PROBLEMS ON SUMS AND INTEGRALS
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1 Swapping sums

1.1 Finite sums

Here is an example that many of you might already know from high school math contests.
Ezample 1. Let n be a positive integer. Prove that
1
3 (k) L%J = Snln+1).
E>1
Proof. The key idea is to rewrite the floor as a sum involving divisors:

Do) 2] =D ek) Y 1=3" 3" ¢lk).

k>1 klm k>1 klm
k<n m<n

Thus we’re computing the sum of ¢(k) over several pairs of integers (k, m) for which k| m, m < n.
For example, if n = 6, the possible pairs (k, m) are given be the following table:

((1,1) (1,2) (1,3) (1,4) (1,5) (1,6) )
(2,2) (2,4) (2,6)
(3,3) (3,6)
(k,m) € (4, 4)
(5,5)
\ (676) 7




Nominally, we’re supposed to be summing by the rows of this table (i.e. fix £ and run the sum over
corresponding m). However, by interchanging the order of summation we can instead consider this
as a sum over the rows: if we instead pick the value of m first, we see that

DD k) = zn: > (k).

k>1 k|lm m=1 k|m
m<n

Using the famous fact 3, ¢(d) = n, we conclude

S S etk =Y m= gnln+1).
m=1

m=1 k|m
]

Here one has the idea that one can “swap the order of summation”: even though there is a
single  initially, by rewriting it as a double ) and then swapping the order, we are able to solve
the problem.

The goal of this lecture is to try and push this idea to allow us to do similar calculations over
both infinite sums and integrals. Because of the introduction of infinity, things become a little more
complicated and some more care is necessary. So, in the first part of the lecture we will address
conditions on which rearranging the order of summation or integration is permissible. After that
we will see several applications.

1.2 Absolute and conditional convergence

Let ), an be an infinite series of complex numbers; then its limit is defined as

Note that this depends on the order of the terms: if we permute the sequence, the limit might
change! This is weird and bad since we would want “infinite addition” to be commutative, so we
want a way to avoid this behavior. This is accomplished by using the so-called notion of absolute
convergence.

Definition 2. If ) aj converges, we say it converges absolutely if > |ax| < oo, and converges
conditionally otherwise.

Theorem 3 (Rearrangement okay iff absolutely convergent). Let > a, be a convergent series of
complex numbers.

(a) If > ayn is absolutely convergent, it is invariant under permutation of the terms (the sum will
still converge, and the limit remains the same).

(b) If > ay, is conditionally convergent and a, are real numbers, then there exists a permutation
of the terms for which the sum converges to 2018.

Thus, any time before you try to rearrange the series, you must check first that it’s absolutely
convergent. With two ) signs the statement reads:



Theorem 4 (Fubini for doubly-indexed infinite sums). Let ar,, € C. If any of the three quantities

R 2020 B s 2

(m,n)eN?
are convergent, then
YDRIED DI oR I o] 0 o7y
(m,n)eN2 m n n m
and all three series are convergent.

Corollary 5 (Tonelli for doubly-indexed infinite sums). Let ap, n € R>o. Then
YDITIED 1 SR ES ol pority
(m,n)eN? mo\n no\m
where we allow the possibility all three diverge.
Here is the classic example.
Ezample 6 (Putnam 2016 B6). Evaluate

DS Sl
k n:0k2n+1'

k=1
Proof. Before anything else, the sum is absolutely convergent since we have
2

T
Zk 2n+1 <Zk:2 — €-2<oo.

n>0
n>0

Thus we may swap the order of summation freely.
We use d = k- 2" +1 > 2 as the summation variable, so that the sum in question is

_1k71
DI
d>2
Elndlkzn

Now we claim that the inner sum is exactly ;7= . Indeed, if d —1 = 2"m with m odd, then the sum
is

(_1)m—1 (_1)2m—1 (_1)27'm—1 1 1 1 1
+ e
m 2m 2™m m\1l 2 27
_ 1
2'm
B 1
d-1

Consequently, the final answer is

S-S ama)

d>2



2 Riemann integral

So far all of this is fair-game on high school. We’ll now move into the realm of calculus.

Definition 7. A tagged partition P of [a,b] consists of a partition of [a, b] into n intervals, with a
point &; in the nth interval, denoted

a<zog< T <To < - <Tp <b and &€ lrim,x] V1<i<n.
The mesh of P is the width of the longest interval, i.e. max;(z; — x;—1).

Theorem 8 (Riemann integral). Let f: [a,b] — C be continuous. Then the definition

b n
/a f(x) de = P tagggciir;lartition <; f(gi)(wi B xi_l))

mesh P—0
is well-defined (and finite).

There are a bunch of remarks I want to make about this result.

2.1 Compactness and improper integrals

We won’t prove the definition of the Riemann integral works out, but we will mention that its proof
hinges crucially on:

Fact 9. The interval [a, b] is compact, so continuous functions f: [a,b] — C behave well. In partic-
ular, f is bounded, and “uniformly continuous”.

This fact is false for open (or unbounded) intervals: consider the function 1/y/z on (0, 1), for
example. This gives rise to the notion of “improper integrals”, such as

1
1
— dx.
I
As written, this does not officially make sense as a Riemann integral, since f(z) = ﬁ is not a
function on [0, 1]. Rather, we implicitly mean

1
1
lim —dx

e—0t Jo \/5

since f(x) is well-defined on [e,1]. In this case, there is no guarantee the limit exists; for example
fol r~ dr = .
Similarly, it’s possible to set endpoints at oo by e.g.

IRCEY| BB 1)

for example.



2.2 Mesh sums

Sometimes, you will find that a sum can be written in such a way that it corresponds to the mesh
of a Riemann integral. In that case, one is very happy, because then it turns the entire sum into a
single integral!

Ezample 10. Evaluate

li L + L + o+ L
im e — ).
n—soo\n+1 n+2 2n

Proof. Write as

(1 "o

lim —g )
k

n—00 nk:ll_‘_ﬁ

Then, this is a mesh sum for f(x) = H% over [0,1]. Thus by definition it approaches fol IJ%‘,E dx =

log 2. O

2.3 Discretization and inequalities

If asked to prove an identity or inequality about integrals, it is often possible to revert back to
a discrete sum, a technique called discretization. For example, suppose one wishes to prove the
CAUCHY-SCHWARZ inequality in the form

(/ ’ f@)oa) dz)Q <(/ ’ flay? w) (| g i)

for continuous functions f, g: [a,b] — R. By taking meshes, it is sufficient to prove

2
(:L Z flai)g(ai) d-’E) < (:L Z f(a;)? dx) (; Zg(ai)2 dm> .

which is of course just the classical Cauchy-Schwarz from high school.
In practice, aside from discretization, most integral inequalities on competitions will really just
use the following fact:

Lemma 11 (The obvious inequality). Let f,g: [a,b] — R be continuous functions. If f(x) < g(x)
for all x € [a,b] then
b b
/ f(z) dz S/ g(z) dz.

3 Lebesgue integrals

3.1 Advantages of Lebesgue integrals

Unfortunately, Riemann integrals are terrible. In order to properly state theorems about interchang-
ing order of summation, it’ll be much more convenient to proceed with the Lebesgue integral,
which I will generally denote by [  to distinguish it from the Riemann integral f;

Defining the Lebesgue integral is much more involved, because it involves a bunch of measure
theory, so I won’t define what it is (but those of you taking 18.175 will find out really soon).
However, I'll at least mention the following reasons it’s appreciated.



e Better theorems about swapping limits and sums. For example, for the Riemann
integral, swapping ). ff fn and f: > . [n requires uniform convergence, which is a pretty
strong condition (although it’ll be true for Taylor series, which is a frequent use case for us).

e Improper integrals can be handled natively. You can write f(o 1 ﬁ dx and fR exp(—2?) dx
and it makes sense, unlike for the Riemann case where one has to use an improper integral.

e More versatile. Although we won’t encounter any, some functions that were previously not
Riemann integrable can now be assigned values. The classic example is f[o 1] 1 =0.

3.2 Riemann integrals and Lebesgue integrals

Of course, it’d be really silly if there wasn’t some guarantee that the Riemann integrals and Lebesgue
integrals agree.
The rules for converting a Riemann and Lebesgue integral are as follows:

e For continuous functions f: [a,b] — C, the Riemann integral and Lebesgue integrals coincide.
So proper Riemann integrals work out of the box.

e For continuous nonnegative functions f: (a,b) — R>p on an open (or half-open) interval
where one needs improper integrals, the improper Riemann integral and Lebesgue integrals
coincide (where we allow the possibility that the integrals are both +00). Here, a = —oo and
b = +oo are allowed too.

e For general f: (a,b) — C, if the partial integrals fcd | f| dz are bounded for any [c,d] C (a,b)
then we can also swap as above.

On the other hand, if your signs are all over the place, then there isn’t hope in general of converting
improper Riemann integrals to Lebesgue ones. A famous textbook example is fooo =% dx which in
fact is not covered by Lebesgue integration.

3.3 Swapping double integrals

I’ll state this in the full generality, though we’ll only use it in the cases where the “o-finite measure
spaces” are N (corresponding to infinite sums) or sub-intervals of R (corresponding to Riemann
integrals).

Theorem 12 (Fubini). Let X and Y be “o-finite measure spaces”. Let f: X xY — C be

continuous (or just “measurable”). If any of [y (fY |f(x,y)] dy) dz, [y (fX |f(x,y)] d:n) dy,
Jxxy | f(@,y)| d(z,y) are finite, then we have

f (o) a= [([orana) a= [ s

Corollary 13 (Tonelli). Let X and Y be ‘o-finite measure spaces”. Let f: X x Y — Rxq be
continuous (or just “measurable”) and nonnegative. Then

/X </Yf(xvy) dy) dx:/y(/xf(%y) da;> dyZ/Xxyf(x,y) d(z,y)

where we allow the possibility that all three are 4o00.



Remark 14. e If X =Nand Y =N, then this corresponds to the double sums we stated earlier.
e If X =Nand Y C Ris an interval, then this states that _ [ and [ > can be swapped.

e Note that if X and Y are finite closed intervals and f: X x Y — C is continuous, then
hypotheses of Fubini are automatically satisfied, since X xY is compact. The situation where
X and Y are open/infinite is more slippery, although in most cases we’ll have nonnegativity
and then Tonelli will save us.

Tonelli’s theorem (together with the result that even improper Riemann integrals are okay with
nonnegative functions) means that whenever you have nonnegative functions, you can proceed no
holds barred — everything works beautifully. In other words nonnegative —- euphoria.

3.4 Interchanging limits and Lebesgue integrals

You can read this off of the results on sums, but we’ll state them here since they have names.

Theorem 15 (Dominated convergence theorem). Let f,: I — C be a sequence of continuous
functions on an interval I C R. Assume that | fn(x)| < g(x) for all z, where [, g(x) < oo (i.e. g is
integrable). Then lim,, f,(z) is integrable and

lim | fo(z)dz :/ lim f,(z) dz.

n—o0

Theorem 16 (Monotone convergence theorem). Suppose that fn: I — Rsq is a sequence of
continuous functions on an interval I C R which are also nonnegative. Assume further that
fu(x) < fogi(x) formeN, x € I. Then

n—oo

lim [ fu(z) dx :/ lim f,(z) dx
I I n—oo
where the value of any of these integrals is allowed to be infinite.

4 Techniques for introducing more sums

4.1 Taylor series

Some common ones:

x™ 2 a3
= — =1 —+ —+... VzelR
exp(z) 1;)11! ettt v
n 2 3
log(l—xz)=— z—:—x—%—%—... Vx| <1
n>1
1
T:Zm”:1+:ﬂ+:p2—|—... Vx| <1
T30
(—1)a2n+! I
arctan(m)zzizx———i———... Vx| < 1.
= 2n+1 3 )

There is a nice theorem about Taylor series in general:



Theorem 17 (Convergence of Taylor series). Let f be an analytic function. Within its radius of
convergence, the Taylor series for f will

e converge absolutely for any x as a series of complex numbers, and

e converge uniformly on any compact sub-interval, as a series of functions (i.e. it is compactly
convergent).

I mention uniform convergence here since it’s actually strong enough to allow swapping inte-
gration even for the Riemann integral. Here’s the definition:

Definition 18. A sequence of functions F,: [a,b] — C is said to converge uniformly to the function
F:la,b] — Cif
lim sup |F,(z) — F(z)| =0.

=0 yela,b)
A series Y, fn converges uniformly if its partial sums F,, = ;. fi do.

But we’ll be mostly using Lebesgue integrals anyways.
So, whenever you have an analytic function on a closed interval, all the summation results work
fine! Here is a very famous example.

Ezample 19. Compute
1
/ log zlog(1 — z) dz.
0

There is some subtlety here since this integral looks like it might be improper! Fortunately,
it’s not quite, since lim, o+ log(z)log(l — =) = 0, and in this way we can actually regarding
log(x)log(1l — ) as a proper integral on [0, 1].

Proof. Switch to Lebesgue integration. The integral is then

:CTL
I = —/ log — dx
o BT

n>1
1 1
=— Z - / z" logx dx (by Tonelli)
no1 v /0
1 1)logz — 11
_ Z < |::En+1 . (n+1) Olgfg } (integration by parts)
nZln (7’L—|— ) =0
_ ! {xm (n+1)logz — 1]’”:1
n>1 n (n+ 1)2 =0
=X
= n(n+1)2
I e ]
[n n+l (n+1)2

N 1

n=1 (n+1)2 which gives 2— %2 as N = o0o. [

The Nth partial sum of this is equal to 1 — ﬁ >

Remark 20 (An application of Feynman’s trick). In my original notes, I had obtained the identity

fol " logx dx = —ﬁ using integration by parts. In class it was pointed out that Feynman’s



trick, more descriptively called “differentiating under the integral sign”, gives a shorter way to
prove this. Start by writing
1
1
/ 2" dx =
0 n—+1

and then treat n € R as a parameter. This allows one to differentiate both sides with respect to n,

yielding
/1 ix" dr = 4 1
o dn dnn+1

1
1
— " logx doe = ————.
/o ® (n+1)2

See http://www.math.uconn.edu/~kconrad/blurbs/analysis/diffunderint.pdf for more de-
tails on this trick.

4.2 Eliminating fractions

The following seemingly obvious statement is surprisingly useful.

Lemma 21 (Denominator — integral). For any real number s > —1 we have

1
:/ t° ds.
s+ 1 (071)

As a simple use case, let’s suppose we were given ) " for some |x| < 1 and wanted to figure
out what function it was (without knowing anything about log in advance). We can write

in — n n—1
zﬂ: - zn:ac /Mt dt
_ n—1
= Z/o o x(xt)" " dt
/ > a(xt)" ! dt

(0.1] 7

= dt
/[071] 1—at

= [~ log(1 — xt)];_,
= [~ log(1 — at)];_o = —log(1 — ).

Let’s also see a solution to the earlier double sum.

Ezample 22 (Putnam 2016 B6). Evaluate

k—1 1

-~ (-1)
2 nzz:ok:2"+1'

k=1




Proof. Check conditional convergence of the double sum in the same way as before. Thus we apply
Fubini freely:

> (—1)h 1 & > (—1)k1 00 y
; ZlerlZ1 /[01]'5 t
-/ (zz K
[0,1] n=0 k=1
= log(1+t*") dt = / 1 (Ool+t2")dt
/[ounzoog o= o [T0+)

:/ log( ! >dt:/ —log(1—t)dt =1. O
0,1] 1- 0,1]

If f: R — C is continuous with period 1, then

4.3 Fourier series

N
f(xz) = lim Z A, exp(2mime).

N—oo
=—N

The Fourier coefficients a,, are given by

1
A = /0 f(x) exp(—2mimx) dz.

We again have convergence results:
Theorem 23. Let f: [0,1] — C be periodic.

(a) The Fourier series converges uniformly provided f is continuously differentiable (this can be
weakened to “absolutely continuous”, but we won’t need that level of generality).

(b) The Fourier series converges absolutely as long as ), 7 |am| < co.

Ezxample 24. If f: R — C is continuously differentiable with period 1, and « is an irrational number,

e f(o) 4w+ flna) _ !
. o)+ -+ f(na
lim - :/0 f(x) dx

n—oo

Proof. Just write f(x) = )", amexp(2mima). Then note that for m # 0, if we let z = exp(2mima)
then
A2+ 2(1-2")
= —0
n n(l—z)

as long as z # 1, which holds since z is not a root of unity. This leaves just the contribution form
1
ap = [, f(x) dx. O

In general, Fourier-type sums are good things to keep an eye out for, even if they don’t explicitly
come from Fourier series. For example, given a complex polynomial p(z) (or even a series):

e The discrete sum ZZ;& P (ez%k) extracts the coefficients with indices divisible by n,

10



e the integral ‘j;,Qzﬂ-O p(e) dt = 27 - p(0) extracts the constant term of the polynomial,

and so on. This is related to complex analysis, in which it turns complex differentiable functions
C — C are exactly the same as complex analytic functions, which means you can go nuts with all
sorts of beautiful results such as Cauchy’s theorem.

5 Problems

1. Evaluate the improper integral

M og(1 —
/Og<x>dx_
0

X

2. Determine the value of the improper integral

3. (a) Show that that min(a,b) = [;° 1<4(t)1<p(t) dt for any nonnegative real numbers a,b >
0. (What do you think 1<.(¢) means?)

(b) Show that if rq, ..., r, are nonnegative reals and 1, ..., x, are real numbers then

n n

Z Z min(r;, rj)z;x; > 0.

i=1 j=1

4. For each continuous function f: [0,1] — R let I(f) = fol 22 f(x) dz and J(f) = fol zf(x)? dz.
Find the maximum value of I(f) — J(f) over all such functions f.

ot

. Compute

lim
n—o0

[ 1 1 1

+ Fo— .
VAn2 — 12 \/4n2 — 22 4n? —n?

6. Let a and b be real numbers with a < b, and let f and g be continuous functions from [a, b]
to (0,00) such that f: f(x) dx = f;g(aj) dx but f # g. For every positive integer n, define

_uEyt
I”/a Gy

Show that Iy, Io, I3, ...is an increasing sequence with lim, . I,, = oc.
7. Let ag, a1, ..., a,,x be real numbers, where 0 < z < 1, satisfying
a a a
agp + : 2 = =0.

1+s  I1tata2 T ltataitotan

Prove that for some 0 < y < 1 we have

ap + a1y + azy® + -+ + azy" = 0.

11



10.

11.

12.

13.

14.

15.

16.

17.

. Find

1 e — a
lim — _

. Evaluate the following:

o] $3 x5 $7 $2 x4 $6
T _ .. 142 I R
/0 <x > "2.4 246" )<+22+22-42+22-42-62+ ) v

Show that

/1 ¥ dx = Zn‘".

0 n>1

Suppose that f is a function on the interval [1,3] such that —1 < f(z) < 1 for all z and
fl?’ f(z) de = 0. Determine the largest possible value of

Let f: R — R be continuous and satisfy f(z) > 1 for all . Suppose that
f(x)f(2z)... f(nx) < 201802019

for every positive integer n and z € R. Must f be constant?

Show that [ e do = /7.

A rectangle in R? is called great if either its width or height is an integer. Prove that if a
rectangle X can be dissected into great rectangles, then the rectangle X is itself great.

Compute
2k
ji:52k+_1'
k>0
Determine the value of
9l/n 22/n on/n

lim
n—oo

+ 71+ R
n+l n+3 n+

n
For any continuous function f: [0,1] — R let

1 1
u(f) = /0 f(x)dr, Var(f) = /0 (f(2) - u(f)2de,  M(f) = max |f(x)]

0<z<1
Show that if f,g: [0,1] — R are continuous functions then

Var(fg) < 2 Var(f)M(g)® +2 Var(g) M (/)

12



18.

19.

20.

21.

22.

23.

24.

For m > 3, a list of (rg) real numbers a;;, (where 1 < i < j < k < m) is said to be area

definite for R"™ if the inequality

> aik - Area(AA A AL) > 0

1<i<j<k<m

holds for every choice of m points Ay, ...

is area definite for R2, then it is area definite for R3.

Prove that

lim (
n—0o0
k=0

11

Let f:[0,1] — R be continuous. Show

n

that

1
n(n+1)
@) _ /e

béiénf@)+f@”dxdy2:éuf@Hdm

Let f: R>g — R be a strictly decreasing continuous function such that lim, .~ f(z) = 0.

Prove that

[iafern,
0 f(x)

diverges.

A rectangular prism X is contained within a rectangular prism Y.

(a) Is it possible the surface area of X exceeds that of Y7
(b) Is it possible the sum of the 12 side lengths of X exceeds that of Y'?

For a, b, c > 0 prove that
1 1 4 4

4 12 12

, Ap, in R™. For example, the list of four numbers
@123 = Q124 = Q134 = 1, asgs = —1 is area definite for R?. Prove that if a list of (Tg) numbers

12

1
ST+
a

b ¢ a+b+b+c+

Define a function w: Z — Z as follows. For |a|, [b] < 2, let w(a,b) be as in the table shown;

otherwise, let w(a,b) = 0.

>
c+a 3&4—b+3b—i-c+

b
w(a,b)| -2 -1 0 1 2
2| -1 -2 2 -2 -1
—1] -2 4 —4 4 =2
a 0 2 -4 12 -4 2
1] -2 4 —4 4 -2
2|-1 -2 2 -2 -1

For every finite nonempty subset S of Z x Z, prove that

Z w(s —s') > 0.

(s,8")ESXS

A(S) =

13

3c+a



25. Evaluate

26. Suppose that f: [0,1]2 — R is continuous. Show that

/01 </01f(:v,y)dx>2 dy—:/o1 (/Olf(x,y)dy>2 dz
< (/Ol/olf(x,y)dxdy> +/01/01[f(x7y)]2 dz dy.

27. For each positive integer k, let A(k) be the number of odd divisors of k in the interval

[1, \/ﬁ) Evaluate:
— k

k=1

14
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