Ny > Nj, separately. The proof for the
former case is straightforward application of Appendix A, but
to prove the latter case, we need the following theorem.

Theorem 4: Suppose that A € M,, , and B € M,, ,, with
m < p, the (p x p) matrix BA has the same m eigenvalues as
the (m x m) matrix AB, counting multiplicity, together with an
additional p — m eigenvalues identically equal to zero.

Proof of Theorem 4: See [18, p. 53]. [ |

Proof of Theorem 1: [Case |. N4 < N;]: When N4 < Ny,
R can be related directly to a Wishart matrix, since the en-
tries of the random matrix C; are i.i.d. Gaussian random vari-
ables with zero-mean, independent real and imaginary parts,
each with variance 1/2. So, we can write

N,
R=Y erjel, = CrCl = W, Ny

i=1

(44)

where W(NA7 Nr)isa(Na x Na) complex Wishart matrix.
Thus, the joint pdf of the eigenvalues of R is given by (42) and
(43) withm = N4 and p = Ny. |

Proof of Theorem 1: [Case Il. N4 > N;]: When N4 > Ny,
R can still be related to the Wishart matrix, by means of The-

orem 4. In fact, by introducing the (N; x N.4) matrix A = C}L
and the (N4 x N;) matrix B £ Cj, then the (N4 x N4) ma-

trix BA = C;C; = R has the same N; eigenvalues as the

(N7 x Ny) matrix AB = CjCI, and the additional N4 —
Ny eigenvalues are equal to zero. Moreover, since Ny > Ny,

C}LCI = W(N;,Ny4) isa (IN; x Ny) complex Wishart ma-
trix, and therefore, R has total of N4 eigenvalues, where N;
eigenvalues have the joint pdf given by (42) with m = Ny and
p = N4, and the additional N4 — Ny eigenvalues are identi-
cally equal to zero.
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APPENDIX C
AN INEQUALITY

Here we prove the following inequality:
Theorem 5: Forany K; > 0, K5 > 0, and z; € RT, where
Rt ={reR:r >0}

n

n K1
. 45
il;[l K + % K + K (49)
Proof: We find the maximum of the function
n Kl

h(zy,x9,...,0,) = — (46)

(1,2 ) i K+ %

subject to the constraint
C(z1 =)z -5=0. (47)
=1

To this aim, by using the Lagrange’s multipliers, we introduce
a parameter ¢ and the function

H(zy,...,xy) = h(xy,...,2,) + € C(zy,..., (48)

xn)
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and set the partial derivatives of H (z1, .. ., x,) to zero. We can
observe that the condition 0H (.)/0z; = 0 requires that

Ky .
)[le +K2$]] Vi=1,...,n.
(49)
This equation is satisfied by choosing z; = S/n Vj, that, for
x; € R, provides a maximum of the function in (46). To see
that this cannot be a minimum, it is sufficient to let one z; going
to zero, keeping finite .S. In this case (46) goes to zero, whereas

the right member of (45) remains finite. [ |

APPENDIX D
CALCULATION OF E, {B(Y,0)}

Let K3 = NuminNo/Er, and Ky = (empsk NminEp/Er)
/sin” @, and then (23) can be written as

N,

y+ K3 min

B(y,0) = | ———"— .
®,9) L/‘FK3+KJ

Using (22) and letting z = y + K3 + K4 gives results as
shown in (51) at the bottom of the page. Note (52) and (53) at
the bottom of the page. Multiplying (52) and (53) gives (54) at
the bottom of the page. Substituting (54) into (51), and noting
that K3 + K4 > 0 we obtain (55) at the bottom of the page,

(50)

Ey{B(Y,0)} = /Ooo B(y,0)fy(y)dy = m /OO

K min _
(1™ o e et

K3+Ka 2
(51)
N .
K4 min = Nrﬂin _
1-— = —Ky)"z™" 52
(1-% ) Z:;)( ) (K 52)
NaNr—1
NaN-1 NaNp -1 NaNr—1-m _m
(Z—Kg—K4) AN = TnEZ:O < m (—Kg—K4) AT z (53)
Nmin
<1 — K4> z — K3 — K4)NANI?1
z
Numin NaNy—1
Nmin NaNr—1 VAN —1—(m—n n —1-m m—-n
= Z ( n )( ’ ﬂi ) (—)NANT=I=On ) (R (K + B) VAN
n=0 m=n
N 221 NuN; -1

+ < mm)( A Wi ) (_1)N‘4NI—1—(m—n) (K4)n (Kg _|_K4)NANI—1—m Z_(n_m) (54)

n=1 m=0

e+(K3+K4)
Ey {B(Y,0)} = T(NaNT)

m

Ninin NaN7—1 NUN» — 1
{ 2 2 < m)( o )(—1>N"N"1‘(m‘"’ ()" (K + Ka) "M 7177 T (= + 1, Ky + K

n

Ny,
53
n=1

m

3
]

1
min NaNp—1 ANr—1—(m-n " o
( )( ANT >(_1)J\AAI L=0m=m) ()™ (K + Kg)NaNT xEn_m(K3+K4)}
0

(55)
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where T'.(k + 1,x) is the complementary incomplete gamma
function defined by [13 (8.350.2), p. 949]

T.(k+ 17z)é/ wFe Udu, =>0, k=0,1,2,...
’ (56)
and Ey(z) is given by
Ek(a:)é/ Cdu, x>0, k=1,23,.... (57)
Jz u

The special case of k£ = 1 is known as the exponential integral.
Integrating (56) and (57) by parts, the recurrence relations can
be obtained as

To(k+1,2) =2 " + ET.(k, ), k=1,2,3,... (58)
e 1
Ey(z) =o~®D_ S _ Er1(2),
Ko =T T e )
k=2,3,4,.... (59)
By solving the recurrence relations (58) and (59), we get
ko1
T.(k+1,1) :k!e*rz% 2>0, k=0,1,2,...
=0
(60)
(=1t
Br(@) =5
k—1
X {e—x (=D -1)raTt+ El(x)},
=1
>0, k=1,2,3,... (61)

Using (60) and (61) results in (62) as shown at the bottom of the
page.

APPENDIX E R
SOME RESULTS ON MEAN EIGENVALUES OF W (1m, p)

Since (42) is a product of several terms in the form e=2*\",
the expected value of the eigenvalues of W(m, p) can be written
in a closed form for all values of m and p.

As an example, we found the following results:

« m = 1, p > 1:in this case it is straightforward to verify
that E {Z\l} -

e m = 2, p > 2: after some algebra, we get (63) as shown
at the bottom of the page.

It can be shown that E {5\1} can be further simplified to

-1
1 p(*+3) X 1 (2p—k—1\/[k
[E{)‘l}_ 20 +222p—k—1 p—2 2)

= (64)
To derive E { X }, we first observe that

f; X = tr [W(m p)] (65)

where ¢ [-] is the tr;e of the matrix. Then

i[E {/\} —E {i Xz}

T el o))

ZE{iilai,jP} =m-p  (66)
p

1

EABY. O} v

min NaNr—1
{ Z Z < mln) <NANI - 1> (_1)N/\Nl_1_( )(K4
m
+ ]Vinn nzl Nrﬂin NANI -1 (_1)NANI
o\ n m (n—m—1)!

1 m=
m—1

=1

" l > (DN = 1) (K3 + Ky) NNl g (K Ky)NalNimtom oKt i) By (K + K)

m—n 1
'Z l_'K3+K NANI 1—m+lI
=0

}

(K4)"

(62)

3 1
Cp-Dl(p-2)

p—1 (p_ l)l (p+ 1) |
Xlé((p_l‘k)' (p+1-k)!  (p—k)
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where a; ; is the ijth element of A with W (m,p) = AAT
and the last equality is due to the following normalization (see
Appendix A):

E {lai I’} =1,
Finally, by using (66), we get
[E{;\Q} = 2p—[E{5\1}

where E {5\1} is given by (64).

1=1,....m j=1,...,p.

(67)
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