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Abstract—

The classicproblem of maximizing the information rate over
parallel Gaussianindependentsub-channelswith a limit on the
total power leadsto the elegantclosedform water-filling solution.
In the caseof multi-input multi-output MIMO frequency selec-
tive channelthe solution requires the derivation of the eigenvalue
decompositionof the MIMO frequencyresponsewhich, for every
frequencybin, havegeneralizedWishart distribution. This paper
showsthe methodologyusedto derive the statisticsof eigenvalues
and eigenvectorsand applies this methodologyto the derivation
of the average channel Capacity and of its characteristic func-
tion. Simple expressionsare derived for the caseof uncorrelated
Rayleigh fading and an arbitrary finite number of transmit and
receiveantennas.
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|. INTRODUCTION

This paperis concernedvith the derivationof the statisticsof the
channelCapacityof a MIMO frequencyselectivesystem.This task
requireghenontrivial stepof derivingthejoint statisticsof theeigen-
valuesof therandomMIMO frequencyresponseThecontributionof
this paperis twofold: 1) the condensedeview on the key tools and
resultsin the study of complexrandommatrices,2) the derivation
of the channelCapacityand of its characteristidunction. As part
of our overview on the randommatrix analysis,in Sectionlll we
will presenthe rulesof exterior differential calculuswhich is used
to computethe Jacobiarof matrix decompositionsand performin-
tegrationover matrix groups. Contraryto otherauthorswhich have
providedasymptoticresultsfor similar problems[seee.g. [11]] the
analysisdevelopedn this paperappliesfor an arbitraryfinite num-
ber of inputs and outputsand pavesthe road for the derivation of
otherperformancemeasuresvhich dependon the channeleigenval-
ues.Theseresultsareusefulespeciallyin the contextof Space-Time
coding[12]-[9], wherethe numberof inputsandoutputsis naturally
limited to afew elementsOurMIMO channels frequencyselective,
thus our setting is analogous to the one in [10].

Notation: Boldfacelettersare vectors(lower case)or matrices
(uppercase).Thetr(A), |A|, \(A) arethetrace,determinanend
eigenvalueof A, a = wvec(A) is formed stackingvertically the
columnsof A. Continuoustime signalsvectorsare like a(t) dis-
crete time vector sequencedike a[n]. Sequence®f vectorsob-
tainedby stackingconsecutiveblocks, suchasa; = [a[iM], ...,
a[iM + M — 1]], arecharacterizedy a suffix ;. To manipulate
blockedmatriceswe introducevectorsof indexesk = (k1, ..., km)
and the notatio’\[k] , (Alki]7,..., Alkn]T)7.

Il. SYSTEM MODEL

The systemconsiderechas Nr transmitand Nr receiveantennas.
The basebandequivalenttransmittedsignal is the vector x(t) :=
(x1(t), ..., 2N, (t)T of complexenvelopeemittedby thetransmit

antennasWe assumedigital link with linearmodulationsothatthe
vector Xt) is related to the (coded) symbol vectojn] by

=

x(t) X[n]gr(t — nT), @)

n=—oo

wheregr(t) is thetransmitpulse. Correspondinglyz (¢t) = y(¢) +
n(t) isthereceivedNy x 1 vectorwhich containghechannebutput
y(t) andadditivenoisen(t). For alinear (generallytime-varying)
channeltheinput-output(l/O) relationshipcanbe castin theform of
an integralkequation

gr(t — 0)H(0, 7)X(0 — 7)d7db.

—o0

y(t) = 2

where gr(t) is the impulse responseof the lowpassreceivefilter
(usually a square-rootraisedcosinefilter) matchedto the transmit
filter g (t), andthe (k, I)th entry of matrix H(0, 7) is the impulse
responseof the channelbetweenthe i-th transmitand the k-th re-
ceive antennas.Introducingthe discrete-timetime-varyingimpulse

response
Z (oo} Z (oo}
H[k,n] , H(0, 7)g7(0—7—(k—n)T)gr(kT—6)drd0 ,
®)
we can write the vectaof receivedsamplesy [k] := y(kT) as
ylk] = Hik, k —n]X[n]. (4)

n=-—oo

If the channelH]k, n] is causaland hasfinite memory L we can
write the I/O relationship(4) asa finite linear systemof equations.
Specifically,stackingP = K + L transmitsnapshotsn a PNy x

1 vectorx; , wvec([X[iP],...,X[iP + P — 1]]) and K received
snapshotén a M Nr x 1vectory,; , vec(ly[iP + L],...,y[iP +

P — 1]]), wherey, startsfrom the Lth array snapshoso that the
inter-blockinterference (IBl) is not considered, we have

Y= Hxi7 (5)
whereH isan Nr M x Nr P block-Toeplitzmatrix:
Omyr - HO o0 o 1
H :E 0 HIL] HI0] : g
: S . 0
0 0 HIL] HI0] RAMXKP

Assumingthatthe Gaussiaradditivenoiseis spatiallyandtemporally
white, space-tim@FDMwill convertourfrequencyselectiveMIMO

systeminto a setof K parallelindependenMIMO systemsin fact,
if the channel matriH is sandwiched between the twaatrices

Er , Wk ®Inyxng) ; Er » (WHE® Ingxnvg) ()



whereW g1 x is anextended(K + L) x K IFFT matrix, i.e.,

(Wkhin =22 g =0,...,K—landn =0,...,P—1
with a properphaseshift that createghe so calledcyclic prefix, and
W g isthe K x K IFFT matrix,i.e.,{W k }k,n := exp(j27/Kkn)
k=0,...,K—landn =0,..., K—1, thensimilarto whathappen

in the scalar case, the equivalehiannel is:
H , ErHEr =diag(A{d]), d, (0,...,L),
whereH k] is the MIMO transfer function at théth frequencybin:
X

Hk = H[l]e 7> %, 8)
=0

Channelmodelling and performanceanalysisover fading wireless
channelshave beenstudiedextensivelyand in numerouscasesthe
receiverperformancecanbe expressedh closedform (seee.g. [8]).

Most of the resultsapply to narrow-bandSISO/SIMOtransmission.
In this contextit the channelmodelis oftenexpresseanly in terms
of the statisticsof the fadingenvelopew.,.+[l] , [{H][l]}. | of each
path coefficientfor the (r, ¢) link. The interestingand challenging

aspectof the MIMO caseis that the performanceare expressedn

termsof the eigenvaluesf the matrix H " andthustheresultsfor
thescalarcasearenotgeneralizedn a straightforwardvay to MIMO
systemsThegoalof this paperis twofold: we will first describenow
thestatisticsof theeigenvaluesf H "q arelinkedto thejoint statis-
ticsof H(d) = (HT[0],...,H”[]])T andthenwewill specializehe
analysisto the caseof wide-sensestationaryRayleighfading, deriv-
ing the statisticsof the channelcapacity(C) for anarbitrarynumber
of transmitand receiveantennas.Prior to this we will provide an
overviewon exteriordifferentialformswhich explainthe derivations
done in the following.

[1l. ELEMENTS OF EXTERIORDIFFERENTIAL FORMS

Thestudyof randomeigenvaluesnitiated by thepioneeringvork
of Wigner[13], providesawide rangeof toolsto analyzethestatistics
of severamatrixfactorizationdesidethe eigenvalueslecomposition
(EVD). Thefirst stepin derivingthe statisticsof the resultingmatri-
cesconsistdn derivingthe Jacobiarof the changeof variablesfrom
the original matrix to its factors. Whenthe decompositions unique
(at leastup to a sign and permutation) the numberof independent
variablesin the matrix andin the correspondindactorsis the same
andthe Jacobiarmatrix is square.This canbe verified to betruein
the caseof EVD (eigenvalue)QR or LU (lower-upper)decomposi-
tions and Choleskgecomposition for examplg].

To keepthe presentatioself-cointainednextwe informally intro-
ducesomeof the conceptasedin the statisticalanalysison random
matrices(seee.g. [4]). Oneof suchtoolsis basedon the seminal
work of Elie Cartanon exteriordifferentialcalculus[3]. Theconcept
of exteriorproduct denotedy thesymbolA, wasintroducedoy Her-
mannGunter Grassmannin 1844 andwasutilized by Cartanin the
study of differential forms. Ordinary vectorsare 1-vectors,wedge
productsof p independentectorsgenerateshe spaceof p-vectors.
Giventwo vectorsa, ( the basic axioms of Grassman algebra are:

e aNa=0
e aN f=—[BANa
e (ac) A B=alaAn B).
The axioms are sufficiend establish that:

(Aa) A B = |A[(anpB). 9)

1if Alism x nandm > n orif it is rankdeficient| A| hasto bereplaced
by 0. If m < n |A] andhasto bereplacedby the matrix compound\™A,
i.e. the matrix of all cofactorsf orderm, if m < n [3].

Cartan’sexterior differential calculus[3] is built aroundthe obser-
vation that, if we do considerthe signin the Jacobian productsof
differentialsdzdy behaveasdzx A dy: this canbe easily observed
introducinga dummy transformationz (u, v), y(u, v) andrealizing
thatdzdy = |0(z,y)/0(u,v)|dudv equalsO for u = v = z and
equals—dydx for u = y andv = z. Therulesof exterior dif-
ferentialcalculusare derivedapplying Grassmaralgebrato 1-forms
suchasdz. Thereis anaxiomaticdefinition of the d operatorand,
in particular,d(r-form) = (r 4+ 1)-form andd(dz) = 0 (Poincag
Lemma). Theserules are systematicand the resultsare simplerto
graspthanthe theoryof manifolds. In addition,they providea way
of deriving the Jacobiarof an arbitrary matrix factorization,by ap-
plying thed operatoffirst andthenevaluatinghe A productof all the
independendifferentials. This lasttaskentailssomeadditionalcom-
plexity, becausét requiresthe descriptionof the group of matrices
by meanof theirindependenparametergseee.g. SectionlV). The
evaluationof this Jacobiaris essentiato derivethe probability den-
sity function (pdf) of thefactorsfrom the pdf of the original matrix.
We will borrowthe notationfrom [2] andindicateby dA the matrix
of differentialsandby (dA) the exteriorproductof theindependent
entries indA, for example:

for an arbitraryA, (dA) = A; Aj dasj
if Ais diagonal(dA) = A;da;;
if A = AT or Ais lowertriangular(dA) = Aj<i<j<ndai;

e see Section IV foQ unitary.

Whendealingwith complexmatriceswve canapplythesamerulesre-
memberinghatanycomplexdz hasassociated (dz) = dR[z]dS|z]

or, moreprecisely(dz) = dR[z]AdS(z]. Thereforelz canbetreated
asabidimensionalector.Sincethe multiplicationof z = = + jy by

a complexnumbera = a + j b can be vieweds:

—b

a
S (10)

(=, y)

from (9) it followsthat (daz) = |a|*dzdy. In general [4]:

Lemmal If w=u+jv areanalytical functions of =x+jy then

a(u,v) 2

a(x,y)

Otherpropertiesof the complexcaseareeasilyderived,for example:
i) (dz) —(dz"); i) dz A dz* = 0. Notethatfor B = XA

(dB) = |X]|"(dA) in R™ (theabsolutevaluesquareof |X| in C™).

Becausef (9) andLemmal, orthogonalor unitary linearmappings
of A dono not changédA), i.e.if Q7Q =1 (QdA) = (dA).

ow
0z

= det

det (11)

IV. THE STIEFEL MANIFOLD

In the descriptionof the joint distributionof matrix decompositions
suchasthe QR the EVD etc.,thereis the clearneedof identifying
whatis (dQ). A unitary Q canis describedy n? smoothfunctions
thatcanbe integratedover nice enoughintervalswhich describethe
socalledStiefelManifold: clearly,theindependenparametersf the
Stiefel Manifold arenot the realandimaginarypartsof the elements
of Q. For the purposeof studyingthe statisticsof matrix decom-
positions,suchasthe QR or the EVD, n out of the n?> parameters
areredundant(in the sensethat the decompositioris uniqueup to
n parameters).lt is to our advantageo removethis ambiguity by
havingthe diagonalelementof Q setto bereal. Notethat,because
of QQY =1 — QdQY = —dQQ*: thus,whenthe diago-
nal elementof Q arerealthe diagonalelementsf QdQ* arezero
andQdQ* is antisymmetric.So,in mostcaseqdQ) is replacedby



factors of
Vol(Q5 5)

Q orhtogonal

Figurel: The factorsn the Vol(Q;, 5) for Q orthogonal.

(Q"dQ) = Ai>;qf'dg;. Notealsothat,whenQ is m x n and
semi-unitarywith m < n, we have2mn — n(n + 1) real param-
eters(the rolesarereversedf n > m) andwe canalwaysdefine
anm x m matrixQ = (Q, Q") suchthatQ” Q = 1,, ., sothat
(dQ) = (Q"dQ).

Severaldifferentapproachesanbetakento parametrizeQ in its
independent parameters, for example:

e Qs product of Givensotations [Ch.5 [5]], i.efor Q n x n:

Y Y

Q= G(k,1) (12)

k=1i=k+1

eachG(k, i) hasoneparametefthe Euler angle)whenQ is
orthogonal and twavhen it is unitary;

e Q is product of n HousenholdemotationsH; = 1 —
2v;v /(v v;) [Ch.5[5]], wherefori = 0,...,n — 1 each
v, is described by, — ¢ complexparameters.

e DecomposingQ = €2:D$2,, with ;, ¢ = 1,2 orthogonal
matrices and = diag(e’?1, ..., e?%").

e UsingQ = ¢’® where® is Hermitian (the descriptionis
uniquevV ® : 0 < O < xl).

e For Q nothavingeigenvaluegqualto —1 (a probability zero
eventfor continuousrandomQ), the CayleytransformQ =
(1 +3S)71(1 + jS) where Sis skewHermitian, i.e.S” =
—S. Note thatS = (1 + Q)™ (I — Q).
The3 x 3 orthogonamatrix cases illustratedin Fig. IV. Theuniform
p.d.f. in the Stiefel groupof orthogonalor unitary matricesis called
Haar distribution[4, Ch.1]. Thevolumeof (QHdQ) integratecbver
Q7 Q = I, for Q unitarywith real diagonal elements, is:

on ﬂ_)mnfn(nfl)/Q

Vol(Q,,.,) = T D (13)

when the diagonal elements @, ,, areconstrained to be real:

(71' (m—1)n—n(n—1)/2

Vol(Q,,.,.) = (14)

~n—1 T

io ['(m —1)

V. THE STATISTICSOF A = B B AND ITS EVD

Thematrix we areinterestedn hastheform A = BB, where
B is arandomm x n matrix with continuousp.d.fandwe will as-
sumethatm > n in which caseA is full rankwith probabilityone?

2|n casern < n A hasn — m zeroeigenvalues Becausehe non null
eigenvaluesf B¥ B andBB ¥ coincide thecasem > n isgeneraknough
to providethedistributionof thenonzeroeigenvalue$or anychoiceof n, m.

Let usdenoteby pa (A) andps(B) the pdfsof therandommatrices
A and B respectively:the pdf of A is called generalizedWVishart
distribution. To derivepa(A) one canfollow the approachin [6]

whichis basedbnthe QR andCholeskydecompositionsf B and A

respectively:

B=0QR, A=R"R. (15)
Considering thatdA) = (IR R + R¥dR):
(@) 1
PaN
(dA) = @ dri itk + dri TP
1<i<j<n 1<k<i
=2"  (jrul)" T (dR) (16)
=1
with (dR) = Ai<;(drs;). Therefore:
H Y n 2 n+l—i
pa(A)dA) =pa(RTR) 27 |ry] (dR).  (17)

i=1

Denotingby Q = (Q, Q") them x m matrix suchthatQ”’Q =
I.,» hasthetop n x n portion equalto anidentity matrix andthe
bottomm —n rowsequalto zero,(dB) = (QHdB) = (QHdQR+
I..,»dR), taking the wedge product we have:

Y 2 1—1
(Iraa])™ 7 (dR)(dQ),

i=1

(dB) = (18)

where (dQ) = (QHdQ) is the elementof volume of the Stiefel
manifold. Hence:

ps(B)(dB) = ps(QR)  [rul> " (dR)(dQ),  (19)
1=1
and,with vA , R, from (17) and(19) and |A| = Q?:1 |73 it
follows:
Z
pa(A) =2""A"" pa(QVA)(QTIQ),  (20)

which is the form of the so called generalizedWishart density[4].
Generalizing the results in [4] to the complease (17) implies:

Lemma 2 When the p.d.fos(B) = p(B”B) then:

1) Q and R in the QR decompositiorB = QR, are independent.
Thep.d.f. of Q is uniformoverthe unit QQ* = I (Haar distribu-
tion) andR is

2 m—n

pr(R) = [ril p(RYRVOIQ,,,);  (21)
=1
2) The p.d.fof Alis [c.f. (13)]:
pa(A) =27"|A["T"p(A)Vol(Q,, ), (22)

The Jacobiarnf theEVD A = UAU ¥ canalsobe obtainedby
fixing thediagonalelemenbf U to berealsothatthe EVD is unique:

(@A) =
(dA) =

(dUAUT £ UdAU? + U AdU)
(UPdAU) = (UTdUA — AU AU + dA)

Y
= (A — )2 (dA) (U du).

1<i<k<n

(23)

(24)



Equationg(17) and(24) arethe equationghat canbe usedto ad-
dress the general case&f= B B:
L

Y Y m—n

pa(A) = 277 ()\k*/\i)2 i T(A) (25)
1<i<k<n i=1

TN . pe(QAZUT)(QTQ)UTdU). (26)

Whenin Lemma2 p(A) = p(A), the densityof the eigenvalues
is simpleto derive: for example,in the multivariate Gaussiarcase
{B}i; S N(0,0%), p(A) = (10%) ™" exp(—8V) [ef. (22)]
and, for \; > 0:

h'd g _ PN Y men
pa(A) =x1 (A — Ai)e” o2 Ai (27)
1<i<k<n i=1
wherex: = 27" (10”) """ Vol(Q,, ,)Vol(Un.n).

Using Wigner's approachthe densityfunction obtainedby aver-
aging overall permutationga (A) is 2;pa (A), thus [7]:

mma3 For m > n and any continuousreal f(A) =
?:1 f()\z (A))

Z o0
E{f(A)} = f(@)pn ™" () dw (28)
wn "(x) Y pAa(T, A2, .., An)dA2 . .. dX, (29)
Yo 0

P
Notethat, for f(A) = 7, 6(z — XNi(A)), E{f(A)}in (28)is
the empirical distribution of the eigenvalueor, in otherwords, the
averagehistogram of the eigenvalue$ random matrix samples.

When m (A) isas in (27) [1], witha = m — n:

[e% 1 N e% 2
pn () = P S () (30)
k=0
where, denoting by 7 (z) the Laguerre polynomials of order
[e3 k' o —T 1/2 [e3
or () = Thtarn)” © L (). (31)

V1. STATISTICS OF THE THE MIMO FREQUENCY
SELECTIVE CHANNEL

We will assume that:
al. Thenoise is AWGNwith variances? = 1
a2. {H[l]}; . arespatially uncorrelateccircularly symmetriczero
mean complex Gaussianrandomvariables(Rayleigh fading) with
Rull,lz2,r1, ro,ta,te] = 5 E{{H[L]}7, ¢y {H[l]}r ) =
(5(251 — t2) (5(1‘1 — TQ)RH(ZQ, ll).

Let us also denote by:

n , min(Nr, Ng) , (32)

m , max(Nr, Ng).

In the MIMO casedescribedn Sectionll, denotingby ~ the signal
to noiseratio dictatedby the large-scalefading and receivernoise
power,the conditional channel Capacity is

C=log|l ++yH"H| (33)
therefore the averag@apacity is:
E{C} = E {log(1 + y\i[K])} (34)

k=0 I=1

and the characteristic function@fis:
Cor D
Il +~H[k|" H[£]|®
k=0

Do(s) = E{e*“Y=E (35)

bothfunctionsof theeigenvaluesf H[k]"H[k], k =0,..., K — 1.
The averageCapacitycanbe easilyderivedexplicitly. In fact, H[]
is given by (8) thus,undera3, H[k], k,0,..., K — 1 arealsozero
mean complexzaussian with variance:

XK (11 —19)E
RH(ll,l2)€7]2ﬂ' =

(11,12)=0

(36)

as a direct consequence of Lemma 3 we can write:

Corollary 1 Underal, a2, the averageCapacityfor any (n, m) in
(32) is:
VA

E{C} = log 1+ ~oglkle pp™ " (x)dx

k=0 O

(37

where (=" (z) is given in (30).

The derivationof ®¢(s) is more complicated,sinceit requires
averagingoverthejoint densityof theeigenvaluesf all H[k]” H[],
k=0,...,K — 1. IngeneralK > L thereforefrom (8) thejoint
density of the MIMO channel response at all frequebins is:

pi(H[K]) = p(H[p] | Hp))p(H[p])

wherek = (0,...,K), p = (ko,...,kr) is avectorwith asele-

mentsL + 1 distinct, but otherwisearbitrary,indexesextractedrom

k andp is the vectorof the complementaryndexes. The blocks of

H[p] = (H  [ko|,.., HT [k1])T arein aoneto onemappingwith the

blocksof H(d) = (H™[0], .., HT[L])" in fact, (8) for eachantenna
pair represents systemof linearequationsgachcorrespondingo a

differentindexk; € p, with coefficientsforming a full rankVander-
monde matrixV 7, ; :

(38)

(Wiriita=e 785 1 0,L], ki € p, (39)

P 2mh il
Thus, 3 Cr;l = {WZL}M suchthat lL:O quyleij K = 61‘%’1;
(Kronekers). Thecy,; arecomputableasthe coefficientsof the Lth
order Lagrange polynomials

Y 5 — =ik /K
Chi(2) o—g2nk; /K _ g—i2nk;/K (40)
J#4,0<5<L
with (k;, k;) € p. Thus, for anyh; we can write:
) KX )
H[hg] _ HU]@*]QWIQI/K — H[ki]Cki[6732ﬂ-kil/K.
=0 1=0 k;,€p
(41)

From(40)and(41),it follows thatp(H[p] | H[p]) is productof Dirac
deltas.With C, 1, » Ck, (e 7>™"/%) we have

(0] 1
p(Hp] | Hp) =  §@HMK -  HK|Cpn, A (42)
h;€EP ki€p
pa(HP]) = W | "2 pu (W @ 1) 'Hp]).  (43)

Gathering these results we can state the following:



Lemma 4 Under al, for an FIR N input Ng outputMIMO fre-
quencyselectivechannelhaving probability densityfunction of the
MIMO impulseresponsepu(H(d)), d = (0,...,L), H(d) =
(HT(0),...,HT(L))T, thecharacteristicfunctionof the mutualin-
formation is equal to:

Z
Pe(s) = xz Y (xn)pe((W 231 @ 1)H(p])(dHp]) (44)
h=0
whereyx, = |W 1| " V#NT, W 1, is definedn (39), W |, can
be expresseth termsof the coefficientof the Lagrangepolynomials
in (40) and, WIthXh » (C;mh, ey CkLh)

X 7 H = *
| +y H [ki]H[kl]Ckthklh
(4, 1)=0

T(Xn) » (45)

where G, » Ck, (e 72™/K) andCy, (z) is defined in (40).

To reachasimpleexpressiorior ®.(s) whenK > L, wecanrestrict
our attentionto thecasesvherethefollowing assumptioris valid, in-
terpolating®.(s) for the intermediate valuesf K:

a3. Thenumberof frequencybinsis anintegermultiple of the chan-
nel duration, i.e K = Q(L + 1).

: : —i 52~ 1Qd —j 2E=~1d
Choosingp = (0,Q, ...,QL), sincee ~ QZL+1) =e¢ "TEZ+DT,
W 1,41 is unitary and
1 eI 1

= (46)

O (o= 327 0Q+0) /K
m( ) L+1 e—jzw[(l’")-&-%] -1

L+1

In addition, let us assume that:

ad.In assumptiora3. Ry (l1,12) = Ru(l2 — 11).

In general, this condition rarely applies because,for example,
the pathsare likely not to have the sameaveragepower. How-
ever, this assumptiondescribesa worse casescenarioin terms of
the frequencyselectivity of the channeland helps simplifying the
derivations considerably. In fact, if p is selectedto have uni-
formly spacedfrequencyindexes,in force of Sz&égo theoremfor
L > 1 the elementsof fI[p] will be approximatelyuncorre-
lated not only in space,but also acrossthe frequencybins. Un-
der (a3) the p.d.f. of H(d) withd = (0,...,L), is N(0,(1 ®
Ry)) and thereforeH[p] v N (0,( W, RgW 41 @ 1))
where (W RyW 1) ~ diag(ald]) where S3[d] =
(03[0, ...0%[LQ]) and o}[IQ] = =, Ru[ne 72™/E+D),
Therefore, writingh as h=1Q + ¢, for (I,¢q) =0,...,L:

G p)
Po(s) =FE T (Xug+a) - (47)
=0 q=0
we can simplify (47) as in the following
Corollary 2 Underal, a2, a3, ador L > 1
\{/Z Qy1 _wr@fugangy
Pe(s) ~ x3 T (Xq+q))e “lt (dH[IQ])
=0 q=0
o (48)
where x3 = ZLZO(TK'O';% [MNTNr
Knowing that Crp 1q = 0t — Xio = | Where ; is the

Ith canonicalvector, if @ small comparedto L, we shall con-
sider Xo+q) & Xig = 1 andthenreplaceY*(X(q+q)) for
lg| < Q/2andl = 1,...,L — 1%, with a zeroorderapproximation

3Forl = 0, we take0 < ¢ < € and forl = L we take—$ < ¢ < 0.

T°(Xag+q) = YT (Xug)) = Y°( 1). This coarseapproximation
appliedto (47)in conjunctionwith assumptiora3for L > 1 leadsto

n N . (0]
E 1 +yHIQIAIQ]?"
=0

(49)

which hasthe advantagef beingexpressediirectly in termsof the

eigenvaluesf H? [IQIH[IQ]. Therefore,usingpa (A) in (27) for

0% = 1 we can write:
~ Z

Do(s) & (1 4+~ [1QIN) " pa (A1, - - ., An) (dA).

1=0 *i20i=1
(50)
In caseyo?[lQ] > 1 to reducethe multivariatewe can note that
(14 ~vo2[IQIN)?* ~ (v ?[IQ]X:)?° which givesus:
1

X n(nil
Do(s) ~ A% (@PUQDPTTTE T () (51)
=0
h'd
(DT (m — n+ Qs + )"+,

wherex: (1) is givenin (27) and
z Y * P
; ' (Me—Xi)%(dA).

1<i<k<n

 T@)(a+) =

(52)
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