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Computational Ocean 
Acoustics

• Ray Tracing
• Wavenumber Integration
• Normal Modes
• Parabolic Equation
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Normal Modes
• Mathematical Derivation

– Point and Line Sources in Waveguide (5.2)
• Modal Expansion of Depth-Dependent Green’s Function (5.3)
• Ideal Waveguide (5.4)

– Generalized Derivation (5.5)
• Pekeris Waveguide
• Virtual Modes

– Deep Water Problem – The Munk Profile (5.6) 
• Numerical Approaches 

– Finite Difference Methods (5.7.1)
– Layer Methods (5.7.2)
– Shooting Methods (5.7.3)
– Root Finders (5.7.4)
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Modal
Equation

Boundary Conditions
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Classical Sturm-Liouville Eigenvalue Problem
• Modal equation has infinite set of solutions – modes of vibrating string
• Modes characterized by 

• Mode shape Ψ  (z) (eigenfunction) 
• Propagation constant. k . k real (eigenvalue)
• m-th mode has m zeros in [0,D]
• k    < ω / c

• Modes are Orthogonal
• Modes form a Complete Set
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From Mode Equation
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Same mode equation as for cylindrical coordinates
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Valid modes
r > 0

1234
5

6

7

Re(kr)

Im(kr)

Complex kr-plane

+ ω/c
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[See Fig 5.4 in Jensen, Kuperman, Porter and 
Schmidt. Computational Ocean Acoustics. New 
York: Springer-Verlag, 2000.]
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Modal Equation 
= 

Homogeneous, Depth-Separated Helmholtz Equation (DSHE)

Operator Form of DSHE
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Location of eigenvalues for the Pekeris problem using the EJP branch cut.
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Branch Cut Selection

EJP Branch Cut

Complex Square Root

Z = R exp( iθ ) = R exp( iθ+n2π)

Z   = R   exp(iθ/2+nπ)1/2 1/2

Z

Re(γ  ) > 0b
1/2Re(Z   ) > 0

Z Negative Real
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EJP Brach Cut: Bottom field decaying for all k => Physical Riemann Sheetr
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Branch Cut Selection

Pekeris Branch Cut

Complex Square Root

Z = R exp( iθ ) = R exp( iθ+n2π)

Z   = R   exp(iθ/2+nπ)1/2 1/2

Z

Re(γ  ) > 0b

1/2Re(Z   ) > 0

Z~Positive Imaginary

1/2Re(Z   ) < 0

Re(γ  ) < 0b

Pekeris Branch Cut: Uncovers Virtual Modes on un-physical Riemann Sheetr
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Virtual Modes

Normal Modes

[See Jensen, Fig 5.8.  
Modes 1 and 4 are normal modes; 
Modes 10 and 12 are virtual modes]
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