
COMPUTATIONAL OCEAN ACOUSTICS13.853 Lecture 16

Computational Ocean 
Acoustics

• Ray Tracing
• Wavenumber Integration
• Normal Modes
• Parabolic Equation
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Normal Modes
• Modes for Range-Dependent Envir.

– Coupled Modes (5.9)
– One-way Coupled Modes
– Adiabatic Modes
– SEALAB Propagation Modeling Environment

• Modes in 3-D Environments
– Continuously coupled modes
– Adiabatic Approximation
– 3-D Propagation in 2-D Environments
– Global Propagation
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3-D Modal Modeling Framework

3-D Ocean Environment Range-Independent Sectors

[See Jensen Fig 5.19b]
[See Fig 5.19a  in Jensen, Kuperman, 
Porter and Schmidt. Computational Ocean 
Acoustics. New York: Springer-Verlag, 2000.]

Full 3-D Mode Coupling 
Strong Discontinuities

1. Pre-compute modes for all sectors
2. Each source-receiver combination

• Horizontal ray tracing, all mode 
combinations

• Local single-scattering approximation 
in plane geometry

• Approximate accounting for 
geometric spreading r-1/2

COMPUTATIONALLY INTENSIVE
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2.5-D Modal Modeling Framework

3-D Ocean Environment Range-Independent Sectors

[See Jensen Fig 5.19b][See Jensen Fig 5.19a]

In-Plane Mode Coupling 
Gradual Range-Dependence

1. Pre-compute modes for all sectors
2. Each source-receiver combination

• In-plane mode propagation 
between sector boundaries

• Local single-scattering – No 
horizontal diffraction

• Approximate accounting for 
geometric spreading r-1/2

COMPUTATIONALLY EFFICIENT
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Earth is non-perfect sphere

[See Jensen, Fig 5.21]
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Adiabatic Mode Travel Times

[See Jensen, Fig 5.22 and 5.23]
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Computational Ocean 
Acoustics

• Ray Tracing
• Wavenumber Integration
• Normal Modes
• Parabolic Equation
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Parabolic Equation
• Mathematical Derivation (6.2)

– Standard Parabolic Equation (6.2.1)
– Generalized Derivation (6.2.2)

• Expansion of Square-root Operator
• Rational Approximations
• Pade’ Approximations
• Split-step Parabolic Equations

– Phase Errors and Angular Limitations (6.2.4)
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Range-independent
cylindrically symmetric

Range-solution

Slowly varying depth solution (envelope)

Use Bessel Equation
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Slowly varying envelope:

Narrow-angle approximation, valid for grazing angles less than 10-15 deg.
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= 0 for n=n(z), range-independent
~ 0 for n(r,z) slowly varying in r 

Solution technique:
Approximate Pseudo-differential Operator Q

Ignores backscattering
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Range-Independent Environment

k

k

θ

r

k z

r

z

θ0

θ

(rs , zs)

Q = cos θ relates to source angle, which – if 
small – justifies Taylor expansion

0
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Standard and Wide Angle Parabolic Equations

Standard PE

Minimizes phase errors 0-40 deg
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Generalized Parabolic Equation
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= krm

Range-Independent Environment
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[See Jensen Fig 6.1]
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PE Workshop Case 3B

[See Jensen Fig 6.2]
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