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Structural Mechanics 2.080 Lecture 2 Semester Yr

Lecture 2: The Concept of Strain

Strain is a fundamental concept in continuum and structural mechanics. Displacement
fields and strains can be directly measured using gauge clips or the Digital Image Correlation
(DIC) method. Deformation patterns for solids and deflection shapes of structures can be
easily visualized and are also predictable with some experience. By contrast, the stresses
can only be determined indirectly from the measured forces or by the inverse engineering
method through a detailed numerical simulation. Furthermore, a precise determination of
strain serves to define a corresponding stress through the work conjugacy principle. Finally
the equilibrium equation can be derived by considering compatible fields of strain and
displacement increments, as explained in Lecture 3. The present author sees the engineering
world through the magnitude and shape of the deforming bodies. This point of view will
dominate the formulation and derivation throughout the present lecture note. Lecture
2 starts with the definition of one dimensional strain. Then the concept of the three-
dimensional (3-D) strain tensor is introduced and several limiting cases are discussed. This
is followed by the analysis of strains-displacement relations in beams (1-D) and plates (2-
D). The case of the so-called moderately large deflection calls for considering the geometric
non-linearities arising from rotation of structural elements. Finally, the components of the
strain tensor will be re-defined in the polar and cylindrical coordinate system.

2.1 One-dimensional Strain

Consider a prismatic, uniform thickness rod or beam of the initial length [,. The rod is fixed
at one end and subjected a tensile force (Fig. (2.1)) at the other end. The current, deformed
length is denoted by [. The question is whether the resulting strain field is homogeneous
or not. The concept of homogeneity in mechanics means independence of the solution on
the spatial coordinates system, the rod axis in the present case. It can be shown that if
the stress-strain curve of the material is convex or linear, the rod deforms uniformly and a
homogeneous state of strains and stresses are developed inside the rod. This means that
local and average strains are the same and the strain can be defined by considering the total
lengths. The displacement at the fixed end z = 0 of the rod is zero, u(z = 0) and the end
displacement is

ulx=10)=1-1, (2.1)

The strain is defined as a relative displacement. Relative to what? Initial, current length
or something else? The definition of strain is simple but at the same time is non-unique.

-1
def ° Engineering Strain (2.2a)
]
1212
def 5 ¢ Cauchy Strain (2.2b)
def 1 o .
€ = lnl— Logarithmic Strain (2.2¢)

o
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Each of the above three definitions satisfy the basic requirement that strain vanishes when
Il =1, or w =0 and that strain in an increasing function of the displacement wu.
u
Consider a limiting case of Eq.(2.1) for small displacements T < 1, for which [, +1 ~ 21,

o
in Eq.(2.2b). Then, the Cauchy strain becomes

-l 11,2 1,
‘T o, T, 2,

(2.3)

Thus, for small strain, the Cauchy strain reduces to the engineering strain. Likewise,

~

expanding the expression for the logarithmic strain, Eq.(2.2¢) in Taylor series around [—1[, &

0,
I I—1, 1/1-1,\> 1—1,
In — o _ A 2.4
Yo o 2< I ) + L (2:4)

one can see that the logarithmic strain reduces to the engineering strain.

l
The plots of € versus T according to Eqgs.(2.2a)-(2.2c) are shown in Fig.(2.1).
o
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Figure 2.1: Comparison of three definitions of the uniaxial strain.

Inhomogeneous Strain Field

The strain must be defined locally and not for the entire structure. Consider an infinitesimal
element dz in the undeformed configuration, Fig.(2.2).

After deformation the length of the original material element becomes dax + du. The
engineering strain is then

(dz+du) —du  du

€eng = = 5
& dx dzx

(2.5)

du

The spatial derivative of the displacement field is called the displacement gradient F' = e
x

For uniaxial state the strain is simply the displacement gradient. This is not true for general

3-D case.
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Figure 2.2: Undeformed and deformed element in the homogenous and inhomogeneous
strain field in the bar.

The local Cauchy strain is obtained by taking relative values of the difference of the
square of the lengths. As shown in Eq. (2.3), in order for the Cauchy strain to reduce to
the engineering strain, the factor 2 must be introduced in the definition. Thus

2 2 2
oo st 1 () 26
ore. = F + %FZ. For small displacement gradients,
€c = €eng (2.7)
2.2 Extension to the 3-D case
Equation (2.5) can be re-written in an alternative form
du = edx (2.8)

Consider an Euclidian space and denote by = {x1,x2, 3} or z; the vector representing a
position of a generic point of a body. In the general three-dimensional case, the displacement
of the material point is also a vector with components u = {uy, uz, ug} or u; where i = 1,2, 3.

Recall that the increment of a function of three variables is a sum of three components

) ) )
duy (21, 22, T3) = a%id 8“; dzs + 8“;d (2.9)

In general, components of the displacement increment vector are

ou; ou; 8ul auz
du(z;) = =—d —d d 2.1
ui(z;) o1 1+ Dy T2 + T3 = Z 893] (2.10)
where the repeated j is the so called “dummy” index. The displacement gradient
ou;
= 2.11
833j ( )
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is not a symmetric tensor. It also contains terms of rigid body rotation. This can be shown
by re-writing the expression for F' in an equivalent form

aui . 1 Uq Buj 1 Uq _ 8uj
oz, = 2 (% - 6@) 62 (% 8@) ( (2.12)

Strain tensor €;; is defined as a “symmetric” part of the displacement gradient, which is the
first term in Eq. (2.12).

1 Oul 8Uj
P 2.13
€ 2 <6£L‘j * (%l) ( ( )
Now, interchange (transpose) the indices i and j in Eq.(2.13):
1 (0u; Ouy
I 2.14
€ 2 <8$Z + 8$]> ( ( )

The first term in Eq.(2.14) is the same as the second term in Eq.(2.13). And the second
term in Eq.(2.14) is identical to the first term in Eq.(2.13). Therefore the strain tensor is

symmetric
€ij = €ji (2.15)

The reason for introducing the symmetry properties of the strain tensor will be explained
later in this section. The second terms in Eq.(2.12) is called the spin tensor w;

_ 1 8u1 Buj
=3 (-5 210

Using similar arguments as before it is easy to see that the spin tensor is antisymmetric

Wij = —Wyjj (2.17)

From the definition it follows that the diagonal terms of the spin tensor are zero, for example

wy1 = —wi; = 0. The components, of the strain tensor are:
i=1,57=1 611:;<221+22>62Z1 (2.18a)
1=2,7=2 €= gzz (2.18b)
i=3,j=3 €33 = gzg (2.18¢)
1=1,j=2 €2=¢€n = é (gg; + g:;j) (2.18d)
1=2,7=3 623:632:—% <gz§+gzz> (2.18e)
i=3,7=1 €31 =€13= —% <gzi’ + g:;;) (2.18f)
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For the geometrical interpretation of the strain and spin tensor consider an infinitesimal
square element (dzp,dxs) subjected to several simple cases of deformation. The partial
derivatives are replaced by finite differences, for example

Our  Auy  wui(x1) —ui(xy + h)

(9_331 RN A (2.19)
Rigid body translation
Along xy axis:
ui(x1) = ui(z1 + h) (2.20a)
ug = uz =0 (2.20b)

Xy U

X1

U

Figure 2.3: Rigid body translation of the infinitesimal square element.

It follows from 2.18a that the corresponding strain component vanishes, e;; = 0. The
first component of the spin tensor is zero from the definition, wi; = 0.

Extension along z; axis

At 1 i up = 0.
At 21+ h:up = up.
U
The corresponding strain is €17 = WO

Pure shear on the x,x, plane

Atz =0and 29 =0: uy =uy =0
At z1 =h and 29 = 0: u1 =0 and us = u,
At z1y =0and 9 = h: u1 = u, and ug =0
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X

U
Figure 2.5: Imposing constant deformative gradients.

It follows from Eq. (2.17) and Eq. (2.13) that:

€12 = % (% + %) = % (2.21)
wia = % (% - %) =0 (2.22)

The resulting strain is representing change of angles of the initial rectilinear element.

Rigid body rotation

Atz =0and 20 =0: vy =us =0
At z1 =hand 29 = 0: u1 =0 and us = u,
At z1 =0and x9 = h: u1 = —u, and ug =0
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U

Figure 2.6: An infinitesimal square element subjected to rigid body rotation.

Changing the sign of u; at 1 = 0 and z9 = h from u, to —u, results in non-zero spin

=y (e () =1 o2

w3 (4 ()% =

The last example provides an explanation why the strain tensor was defined as a symmetric

but zero strain

part of the displacement gradient. The physics dictates that rigid body translation and
rotation should not induce any strains into the material element. In rigid body rotation
displacement gradients are not zero. The strain tensor, defined as a symmetric part of the
displacement gradient removes the effect of rotation in the state of strain in a body. In other
words, strain described the change of length and angles while the spin, element rotation.

2.3 Description of Strain in the Cylindrical Coordinate Sys-
tem

In this section the strain-displacement relations will be derived in the cylindrical coordinate
system (r, 0, z). The polar coordinate system is a special case with z = 0.

The components of the displacement vector are {u,,ug,u.}. There are two ways of
deriving the kinematic equations. Since strain is a tensor, one can apply the transformation
rule from one coordinate to the other. This approach is followed for example on pages
125-128 of the book on “A First Course in Continuum Mechanics” by Y.C. Fung. Or,
the expression for each component of the strain tensor can be derived from the geometry.
The latter approach is adopted here. The diagonal (normal) components €., €pg, and
€., represent the change of length of an infinitesimal element. The non-diagonal (shear)
components describe the change of angles.
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Figure 2.7: Rectangular and cylindrical coordinate system.

Figure 2.8: Change of length in the radial direction.

The radial strain is solely due to the presence of the displacement gradient in the r-

+%d _
tr or T ou,

€ = & = o (2.25)

The circumferential strain has two components

direction

con = o) + € (2.26)

The first component is the change of length due to radial displacement, and the second
component is the change of length due to circumferential displacement.
From Fig.(2.9) the components eéé) and 6((929) are calculated as

a _ (r+u.)d0 —rd0  u,

el = g = (2.27a)
Oug

(2 _ T g T 10u (2.27b)

06 rdf r 06
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(r + u,)do

o

Figure 2.9: Two deformation modes responsible for the circumferential (hoop) strain.

The total circumferential (hoop) component of the strain tensor is

ur 1 0ug

€ — ? + ;% (228)

The strain components in the z-direction is the same as in the rectangular coordinate system

€ry = — (2.29)
The shear strain €,¢ describes a change in the right angle.
Oug
<« Or
%

u, g ¢ )1%

Figure 2.10: Construction that explains change of angles due to radial and circumferential
displacement.

From Fig.(2.10) the shear strain over the {r, 0} plane is

1[0ug wug 10u,
€0 =75 |7 —— +=

2| Or 7"+7“89

(2.30)

On the {r, z} plane, the €,, shear develops from the respective gradients, see Fig.(2.11).
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Ou, dr

Figure 2.11: Change of angles are {r, z} plane.

From the construction in Fig.(2.10), the component €, is

1 /0u, Ou,
€ =3 ( 5 5 ) (2.31)

Finally, a similar picture is valid on the (tangent) {z, 6} plane

ou, 40

Figure 2.12: Visualization of the strain component eg,.

The component €y, of the strain tensor is one half of the change of angles, i.e.

N 1 8uz 3%9

To sum up the derivation, the six components of the infinitesimal strain tensor in the
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cylindrical coordinate system are

€rp = 861:47" (2.33a)
€00 = “7 + %% (2.33b)
€2z = % (2.33c)
€0 = €or % <7108;0¢ n % - ?) ( (2.33d)
€p- = €20 % (fgg - %ﬁf) (2.33e)
€or = €9z = % <%7“;” + 8(;?) (2.33f)
Considerable simplifications are obtained in the case of axial (rotational symmetry for which

u(;:Oandg[]:O

00
Ouy
€rr = al:a €9 =0 (2.34a)
€9y = % €g, =0 (2.34Db)

Ou,, 1 . Ouy
€rp = E [ 5 (% + 87‘) ( (234C)

The application of the above geometrical relations for axi-symmetric loading of circular
plates and cylindrical shells will be given in subsequent chapters.

2.4 Kinematics of the Elementary Beam Theory

The word “kinematics” is derived from the Greek word “kinema”, which means movements,
motion. Any motion of a body involves displacements u;, their increments du; and velocities
u;. If the rigid body translations and rotations are excluded, strains develop. We often say
“Kinematic assumption” or “Kinematic boundary conditions” or “Kinematic quantities”
etc. All it means that statements are made about the displacements and strains and/or
their rates. By contrast, the word “static” is reserved for describing stresses and/or forces,
even though a body could move. The point is that for statically determined structures, one
could determine stresses and forces without invoking motion. Such expressions as “static
formulation”, “static boundary conditions”, “static quantities” always refer to stresses and
forces.

Elementary is another word in the title of this section that requires explanation. A beam is
a slender structure that can be compressed, extended or bent. The beam must be subjected
to a transverse load (perpendicular to its axis). Otherwise it becomes something else, as
explained in 2.13.
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Figure 2.13: The type of loading distinguishes between five different types of structures.

All the above structures may have a similar slenderness. How slender the structure must

l
be to become a beam. The slenderness is defined as a length to thickness ratio —. If
7 > 20, the beam obeys the simplified kinematic assumptions and it is called an “Fuler

L . . .
beam”. Much shorter beams with — < 10 develop considerable shear stresses in addition

to bending stresses and must be treated by a different set of assumptions. Such beams are

l
referred to as Timoshenko beams. The intermediate range 10 < — < 20 is a grey area where

the simplifying assumptions of the elementary beam theory gradually lose validity.

This section deals with a solid section beams, as opposed to thin-walled sections. In the
present lecture notes, the rectangular right handed coordinate system (z, y, z) is consistently
used. The x-axis is directed along the length of the beam with an origin at a convenient
location, usually the end of the center of the beam. The y-axis is in the width direction with
its origin on the symmetry plane of the cross-section, 2.14. Finally, the z-axis is pointing
out down and it is measured from the centroidal axis of the cross-section (see Recitation 2
for the definition of a centroidal axis).

Figure 2.14: A prismatic slender beam with a symmetric cross-section.

In structural mechanics the components of the displacement vector in z, y, and z direc-
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tions are denoted respectively by (u,v,w). The development of elementary beam theory is
based on three kinematic assumptions. Additional assumptions on the stress state will be
introduced later.

2.5 Euler-Bernoulli Hypothesis

In this section reference is often made to the beam azxis. The meaning of the beam axis is
intuitive for a prismatic beam with a rectangular cross-section. It is the middle axis. Other
terms, such as: neutral axis, bending axis and centroidal axis are also frequently used. They
all express the same property that no axial stresses 0., should develop on the axis under
pure bending.

Hypothesis 1: Plan Remains Plane

This is illustrated in 2.15 showing an arbitrary cross-section of the beam before and after
deformation.

.

(a) (®)

Before

Figure 2.15: Flat (b) and (c) and warped (d) cross-sections after deformations.

Imagine a straight cut made through the undeformed beam. The plane-remains-plane
hypothesis means that all material points on the original cut align also on a plane in the
deformed beam. The cases (b) and (c) obey the hypothesis but the warped section (d)
violates it.

Hypothesis 2: Normal Remains Normal

If the initial cut were made at right angle of the undeformed beam axis as in Fig.(2.16(a)),
it should remain normal to the deformed axis, see Fig.(2.16(b)).

In the sketch on Fig. (2.16(c)) the hypothesis is violated when the angle o # 90°.

The Euler-Bernoulli hypothesis gives rise to an elegant theory of infinitesimal strains
in beams with arbitrary cross-sections and loading in two out-of-plane directions. The
interested reader is referred to several monographs with a detailed treatment of the subject,
of bi-axial loading of beams. The present set of notes on beams is developed under the
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(a)
Before After

©

Figure 2.16: Testing the normal-remains-normal hypothesis.

assumption of planar deformation. This means that the beam axis motion is restricted only
to one plane.

Mathematically, the Hypothesis 1 is satisfied when the u-component of the displacement
vector is a linear function of z.

u(z) =u° — 0z at any x (2.35)

The constant first term, u° is the displacement of the beam axis (due to axial force). The
second term is due to bending alone, Fig. (2.17).

Figure 2.17: Linear displacement field through the thickness of the beams.

The second Euler-Bernoulli hypothesis is satisfied if the rotation of the deformed cross-

section 6 is equal to the local slope of the bent middle axis i—w

x
dw

0=— 2.36

o (2.36)

Eliminating the rotation angle 6 between equations 2.35 and 2.36 yields
dw
=u® — — 2.
u(z,z) =u - (2.37)

It can be seen from Fig.(2.17) that the displacement at the bottom (tensile) side of the
beam is negative, which explains the minus sign in the second term of Eqs. (2.36) and
(2.37).
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Hypothesis 3

The cross-sectional shape and size of the beam remain unchanged. This means that the
vertical component of the displacement vector does not depend on the z-coordinate. All
points of the cross-section move by the same amount.

w = w(x) (2.38)

In the case of planar deformation, which covers most of the practical cases of the beam
response, the y-component of the displacement vector vanishes

v=0 (2.39)

We are now in the position to calculate all components of the strain tensor from Eq. (2.17)

du, du
xxT = —-——— = — 2.4
‘ dx dx (2402)
d d
€yy = diyy = d—z = 0 on account of 2.42 (2.40b)
du,, dw(z) B
S i P 0 from 2.38 (2.40c)
1 /du, du
€y = 3 ( i + d;’) 0 from 2.37 and 2.42 (2.40d)
1 uy  du, 1 /dv dw
== — (=4 == 2.4
v 2<dz+dy> 2<dz+dy> 0 (2:40¢)
1 u, dug\ 1 /dw  du
i (de_dw) /o
S 2\dz  dz

It is seen that all components of the strain tensor vanish except the one in the direction of
beam axis.

Note that €, is the only component of the strain tensor in the elementary beam the-
ory. Therefore the subscript “zx” can be dropped and, unless specified otherwise €, = €.
Introducing Eq.(2.37) into Eq.(2.38) one gets

du(z) d?w(z)
dz dz?

The first term represents the strain arising from a uniform extension of the entire cross-

€(z,2) = z (2.41)

section q O( )
u®(x

° = 2.42

() = S (2.42)

The second term adds a contribution of bending. Introducing the definition of the curvature

of the beam axis L2 (@)
def w\x
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the expression for strain can be put in the final form:
e(x,z) =€ (x) + zk (2.44)

Mathematically, the curvature is defined as a gradient of the slope of a curve. The minus
sign in Eq.(2.27b) follows from the rigorous description of the curvature of a line in the
assumed coordinate system. Physically, it assumes that strains on the tensile side of the
beam are positive.

A quite different interpretation of the Euler-Bernoulli hypothesis is offered by considering
a two-term expansion of the exact strain profile in the Taylor series around the point z = 0

(2, 2) (2,2) +de n 1d2%e
e(x,2) =€(x,2) | = — z4 ——
' =0T, 0 2dz2 ,_,

Taking only the first two terms is a good engineering approximation but leads to some inter-

224 ... (2.45)

nal inconsistencies of the elementary beam theory. These inconsistencies will be explained
in the two subsequent lectures.

2.6 Strain-Displacement Relation of Thin Plates

The present course 2.080 is a prerequisite for a more advanced course 2.081 on Plates and
Shells. A complete set of lecture notes for 2.081 is available on OpenCourseWare. The
interested reader will find there a complete presentation of the theory of moderately large
deflection of plates, derived from first principles. Here only a short summary is given.

Notation

In the lectures on plates and shells two notations will be used. The formulation and some
of the derivation will be easier (and more elegant) by invoking the tensorial notation. Here
students should flip briefly to Recitation 1 where the above mathematical manipulations
are explained. For the purpose of the solving plate problems, the expanded notation will
be used.

Points on the middle surface of the plate are described by the vector {z1,z2} or xq,
a = 1,2 in tensor notation or {z,y} in expanded notation.

Likewise, the in-plane components of the displacement vector are denoted by {u,v}.

The vertical component of the displacement vector in the z-direction is denoted by w.

Plate versus Beam Theory

The plate theory requires fewer assumptions and is more self-consistent than the beam
theory. For one, there are no complications arising from the concept of the centroidal axis
for arbitrarily shaped prismatic beams. The z-coordinate is measured from the middle
plane which is self explanatory. Finally, the flexural/torsional response of non-symmetric
and/or thin-walled cross-section beams is not present in plates. The complexity of the plate
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formulation comes from the two-dimensionality of the problem. The ordinary differential
equations in beams are now becoming partial differential equations.

2-17
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ADVANCED TOPIC

2.7 Derivation of the Strain-Displacement Relation for Thin
Plates

The Love-Kirchoff hypothesis extends the one-dimensional Euler-Bernoulli assumptions
into plates. A plate can be bent in two directions, forming a double curvature surface.
Therefore the plane-remains-plane and normal-remains-normal properties are now required
in both directions. Thus, Eq. (2.35) and Eq. (2.36) take the form

Uq = Uy — Oz (2.46a)
0w def w
O0xq “

On (2.46b)

where 6, is the slope (rotation) in z,-direction. Upon elimination of 6, between the above
equation, one gets the familiar linear dependence of the in-plane components of the dis-
placement vector on the z-coordinate

Ua(Tq, 2) = ug(Ta) — 2w 4 (2.47)

The constant thickness (w = w(z4)) is the third kinematic assumption of the plate theory.

Now, watch carefully how the strain components in the plate are calculated. Considering
all components of the strain tensor, one can distinguish three in-plane strain components
€qp (framed area on the matrix below) and three out-of-plane components.

€13 (
€ap | €23

5|

The through thickness strain component vanishes on the assumption of independence
of the vertical displacement on the coordinate z

ow
€33 = € 5 0 (2.48)

The two out-of-plane shear components of the strain tensor €,3 vanish due to the Love-
Kirchoff hypothesis, Eq.(2.47),

_ 1 Uor + 67w — 1( + )
Cad = 2\ 10z Sre ) 2 Yo,z T Wa

X (2.49)
=3 [dz(ua(xa) —2wq) + wpi =0
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The non-vanishing components of the strain tensor are the in-plane strain components

1
€aff = i(ua’ﬁ + ug}a) a,6=1,2 (2.50)

where u,, is defined by 2.32. Performing the differentiation one gets
1 e] (¢}
€ap = 5l = 2Wal g+ Slug — 2wpla
2 2
1 1 (2.51)
= 5(“2,5 +up,) — 525[“),&5 + W gal
The first term in Eq. (2.51) is the strain € arising from the membrane action in the plate.

It is a symmetric gradient of the middle plane displacement ug,. Since the order of partial
differentiation is not important, Eq. (2.51) simplifies to

€ap(Tar 2) = €05(Ta) — 2W,ap (2.52)

Defining the curvature tensor s, by

0w
=— = 2.53
Kagp W,af aiEaaﬂfﬁ ( )
The strain-displacement relation for thin plates takes the final form
€af = €op T 2Kag, (2.54)
where 1
EZB = 5('&3”3 + u%,Oé) (255)

END OF ADVANCED TOPIC
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2.8 Expanded Form of Strain-Displacement Relation

Having derived the geometric relations in the tensorial notations, equations (2.54) and (2.55)
will be re-written in the coordinate system (z,y) and physical interpretation will be given
to each term. Consider first (2.55)

1 (0uy  Oug oug
a=1,8=1 2 =z, e;x:2<5;x+ a%f) = aq“;x (2.56a)
1 [Ou, Ou; ou;
OZZ2,,8:2 o =1, 6;33:2(6;—1—8;) :87; (256b)
1 °  Quy
a:l,ﬁ:2 1 =T,2 =1, E;y:2<8§;x+a:j> (256(3)

The €,,, and €, components denote strains of the middle surface of the plate in the z and
y directions, respectfully. The membrane strains are due to the imposed displacements or
membrane forces applied to the edges. In the theory of small deflection of plates, lateral
pressure loading will not produce membrane strains. By contrast, membrane strains do
develop in the theory of moderately large deflection of plates due to transverse loading.
This topic will be covered later in Lecture 6.

The third component of the strain tensor is the in-plane shear strain e;y. It represents
the change of angles in the plane of the plate due to the shear loading at the edges. The
geometrical interpretation of the membrane strain tensor is similar to that given for the
general strain tensor in Figures (2.4) and (2.5).

The curvature tensor kg requires a careful explanation. Consider an infinitesimal seg-
ment ds of a curve and fit into it a circle of an instantaneous radius p, Fig. (2.18). Then

ds = pdf (2.57)

dg '

Figure 2.18: Change of slope of a line between two points

Mathematically, the curvature of any line x is the change of the slope as one moves

along the curve
def dO
= — 2.58
T s (2.58)
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1
By comparing Eq. (2.58) with Eq. (2.46Db), the curvature in [—] is the reciprocity of the
m

1

radius of curvature k = —. The first component of the curvature tensor, defined by Eq.
p

(2.54) is

0w 0 (Oow 0
a=1p nesn Oz Oz (8:1:) 61‘( ) (2:59)
This will be the only component of the curvature tensor if the plate is subject to the so-called
cylindrical bending.

y (b)

Figure 2.19: (a) cylindrical bending of a plate, and (b) bending with a twist.

The interpretation of the x,, components of the curvature tensor

0?2 0
a=2,0=2 x0=y Hyy:——w:

5y = "oy (2.60)

is similar as before. More interesting is the mixed component of the curvature tensor x,

0w 0

CSLB=2n =y = g (0,)

(2.61)
To detect k., one has to check if the slope in one direction, say 6, changes along the second
y-direction. It does not for a cylindrical bending, 2.14(a). But if it does, the plate is twisted,
as shown in 2.14(b). Therefore, the component ry, is called a twist.

An important parameter that distinguishes between these classes of the deformed shape
of a plate is the Gaussian curvature, kg. The Gaussian curvature is defined as a product
of two principal curvatures

KRG = RIRJIT (2.62)

The curvature is a tensor, so its components change by rotating the coordinate system by
an angle ¢ to a new direction (z’,y"). There is one such an angle ¢, for which the twisting
components vanish. The remaining diagonal components are called principal curvature.
The full coverage of the transformation formulae for vectors and tensors are presented in
Recitation 2. Using these results, the Gaussian curvature can be expressed in terms of the
components of the curvature tensor

KG = Kgghyy — K2 (2.63)

ry
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For cylindrical bending the twist k;, as well as one of the principal curvatures vanishes
so that the Gaussian curvature is zero. The sign of the Gaussian curvature distinguishes
between three types of the deformed plate, the bowl, the cylinder and the saddle, Fig.(2.20).

Bowl, x>0 Cylinder, x; =0 Saddle, x5 <0

Figure 2.20: Deformed plate with three different classes of shapes.

The consideration of Gaussian curvature introduces important simplifications in formu-
lation and applications of the energy method in structural mechanics. A separate lecture
will be devoted to this topic.

2.9 DModerately Large Deflections of Beams and Plates

A complete presentation of the theory of moderately large deflections of plates, derived
from first principles is presented in the course 2.081 Plates and Shells. The lecture notes
for this course are available on OpenCourseWare. There the strain-displacement relation
for the theory of moderately large deflection of beams are derived. Here the corresponding
equations for plates are only stated with a physical interpretation. An interested reader is
referred to the Plates and Shells notes for more details.

Defining moderately large deflections of beams

What are the “moderately large deflections” and how do they differ from the “small deflec-
tion”. To see the difference, it is necessary to consider the initial and deformed configuration
of the beam axis. The initial and current length element in the undeformed and deformed
configuration respectively is denoted dx and ds, as in Fig. (2.21)

|| dx dx
e \ \udw
el / ds
‘.\ ds\;'\

Figure 2.21: Change of length of the beam axis produced by rotation.
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From the geometry of the problem

2
dz = dscosf ~ ds [(— 92] < (2.64)

One can distinguish between three theories:
(i) Small deflections, linear geometry 6% < 1, dz ~ ds, Fig. (2.21(a)).

1 oderately large deflections. e two-term expansion of the cosine runction gives a

ii) Mod ly 1 deflecti Th i f th ine f i i
good approximation for 0 < 6 < 10°. Relation between dz and ds is given by Eq.
(2.64), Fig. (2.21(b)).

(iii) For larger rotation, a full nonlinearity of the problem must be considered.

The present derivation refers to case (ii) above. The Cauchy strain measure, defined in Eq.
(2.2b) is adopted:

ds? — da?
= — 2.
¢ 2dz? (2.65)
The current length ds can be expressed in terms of dz and dw, see Fig.(2.21)
ds? = d2? + dw? (2.66)

From the above two equations, the strain of the beam axis due to element rotation, €, is

1 /dw\? 1

The beam axis also extends due to the gradient of the axial component of the displacement
vector, defined by Eq.(2.42). Therefore the total strain of the beam axis due to the combined

o du 1 /dw\?

It can be noticed that the second term in the above equation is always positive while the

extension and rotation is

first term can be either positive or negative. In a special case the two terms can cancel one
another even though a beam undergoes large deformation.

The question often asked by students is if the expression for the curvature, given by Eq.
(2.43) should also be modified due to larger rotation. From the mathematical point of view
the answer is YES. But engineers have a way to get around it.

In the rectangular coordinate system the exact definition of the curvature of the line is:

_d2w

_ da?
K= o 37 (2.69)
|+ < w) )
dx
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dw
In the limit — — 0 the linear definition is recovered from the nonlinear equation Eq.

x
(2.69). The difference between Eq.(2.43) and Eq.(2.69) is small in the case of moderately
large deflection.
The total strain at an arbitrary point of a beam undergoing moderately large deflection

_ du Lt (2.70)
T a2\ <L ’

bending strain zx

is

meinbrane gtrain

Extension to Moderately Large Deflection of Plates

In the compact tensorial notation, the nonlinear strain-displacement relation takes the form

1 1
€ap = 5( a8t Uga) + SWalt,g + 2Kap (2.71)

By comparing with a similar expression for the small deflection theory, Eq.(2.54) and
Eq.(2.55), the new nonlinear term is

1 1 0w Ow
This term forms a 2 x 2 matrix:
L(ow\* lowdz g2
2\ Ox 20wy ?’59“*’99 (2.73)
Lowow 1 (ow\* = 1y, 0 |
20y 0r 2\ Oy 277 2

The diagonal terms represent square of the slope of the deflection shape in x and y directions.
The non-diagonal terms are symmetric and are a product of slopes in the two directions.
This term vanishes for cylindrical bending.

2.10 Strain-Displacement Relations for Circulate Plates

The theory of circular plates is formulated in the cylindrical coordinate system (r, 6, z). The
corresponding components of the displacement vector are (u,v,w). In the remainder of the
notes, the axi-symmetric deformation is assumed, which would require the loading to be
axi-symmetric as well. This assumption brings four important implications

(i) The circumferential component of the displacement is zero, v = 0
(ii) There are no in-plane shear strains, ¢, =0

(iii) The radial and circumferential strains are principal strains
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(iv) The partial differential equations for plates reduces to the ordinary differential equa-
tion where the radius is the only space variable.

Many simple closed-form solutions can be obtained for circular and annular plates under
different boundary and loading conditions. Therefore such plates are often treated as pro-
totype structures on which certain physical principles could be easily explained.

The membrane strains on the middle surface are stated without derivation

du 1 [dw\?
o =— 4= (= 2.74
rr = Qr + 2 <dr> (2.742)
€5y = % (2.74b)
The two principal curvatures are
d?w
Frp =~ (2.75a)
1dw
=——— 2.75b
Rop = = (2.75b)

The sum of the bending and membrane strains is thus given by

ETT(ra Z) = eqcir (7") + ZRpr (276&)
€go(r, 2) = €go(r) + 2kgo (2.76b)

It can be noticed that the expression for the radial strains and curvature are identical to
those of the beam when r is replaced by . The expressions in the circumferential direction

are quite different.
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Lecture 3: The Concept of Stress, Generalized
Stresses and Equilibrium

3.1 Stress Tensor

We start with the presentation of simple concepts in one and two dimensions before in-
troducing a general concept of the stress tensor. Consider a prismatic bar of a square
cross-section subjected to a tensile force F,

Figure 3.1: A long bar with three different cuts at 6,0 = 0 and 7/2 — 6.

The force per unit area is called the surface traction 71"

T:O’: =

force F | N
= — A
area A, [ } (3:1)

mm?

In the uniaxial case, the surface fraction is the only component of the stress tensor in the
global coordinate system, commonly referred to as o.

How can one apply a force to the end section of a bar? This can be done in a number
of different ways (see Fig. (3.2)). A pin connection can be glued (or welded) to the end
section, or a hole can be drilled through the bar to attach a pin.

Or an internal or external thread can be machined. Finally, axial force could be applied
through frictional or mechanical grips. Except the welded or glued connector, a complex
state of stress is created near the bar ends where the stress state is multi-axial. Such stress
states is confined to a relatively short segment of the bar comparable with the height or
diameter of the bar. Along this section a gradual transition takes place from the multi-axial
state of stress to the uniaxial state, for which Eq.(3.1) holds.

The above example an serve as a practical application of the Saint-Venant’s principle
(1856). This principle named after the French elasticity theorist, Jean Claude Barre’ de
Saint-Venant can be stated as: “the difference between the effects of two different but stati-

cally equivalent loads become very small at sufficiently large distances from load.”
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Threaded Weld Hole for a pin

I S E—

/O

Figure 3.2: How to apply tension to the end of a bar.

Think what are the “two” equivalent loads that are applied to the bar ends? We usually

think of a cross-section being cut perpendicular to the axis of the bar. Consider now two
T

cuts at the angles 6 and (5 — 9) to the normal direction. The planes are defined by the

unit normal vector n.

Cut A-A
{

Figure 3.3: Normal and tangential forces acting on the slant section of the bar.

From the free body diagram, the components of the normal and tangential forces:

Fyx = Fcosf (3.2a)
Fy = Fcos(g —9) (3.2b)
Fp = Fsiné (3.2¢)
F, = Fsin(g —0) (3.2d)
The slant cross-section A is larger and is related to the reference cross-section by
A, = Apcosf, A, = Agcos (g - 9) (3.3)

Consider now a unit volume cubic element located at the intersections of cuts A-A and B-B,
Fig.(3.4).
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Figure 3.4: The volume element with surface traction acting on two adjacent facets.

The surface traction (force per unit area) on the two perpendicular facets are

Facet parallel to A-A: T, = T cos® 0 (3.4a)

Ti = T'sinf cos 6 (3.4b)

Facet parallel to B-B: T, = T cos® (g - 0) (3.4¢)
. (T T

Ti = T'sin (5 - 0) cos (5 - 0) (3.4d)

It can be observed that the tangential components of the surface traction vector on A-A and
B-B cuts are identical. The normalized plots of the above quantities versus the orientation
angle of the cross-section are shown in Fig.(3.5).

1.0 freszzzmmmmmmmmmmmmmeeeee pomemmemmemonoeos oo :
IDNCAR R 2

T i T i

0.5 f-mmmmmmmm oo
| T, |

T

0 z T
4 2

Figure 3.5: Relative values of normal and shear components of the surface traction as a function of the
orientation of the cut.

It can be noted that the tangential component attains maximum at 45°. This means
that if the material fails due to shear loading, the fracture surface will always be oriented
at 45°. The above example teaches us that there are infinite combinations of normal and
tangential components of surface tractions which are in equilibrium with the applied load.
For each orientation of the cross-section there is a different pair of {1},, Tt }. The orientation
of the surface element is uniquely defined by the unit normal vector n{ny,ng,ns}. At the
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same time the components of the surface traction vector acting on the same element are
{1\, T>,T5}.

The components of the surface traction vector acting on this surface element are T{T, T5, T5}.
For example, the orientation of facets of the unit material cube is shown in Fig.(3.6).

3

{0,0,1}

Figure 3.6: Components of the unit normal vector on facets of a unit cube.

The relation between the vectors of surface tractions, unit normal vector defining the
surface element and the stress tensor are given by the famous Cauchy formula

T% = Tijnj (3'5)
or in the expanded notation,
T\ = o1jn; = o11n1 + o12n2 + 01313 (3.6a)
Ty = o9jnj = 02111 + T22M2 + T23N3 (3.6b)
T3 = 03jnj = 031M1 + 032M2 + 033N3 (3.6¢)

To a large extent the Cauchy relation is analogous to the strain-displacement relation put
in the form of Eq.(3.2).
dui = Ejd$j (37)

The displacement gradient Fj; transforms the increment of the length element dz; into the
increment of displacement du;. In the same way the stress tensor transforms the orientation
of the surface element n into the surface traction acting on this element.

In order to get a physical interpretation of the concept of the stress tensor, let us see
how the Cauchy formula works in the case of one and two-dimensional problems of the
axially loaded bar. Consider first the normal cut of the bar with the longitudinal axis as
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l-axis. The components of the surface tractions are given in Fig.(3.7). The corresponding

components of the unit normal vector were defined in Fig. (3.6), where 7' = T
o
W T{0,0,1}

T{0,1,0}

Figure 3.7: The unit volume element aligned with the axis of the bar.

Substituting the values of the components of the two vectors into Eq.(3.6b) one gets the
following expressions:

Facet(1,0,0) | Facet(0,1,0) | Facet(0,0,1)

Ty = o1 0=o012 0=o013

3.8
0=o021 0=o092 0 =093 (8:8)
0:031 0:0'32 020'33

Therefore the components of the stress 3 x 3 matrix in the global coordinate system are

T
o=|0 (3.9)
0

o O O
o O O

This is the uniaxial state of stress. The two-dimensional example of the slant cut is much
more interesting. This time a local coordinate system, rotated with respect to the 3-axis
will be used. In this system the components n are the same as in the global system. The
components of the surface traction vector on three facets, calculated in Eq.(3.4b) are defined

in Fig.(3.8).
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7{0,0,1}

T{Tsin?0,TsinfcosH,0}

T{Tcos?0,Tsinfcos

Figure 3.8: Components of the surface tractions on the rotated volume element.

Substituting the above values into the Cauchy formula we obtain

Facet(1,0,0) Facet(0,1,0) Facet(0,0,1)
T cos?0 = o3 Tsinfcosf = o019 0=o013 (3.10)
TSin9C0S020'21 Tsin29:022 020'23 ’
0=o03 0=o03 0=o033
The plane stress components of the stress tensor are
T cos’ Tsinfcosf 0
o =| Tsinfcos® Tsin?0 0 (3.11)

0 0 0

It is interesting that the matrices Eq.(3.9) and Eq.(3.11) represent the same state of stress
seen in two coordinate systems rotated with respect to one another. The transformation of
the stress tensor from one coordinate system to the other is the subject Recitation 1 where
the relation between Eq.(3.9) and Eq.(3.11) will be derived in a different way.

Symmetry of the stress tensor

It should also be noted from Eq.(3.11) that stress tensor is symmetric meaning that o5 =
091. The symmetry of the stress tensor comes from the moment equilibrium equation of are
infinitesimal volume element. In general

Oij = 0ji (3.12)
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The symmetry of the stress tensor reduce the nine components of the 3 x 3 metric to only
six independent components. The meaning of the two subscripts of the stress tensor is
explained below

077

The first subscript defines the plane on which the surface tractions are acting. For example
“1” denotes the surface element perpendicular to the axis x1. The second subscript indicates
direction of a particular component of the surface tractions. This convention is explained

in Fig.(3.9).

Figure 3.9: Components of the stress tensor on three facets of the infinitesimal surface element.

Sign convention

The Cauchy formula can also be consistently used to determine the sign of the components
of the stress tensor. The point is that the sign of the components of the vectors is known
from the chosen coordinate system. For illustration, let us orient the volume element along
the x; axis. With positive direction to the right.

R)

Xy

Figure 3.10: Explanation of the sign convention of the stress tensor.
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From the Cauchy formula
Ti = o111 (3.13)

On the right facet both the surface traction and the unit normal vector is positive and so
must be the normal component of the stress tensor o11. On the left facet both T and to
the x1 axis. In order for Eq.(3.13) to hold the component o11 must be positive, even if its
visualization points out in the negative direction. in the above example the stress state
is uniform along the z; axis. This is the case of a bar under tension. In general there
is a gradient of the components of the stress tensor so that stresses on both sides of the
infinitesimal element differ by a small amount of doy;. The sign convention is opening the
way for deriving the equations of equilibrium for the 3-D continuum. This topic is the
subject of the next section.

3-D Equilibrium

The equilibrium equation for an infinitesimal volume element are derived first using two
methods. Referring to Fig.(3.9), indicated on Fig.(3.11) are only those components of the
stress tensor that are directed along x9 axis. These are 019,092 and o3s.

3

Figure 3.11: All components of the stress tensor contributing to the force equilibrium in x> direction must
be in equilibrium.

According to Newton’s law, the sum of all forces (stress times the surface area) acting
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along xo must be zero

80.12(1.%1) d$2d$3 — Judl’le‘g

<022 + 8(3-22(311'2) dx1dag — oodx1das + <012 + O
1

8%2
dos

2dl‘3> dl‘ld{L‘Q — O'32dZE1d£L'2 + Bgdl’ldl'gdl'g =0

+ <0’32 + B3

(3.14)

For generality, the body force (force per unit volume) was included as well. The body force
represent for example gravity force B = pg or d’Alambert inertia force B = pi so that the
derivation is valid both for static and dynamic problems. Summing up the forces one gets
the first equilibrium equation

Joyy  Oo1a | Doz
By = 1
05 + 021 + 925 + By =0 (3.15)

Invoking the index notation

0o jo
83?j

+BQIO—>0'j2’j+B2:O (3.16)

with the summation and coma convention. A similar procedure of summing-up forces can be
repeated in the x; and z3 direction, yielding two additional equations of equilibrium. One
can immediately notice that by replacing the life subscripts “2” in Eq.(3.16) respectively
by “1” and “3”, the final compact form of the equation of equilibrium reads

0o

8$j

Oij5 + B; =0 or +B;=0 (3.17)
In the expanded notation and replacing x; by (z,y, z), the familiar form of the equilibrium

equation is

004 004y 004,

ox oy 0z

Ooyy  Ooyy  Ooy,

or oy T o

00,z &fzy do.
+ +

Ox oy 0z

+B,=0 (3.18a)

+B,=0 (3.18b)

+B.=0 (3.18¢)

The plane stress case, prevailing in thin plate and shells is defined by
035 = 0 or 031 = 032 = 033 — 0 (319)

In other words all components of the stress tensor pointing out in the z-directions are zero,
0., = 0.z = 0,y = 0. The components of the plane stress tensor are highlighted by the
framed area, thus o is equal to
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ﬂ

Ozx Ozxy |Oxz

Oyx Oyy | Oyz

Ozx Ozy Ozz

For plane stress, the subscripts run only over two dimensions and the Greek letters are
commonly used, o, 5 = 1,2. In the compact notation, the plane stress equilibrium equation
reads

0apg+Ba =0 (3.20)

In the uniaxial case only one component of the equilibrium survives, giving

+B=0 (3.21)

With no body force, B = 0, Eq.(3.21) predicts a constant stress along the length of the
bar. The addition of the d’Alambert inertia force will lead to the one-dimensional wave
equation.
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ADVANCED TOPIC

3.2 Local Equilibrium from the Principle of Virtual Work

The derivation of the local equation of equilibrium from the global principle of virtual work is
an elegant method in continuum and structural mechanics. This procedure also formulates
static and kinematic boundary condition. There are two mathematical tools involved. One
is the divergence theorem (Gauss-Green identity) and the other one is the concept of the
calculus of variation.

The Gauss theorem transforms the volume integral into a surface integral

/ Am‘dv = / AZnZdS, A” = aAz (3.22)
v s T Ox

where A; is a vector and n; is the unit normal vector of the surface element d.S. In the
simplest one-dimensional case, Eq.(3.22) is reduced to

2 A
| o= ARz = Ala) ~ A (3.23)

1

Starting from the definition of the infinitesimal strain given by Eq.(2.14), the increments of
the strain tensor and displacement vector are also linearly related

1
Oei; = 5 (Ouij + ouj;) (3.24)
There is a fine difference between the symbol du and du, which is explained in Fig.(3.12).

dx . f 1 ¢5u(x) )Icz
u |u IS e

u du

Figure 3.12: The local increment éu over the infinitesimal length do and the global small (virtual)
displacement from the equilibrium configuration satisfying kinematic boundary conditions.

Both are linear operators and the rule for differentiations are the same.

The principle of virtual work states that the incremental work of strains on the stresses
over the volume of the body must be equal to the work of surface tractions in the incremental
displacements over the surface of the body. Fig.(3.13) helps to visualize the notation.

A part of the surface on which the displacement are zero du; = 0 is denoted by Sy. The
remainder of the surface S — Sy is denoted by St. Mathematically the principle of virtual
work states

|4 S

where Je;; are calculated from du; using Eq.(3.24). The one-dimensional graphical inter-
pretation of the principle is shown in Fig.(3.14).
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Figure 3.13: The 3-D potato (body) subjected to stress and displacement boundary condition develops
internal stresses and incremental displacements.

i/ /

€ o¢ € u 0

<

Figure 3.14: Incremental internal and external energies.

The integrand of the left hand side of Eq.(3.25) can be transformed to a simpler form
using the symmetry property of the stress tensor o;; = 0

1 1
§Uij5ui7j + 50']'1'(5ij1' = aijéum (326)
Recall an elementary rule of differentiation of the product of two functions
(ab) = d'b+ al/ (3.27)
which in application to our problem reads
0ij(0u;) j = (0ijdu;) j — (o) j0us (3.28)
Now, the left hand side of Eq.(3.25) is transformed to
/ O’ij(SEi]’ dV = / (aijéui),j dVv — / (aij)yjéui dv (329)
v % T \%

The first volume integral is now transformed to the surface integral according to Eq.(3.22).
Substituting this result into the statement of virtual work one gets

/Uz‘j(suin]’ dS—/ aijvjéuidV:/TiéuidS (330)
S \%4 S

3-12



Structural Mechanics 2.080 Lecture 3 Semester Yr

Combining the two surface integrals into one integral we finally arrive at

/(aijni - Tz)éul dsS — / Uijd'éui dV =0 (3.31)
S \%
The first integral vanishes when either

0455 — Tz =0 on ST (3.32&)
or du; =0 on Sy (3.32b)

The above equations represent respectively the stress and displacement boundary condition.
The meaning of second integral should be interpreted in the spirit of the first lemma of the
calculus of variation. The increment of the displacement vector du; can not vanish over the
whole volume of the body because this would mean rigid body motion. The point is that
the second integral in Eq.(3.28) must be zero not for one particular shape of du; but for all
possible variation of the displacement field, as shown in Fig.(3.12). Thus, the calculus of
variation tell us that this is possible only when

Oij,5 = 0 inV (3.33)

The principle of virtual work is often called the weak (global) statement of equilibrium
while Eq.(3.33) is the local equation of equilibrium but is not called strong. The weak
statement of equilibrium is a starting point of developing most approximate methods in
continuum and structural mechanics such as eigenvalue expansion, finite difference or finite
element method. The critical assumption of the first lemma of the calculus of variation is
that an infinity of different virtual velocities are considered. This is achieved by considering
a large but finite degrees of freedom through many terms in the eigenvalue expansion or
many discrete elements. Through this assumption the equivalence of the global and local
formulation is achieved.

An alternative form of the principle of virtual work, extensively in plasticity theory is
the principle of virtual velocity. By observing that

du
ou = —0t = udt 3.34
u=0t=1 (3.34)
Eq.(3.25) is transformed to
/aije;j dV:/TﬂiidS (3.35)
\%4 S

where €;; is the instantaneous velocity field obtained from the incremental velocities i
through the linear geometric relation, Eq.(3.25).

Generalized Stresses

This concept is introduced in order to reduce the two-dimensional problem in z and z
in beams to one-dimensional problem in x, governed by an ordinary differential equation.
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At an arbitrary cross-section in a beam one can distinguish a vector of bending moments
{M,,M,, T} where M, is bending the beam in the (x,z) plane, M, and T is the torque.
(Do not confuse torque with surface traction vector). The meaning of the moment vector
is explained in Fig.(3.15).

Figure 3.15: Imagine short shafts rotating a rigid slice of the beam. These are components of the bending
moment vector.

The components of the force vector acting at an arbitrary cross-section are {V,,V,, N}
is the axial (membrane) force. In planar bending of a beam only three out of six components
of the generalized stress resultants survival. They are defined by

def

M, =M= OzezdA [Nm] (3.36a)
A
def
N [ 5..dA N] (3.36D)
A
V=V [ o,d4 [N] (3.36¢)
A

The product 0., dA in Eq.(3.36a) is the incremental force. Multiplying this force by the
“arm” z from the beam bending axis gives the incremental bounding moment dM =
(0z2dA)z. The total bending moment is an integral of dM over the beam cross-section.
The sign of the generalized quantities is decided by the sign of the stress.

Figure 3.16: The bending moment in a “smiling” beam is positive.

Imagine that the beam is bent in the way shown is Fig.(3.16). On the tensile side of
the beam the stress is positive, o™ and so is the distance from the beam axis. On the
compressive side both the stress and force arms are negative ¢~ 2z, but the product is
positive. Therefore the tensile and compressive side of the beam contribute to the positive
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bending moment. The beam (or its portion) where the bending moment is negative is
called the “smiling beam”. Therefore looking at the deformed shape of the beam one can
determine immediately the sign of the bending moment. The sign of the axial and shear
force can be easily determined from Fig.(3.17).

V+
M* M
N* N*

() :l —-

V+

Figure 3.17: Positive shear and normal stresses in a beam.

END OF ADVANCED TOPIC
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3.3 Generalized Forces and Bending Moments in Plates

In plates there are three in-plane components of the stress tensor oog{04z,0yy, 02y }. Re-
placing 0., by 0o o1 0.4 in Egs.(3.36a-3.36¢) the generalized forces and couples are defined

Mo = / " oupeds [Nm/m] = [N] (3.37a)
Nop = /_ j oapdz [N/m] (3.37b)
Vo = /_Qh 0s0dz [N/m] (3.37c)

Note that in the plate theory the integration is performed over the thickness of the plate
rather than the entire surface. Therefore the dimensions of the quantities defined by
Eqs.(3.37a-3.37¢) are “per unit length”.
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ADVANCED TOPIC

3.4 Principle of Virtual Work for Beams
This principle can be derived directly from the general 3-D principle, Eq.(3.24) assuming
one-dimensional stress state and kinematic assumption of the elementary beam theory
Oij — Ozx
d€ij — O€py = 0€°(x) + 20K from Eq.(2.44) (3.38)
dV =dAdz, 0<x <l

The left hand (LH) side of Eq.(3.25) becomes

l
LH:/ 0ij0€j dV:/ {/[Uméeo(a:)dA—i-Umz:(MdA]} dz (3.39)
\%4 0 A

Both de°(x) and dx(x) are extension and curvature of the beam axis and are constant with
respect to integration over the area. The above equation can be further simplified

LH = /0 l {560(3:) /A 0d A + 65() /A amsz] dz (3.40)

Recalling the definition of the axial force, Eq.(3.36b) and the bending moment, Eq.(3.36a),
the final expression for the virtual work inside the volume of the beam takes this simple

form

l
LH = / (Née® + Mok) dx (3.41)
0

where [ is the length of the beam. Evaluation of the right hand side (RH) of Eq.(3.25) is

more interesting.

Figure 3.18: The outer surface of the beam consists of two parts: the lateral surface S on which the
surface traction are acting and the end cuts A.

Note that all points on a slice of the beam move downward with the virtual displacement
dw. The end cuts translate and rotate, according to Eq.(2.35). Then the right hand side of

Eq.(3.25) becomes

!
RH:/ q5wda:+/am[(5u°—66?z] dA+/UxZ<5wdA (3.42)
0 A A
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where ¢ is the integrated pressure over the circumference of a slice
q= %TiVi ds (3.43)

and V; are direction cosine of the surface traction vector with respect to the z-axis. In the
case of the rectangular section (h x b), Eq.(3.43) reduces to

q=pb (3.44)

where p is the distributed pressure on the upper side of the beam and ¢ is called the [line
load. The second term in Eq.(3.42) can be simplified using the definitions Eqgs.(3.36a-3.36¢)

M = / Oppz dA (3.45a)
Aend

N = / Opr dA (3.45b)
Acnd

V= / Oz dz (3.45¢)
Aena

where the bar over the symbol indicates that this is the value at the beam end.
The final expression for the principle of virtual work for a beam takes the form

! !
/ (N6e® + Mok)dx = / q(z)dwdz + Néu® — MO + Vw (3.46)
0 0

The above principle will be used to derive approximate solutions of the beam problems and
also to obtain the equations of equilibrium and boundary conditions.

END OF ADVANCED TOPIC
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3.5 Derivation of Equation of Equilibrium for Beams from
the Principle of Virtual Work

The needed mathematical apparatus is the integration by parts. The starting point in
Eq.(3.27) which is put in an alternative form

da d db
—b=—(ab) — a— A4
dz dz (ab) adx (347)
Integrating both sides of the above equation on gets
da db
—bdx = ablepas — | a—dzx 3.48
/ dx end / dx ( )
To simplify the notation the “prime” convention will be used throughout
d _ . Pl _
— =15 = 4
=5 Sg=1 (3.49)

We turn now the left hand side of the principle of virtual work, Eq.(3.14) and recall the

definition of beam curvature and axial strain

k=—uw" (3.50a)
e = (3.50b)
The virtual increments are
5k = —ow"” = (duw') (3.51a)
5e® = ou’ (3.51b)

Substituting Eq.(3.51b) into the LH side of Eq.(3.14) and integrating twice by parts we get

l l
LH:—/ M((Sw’)'dx—i—/ Nou' dx
0 0
l l
:—(M&w/g—/ M’éw’dx) + <N(5ué—/ N’&udx) (3.52)
0 0
l l
——Méw'fﬁ—M'(Swé—/ M”(Swdx—i—Néué—/ N'6udz
0 0

The second term represents the work increment at the beam end on downward virtual
displacement. Therefore the corresponding generalized force must be the shear force V

V=M (3.53)

Introducing Eq.(3.52) into Eq.(3.46) and grouping the terms yields

l l
Eva l Eva l Eva l
/O(M”—l—q)éwdx—l—/o N'6udz+ (M - M)ow' ;= (N = N)du ,—(V=V)éw , =0 (3.54)
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The above equation should hold not for one specific incremental displacement but for arbi-
trary variations (dw dw’, du), independent inside 0 < x < [ and on the boundaries. There-
fore by the first lemma of the calculus of variation, the local (strong) form of the beam
equilibrium follows

M'"+q=0 (3.55a)
N =0 (3.55b)
along with the boundary conditions
(M — M)éuw' =0 (3.56a)
(N —N)du=0 (3.56D)
(V-V)sw=0 (3.56¢)

In order to satisfy the boundary condition

either M = M or dw' =0 (3.57a)
either V=V or dw=0 (3.57b)
either N =N or du=0 (3.57¢)

The quantities with a bar denotes the quantities prescribed at the ends of a beam. In
particular M, V, and N could be equal to zero. The first column in Eq.(3.57) represents
the static boundary conditions while the second column the kinematic boundary conditions.
There are also mixed boundary conditions. The following combinations satisfy all boundary
conditions, Fig. (3.19).

Free (static B.C.) Simply supported (mixed B.C.)
M=0 M=0
V=0 ; ow=0 H
Clamped (kinematic B.C.) Sliding (mixed B.C.)
ow=0 4 V=0

ow'=0 H ow'=0

Figure 3.19: Boundary conditions in the axial direction.

In addition the beam could freely slide at the end along z-axis or can be restrained from
sliding, Fig. (3.20).

In the case of symmetric loading of the beam, it suffices to consider only one half of the
beam with the symmetry boundary condition. The symmetry B.C. is identical to the sliding
boundary conditions, as explained in Fig.(3.21).
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o Sliding . Axially restrained
N=0 N#0
MF &,ZOF

igure 3.20: ear force V' and rotation angle dw’ vanishes a e symmetry plane.
Figure 3.20: Shear force V and rot le w’ hes at th try pl

Figure 3.21: Shear force V and rotation angle 6w’ vanishes at the symmetry plane.
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ADVANCED TOPIC

3.6 Mathematical Theory of Beams

The equations of equilibrium of a beam with a rectangular cross-section can be derived in
an elegant way from the 3-D equilibrium equation. With zero body forces, the equation of
equilibrium in the compact index notation is

Oijj = 0 (3'58)
or the expanded notation
1 =1, 0155 = 0 — o11,1 + 0122 + 0133 = 0 (3.59&)
1= 2, 0255 = 0 — 021,1 + 0222+ 0233 = 0 (3.59b)
=3, 03 =0 — 0311 +0322+0333=0 (3.59¢)

In the engineering notation, the full set of equilibrium equation, already given by Eq.(3.18),

004y | 004y | 004,
Ox oy 0z

0oy, Ooyy 00y,

ox dy 0z

1S

00, | 00y | 00,

ox dy | 0z

(3.60)

which of the components of the stress tensor will survive beam assumption. Consider a
rectangular cross-section beam (h x b) undergoing planar bending, Fig.(3.22).

The beam is subjected to pressure loading p at the plane z = ——. In the case of
planar bending there must be no gradient of stresses in the y-direction. Therefore the term
0
% = 0. The surviving components lie outside the shaded box in Eq.(3.60), and are:

Yy
Ooxx | 0oy
=0 3.61
ox 0z (3:61a)
Equation in the y-direction is satisfied identically (3.61Db)
0 0
ux | Dm _ (3.61c)

ox 0z
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»x

Yy
vz

Figure 3.22: Vanishing components of the stress vector.

Boundary Conditions

b
Boundary conditions are specified by the Cauchy formula. The lateral surfaces y = :|:§ as

well as the lower shelf z = g are stress free. Consider only the upper shelf z = —g, defined
by the unit normal vector n[0,0, —1]. Assume that no shear loading is applied, so that the
distributed load is directed along z-axis.

The components of surface traction on the upper shelf are T'[0,0, p]. From the Cauchy
formula, calculate the z-component of the surface traction T3 = o31n1 + o32n9 + o33n3.
Only the last term, for which ng = —1 remains and so

T3 =p=—033 = —0 (362)

It was straightforward to see that the pressure p must be equilibrated by the ¢, component.
However, for a precise determination of the sign, the Cauchy formula happened to be useful.
All other components of the stress tensor on the lateral surface of the beam are zero.

The derivation consists of three steps. First Eq.(3.61a) is integrated with respect to z
and multiplied by the beam width b

50 )

ag. g

xl’d b Izd: .
b/gax z—l—/gaz o (3.63)

Next, for a definite integral, the differentiation of the integrant in the first is equivalent to
the differentiation of the integral. The second term can be integrated to give

h

d [3
T2

2

Noting that bdz = dA, the first integral represents the axial force N, according to the
definition, Eq.(3.36b). The shear stress o, is non-zero inside the beam height but vanishes

at the lower and upper shelves, o,, =0, at z = — and z = —5 Only the first term survives,
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which is the force equilibrium in the z-direction

AN
o =0orN'=0 (3.65)

In the second step both sides of Eq.(3.61a) are multiplied by bz and integrated again with
respect to z

) 59
/ %oz (hdz) + / Toz(bdz) = 0 (3.66)

h Ox h Oz
2 2

The second term is now integrated by parts

h h

d [2 L 2
<L/ OppzdA+ {00z 2, — ’ 0z, dA} =0 (3.67)

dz —& -3 —h
The second term vanishes, as before. The first integral is the bending moment M while
the second one-the shear force V' (see the definitions, Egs. (3.36a-3.36¢). So, the above

equation represent the moment equilibrium

dM
— -V =0 3.68
In the third, final step, Eq.(3.61c) is integrated with respect to z after being multiplied by

b.

50 59
o 02z
bd bdz) =0 3.69
[, T [ e (3.69)
After integration one gets
h
d 2 dA+b =0 3.70
@ _% Oz + |:0'zz % Oz 7% = ( . )

Recalling the boundary condition o,, , =0 and 0., » = —p, Eq.(3.70) yields
2 2

av

“1)(=p) = .71
(1) (-p) =0 (371)
or using bp = ¢

dv

—_— = .72

dz—kq 0 (3.72)

Eliminating the shear force between Eq.(3.68) and Eq.(3.72), the beam equilibrium equation

is obtained.
d2M

dz?
This equation is identical to the one derived from the principle of virtual work.

+q(z) =0 (3.73)

END OF ADVANCED TOPIC
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3.7 Equilibrium in the Theory of Moderately Large Deflec-
tions of Beams

In Lecture 2, it was shown that finite rotation of the beam element introduced the additional
term 192 in the expression for the axial strain. Let’s see if consideration of finite slope would
require modification of the equation of the equilibrium.

In Fig.(3.21) the beam element is shown in the theory of small deflections (infinitesimal
rotation) and_moderately large deflections (finite rotation).

Figure 3.23: In finite rotation the axial force contributes to the total shear force.

The so-called effective shear force V* is a sum of the cross-sectional shear V and pro-
jection of the axial force into the vertical direction. Thus,

dw
*— N— .74
\% V+ P (3.74)

Note that this result is valid as long as cos ~ 1 and sinf = tan 6 ~ 6. Will the derivation
of the force equilibrium change? The answer is no.

V*

! ar L | v+ar

dx L e ar

Figure 3.24: Direction of forces to equilibrate the infinitesimal beam element.

To ensure vertical equilibrium

(V*+dV*) = V* +¢dz =0 (3.75)
or a7
o ta=0 (3.76)
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where V* is defined by Eq.(3.74). Equilibrium of the horizontal (axial) forces stays the
same as before since cosf ~ 1.

dN
— =0 3.77
e (3.77)
Eliminating V* between Eq.(3.74) and Eq.(3.76) gives
v d dw dV  dN dw d?w
dm+dx< dx) LR R T A PO (378)

The second term vanishes on account of Eq.(3.77). The modified force equilibrium equation

becomes )
dv d“w
4N =0 3.79
dx + da? +a (3.79)
The new nonlinear term vanishes if (i) the axial force is zero or (ii) for small deflections
and rotation. The moment equilibrium equation, Eq.(3.68) is not affected by moderately
large rotations. Together with Eq.(3.79) we arrive at the governing equation of the theory
of moderately large deflection of beams
d>M d?w
N— =0 3.80
dz? + dz? ta (3.:80)

On closing this section, two important remarks should be made. All equations of equilibrium

for infinitesimal deformations of 3-D bodies and small deflections of beams involved only
static quantities and their gradients (M, V, N). In the theory of moderately large deflections
there is coupling between static and kinematic quantities through the second nonlinear
terms.

Secondly, Eq.(3.80) includes leading in the in-plane direction (through N) and out-
of-plane direction through ¢q. Therefore, it is after referred as the equation describing a
beam/columns.

3.8 Equilibrium of Rectangular Plates

A step-by-step derivation of the equation of equilibrium and boundary conditions for rect-
angular plates is presented in the lecture notes of the course 2.081 Plates and Shells. This
equation takes the following form in the tensor notation

Maﬁ,aﬁ +p=0 (3.81)

and in the extended notation
0* M, n 282Mxy n 82Myy
Ox2 Oxdy Oy?

Recall that the dimensions of the bending moments in plates are [Nm/m] = [N]. In the

+p=0 (3.82)

case of cylindrical bending the twist Mg, and My, vanish. Multiplying Eq.(3.82) by the

width b, one gets
d2
T3 Mea] +4=0 (3.83)
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which is identical to the previously derived equation equilibrium of a beam, Eq.(3.73).
Therefore wide beams are a special class of rectangular plates.

The boundary conditions for plates are similar to those for beams in the local coordinate
system at the edges, (n,t), Fig.(3.25).

v,

Figure 3.25: Local coordinate system at the plate edge with applied generalized forces.

Therefore Eq.(3.56) for beams should now read

(M, — M,,)0w' = (3.84a)
(Vi = Viy)ow =0 (3.84b)
(N — Np)du, =0 (3.84c)
(Ny — Ny)ou; = 0 (3.84d)

3.9 Circular Plates

It is relatively easy to derive the equation of equilibrium of a circular plate from the principle
of virtual work. Bending and in-plane responses is considered separately

Ro Ra - J—
/ (M, 0K, + Mpdrg)rdr = / pdwr dr 4+ rM,.éw’ gi + 7V, ow gf (3.85)
R1 Rl
where the radial and circumferential curvatures and their variations are defined (without
proof) by
0w 02 (dw)
Ry = W’ 6I€7~ = W (386&)
10 10(6
hp = 22 gy = 190V (3.86b)

- kg = —
ror’ r Or

Integrating the left hand side of Eq.(3.85) by parts and using similar arguments as in the
case of a beam, one gets equilibrium:

= pr (3.87)

d dM, n dM, B dMy
dr " dr dr dr
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and boundary conditions

(M, — M,)ow' =0 (3.88a)
(V. = V,)ow =0 (3.88b)
where q
= —(rM, .
Vi dr( ) (3.89)

When Ry = 0, we have a circular plate. Otherwise the plate is annular with the inner and
outer radius R; and Ra, respectively.

When the circular plate is loaded in the in-plane direction only, it remains flat and the
components of the mid-surface extensions and their variations are

. du ., d
€ = dTT’ Se = @(m) (3.90a)
4]
€ =T 5= (3.90b)
T
The principle of virtual work can be easily established in the form
Ro R
/ (Nyde; + Nydeg)rdr = rN,ou, R? (3.91)
Ry
The equation of equilibrium in the in-plane direction are easily derived by integrating by
parts
d
@(TNT) —Np=0 (3.92)
subject to the boundary condition
7 R
(N, — N, )ou, Rf =0 (3.93)

Note that Ny is zero at the boundaries, ensuring that there will be no in-plane shearing
force N9 and the radial and hoop membrane forces are principal forces.
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Lecture 4: Development of Constitutive Equations
for Continuum, Beams and Plates

This lecture deals with the determination of relations between stresses and strains, called
the constitutive equations. For an elastic material the term elasticity law or the Hooke’s
law are often used. In one dimension we would write

o= FEe (4.1)

where E is the Young’s (elasticity) modulus. All types of steels, independent on the yield
stress have approximately the same Young modulus £ = 2. GPa. The corresponding value
for aluminum alloys is £ = 0.80 GPa. What actually is ¢ and € in the above equation? We
are saying the “uni-axial” state but such a state does not exist simultaneously for stresses
and strains. One dimensional stress state produces three-dimensional strain state and vice
versa.

4.1 Elasticity Law in 3-D Continuum

The second question is how to extend Eq.(4.1) to the general 3-D state. Both stress and
strain are tensors so one should seek the relation between them as a linear transformation
in the form

oij = Cij ki€ (4.2)

where Cj; 1 is the matrix with 9 x 9 = 81 coefficients. Using symmetry properties of the
stress and strain tensor and assumption of material isotropy, the number of independent
constants are reduced from 81 to just two. These constants, called the Lame’ constants, are
denoted by (x, ). The general stress strain relation for a linear elastic material is

Oij = 2ueij -+ )\Gkk(sij (4.3)

where 6;; is the identity matrix, or Kronecker “0”, defined by

100
6;i=1 ifi=j
dij= 0 1 0 or * 1 Z j (4.4)
00 1 0ij =0 ifi#j
and ey is, according to the summation convention,
dv
€kk = €11 + €22 T €33 = — (4.5)

Vv
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In the expanded form, Eq. (4.3) reads

o11 = 2p€11 + N(e11 + €22 + €33), 011 =1 (4.6a)
022 = 2pu€22 + A(€11 + €22 + €33), 022 =1 (4.6b)
o33 = 2u€s3 + N(€11 + €22 + €33), d33 =1 (4.6¢)
012 = 2l€12 012 =0 (4.6d)
093 = 2/1€23 003 =0 (4.6e)
031 = 2U€31 031 =0 (4.6f)

Our task is to express the Lame’ constants by a pair of engineering constants (E(v),
where v is the Poisson ratio). For that purpose, we use the virtual experiment of tension
of a rectangular bar

N
1
_Lgll Extension
& positive
3
2
£33 Contraction
negative
N

Figure 4.1: Uniaxial tension of a bar.

In the conceptual test, measured are the force, displacement and change in the cross-
sectional dimension. The experimental observations can be summarized as follows:

e 011 is proportional to €11,011 = Feqq
® ¢99 is proportional to €11, €99 = —veqy
e 33 is proportional to €11, €33 = —veqy

Thus the uniaxial tension is producing the one-dimensional state of stress but three-dimensional
state of strain

J11 0 0 €11 0 0
oi;j =1 0 0 0| gj=| 0 €2 O (4.7)
0O 0 O 0 0 €33
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We introduce now the above information into Eq. (4.6).

011 = 2uer; + X(EH — V€l — 1/611) = Fenq (4.8&)

099 = 2,&(—U€11) + X(En — V€l — 1/611) =0 (4.8b)
and obtain two linear equations relating (x, u) with (E,v)

2w+ x(1—2w)=E (4.92)
—2uv+x(1—-2v)=0

Solving Eq.(4.9) for u and x gives
E

e 4.10

T (4.10a)
Ev
= 4.10b
T+ -2v) (4.10b)
The general, 3-D elasticity law, expressed in terms of (E,v) is
v

Oij = 71 iy €5 + 71 — 2V€]€k(5ij (4.11)

1 1
The mean stress p where —p = —opr, = = (011 + 022+ 033) is called the hydrostatic pressure.
At the same time the sum of the diagonal components of the strain tensor denotes the
change of volume. Let us make the so-called “contraction” of the stress tensor in Eq.(4.11),
meaning that ¢t =5 =k
E

Okk = Gkt o0

€xk - 3 (4.12)

where §pp = 011+ 929+ 033 = 1+ 1+ 1 = 3. From the above equations the following relation
is obtained between the hydrostatic pressure and volume change

dv
- = K—0o 4.13
p=Fk; (4.13)
where k is the bulk modulus >
= 4.14
T30 -2 (4.14)

The elastic material is clearly compressible. It is the crystalline lattice that is compressed
but on removal the forces returns to the original volume.
The inverted form of the 3-D Hook’s law is

14+ v v
Taz‘j - Eakkéij (4‘15)

€j =
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which in terms of the components yields

1
€=z [011 — V(022 + 033)] (4.16a)
1
€99 = I [022 —v(onn + 033)] (4.16b)
1
€33 = B [0’33 — V(O'H + 0'22)] (416C)
1
€12 = 5012 (4.16d)
1
€a3 = 5 023 (4.16¢)
1
€31 = 5031 (4.16f)
where G = m is called the shear modulus. Eq.(4.16) illustrates the coupling of
v

individual direct strains with all direct (diagonal) components of the stress tensor. At the
same time there is no coupling in shear response. The shear strain is proportional to the
corresponding shear stress.

4.2 Specification to the 2-D Continuum

Plane Stress

This is the state of stress that develops in thin plates and shells so it requires a careful
consideration. The stress state in which o3; = 0, where the x3 = z axis is in the through
thickness direction. The non-zero components of the stress tensor are:

onn o012 0 €11 €12 0
ojj= o2 022 0 €= e e 0 (4.17)
0 0 0 0 0 es

where 7,5 = 1,2,3 and a, 8 = 1,2. Accordingly, o = 011 + 022 + 033 = 0y + 0. The 2-D
elasticity law takes the following form in the tensor notation

14+v v
€af = Taag — any&lg (4.18)

It can be easily checked from Eq.(4.18) that in plane stress €13 = €33 = 0 but €33 =
> 10

—E(Jn +092). The through-thickness component of the strain tensor is not zero. Because it

does not enter the plane stress strain-displacement relation, its presence does not contribute

to the solutions. It can only be determined afterwards from the known stresses o1 and o99.
1—v

E

E
T2 (L =v)éap + veyy0ap] (4.19)

By making contraction eg; = Ok, one can easily invert Eq.(4.18) in the form

Oag =
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The above equation is a starting point for deriving the elasticity law in generalized quantities
for plates and shells. We shall return to that task later in this lecture. Before that, let’s
discuss three other important limiting cases

E

=13 (€11 + vezr) (4.20a)

099 = 1-.2 (622 + 7/611) (4.20b)
E

J13 = 1+ 1/612 (4.200)

Sheet metal

A layer in a thin plate or shell

Figure 4.2: Examples of plane stress structures.

Plane strain holds whenever e3; = 0. By imposing a constraint on €23 = 0, a reaction
immediately develops in the direction as o9y # 0.
The components of the strain and Eq.(4.8) stress tensors are

€11 €12 0 011 o012 O
€ij = € €2 0 05= on o2 0 (4.21)
0 0 0 0 0 033

Can you show that under the assumption of the plane strain, the reaction stress o33 =
v(o11+022)7 The plane strain is encountered in many practical situations, such as cylindrical
bending of a plate or wide beam.

N
3 3
2
2 1
1 M
N

Figure 4.3: Tension of bending of a wide sheet/plate gives rise to plane strain.



Structural Mechanics 2.080 Lecture 4 Semester Yr

Uniaxial Strain

Uniazial strain is achieved when the displacement in two directions are constrained. For
example, soil or granular materials are tested in a cylinder (called confinement) with a
piston, Fig.(4.4). The uniaxial strain also develops in a compressed layer between two
rigid plates. Also high velocity plate-to-plate impact products the one-dimensional strain.
Here the only component of the strain tensor is the volumetric strain. The plate-to-plate
experiments are conducted to establish the nonlinear compressibility of metals under very
high hydrostatic loading o = —3p. Similarly, the plane wave in the 3-D space is generating
a uniaxial strain.

vV vV
Confinement

A1

1 -
A
A L
A L
A L
A L
A L
A L

Figure 4.4: Examples of problems in which the strain state is uniaxial.

The components of the stress and strain tensor in the uniaxial strain are:

011 012 0 efn 0 O
O35 = 021 022 0 €ij = 0 0 0 (4.22)
0 0 033 0 0 0
1
Where the reaction stresses are related to the active stress 011 by 099 = 033 = ]/(1+V);11.
—v

Can you prove that?
The uniaxial stress state was discussed earlier in this lecture when converting the Lame’
constants into the engineering constants (E,v).

4.3 Hook’s Law in Generalized Quantities for Beams

There are three generalized forces in beams (M, N,v) but only two generalized kinematic
quantities (€°, k). There is no generalized displacement on which the shear force could exert
work. So the shear force is treated as a reaction in the elementary beam theory. This
gives rise to some internal inconsistency in the beam theory, which will be enumerated in a

separate section.
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The starting point in the derivation of the elasticity law for beams is the Euler-Bernoulli
hypothesis,
€(z) =€+ zk (4.23)

and the one-dimensional Hook law, Eq.(4.1), and the definition of the bending moment and
axial force in the beam, Eqgs.(3.36a-3.36¢). Let’s calculate first the axial force N

N:/amdA:/Eemdi:E/(6°+z/<)dA
A A A

:E/GOdA—f—E/ﬁZdA:EEO/ dA—i-El‘&/ZdA
A A A A

Note that the strain of the middle axis €° and the curvature of the beam axis are independent

(4.24)

of the z-coordinate and could be brought in front of the respective integrals. Also Q =
J4zdA is the static (first) moment of inertia of the cross-section. From the definition of
the neutral axis, Q = 0. The expression for the axial force reduces then to

N = EAe° (4.25)

where F A is called the axial rigidity of the beam. We calculate next the bending moment

in a similar way

N:/szdA:/E(eo—Fzm)sz
A A

—Eeo/sz—i-Em/szA
A A

Because the first term involving the static moment of inertia vanishes, and the expression

(4.26)

for the bending moment becomes
M = FElk (4.27)

where ET is called the bending rigidity and

I= / 22 dA (4.28)
A
is the second moment of inertia. For the rectangular cross-section (b x h)
bh3
I=— 4.29

The significance of the above derivation is that the bending response is uncoupled from the
axial response and vice versa. This property allows to derive the famous stress formula for
beams. This is indeed one line derivation

o B N Mz
o=FEe=FE(e —|—ZI€)—E(EA—|— EI>
N Mz
o(z) = " + A (4.30)

4-7
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_______ = = ==

Figure 4.5: Linear distribution of stresses along the height of the beam.

Both axial force and bending moment contribute to the stress distribution along the along
the height of the beam, as illustrated in Fig.(4.5).
From Eq.(4.30) one can calculate the point z = 1 where the stresses become zero

n— _é% _ _p2% (4.31)
where p is the moment of giration of the cross-section defined by I = p?A. The position of
the zero stress axis depends on the ratio of axial force to bending moment. If n < h, where
h is the thickness of a rectangular section beam, the zero stress point is inside the beam
boundary, there is a bending dominated response. The tension dominated response is when

7 is several times larger than h.

4.4 Inconsistencies in the Elementary Beam Theory

The equations presented in Section 3.6 under the ADVANCED TOPIC were derived without
any approximate assumption. In order for the beam to be in equilibrium, shear force V'
must be present, when the beam is under pure bending (uniform bending over the length
of the beam). It is the shear stress o,, that give rise to the shear force, according to the
definition, Eq.(3.45). Therefore any inconsistencies must come from the strain-displacement
relations as well as constitutive equations, where some approximations were introduced.

The presence of the shear stresses o, = 013 means that shear strains €13 = €,, must
develop according to Eq.(4.16).

Oxz(2)
xz — 4.32
() = 2 (432)
The shear strain is defined as
1 (Ou; Ou,
Tz — & 4.
¢ 2 ( 0z * 8x> (4:33)

The Euler-Bernoulli assumption tells us that the shear strain vanishes. Then, Eq.(4.32) is
violated because the LH is zero while the RH is not. Suppose for a while that ¢,, = 0.

Then 5 5 ( )
Uy w(x

= — = — 4.34

o o 0(x) (4.34)

where u, = w(x) is independent of the coordinate z. Integrating Eq.(4.34) one gets

Ugp(2) = u® — 20 (4.35)
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which is equivalent to the plane-remain-plane and normal-remain-normal hypothesis, intro-
duced in Lecture 2. Assume now that the out-of-plane strain is a certain given function of
z. Performing the integration of Eq.(4.32) in a similar way as before, one gets

uzp(z) = u’ — 20 + /em(z) dz (4.36)

It transpires from the above results that deformed section are not flat but are warped
instead. The amount of warping is given by the third term in Eq.(4.36).

Can we estimate the amount of warping? Yes, but we have to go ahead of the presented
material and quota the solution for the deflected slope 6 of the beam. Le’s settle on the
simplest case of a clamped cantilever beam loaded at its tip by the point force P

Pi?

This solution will be derived in Lecture 5.

‘()
) / \(/ Magnified

;'_'t'"“"“""-?fiiiiiij;;;;ﬁ %_47: 2
N

Figure 4.6: Warping of the end section of the cantilever beam.

ARLRRRNNN
B

Another result needed is the distribution of shear stresses across the height of the beam.
For the rectangular section beam (b x h), the shear stress is a parabolic function of z

3P 22

The corresponding strain is calculated from Eq.(4.32). Assume that there is no axial force,

N =0, so from Eq.(4.25) € = 0 and u® = 0. After integration, the displacement profile
defined by Eq.(4.36) becomes

Topr T oo A | (4.39)

vl = 3(h/2

Pi? 13P[ 23 ]
VA

In order to quantify the correction of the displacement field due to warping, let’s calculate

h
the maximum values of the two terms at z = —3 The first term arising from the Euler-
Bernoulli assumption gives
h 2 h
Wiz=-2)=2L (4.40)

2’ T 2EI2
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The second correction term is
n,__ h 1 Ph

uy (2 = —5) = 5G A3 (4.41)
The ratio of the two terms is
ull E T E /p\2
e . - - = (£ 4.42
ul 2G A2 2G (l) ( )

where p is the radius of giration of the cross-section. For a rectangular cross-section (b x h),

N R T

- - 4.43
PP A~ 120k~ 12 (443)
The ratio E/2G is
E E
2(1+v)
Then, the relative amplitude of warping from Eq.(4.42) is
1T 2
u, 1+v [(h
— = - 4.45
ul 12 <l> (4.45)

For a typical beam with L = 20, the above ratio becomes 0.25 x 1073!! In order to compare
the plane and wrapped cross-section, the amount of warping had to be magnified thousand
times, see Fig.(4.6). It can be concluded that the effect of warping is of an order of 0.1 %
and can be safely neglected in the engineering beam theory. In other words the “rein” of
the Euler-Bernoulli assumption is unchallenged.

Another inconsistency of the elementary beam theory is that the uniaxial stress gives
rise to the tri-axial strain state. In particular, from the 3-D constitutive equation, the strain
components

€y = €22 = ~ 0o (4.46)
Let’s take as an example the same cantilever beam with a tip load. The bending moment

at root of the beam is M = PI, and from the stress formula,

P
Oz = le (4.47)

du
From the definition €,, = d—yy, and after integrating with respect to y, one gets

Plv
=—— 4.48
Uy 7E Y (4.48)
. . b . .
The maximum displacement occurs at z = 5 and y = 3 Making use of the beam deflection

formula (see Lecture 5)
_ PP Pl 36

Yol Al el (4.49)
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the formula for the maximum displacement of a beam, normalized with respect to the beam

2 (1) ()

What is the range of the normalized beam deflections §7 The beam deflects elastically until

thickness becomes

the most stressed fibers reach yield of the materials, wa’z— n = Oy.
-2

Then, from the stress formula
Plh
Oy = ——
YT 2

Combining the above expression with the beam deflection formula, Eq.(4.49), the estimate

(4.51)

for the maximum elastic tip displacement

0 20y (1 2

Y[ 4.52

h 3FE (h) (4.52)
Combining Egs.(4.50) and (4.52), the expression for the maximum normalized displacement
of the corner of the cross-section becomes

(uy)max VOoy

y/max. 7Ty 4.53
h 2 F ( )

With realistic values v = - and 9 _ 1073, the amount of maximum change of the width of
the beam is 0.1 % of the beam height. Such a tiny change in the cross-sectional dimension
has no practical effect on the beam solution. A similar analysis can be performed to estimate
the change in the height of the beam.

When the signs of z and y coordinates is properly taken into account, the present
calculations predict the following change in the shape of the cross-section.

Figure 4.7: Predicted (left) and actual “anticlastic” deformed cross-section of the beam subjected to pure
bending. Note that the deflections were magnified by a factor of 10*.

The anticlastic deformation can be easily seen by bending a rubber eraser, which is a
very short beam. We can conclude the present section that the internal inconsistencies of the
beam theory do not produce any significant errors in engineering applications. Therefore,
one can safely assume that the cross-section of the beam does not deform and only moves
as a rigid body with the increasing beam deflections.

4-11
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ADVANCED TOPIC

4.5 Derivation of Constitutive Equations for Plates

For convenience, the set of equations necessary to derive the elasticity law for plates is
summarized below.

Hook’s law in plane stress reads:

E
Oup = m[(l — V)€aB + VEyyOag] (4.54)
In terms of components:
E
E
Oyy = m(eyy + very) (4.55b)
E
Twy = 7, oy (4.55¢)
Here, strain tensor can be obtained from the strain-displacement relations:
€a = €ap T ZKap (4.56)
Now, define the tensor of bending moment:
h
2
Mug = / _ Oap? dz (4.57)
-3
and the tensor of axial force (membrane force):
%
Naﬁ = / \ Oap dz (458)
-2

Bending Moments and Bending Energy

The bending moment M,g is now calculated by substituting Eq.(4.54) with Eq.(4.57)

E 5
C1—12 )

Map [(1 = v)eap + veyy0ap]zdz

V]
[N

E ¢] o
= m[(1 — V)€qp + Ve, 0ap] / zdz

SIS

(4.59)

[N

E
+ m[(l — V)kap + V“’W‘Saﬂ]/ 2 dz

_h
2

ER3
= m[(l — V)KaB + VEyyOag]

4-12



Structural Mechanics 2.080 Lecture 4 Semester Yr

Note that the term zdz is zero, as shown in the case of beams. Therefore there are no
h
—3

mid-surface strains €° op entering the moment-curvature relation.
Here we define the bending rigidity of a plate D as follows:
En?

D= 5550 (4.60)

Now, one gets the moment-curvature relations in the tensorial form

Mg = D[(1 — V)kapg + VEyy0ap] (4.61)
My Moo

M,z = 4.62

A Moy Moo (462)

where M2 = My due to symmetry. In the expanded notation,

My = D(k11 + vka2) (4.63a)
Mz = D(ka2 + vEk11) (4.63b)
Mlg = D(l - l/)lﬁ;lg) (4.630)

One-dimensional Bending Energy Density

Here, we use the hat notation for a function of certain argument, such as:

My = My (k1)

_ Dryy (4.64)
Then, the bending energy density Uy, reads:
U, = / M1 (k11) drny
= D/ K11 dk11 (4.65)
fD (R11)?
Uy, = %Mnfm (4.66)
General Case
General definition of the bending energy density reads:
Uy, = f{ Mg drkags (4.67)
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M, Ky

&

dx,,

Figure 4.8: In one dimension the energy density is the area under the linear moment-curvature plot. In
the multi-axial case the final value can be reached along the straight or nonlinear path.

where the symbol ¢ denotes integration along a certain loading path.
Let’s calculate the energy density stored when the curvature reaches a given value Kqg
along a straight loading path:

Kap = NKRag (4.68&)
dl@ag = Ragdn (4.68b)
Maﬂ
Maﬂ """"""" ? n= 1
=
n=0 :
— Kap
Kllﬁ

Figure 4.9: The straight loading path in the 3-dimensional space of bending moments..

From the linearity of the moment-curvature relation, Eq.(4.61), it follows that

Mop = Mop(kap)
= Map(nRap) (4.69)
= NMap(Fap)
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where Map(kqp) is a homogenous function of degree one.

Uy = %Mag(mag) dkag

1
:/ nMaB(Raﬁ)Raﬁdn

0

1

= aﬂ(“aﬁ)“aﬁ/o ndn (4.70)

1
= 5 Map(Rap)Fap

1 _
:§ aflap

Now, the bending energy density reads

_ D
Uy = 5 [(1 = v)Rag + VEyydaslFag
D
= S (1 = ¥)RagRas + Vi Rapdas] (4.71)
D o
= 5[(1 - U)’%Oéﬁ’%aﬁ - V(K/fyfy)Q]

The bending energy density expressed in terms of components are:

U, = g{(l = )[(R11)? + 2(R12)* + (R22)?] + v(Fu1 + Fa2)*}

= {0 0)(Fn + F)? — arkan + 2F1o)’) + vl + o))
= g{(ml + Ro2)? — 2R11Roe + 2(R12)? — v[—2R11Re2 + 2(R12)?]} (4.72)
= D{(Rn + R2)? — 2R + 2(R10)” — v[-2R11Rm + 2(10)’))
= g{(ml + Rgo)? + 2(1 — v)[R11Ra2 + (R12)?]}
0, = g [(Fur + Fo2)? — 21— ) [Funfion — (Fr2)?]} (4.73)

The term in the square brackets is the Gaussian curvature, kg, introduced in Lecture 2,
Eq.(2.62). Should the Gaussian curvature vanish, as it is often the case in plates, then the
bending energy density assumes a very simple form U, = %D(Rll + Ro2)2.

Total Bending Energy

The total bending energy is the integral of the bending energy density over the area of plate:

Up = / U, dA (4.74)
S
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Membrane Forces and Membrane Energy

The axial force can be calculated in a similar way as before

[Ny

E

Naﬁ:l—VQ

(1 = v)eap + veyydapl dz

REINES

E o o
= (1 = v)eap + ve,,0ap] dz

E 3
+ / (1 = v)kap + VEyy0ap]z dz

3 (4.75)
E o o 2
= m[(l —V)eqas + V€00 . dz
’ n
E 2
+ m[(l — V)K/Ozﬁ + Vﬁfy/yéa[—}] /h dZ
2
Eh o o
=12 [(1- V)eas T 76775(16]

=

2
The integral / zdz is zero which means that there is no coupling between the membrane
h

force and curvatures.
Here we define the axial rigidity of a plate C as follows:

Eh

C=—— 4.76

Now, one gets the membrane force-extension relation in the tensor notation:
Na/g = C[(l — I/)Egﬁ + Ve?w(sa,g] (4.77)

Niuw Nig
N.a= 4.78
s No1 Nap (4.78)
where Nio = No; due to symmetry. In components,

Ni1 = C(e]; + vey) (4.79a)
Nog = C(eg9 + vejy) (4.79b)
N12 = C(l — V)Gil (4790)

Membrane Energy Density

Using the similar definition used in the calculation of the bending energy density, the
extension energy (membrane energy) reads:

Un = 7{ Nopdegs (4.80)
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Let’s calculate the energy stored when the extension reaches a given value EZﬂ' Consider a
straight path:

€Zﬁ = 77@3/3 (481&)
dﬁgﬂ = E(Oyﬁ dﬂ (481b)

Nap = Naﬁ(ezﬁ)
— Nl (182)
= nNaﬁ(ggﬁ)
where Naﬁ(ez 5) is a homogenous function of degree one.

-0
_ EaB A~

Um = Naﬂ(63ﬁ> dﬁgﬁ
0

1
= /0 NNag(€qp)€as dn (4.83)
1. —0 \=0
- 5 a5<6a6)€a6
1. &
= iNaﬁeaﬂ
Now, the extension energy reads:
7 C —o —o —o
Um = 5[(1 — V)Gaﬁ + VE’y’yéOéﬁ]eaﬂ
G (4.84)
= 5 [ = v)&ses + v(e,)?
The extension energy density expressed in terms of components is:
= C —o —0 —0 ) —o
Un = 5 {(1 =) [(691)% + 2(&9)* + (€52)°] + (91 + &)
C —0 —0 —0 -0 —0 —0 —0
=35 {@—v) (&, + €59)° — 265,65 + 2(612)2] + v(&) +6,)°
C ) , , (4.85)
Y {(€1 + &32)” — 2671659 + 2(72)* — v [—2€], 655 + 2(€72)°] }
C —0 —0 —0 -0 —o
=5 {(511 +E59)° +2(1—v) [—611622 + (612)2”
= C —o —0 \2 —0 —o —0 \2
Un = 5 {(€1 + )" —2(1 —v) [ 165 — (€12)°] } (4.86)

The total membrane energy is the integral of the membrane energy density over the area of
plate:

Un = / UndS (4.87)
END OF ADVANCED TOPIC
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4.6 Stress Formula for Plates

In the section on beams, it was shown that the profile of axial stress can be determined
from the known bending moment M and axial force IV, see Eq. (4.30). A similar procedure
can be developed for plates by comparing Eqs (4.61-4.77) with Eq. (4.54). The stress-strain
curve for the plane stress can be expressed in terms of the middle surface strain tensor ezﬁ
and curvature tensor s, by combining Egs. (4.54) and (4.56).

E (0] (o]
Oap = 112 [(1 - V)eozﬂ + VG’y’y(sOéﬂ]
- (4.88)
1.2 [(1 = v)Kap + VEyydap)
From the moment-curvature relation, Eq. (4.61):
M,
(1 = V)Kap + VhryOas = 136 (4.89)
Similarly, from Eq. (4.72)
N,
(1 —v)eas + e 0as = Taﬁ (4.90)
En® L Eh . e
where D = —— is the bending rigidity, and C = is the axial rigidity of the
12(1 — v?) 1— 2

plate.
From the above system, one gets
. Fz Maﬁ E Naﬁ
Pl =12 D +1—V2 C
or using the definitions of D and C

(4.91)

oo Nog  2zMag
*F T T T R 12

(4.92)

The above equation is dimensionally correct, because both N,5 and M,g are respective
quantities per unit length. In particular stress in the case of cylindrical bending is

P Ny + 2 My
o h T h3/12

(4.93)

Multiplying both the numerators and denominators of the two terms above by b yields

_ Nggb | 2Myyb
%o = Thp T bh3/12

(4.94)

Now, observing that N,,b = N is the beam axial force, bM,, = M is the beam bending
3

moment, hb = A is the cross-section of the rectangular section beam, and 1z is the moment
of inertia, the familiar beam stress formula is obtained
N Mz
i o 4.95
o=+ (4.95)
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Lecture 5: Solution Method for Beam Deflections

5.1 Governing Equations

So far we have established three groups of equations fully characterizing the response of
beams to different types of loading. In Lecture 2 relations were established to calculate
strains from the displacement field.

€(z,2) =€ (x) + 2k (5.1)
where ) )
o du 1 (dw d w

The above geometrical relation are independent on equilibrium and apply to any kind of
materials.
The second set of equations, derived in Lecture 3, is the equilibrium requirement

dav=
o +q(x)=0 — force equilibrium (5.3)
dM
W V=0 — moment equilibrium (5.4)
d

where Vs =V 4+ Nﬁ is the effective shear. (5.5)
dN
— =0 5.6
e (5.6)

Eliminating V' and V* between the above equations, the beam equilibrium equation was

obtained (See Eq. (3.74))
d’M d?w
N— = .
P + 12 +q=0 (5.7)

The derivation of the equilibrium is valid for all types of materials. In the theory of

moderately large deflections, the equilibrium is coupled with the kinematics.
The third group of equation define the material behavior and relates the generalized
strains to generalized forces

N = EA¢° (5.8)
M = Elx

Independence of geometry and equilibrium on constitutive equation allows to develop the
general framework of a solver in the Finite Element codes. The constitutive equations can
then be added as a user Defined Subroutines.

Let’s consider first the infinitesimal deformations (small rotations for which the term
1 (dw\? d?
B ((;;j) vanish in Eq. (5.2) and the term d—;ﬁ =0 in Eq. (5.7). Then from Egs. (5.2,
5.4 and 5.8) one obtains
d%u
FA— =0 5.10
dz? ( )
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Eliminating the curvature and bending moments between Eqs. (5.2, 5.7 and 5.9), the beam

deflection equation is obtained

EI— =q(x) (5.11)

The concentrated load P can be treated as a special case of the distributed load ¢(z) =
Pj(x — xp), where § is the Dirac delta function.
Let’s consider first Eq. (5.4) for the axial displacement. The boundary conditions in

the z-direction are
(N—-N)du=0 (5.12)

The general solution for u(z) is

d
=D, u=Diz+Dy (5.13)

There are two integration constants, and two boundary conditions are needed. There are
only four combinations of boundary conditions:

1. Beam restricted from axial motion, see Fig. (5.1).
ulz=0)=u(lx=1)=0 (5.14)
This gives rise to the solution of two algebraic equation

0=Dy+D;-0 (5.15a)
0= Dy + Dyl (5.15b)

which gives Dy = D; = 0 and u(x) = 0. This is a trivial case, for which the axial

force N = EA% vanishes as well.
T

|—>x

u=0 | u=0 Fixed
(Kinematic)
N=0 | | N=0 Sliding
é é (Static)
N=0 | | u=0 Mixed

Figure 5.1: Three combinations of in-plane boundary conditions for u(x).
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2. Beam allowed to slide in the z-direction on both ends.

N=N=0 at v=0andz =1 (5.16)

du
The axial force is proportional to I From Eq. (5.13) we can see that the gradient
x

of u is zero along the entire beam. So, if N = 0 or £ vanishes at one end, say z = 0,
D1 = 0 and automatically N = 0 is satisfied at the other end, z = [. The integration
constant Dy is undetermined meaning that the rigid body translation of the entire
beam is allowed.

3. In order to prevent the rigid body translation, one end of the beam, say = = 0, must
be fixed against motion in the z-direction. Thus

- d
N:Oorﬁzo at =0 (5.17a)

u=0 at x=I (5.17b)

which are precisely the boundary conditions for the third case. From Eq. (5.13) we
get

D=0 (5.18a)
Dil+Dy=0 — Dy=0 (5.18b)
Now, the axial displacement vanishes, u(x) = 0 but the rigid body translation is
eliminated.
For all the above three cases of kinematic static and mixed boundary conditions, the

axial force was zero.

4. If one end of the beam (bar) is loaded by a given force N and the other one is fixed,
the boundary conditions (BC) are

N:—N,EA%:0 atx =0
dz (5.19)

u=20 at x =1

N Nl
D1 = _ﬂ 5 D2 = ﬂ (520)
and the solution is I

_N 21
u(z) = = (1~ 2) (521)

The case in which the nonlinear term is retained in Eq. (5.2) is much more interesting.
This will be dealt with in the section on moderately large deflection of beams.
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We now turn our attention to the solution of the beam deflection, Eq. (5.11). This is
the fourth-order linear inhomogeneous equation which requires four boundary conditions.
There are four types of boundary conditions, defined by

(M — M)dw' =0 (5.22a)
(V—V)éw=0 (5.22b)

For the sake of illustration, we select a pin-pin BC for a beam loaded by the uniform
like load ¢, Fig. (5.2).

:?

.i_
|
|
—
fr=—
[e—
[e—
f——
[—
frs—
Fe—
[ —

zT-T:I

=T =]
o o

Figure 5.2: Pin support allows for rotation but not for vertical translation.

The bending moment is proportional to the curvature. Eq. (5.11) is then subjected to
the following boundary conditions:

wx=0)=wlx=1)=0 (5.23a)

d2w d?w
- = - =0 (5.23b)
de? _, da?

Let’s integrate the differential equation four times with respect to x:

dBw T

dZw x2

d 3 Cyz2

% = ;ZG + 1293 + Cyz + Cs (5.24¢)
dw gzt Ciz3  Cyz?

_— = .24
-y TV 5 +—5 + C3x + Cy (5.24d)

Substituting the BC into the general solutions, one gets

0=0Cy (5.25a)

o= cutc (5.25b)
T 2pA TP '

0=0C4 (5.25¢)
o ql4 Cll3 02l2

0= 24EA+ 6 + 9 + Cs3l+ Cy (5.25d)
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The solution of the above system is

i = —%l (5.26a)
Cy = (5.26b)
Cs = qll; (5.26¢)
Cy=0 (5.26d)
The load-displacement relation becomes
w(z) = —2 (13~ 2022 + 23) (5.27)

- 24FEA

Differentiating Eq. (5.27) twice, the expression for the bending moment is

M(z) = %(z — 1) (5.28)

and differentiating again, the shear force becomes

Viz) = % = 20— 20) (5.29)

Plots of the normalized bending moments and shear forces are shown in Fig. (5.3).

Figure 5.3: Parabolic distribution of the bending moment and linear variation of the shear
force.
Bw . :
The shear force V = EI P is seen to vanish at the mid-span of the beam. Also the
x

dw
slope o is zero at this location. We have proved that at the symmetry plane
x

l
Viz = 5) =0 (5.30a)
dw
— =0 5.30b
. ( )

-
Inversely, if the problem is symmetric, that Eq. (5.30) must hold at the symmetry plane.
As an alternative formulation, one can consider a half of the beam with the symmetry BC.
Can you solve the above problem and compare it with solution of the pin-pin beam, Eq.

(5.27)?
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Figure 5.4: Simply-supported plate with symmetry boundary conditions.

It should be mentioned that the pin-pin supported beam is a statically determinate
structure. Therefore the distribution of shear forces and bending moments can be deter-
mined from the equilibrium equation alone. Can you do it and get correctly the signs?

The purpose of Lecture 5 is to present properties of the governing equations and solu-
tions. interested students are referred to end chapter of problem sets where many beams
with different loading and BC are considered. Also the recommended reference book and
monographs present solution to some common beam problems.

5.2 General Properties of the Beam Governing Equation:
General and Particular Solutions

Recall from the Calculus that solution of the inhomogeneous, linear ordinary differential
equation is a sum of the general solution of the homogeneous equation wy and the particular
solution of the inhomogeneous equation wy,. The property of homogeneity means that
f(Az) = Af(x). The homogeneous counterpart of Eq. (5.11) is
d*w d*w
EFl— =0 or — =0 5.31
dzt dzt (5:31)
and its solution, obtained by four integrations is the third order polynomial
( ) 01£U3 CQZL‘z
we(z) =
& 6 2
The particular solution wy, of the beam deflection equation, Eq. (5.11) depends on the

+ Csx + Cy (5.32)

loading, but not the boundary conditions. For the uniformly loaded beam the particular
solution is the first term in Eq. (5.23d). As an illustration, consider the same pin-pin
supported beam loaded by the triangular line load

2 l
g(z) = q079” L O0<a<g (5.33)

where g is the load intensity at mid-span = = [/2. The particular solution of this problem,
satisfying the governing equation is
QO1’5

_ 34
e = Go0ETI (5.34)

5-6



Structural Mechanics 2.080 Lecture 5 Semester Yr

Then, the full solution is w(z) = wg + wy.
Beam loaded by concentrated forces (or moments) requires special consideration.
Continuity requirements

A sudden change in the beam cross-section or loading may produce a discontinuous solution.
What quantities may suffer a jump and what must be continuous?

! AT

Figure 5.5: The displacement and slope discontinuities are not allowed in beams.

In mechanics the discontinuity of a given function is denoted by a square bracket

[F(&)] = F(€7) = f(£7) (5.35)

where £ and £~ denote the values of the argument on the right and left hand of a discon-
tinuity. In the quasi-static theory of beam

] = 0 (5.360)
[‘:ﬂ —0 (5.36D)

The discontinuity in the vertical displacement means separation so of course it may not
occur. Why then slopes must be continuous for elastic beams? This is simple. A change
of slope is called a curvature. A jump in the slope gives an infinite curvature, and thus an
infinite bending moments. Such a situation is impossible, because the beam cross-section
will go into plastic range, and the beam will no longer stay elastic. Quantities that can be
discontinuous are

Bending monents [M]
Shear force V]

M (5.37a)
1% (5.37b)

As an illustration, consider a pin-pin supported beam loaded at mid-span by a point
force P.

As mentioned earlier, the point load can be considered as a limiting case of a continuous
line load with the help of the Dirac delta function

q(z) = Pé(x — é), Where/é(x - é)dx =1 (5.38)

Even though techniques have been developed to deal with singularity functions for
beams, they require to use the apparatus of the mathematical theory of distribution. This
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Figure 5.6: Symmetric loading of a beam by a concentrated force.

is not the avenue that we will take. instead, a symmetry boundary condition will be im-
posed. Now, the concentrated load is not applied inside the beam 0 < x < [, governed by
the inhomogeneous differential equation, but at the boundary. Each half of the beam is
carrying half of the load. Therefore, the boundary conditions are

atz=0 w=0 (5.39a)
d2w
— =0 5.39b

l P

at x = B V= - (5.39¢)
dw
— =0 5.39d
g ( )

Because the loading is applied on the boundary, the differential equation becomes homo-
geneous. The solution of Eq. (5.31) is given by the third order polynomial, substituting the
above BC into the solution given by Eq. (5.32), a system of four linear algebraic equations
is obtained, where the solution is

D PI?
Ci=—7,02=0,C3=——,C4=0 5.40
1 2FI’ 2 s @3 16EI’ 4 ( )
The deflection line is given by
Px 9 9
= —4 A1
w(@) = o7 (87 —42%) (5.41)
and the central deflection (something to remember) is
l pl?
= = — = .42
wo=wle=2)= 1551 (5.42)

The plot of the distribution of bending moment and shear forces along the length of the
beam determined from the calculated deflection line is shown in Fig. (5.7).
Note that the jump in the internal shear force is equal to the applied force

V) = Vage(w = 1)~ Vil = 3) = P (5.43
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P —§ V)
1= » 2
2

Figure 5.7: Bending moment is continuous at the mid-span, but the shear force is not.

If the point load is not applied at the mid-span but at an arbitrary distance x = a, the
beam must be divided into two parts 0 < z < a, a < x < [, and each part must be solved
independently.

. 01.7}3 ngz

First segment 0 <z < a w'(x) 5 + 5 + Csx 4+ Cy (5.44a)
Csx3  Cga?
Second segment a < x <1 w'(z) = 56x 6256 + Crz + Cg (5.44b)

This gives rise to eight integration constants, four for each side. Would there be enough
conditions to determine these constants? The answer is YES.There are two boundary
conditions at x = 0, four continuity conditions at x = a, given by Egs. (5.36-5.37) and,
again, two boundary conditions at x = [. In summary

BC,z=0 Continuity, z = a BC, z =1
w=0 [w] =0 w=0
M=0 [dw] =0 M=0 (5.45)
dx
[M] =0
Vl=Pp

Note that there is no concentrated bending moment applied M = 0 so that the bending
moment field is continueous across x = a. The concentrated force produces a jump in the
distribution of the shear forces, so V = P.

We leave it to the reader to apply the above condition and solve the problem. More on
this problem can be found in two sections of this notes: Problem Sets and Recitations.

The method of superposition says that the deflections and slopes of the beam subjected
to a system of loads are equal to the sum of those quantities due to individual loads. In
other words the individual results may be superimposed to determine a combined response,
hence the term method of superposition.

This is a very powerful and convenient method since solutions for many support and load-
ing conditions are readily available in various engineering handbooks. Using the principle
of superposition, we may combine these solutions to obtain a solution for more complicated
loading conditions.

As an example, consider a clamped-clamped beam loaded by a uniform line load ¢ and
concentrated force at the center P. The deflection formulas for the two individual loading
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are

2

qx
w|uniform = @(l - 33)2 (546&)

Pz?
int — 5571 -4 .46b
whoim = 7257 (31 — 1) (5.46b)
The solution for both loads acting together is

Wtotal = w|uniform + w|p0int (547)

5.3 Statically Determined Beams

Beam for which the distribution of bending moments and shear forces can be determined
from the equilibrium alone are called statically determinate beams. For such beams M (x)
and V(x) are known and determination of beam deflection will be a much easier task.
Combining Eq. (5.9) with Eq. (5.2) one ends up with the following second order linear

differential equation
—EIdQ—w = M(x) (5.48)

dz?

The bending moment, which by itself should satisfy the second order differential equa-
tion, Eq. (5.7) should now obey two stress boundary conditions at the beam ends. The
static boundary conditions are indicated in Fig. (5.8) for a pin-pin supported and cantilever

beam.

M=0 \ M=0 M=0

Figure 5.8: The static boundary conditions for a full and half of a beam.

Determination of bending moment and shear force diagrams is the subject of elementary
courses in statics, and the general procedure is not explained here. In the case of the simply
supported beam with a point load at the mid-span, the bending moments

Px l
7, O<x< 5
M(x) = A4
D= P 1 (5.49)
2 2°"
The bending moment vanishes at z =0 and z = [.
dM
The corresponding shear force V = s is
x
P l
5, O<zx 5
Vix) = (5.50)
27 2"
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At the beam center

V]== - [—] =P (5.51)

Because of shear force discontinuity at the beam center, the solution will be sought for
a half of the beam. Each half of the beam is carrying half of the load. We have shown
that the bending moment distribution satisfy two satin boundary condition. Therefore the
differential equation (5.49) is subjected only to two kinematic boundary conditions

___________________________________

Tl i‘_'_‘_‘_‘_‘_'_'_‘_‘_'.'.i'-———:1""'

Figure 5.9: Symmetry boundary condition.

Integrating Eq. (5.48) twice one gets

P 3
_Elw = % + Cha + O (5.52)
. . . . dw
The two integration constants, determined from the boundary conditions w(0) = 0, P =
T{,_1
0, are ’
P
Ci=——— (Cr,=0 9.53
1 16’ 2 ( )
and the deflection line of the beam is given by
Pz, 9 l
w(z) = 48EI(3l 4z) 0<z < 5 (5.54)

The second half of the beam is the mirror reflection, by symmetry. In particular, the

l
central deflection w, = w(x = 5) is expressed by all input parameters of the beam as

_pPB
" A8EI

(5.55)

Wo

It will be helpful to remember the above formula for the rest of your professional life.

In summary, determination of deflections of statically determinate beams is much easier
than its statically indeterminate counterparts. The governing equation is of the second
order, and for symmetric problems there are only two integration constants.
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Figure 5.10: Beam under off-center point load.

5.4 Continuity Conditions, an Example

In Section 5.4 the continuity requirements were formulated, but the system of eight algebraic
equations was not solved. Here a complete solution will be presented for a beam loaded by
a point force acting at an arbitrary location x = a.

The reaction forces are calculated from moment equilibrium:

l—a
l
a
Rp = P? (5.56b)

Ro=P (5.56a)

The sum of the reaction forces is equal to P. The corresponding bending moments and

shear forces are

P(l— —
RAll — (laJ)liv P(lla/)’ 0 < xT < a
(@) Pa(l — z) () Pa (5:57)
RB(Z—:):):f, — a<x<l
The jump in the shear force across the discontinuity point z = a is
P(l— P
V]=v+-v-= (l“) - (—T“) P (5.58)

The bending moments are continuous on both sides, [M] = 0. Therefore the static conti-
nuity conditions are automatically satisfied at = a. The kinematic continuity conditions,
formulated in Eq. (5.36) require displacements and slopes to be continuous. Integrating
the governing equations (5.48) with (5.57) in two regions gives

P(l — a)z?

_Eluw' = (61“)5“ + O+ Co 0<z<a (5.59a)
Pa 1 2 3

—EIuw" = Ta(% - %) + Csx + Cy a<x<l (5.59b)

The four integration constants are found from two boundary condition and two continuity

condition
dw!

da

B dwt

== (5.60)

r=a r=a
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This gives rise to the system of four linear inhomogeneous algebraic equations for C7, Cs,

C3, and Oy
Cy=0
Pal?
g +C5l+C =0
Pba? Pa (la? a
ol + Chia = e (2— 6) + Csa + Cy
Pba? Pa 1,5
21 +C’1—l<la—2a>+03

(5.61)

A simple problem has led to a quite complex algebra. Now, you understand why the

previous example with eight unknown coefficients was only formulated but not solved. The

solution to the system (5.61) is

Pa(a? — 3al + 21?)

Gr=- 6l
Co=0
Pa(a® + 21%)
Cy=-——— "2/
’ 61
Pd?
="

and the final solution of unsymmetrically loaded beam is

Pz [a® - 3a®l — l2® + a(20* 4 2?)]

wh(z) SEIl 0<z<a
Pa(l — 24 z(—20+
w'(z) = — all ~ ) [%Ellx( 2) a<z<l

(5.62a)
(5.62b)

(5.62¢)

(5.62d)

(5.63a)

(5.63b)

One can easily check that the continuity conditions are met at x = a. The above example

teaches us that symmetry in nature and engineering not only means beauty, but also brings

simplicity.
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Lecture 6: Moderately Large Deflection Theory of
Beams

6.1 General Formulation

Compare to the classical theory of beams with infinitesimal deformation, the moderately
large deflection theory introduces changes into the strain-displacement relation and vertical
equilibrium, but leaves the constitutive equation and horizontal equilibrium unchanged.
The kinematical relation, Eq. (2.68) acquires now a new term due to finite rotations of
beam element.

€ = % + % (?;})2 — new term (6.1)
The definition of curvature has also a nonlinear rotation term
Q2w
K=— dz” (6.2)

3/2

dw\?
1 -
: du :

The square of the slope can be large, as compared with the term — and must be retained

x
in Eq. (6.1). At the same time the square of the slope (beam rotation) are small compared
to unity. Why? This is explained in Fig. (6.1), where the square of the slope is plotted
against the slope.

8 [rad]

Figure 6.1: The significance of the square of the slope term.

At 0 = 1 rad = 57 degrees the two terms in the denominator of Eq. (6.2) are equal.
However, the theory of moderately large deflections are valid up to 6 = 10° ~ 0.175 rad.
The term 62 amounts to 0.03, which is negligible compared to unity. Therefore the curvature
is defined in the same way as in the theory of small deflections

d?w

K=——
dz?

(6.3)
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It was shown in Lecture 3 that the equation of equilibrium in the horizontal direction is
not affected by the finite rotation. Therefore, we infer from Eq. (3.77) that the axial force
is either constant or zero

N = constant (6.4)

The vertical equilibrium, given by Eq. (3.79) has a new nonlinear term

- term
M [ dw] Y (65)
— +|N— =0 :
dz? * da? +d
Finally, the elasticity law is unaffected by finite rotation
N = EA¢e° (6.6a)
M = FElk (6.6b)

The solution to the coupled problem depends on the boundary conditions in the hori-
zontal direction. Referring to Fig. 5.1, two cases must be considered:

e Case 1, beam free to slide, N =0, u # 0.

e Case 2, beam fixed, u =0, N # 0.

6.2 Solution for a Beam on Roller Support

Consider first case 1. From the constitutive equation, zero axial force beams that there is
no extension of the beam axis, €© = 0. Then, from Eq. (6.1)

du 1 /dw\?

(== (6.7)
dz 2 \ dx

At the same time, the nonlinear term in the vertical equilibrium vanishes and the beam

response is governed by the linear differential equation

d*w

which is identical to the one derived for the infinitesimal deflections. As an example, consider
the pin-pin supported beam under mid-span point load. From Egqs. (5.54) and (5.55), the
deflection profile is

w(z) = w, {3“}” 4 (?ﬂ (6.9)

and the slope is
dw  w, T\ 2
— o [3 12 (7) ] (6.10)
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where w, is the central deflection of the beam. Now, Eq. (6.7) can be used to calculate
relative horizontal displacement Aw. Integrating Eq. (6.7) in the limits (0,1) gives

l 1 2
du l 1 /dw
— — —_ = Au=— == A1
/0 o dz =u u(l) —u(0) U /0 5 (dx) dx (6.11)

The result of the integration is
2

Au ~ 7% (6.12)

In order to get a physical sense of the above result, the vertical and horizontal displace-
ments are normalized by the thickness h of the beam

Ah“ - l/7h (%)2 (6.13)

l

For a beam with 7= 21, the result

(%)2 (6.14)

is ploted in Fig. (6.2).

Au
h
30
Au
. > [
=== |
FANSSE N L e @)
8
Wy
0 h

Figure 6.2: Sliding of a beam from the roller support.

It is seen that the amount of sliding in the horizontal direction can be very large com-
pared to the thickness.

To summarize the results, the roller supported beam can be treated as a classical beam
even though the displacements and rotations are large (moderate). The solution of the
linear differential equation can then be used a posteriori to determine the magnitude of
sliding. The analysis of fully restrained beam is much more interesting and difficult. This
is the subject of the next section.
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6.3 Solution for a Beam with Fixed Axial Displacements

The problem is solved under the assumption of simply-supported end condition, and the
line load is distributed accordingly to the cosine function.The beam is restrained in the
axial direction. There is a considerable strengthening effect of the beam response due to
finite rotations of beam elements. The axial force N (non-zero this time) is calculated from

Eq. (6.6) with Eq. (6.1)
du 1 [dw)?
—+ - 1
d$+2<dx>] (6.15)

From Eq. (6.4) we know that N is constant but unknown. In order to make use of the

N=FA

kinematic boundary conditions, let us integrate both sides of Eq. (6.15) with respect to z

Nl "1 (dw)?
Using the boundary conditions for u, the axial force is related to the square of the slope by
NI 1t dw)?
i =1 d 1
EA 2 /0 <dm) ’ (6.17)

In order to determine the deflected shape of the beam, consider the equilibrium in the
vertical direction given by Eq. (6.5)

d*w dZw

—FEl— + N——
da? + da?

+q=0 (6.18)

Dividing both sides by (—E1I) one gets

dw 2w g, T
— = ——CO0S — 1
drt " da? T EIT (6.19)

where

N
- EI
The roots of the characteristic equations are 0, 0, £\. Therefore the general solution of the

22 (6.20)

homogeneous equation is
wg = Cy + C1z 4 Co cosh Az 4 C3sinh Az (6.21)

As the particular solution of the inhomogeneous equation we can try

wp(z) = C cos Wli (6.22a)
d%w, w2 T

Ep R —l—2C' cos —- (6.22b)
d*w, 7t T

- l—40 cos —~ (6.22¢)
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Substituting the above solution to the governing equation (6.18) one gets
4 2
™ 9T P, T
The above solution satisfy the differentia equation if the amplitude C is related to input
parameters and the unknown tension N
3
C = Bl - Qo (6.24)

O AT )

The general solution of Eq. (6.18) is a sum of the particular solution of the inhomogeneous

equation wy and general solution of the homogeneous equation, wg
w(x) = wg + wp (6.25)

There are five unknowns, C,, C1, Cy, C3 and N and five equations. Four boundary
conditions for the transverse deflections
d?w l

;=0 at z==+; (6.26)

w=0 = 5

and equation (6.17) relating the horizontal and vertical response. The determination of the
integration constants is straightforward. Note that the problem is symmetric. Therefore the
solution should be an even function! of . The terms C;z and C3sinh Az are odd functions.

Therefore the respective coefficients should vanish

C,=C35=0 (6.27)

w(z) = C, 4+ Cy cosh A\x + C cos % (6.28)

The remaining two coefficients are determined only from the boundary conditions at one
side of the beam
_ Al
w(x—i)—() - C’o—i—CgcoshE:O

d?w (6.29)
- — Al
dz2 . 0 = Cy)\? cosh 5 = 0

=3
The solution of the above system is
Co=0C2=0 (6.30)

The slope of the deflection curve, calculated from Eq. (6.28) is

dw T .
a = —CT S1n T (631)

'The function is even when f(—A) = f(A). The function is odd when f(—A) = —f(A).

6-5



Structural Mechanics 2.080 Lecture 6 Semester Yr

Expressing N in terms of z in Eq. (6.17) gives

A2 Cf) = ;/Ol <‘:;’>2dx (6.32)

Combining the above two equations one gets

1l 1/ Crm A
2 (48) _ 2 T s T
A ( ) = 2/0 ( ] sin ] ) dz (6.33)

or after integration

NIl 1 5 m\21
S )y 2 .34
1 (7) 3 (6:30
Recalling the definition of A, the membrane force N becomes a quadratic function of
the deflection amplitude
EA 2
N ==2c G) (6.35)

The membrane force can be eliminated between Eqs. (6.24) and (6.35) to give the cubic
equation for the deflection amplitude C

crosd o (1Y (6.36)

41  EI \ 7 ’
To get a better sense of the contribution of various terms, consider a beam of the square
cross-section h x h, for which

h A 12
=" A=p2 = =2 6.37
12’ "I h? ( )
S - . . . C
Also, the ventral deflection is dimensionalized with respect to the beam thickness w, = N
3 4o l 4
5y + 3wd = ( ) L 6.38
Wo k5o =\ Ty, (m) (6.38)

The present solution is exact and involves all information about the material (F), load
intensity (¢,), length (1) and cross-sectional dimension. The distribution of line load and
boundary conditions are reflected in the specific numerical coefficients in the respective
terms.

In order to get a physical insight about the contributions of all terms in the above
solution, consider two limiting cases:

d
(i) Pure bending solution for which N d—w =0.
x

(ii) Pure membrane (string, cable) solution with zero flexural resistance (bending rigidity,
EI —0).
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(i) The bending solution is obtained by dropping the cubic term in Egs. (6.36) or (6.38)

gl* 1

o
EI 74

(6.39)

where the coefficient 7 = 97.4. this result for the sinusoidal distribution of the line
load should be compared with the uniform line load (coefficient 77) and point load
(coefficient 48).

(ii) The membrane solution is recovered by neglecting the first linear term

gl* 4

Cc3 = —
EI 74

(6.40)

The plot of the full bending/membrane solution and two limiting cases is shown in

Fig. (6.3).

e , Bending/membrane solution
Eh ;
/s Pure membrane

Ve Pure bending

=0

=)
Q
Il

Figure 6.3: Comparison of a bending and membrane solution for a beam.

The question is at which magnitude of the central deflection relative to the beam thick-
ness the non-dimensional load ;—Oh is the same. This is the intersection of the straight line
with the third order parabola. By eliminating the load parameter between Eqgs. (6.39) and
(6.40) one gets
Al 4p*A
A A

where p is the radius of gyration of the cross-section. For a square cross-section

1 h4 h
=20 =2/ - =9/ —— = —_ =~(0.58h 6.42
C=2 \/; Vignz = 5~ 0% (642

It is concluded that the transition from bending to membrane action occurs quite early

C? = 4p* (6.41)

in the beam response. As a rule of thumb, the bending solution in the beam restrained from
axial motion is restricted to deflections equal to half of the beam thickness. If deflections
are larger, the membrane response dominate. For example, if beam deflection reaches three
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thicknesses, the contribution of bending and membrane action is 3:81. In the upper limit
of the applicability of the theory of moderately large deflection of beams C' =2 10h, the
contribution of bending resistance is only 0.3% of the membrane strength.

The rapid transition from bending to membrane action is only present for axially re-
strained beams. If the beam is free to slide in the axial direction, no membrane resistance
is developed and load is always linearly related to deflections.

The above elegant closed-form solution was obtained for the particular sinusoidal distri-
bution of line load, which coincide with the deflected shape of the beam. For an arbitrary
loading, only approximate solutions could be derived. One of such solution method, appli-
cable to the broad class of non linear problems for plates and shells is called the Galerkin
method.

6.4 Galerkin Method of Solving Non-linear Differential Equa-
tion

Beris Galerkin, a Russian scientist, mathematician and engineer was active in the first forty
ears of the 20" century. He is an example of a university professor who applied methods
of structural mechanics to solve engineering problems. At that time (World War I), the
unsolved problem was moderately large deflections of plates. In 1915, he developed an
approximate method of solving the above problem and by doing it made an important and
everlasting contribution to mechanics.

The theoretical foundation of the Galerkin method goes back to the Principle of Virtual
Work. We will illustrate his idea on the example of the moderately large theory of beams.
If we go back to Lecture 3 and follow the derivation of the equations of equilibrium from the
variational principle, the so called “weak” form of the equilibrium is given by Eq. (3.54).
Adding the non-linear term representing the contribution of finite rotations, this equation
can be re-written as

/OZ(M" + Nw” + g)dwdz + /Ol N'§udzx + Boundary terms (6.43)

where
M = —EIu" (6.44a)
N = EA[W + %(w')Z} (6.44b)

From the weak (global) equilibrium one can derive the strong (local) equilibrium by
considering an infinite class of variations. But, what happens if, instead of a “class”, we
consider only one specific variation (shape) that satisfies kinematic boundary conditions?
The equilibrium will be violated locally, but can be satisfied globally in average

l
/ [—EIwN +FEA (u/ + %(w/)2w” + q>} dwdz =0 (6.45)
0

6-8



Structural Mechanics 2.080 Lecture 6 Semester Yr

Consider the example of a simply supported beam, restrained from axial motion. The
exact solution of this problem fro the sinusoidal distribution of load was given in the previous
section. Assume now that the same beam is loaded by a uniform line load ¢(z) = ¢. No
exact solution of this problem exists.

Let’s solve this problem approximately by means of the Galerkin method. As a trial
approximate deflected shape, we take the same shape that was found as a particular solution
of the full equation

w(z) = C'sin WT:B (6.46a)

dw(xz) = 0C sin TFTm (6.46b)

With the condition of ends fixity in the axial direction, u = v’ = 0, and Eq. (6.45) yields

: EA
50/ [—Elww + T(w')Qw” + ¢/ sin Wl—xdx =0 (6.47)
0

Evaluating the derivatives and integrating, the following expression is obtained

l 1C3A a2
PREY CEI(%)inw

=0 (6.48)

c w
After re-arranging, the dimensionless deflection amplitude 5w = f is related to the re-

w, |3 (wo)3 q1)48 N
2 = (=)= (= A4
h+2<h) (Eh 7T5<h (6.49)
The above cubic equation has a simple solution.

Let’s discuss the two limiting cases. Without the non-linear term, Eq. (6.49) predicts
the following deflection of the beam under pure bending action for the square section

4
Yo _ () 8l 6.50
h Eh/) w \ h (6.50)
6
In the exact solution of the same problem, the numerical coefficient is — = —, which is

384 6.4’
1
only 1.5% smaller than the present approximate solution 5= g3’ If on the other hand
0 }

the flexural resistance is small, ET — 0, the first term in Eq. (6.49) vanishes giving a cubic

(L) =2 () (1) 0351

There is no closed-form solution for the pure membrane response of the beam under uniform

maining

load-deflection relation

pressure. However, the present prediction compares favorably with the Eq. (6.40) for the
moderately large deflection, if the total load under the uniform and sinusoidal pressure is

the same
21

l
P=ql= qo/ sin Lz = Go— (6.52)
0 l s
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2
Replacing ¢; by —gq,, the pure membrane solution takes the final form
T

wo\3 6.4/ q, 1\*
— ) == =) | = 6.53
(5 =% () (3) (6.5
One can see that not only the dimensionless form of the exact and approximate solutions

are identical, but also the coefficient 6.4 in Eq. (6.53) is of the same order as the coefficient
4 in Eq. (6.41).

6.5 Generalization to Arbitrary Non-linear Problems in Plates
and Shells

The previous section felt with the application of the Galerkin method to solve the non-linear
ordinary differential equation for the bending/membrane response of beams. Galerkin name
is forever attached to the analytical or numerical solution of partial differential equation,
such as describing response of plates and shells. In the literature you will often encounter
such expression as Galerkin-Bubnov method, Petrov-Galerkin method, the discontinuous
Galerkin method or the weighted residual method. The essence of this method is sketched
below.

Denote by F(w,x) the non-linear operator (the left hand side of the partial differential
equation) is defined over a certain fixed domain in the 2-D space S. Now, a distinction is
made between the exact solution w*(x) and the approximate solution w(x). The approxi-
mate solution is often referred to as a trial function. The exact solution makes the operator
F' to vanish

Fw*,x)=0 (6.54)

The approximate solution does not satisfy exactly the governing equation, so instead of
zero, there is a residue on the right hand of the Eq. (6.55)

F(w,z) = R(x) (6.55)

The residue can be positive over part of S and negative elsewhere. If so, we can impose a
weaker condition that the residue will become zero “in average” over S, when multiplied by
a weighting function w(x)

/ R(z)w(x)dS =0 (6.56)
S

Mathematically we say that these two functions are orthogonal. In general, there are also
boundary terms in the Galerkin formulation. For example, in the theory of moderately
large deflection of plates, Eq. (6.56) takes the form

/ (DV*w — Nygw o5)wdS =0 (6.57)
S
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The counterpart of Eq. (6.57) in the theory of moderately large deflection of beams is Eq.
(6.47) which was solved in the previous section of the notes. The solution of partial differ-
ential equations for both linear and non-linear problems is extensively covered in textbooks
on the finite element method and therefore will not be covered here.
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Lecture 7: Bending Response of Plates and
Optimum Design

7.1 Beam Deflection Equation

The three group of equations for the plate bending problem, formulated in Lecture 2, 3 and
4 are:

Geometry Ko = —W ap (7.1)
Equilibrium Muogap+p=0
Elasticity law Mg = D[(1 — V)kapg + VEyy0ag] (7.3)

Eliminating k,g between Eqs. (7.1) and (7.2)
Mys = D[(1 = v)w o + VW y0as] (7.4)

and substituting the result into Eq. (7.3) gives

D[(1 = v)w,ap + vwyy0aslap +p =0 (7.5)
The second term in the brackets is non-zero only when o« = 8. Therefore Eq. (7.4) trans-
forms to
Dw gappl—1+v—v]+p=0 (7.6)
or finally
Dw pops =p (7.7)

Introducing the definition of Laplacian V? and bi-Laplacian V4 in the rectangular co-
ordinate system,

0? 0?
T o2 oy

an alternative form of Eq. (7.6) is

v? vt = v2v? (7.8)
DV*w =p (7.9)

This is a linear inhomogeneous differential equation of the fourth order. The boundary
conditions in the local coordinate system were given by Eq. (3.84).
A separate set of equations must be stetted for the in-plane response of the plate

1
Geometry €op = 5( a8 T Usa) (7.10)
Equilibrium  Nygg =0 (7.11)
Elasticity Nag = C[(1 = v)eg 5 + Ve, 0ap] (7.12)
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Eliminating the strains 626 and membrane force N,z between the above system, one gets
two coupled partial differential equations of the second order for uq (u1, ug).

(1- I/)uaﬁg +(1+ V)UB,QB =0 (7.13)

Such system is seldom solved, because in practical application constant membrane forces
are considered.

In either case the in-plane and out-of-plane response of plates is uncoupled in the classi-
cal, infinitesimal bending theory of plates. These two system are coupled through the finite
rotation term N,gw 3. The extended governing equation in the theory of moderately large
deflection is

DV*w + Nygw o5 =0 (7.14)

The above equation will be re-derived and solved for few typical loading cases in Lecture
10. The analysis of the differential equation (7.9) in the classical bending theory of plates
along with exemplary solutions can be found in the lecture notes of the course 2.081 plates
and shells. In this section we will look into the bending problem of circular plates, which is
governed by the linear ordinary differential equation.

7.2 Deflections of Circular Plates

The governing equation (7.9) still holds but the Laplace operator V? should now be defined
in the polar coordinate system (r, 6)

_OQw 18710 1 &%w

2 P J— ——
vw_6r2+r8r+r2892

(7.15)

In the circular plate subjected to axi-symmetric loading p = p(r), the third term in Eq.
(7.15) vanishes and the Laplace operator can be put in the form

Viw=— + = " (7.16)

Ow 10w _1d ( du
orZ2  ror rdr

With the above definition, the plate bending equation becomes

L Ea L ()

and the solution is obtained by four successive integration

w(r) = /:,/T/i/rpg) drdrdrdr (7.18)

Assuming a uniform loading of the intensity p,, the above integration can be easily per-

formed to give
por4
64D

UJ(T) =Cilnr+ CQT2 + 037“2 Inr+ Cy + (7.19)
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As an illustration, consider clamped boundary conditions:

d
at r =R wzoandd—w:() (7.20a)
T
d _
atr =0 d—wzoandVr:O (7.20b)
T

where the shear force (per unit length), acting on a plate element at a distance r is

1 T Dol
Vo=—— | po2rrdr=-—
omr J, Lo 2

(7.21)

The two terms in Eq. (7.19) involving logarithms tend to infinity at » — 0. Therefore, in
order for the solution to give finite values of deflections at the center, C; = C3 = 0. Now,

the expression for the slope is
dw Por>
— =2C!
& T sD

Now, the boundary conditions at r = 0 are satisfied identically. From two boundary condi-

(7.22)

tions at r = R, one finds the integration constants

_poR2 _ poR4
32D’ 47 64D

The final form of the solution for the plate deflection is

Cy =

(7.23)

w(r) = %‘ﬁ; [1 - (;)T (7.24)

For comparison, the solution for the simply supported plate will be derived. The bound-

ary conditions are mixed so the moment-curvature relation must be used

dZw 1dw
M, — = 7.25
D[dr2+yrdr] ( 2)
1dw d%w
Myg=D |-— —_— 7.25b
0 [r dr Vdﬂ] ( )

where the definition of moments in the cylindrical coordinate system was used. At the plate
edge
w=0and M, =0 atr=R (7.26)

From Egs. (7.19), (7.25) and (7.26), the system of two algebraic equations for Cy and
Cy is obtained, where solution is

PR3+ v o pRS4

= = 2
C=—%pivy “Tepiry (7.27)
The formula for the plate deflection is
pR* (7‘)4 (r 23+v  5+4v
=—— (=) —2(= .28
w(r) 64D[R R) +v T 140 (7.:28)
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The ratio of the maximum deflection of the simply supported and clamped plate at » = 0
is

Wsimplysupported S+v

= ~ 7.29
Wclamped 1+v ( )
It is interesting that a similar ratio for beams is exactly 5.
PpoR?
64D A
Clamped
1 Simply supported
' > W,
1 4

Figure 7.1: Clamped plate is four times stiffer than the simply supported circular plate.

The clamped circular plate can leave at a prototype of the whole family of similar plates.

It is therefore of interest to explore the properties of the above solution further. From Eq.
(7.24) the radial and circumferential curvatures are:

__@_pORZ 1_37742
= T2 T 16D R?

ldw  p,R? r?

From the constitutive equations, the radial and circumferential bending moments are

R2
M, = D[k, + vkg| + Po

! [(1 Fv) = (3+) (;)1 (7.31a)

(7.30a)

My = Dlrg + vi,] + pollf [(1 +v) — (1+3v) (;)2] (7.31b)
At the plate center, by symmetry
M, = My = (1 + U)p0116%2 (7.32)
Another extreme value occurs at the clamped edge
M, — Po R’ My — Pl

5 at r =R (7.33)
By comparing Eqgs. (7.32) and (7.33), it is seen that the maximum bending moment occurs
at the edge r = R. From the stress formula, Eq. (4.92)

M,z

3 (R\?
loyr| = h3/12 ot —poz <h> (7.34)
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At the same time, the circumferential bending moment at r = R is

Myz 1 (R\?
o, , 0y
poR2 poR2
YD) Base for T
clamped edge Y, T
I ol 02 o4 SN0 <R
b 3po R?
o P a2
Base for simply supported edge E

Figure 7.2: Variation of radial and circumferential stresses along the radius of the plate.

7.3 Equivalence of Square and Circular Plates

In the section of Lecture 7 on stiffened plates, the analogy between the response of circular
and square plates was exploit to demonstrate the effectiveness of stiffeners. It was stated
that stiffness of these two types of plates are similar if the arial surface was identical. We
are now in the position to assess accuracy of the the earlier assertion.
Consider a clamped square plate 2a x 2a, uniformly loaded by the pressure p,. The total
potential energy of the system II is
= 12)/5 (k2 + mf/) +2(1 — v)kg] ds — /S—qow ds (7.36)

It can be shown (Shames & Dign 1985) that for the fully clamped boundary conditions, the
integral of the Gaussian curvature kg vanishes. The expression for II simplifies to

D a ade d2w a a
I== -+ ——| dedy — a® dzd 7.37
B A ER Y A T T

For simplicity only one quarter of the plate is considered with the origin at the plate
center. As a trial deflection shape, we assume

w(z,y) = C(z* — a®)*(y* — a®)? (7.38a)
i—: = C2(2® — a®)2z(y? — a?)? (7.38b)
((1;; = C’(a:2 — c12)22(y2 — a2)2y (7.38¢)
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It is seen that both the deflections and slopes are zero at the clamped boundary. Further-
more, the slopes at the plate center x = y = 0 vanishes, as they should due to symmetry.
The maximum amplitude is at center and is equal to Ca® = w,. Thus, the kinematic
boundary conditions are satisfied identically for any value of the unknown constant C'.
Substituting the expression (7.38) into Eq. (7.37) and performing integration yields

I1 = 9a*DC? — 0.384¢,C (7.39)

According to the Ritz method, equilibrium is maintained if

ot
Ol = 2560 =0 (7.40)

This means that for a given load intensity and the assumed normalized shape function, the
true deflection amplitude is chosen by the condition

il
56 =0 or 18a*DC — 0.383¢, = 0 (7.41)

Having found the amplitude C, the load-displacement relation of the square plate becomes

4

Dot
_ 42
Yo ="17D (7.42)

The corresponding solution for the clamped circular plate is

_ poR*
Wo = "5 (7.43)
4 4
The stiffnesses of both plates are identical if a1 or if a = 0.92R. The area equivalence

4a®> = mR? gives a similar result a = 0.88R. For simplicity in the qualitative analysis
throughout the present lecture notes one can approximately assume a = R. The difference
between the exact and approximate solution from the area and stiffness equivalence does
exist, but it is small. It is interesting that the approximate solution obtained by the Ritz
method is very close to the exact series solution where the coefficient 47 in Eq. (7.42) should
be replaced by 49.5.

7.4 Design Concept for Plates

The plates loaded in the transverse direction can be design for:
e Stiffness
e Strength(yielding or plastic collapse)
e fracture
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Plastic collapse and fracture of ductile materials will be covered in separate lectures.
Stiffness is a global property of the plate and is the ratio of force to displacement. For a
uniformly loaded plate the stiffness is defined as

TR%p,

K= 7.44
- (7.44)
For the clamped plate with v = 0.3
h3 [N
K=185=— |— 4
8.5 72 [m] (7.45)

Stiffness can be controlled by choosing a suitable material (E), thickness (h) and distance
between support (R). The boundary conditions enter through the numerical coefficient. The
concept of optimum design includes the weight and cost of a given structure. Leaving the
complex issue of cost, the wight can be easily included by calculating stiffness per unit
weight. The wight of the circular plate W = mR?p, so the stiffness per unit weight is

K 7"-Rgpo Po

K —_—_— = s -4
W wR2pw, pw, (7.46)

In the case of a clamped plate

K =438

K = 4. fg[ N ] (7.47)

mKg
The dependance of K and K on h and R is different. While the stiffness favors thicker

plates, the stiffness per unit weight increases faster with a large radius. The effect of the
ratio £//p can be shown on the example of steel and aluminum plates, see Table (7.1).

Table 7.1: Basic properties of steel and aluminum

E[GPa] | plg/cm®] | E/p
Steel 2.1 7.8 3.7
Al | 08 28 | 35

Aluminum alloys seem much lighter but they lose elasticity modulus in the same pro-
portion. It is seen that there are not much gain in the stiffness per unit weight by replacing
steel by aluminum. So, what else could be done to increase plate stiffness? The answer is:

e Sandwich plates

e Stiffened plates
Each of the above concept is studied separately.
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Figure 7.3: There are two materials and three different thicknesses in sandwich plates.

7.5 Sandwich Plates

Sandwich plates are composed of face sheets and a lightweight core, Fig. (7.3).

The core is transmitting shear stresses while the face plates are working mostly in
tension or compression. Typical materials for a core are polyuritine foam, Aluminum foam,
aluminum or nomex honeycombs, polymeric material of various kinds etc. In many steel
structures, there is a discrete core made of corrugated sheets welded stiffeners of different
topologies or truss structures. Pictures of some typical core materials and sandwich sets
are shown in Fig. (7.4).

In order to determine the bending and axial stiffness of the sandwich plate, we must
revisit the definition of bending moment. For cylindrical bending,

H

M., = /azdz :/2 oczdz + ofhH (7.48a)
_H
%2

Ny, = /adz = / L Oc dz + 20¢h (7.48b)
-7

The Young’s modulus of the core material is usually two orders of magnitude smaller than
that of the face plates, so of > o.. Neglecting the first term in Eq. (7.48) and extending
the above definitions to plates, the bending moments and axial forces are
Mag = O’ath (7.493,)
Nopg = 20,5h (7.49b)
where 0,3 is related to the face plate strain by the plane stress elasticity law, Eqs. (4.54-

4.56).
The Love-Kirchhoff hypothesis is still valid so the strains in the face plates are

H
€ap = Egﬁ + 5:‘4‘/0{5 (750)

where the “+” sign apply to the tensile and compressive side of the panel. The resulting

moment-curvature relations become

Mg = Ds[(1 — v)kag + VEyy0as] (7.51a)
Nop = Cs[(1 — v)egp + veyydag) (7.51b)
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where the bending and axial rigidities of the sandwich plates are

EhH? 0 EhH

Dzi‘ = —
(-2 T 12

(7.52)

Now, there is more room for the optimum design, because instead of a thickness of a
monolithic plate, we have two geometrical parameter to play with. Replacing the bending
rigidity D of the monolithic plate by Eq. (7.52), the bending stiffness of the circular

sandwich plate become
hH?

Assuming the mass density of the core to be two orders of magnitude smaller than the face
plate, the total wight of the sandwich plate is

W, = nR*2hp (7.54)

Then, the formula for the bending stiffness per unit weight is

Ks=35

E HQ{ N ] (7.55)

p R* |mKg

Two observations can be made. First, K, is independent on the thickness of face-plates.
Secondly, the stiffness per unit weight increases parabolically with the core thickness H.
Does it mean that one can make Ky as large as desired by increasing H? This is too good
to be true. With increasing H, the sandwich plate may fail in either of the three failure
modes:

(i) Yielding or fracture of face plate on the tensile side;

(ii) Face plate buckling on the compressive side;

(iii) Delamination due to excessive shear.
None of these failure modes are present in monolithic plates. It can be concluded that
sandwich plates bring substantial improvements in the bending stiffness but at the same
time introduces new unwanted features. Fracture, buckling and shear stresses will be the
subject of subsequent lecture. But even at this point we can say that optimization of
sandwich plates are possible by determining the maximum core thickness Hp slightly less
than that causing one of the above failure modes.

7.6 Stiffened Plates

Another way of light weighting plates is to provide a system of uni-directional or orthogonal
stiffeners. As opposed to sandwich structures which are symmetric, stiffened plates are
asymmetric with the neutral axis positioned usually outside the profile of the plate. A
stiffened plates consists of a system of beams interacting with a uniform thickness plate.
Photos of typical stiffened plates used in civil engineering, ship buildings and other segment
of the economy are shown in Fig. (7.5).
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© sources unknown. All rights reserved. This content is excluded from our Creative
Commons license. For more information, see http://ocw.mit.edu/help/fag-fair-use/.

Figure 7.4: Pictures of foam-filled and honeycomb core sandwich plates and panels with

some applications.
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© sources unknown. All rights reserved. This content is excluded from our Creative
Commons license. For more information, see http://ocw.mit.edu/help/faq-fair-use/.

Figure 7.5: Stiffened panels are fundamental building blocks of modern structures.
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*‘//‘ Hfék L

| 2a |

Figure 7.6: Geometry of the stiffened plate.

To illustrate the response of stiffened plates to transverse loads consider an example of
a simply supported plate stiffened by two cross-beams, Fig. (7.6).

The structure is loaded by a point force P at the center. For simplicity, shown is the
simplest flat bar stiffener but the analysis is valid for any beam defined by the moment
of inertia I. Can we determine the stiffness of the system using our existing knowledge of
beams and plates? Let’s see.

The solution for the beam problem is

x 2
w(z) = ’wET [3 —4 (T> } (7.56a)
PbP3
Yo = 8EI

where | = 2a is the length of the stiffener. The solution for the circular plate under the

(7.56b)

concentrated point load is given by Eq. (7.28)

2 2

@ wug) - [2 (2) 1n£ + i’iz (1 - (2) >] (7.57a)
pPa?
167D
Here the analogy between the response of a circular and square plate was used with a ~ R.

The comparison of the deflected shapes of the beam and the plate is shown in Fig. (7.7).
This means that in terms of vertical deflections w the beam shape fits on the deform plate.
What about the horizontal displacements? This is shown in Fig. (7.8). The beam and
the plate deform separately and there is an incompatibility of the displacement u. This

w (7.57b)

SS
Il

corresponds to the situation that both components are not connected, with sliding allowed.
Should sliding be prevented, for example by welding, the neutral axis of the plate-beam
combination will be shifted. Therefore the actual stiffness of the welded stiffen structure
will be greater than simply adding their individual contributions. The present model will
give only the lower bound. Let’s calculate the lower bound stiffness of the system.

The almost perfect compatibility of the vertical displacement, shown in Fig. (7.7),
means that we are dealing with two linear springs in parallel, Fig. (7.9). The total resisting

force is the sum of individual components, while the displacements are the same
P=P,+P,; w’=wd=uw, (7.58)

o —
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Tor X
a /2

Figure 7.7: Normalized deflected shapes of a beam and a plate is very similar.

l

Au

Figure 7.8: The length of the bent plate is the same as the beam axes. Relative displacement
at the interface is denoted by Aw.

From Egs. (7.56) and (7.57) one gets

167D  6FE1

PP pr

Figure 7.9: Two spring in series.

If we assume for simplicity that the flat bar stiffener is of the same thickness as the
plate, b = h, then Eq. (7.59) simplifies to

Q)] e
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To get a feel, the plate and beam will equally contribute to the stiffen of the system if

(2=

For a typical plate with span to thickness ratio a/h = 30, the hight of the stiffener is
H = 0.2a. How good the above lower bound solution is? This is a difficult question to
which no general and simple solution can be derived.

It is helpful to distinguish three limiting cases shown in Fig. (7.10). A very substantial
and sparsely positioned stiffeners acts as an almost rigid clamped support to the plate, case
(a). Light and densely distributed stiffeners, case (c), deform together with the plate. there
is one deflection line and stiffeners contribute to the bending stiffness of the plate. The
case (b) is a combination of the above two extreme cases. Cases (a) and (c) will be studied

below.
@ ® ©
T e 5
H
D D i i

T e —

Figure 7.10: Heavy, intermediate and light stiffeners.

7.7 Plates versus Grillages

Case (a). Two heavy stiffeners are subdividing the square plate shown in Fig. (7.6) into four
smaller square plates. An example of this type of design is the “hungry horse” deformation
pattern of the ship hall, shown in Fig. (7.5b).

The point load is still applied at the intersection of both beams. The solution given by
Eq. (7.59) is still valid but now the beam stiffness is much higher than the plate bending
stiffness, and the first term in Eq. (7.59) can be neglected. The solution of two intersecting
beam, each carrying half of the load is exact. The stiffness of the beam system is

P 12EI  EbH?

K‘two beams — ’UTO o3 o3 (762)
while the plate stiffness from Eq. (7.57) is
167D 167Eh®  1+v
K‘plate = a2 = (763)

C 12a2(1 —v2) 34 v
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Two intersecting beams form the simplest grillage

The question is which of the two types of structures, plates or grillages are more weight
efficient? So, let’s keep the volume of both types of structures the same and compare their

stiffnesses.
Vplate = Voeam — ah =bH (764)

The ratio of stiffnesses, keeping the volume (weight) the same is

Kbeams b (H s H 2
=06-|—) =06|— 7.65
Kplatc a ( h ) ( h ) ( )

The stiffness of grillage is the same as that of the plate if H = 1.25h. Stiffeners alone or

their assemblages into a grillage can thus transmit considerable concentrated loads. They
cannot resist distributed pressure. For that purpose plates or stiffened plates must be used.

7.8 The Concept of Equivalent Thickness

Densely spaced and weak stiffeners follow the deflection line of the plate to which they are
attached. The main load-resisting mechanism is plate bending with an additional contri-
bution of stiffeners. The solution for the plate is still valid but the plate thickness must
be increased to form an equivalent thickness heq. In plate bending problem the equivalence
should be based on equal moment of inertia of two structures, Fig. (7.11).

H feq
: = izl
| 2 | | 2 |

Figure 7.11: Geometry of plate/beam combination and the equivalent thickness plate.

The integrated beam/stiffener system is bending about the common bending axis. The
equivalent plate is bending about the middle plane axis. The bending axis of any beam is
defined by vanishing the first moment of inertia of the cross-section

Q—/Asz—O (7.66)

For simplicity, the flat bar stiffener is considered. The position of the neutral axis,
normalized with respect to the plate thickness, is related to the remaining parameters of

1—26)2 (7.67)

the problem by
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The plot of the function 7/h versus the normalized hight of the stiffener H/h for several
values of the plate-to-stiffener aspect ratio a/b is shown in Fig. (7.12). In the limiting case
of no stiffener, H = 0 and the position of the neutral axis is at the middle axis of the plate.

n
h
H
I 1 I I 44
0 0 &
-0.5r a _ 40 b
b "1
1.0 25 "
1.5F 20 hy |
' 15 P‘
20k | 2a |
10 ) 1

Figure 7.12: Neutral axis of the plate/beam combination moves from the plate center
towards the original axis of the beam.

The moment of inertia of the plate/beam combination and the equivalent plate are,

respectively
2 b
I = ga [(hi% — 3h2n + 3hn?) + %(H?’ +3H%n+ 3H772)} (7.68a)
2a 3
Ioq = Tl (7.68b)

By equating the respective moments of inertia, the equivalent plate thickness, normalized
by the thickness of the un-stiffened plate is

(=) = o [r-ma ()] |(D) +s () 2ok ]} oo

The plot of heq/h versus H/h for several values of the a/b ratios is given in Fig. (7.13).

H
The growth of plate stiffness, according to Eq. (7.69), is parabolic with respect to T

At the same time the increase in weight (volume) of the orthogonally stiffened plate is linear

Veq b H
—14-= :
=1t (7.70)

Therefore the stiffness per unit weight will still be an increasing function of the height of
the stiffeners.

The next question is what should be the height H and spacing of stiffeners to fall under
the category (c) of light stiffeners. This question can be answered by explaining the concept
of the shear lag.
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Figure 7.13: The equivalent thickness growth rapidly with the height of the stiffener.

7.9 Shear Lag

The question is how to remove the incompatibility of in-plane displacements between the
beam and plate, shown in Fig. (7.8). Let’s magnify this figure to see what is happening at
the edge.

) ~.Beam axis

==
~.

Plate axis Plate stretched

Figure 7.14: Incompatible and compatible interface between beam (stiffener) and plate.

In Fig. (7.14a), the beam and the plate are bent separately about their respective
bending axes. One way of making the incompatible edge displacement to vanish, Au = 0,
would be to stretch the plate to match the tensile side of the beam. This will entail
considerable in-plane sheer stresses and strain on both sides of the foot of stiffener.

The finite region of the plate subjected to large in-plane shear is called the “effective
breath”. Most of literature dealing with bending of stiffened plates took the approach called
the shear lag. This approach is based on the continuity of shear forces and stresses at the
beam/plate interface. The determination of the effective breadth falls behind the scope of
the present lecture notes.
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Effective breath

2s b

Figure 7.15: In-plane shear induced by the stiffener is restricted to an immediate vicinity
of the stiffener.
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Lecture 8: Energy Methods in Elasticity

The energy methods provide a powerful tool for deriving exact and approximate solutions
to many structural problems.

8.1 The Concept of Potential Energy
From high school physics you must recall two equations

1
E = §M1)2 kinematic energy (8.1a)
W =mgH potential energy (8.1b)

where H is the hight of a mass m from a certain reference level H,, and ¢ stands for the
earth acceleration. The reference level could be the center of the earth, the sea level or any
surface from which H is measured.

m

A%F—mg ///////////i
Tx
B\ T H, ‘@*‘
F

[TT 7777777777777

Figure 8.1: Gravitational potential energy.
We seldom measure H from the center of earth. Therefore what we can easily measure
is the change of the potential energy
AW = (img)(H — H,) (8.2)

The energy is always positive. It can e zero but it cannot be negative. The gravity force
F = myg is directed towards the center of earth. Therefore there is a need for the negative
sign in Eq. (8.2)). In the coordinate system of Fig. (8.1), the gravity force is negative
(opposite to the sense of coordinate z). The force F' is acting in the sense of x but the
difference H — H,, is negative.

Extending the concept of the potential energy to the beam, the force is F' = gdz and
the w = H — H, is the beam deflection.

l
W= —i—/ quwdz (8.3)
0

An analogous expression for plates is

W = —|—/pw ds (8.4)
S
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T B |_f m q(x)

q
dxw ”
.—/ H
= 7
z

Figure 8.2: Potential energy of a beam element and the entire beam.

In the above definition W is negative.

The concept of the energy stored elastically U has been introduced earlier. For a 3-D
body

1
U= / 5 0ij€ij dv (8.5)
v 2
and for a beam
"1 "1
U—/ MKda;—i—/ —Ne°dx (8.6)
0 2 0 2
For plates, the bending and membrane energies are given by Eqs. (4.73), (4.74) and (4.86),

(4.87).
The total potential energy II is a new concept, and it is defined as the sum of the drain
energy and potential energy

N=U+(-W)=U-W (8.7)

Consider for a while that the material is rigid, for which U = 0. Imagine a rigid ball
being displaced by an infinitesimal amount on a flat (f = 0) and inclined (6 # 0) surface,

Fig. (8.3).
| @_‘ o 0 H *
77T T .

Figure 8.3: Test if an infinitesimal displacement du causes the potential energy to change.

We have H = usinf and 0 H = dusinf. The total potential energy and its change is

=W = —Fusinf (8.8a)
Ol = —6W = —(F'sin0)du (8.8b)

On the flat surface, # = 0 and 0II = 0, and the ball is in static (neutral) equilibrium. If
6 > 0, 011 # 0 and the ball is not in static equilibrium. Note that if the d’Alambert inertia
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force in the direction of motion is added, the ball will still be in dynamic equilibrium. In
this lecture, only static equilibrium is considered. We can now extend the above test for
equilibrium and introduce the following principle:

The system is said to be in equilibrium, if an infinitesimal change of the argument a of
the total potential energy I1 = I1(a) does not change the total potential energy

0l(a) = (;135@ =0 (8.9)

Because da # 0 (0a = 0 is a trivial case in which no test for equilibrium is performed), the
necessary and sufficient condition for stability is

o

0 8.10

5 (8.10)

In case when the functional IT is a function of many (say N) variables II = Il(a;), the
increment P

The system is in equilibrium if the derivative of II with respect to each variable at a time

vanishes OMI(ay)
a; .
=0 =1,...N 8.12
8&1 ? ? 9y ) ( )

The meaning of the argument(s) a;, or independent variables will be explained next.

8.2 Equivalence of the Minimum Potential Energy and Prin-
ciple of Virtual Work

The concept of virtual displacement du; is the backbone of the energy methods in mechanics.
The virtual displacement is a small hypothetical displacement which satisfy the kinematic
boundary condition. The virtual strains de;; are obtained from the virtual displacement by

(56@' = %((5’&7;’]' + 5ujﬂ') (8.13)

The increment of stress do;; corresponding to the increment of strain is obtained from the
elasticity law

0ij = Cijricrl (8.14a)
(SO'ij = Cijkléekl (814b)

Therefore, by eliminating Cj
aijéeij = 6@‘50'@']' (8.15)

The total strain energy of the elastic system II is the sum of the elastic strain energy stored
and the work of external forces

1
H:/ 20’¢j6¢jdv—/ﬂuid8 (816)
|4 S
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oo | .

o€

Figure 8.4: Equivalence of the strain energy and complementary strain energy.

In the above equation the surface traction are given and considered to be constant.
The stresses 0;; are not considered to be constant because they are related to the variable
strains. For equilibrium the potential energy must be stationary, 611 = 0 or

1
(5/ —0j€ij dv—5/TZ~u,~d3
2
\% S
1

—/ 5(Uij€ij)dv—/ﬂéuid8 (8.17)
2 Jv s

1

:/(5aijeij—G—aijéeij)dv—/Tiéuids:O

2Jy s

The two terms in the integrand of the volume integral are equal in view of Eq. (8.15).
Therefore, Eq. (8.17) can be written in the equivalent form

/Uijéfij d’U:/TZ'(SuZ'dS (8.18)
14 S

which is precisely the principle of virtual work. The above proof goes also in the opposite
direction. Assuming the principle of virtual work one can show that the stationarity of the
total potential energy holds.

8.3 Two Formulations for Beams
In the bending theory of beams, the total potential energy is

l 1 l
H:/ M/@da:—/ q(z)wdx (8.19)
02 0

Using the moment curvature relation M = Elk, either M or k can be eliminated from Eq.
(8.18), leading to

!
ET

1 5 dz displacement formulation
U —/ iMﬁdx = 0, 1 (8.20)
0 / —_M?dz stress formulation
o 2EI1
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In statically determined problems the bending moments can be expressed in terms of
the prescribed line load or point load. In the latter case the M = M(P) and the total
potential energy takes the form

[I=U(P)— Pw (8.21)

The above representation will lead to the Castigliano theorem which will be covered later
in this lecture.

The more general displacement formulation will be covered next. The curvature is
proportional to the second derivative of the displacement. The expression of the total
potential energy becomes

l l
H:/O E2‘I(w”)2dm—/0 q(z)wdx (8.22)

The problem is reduced to express the displacement field in terms of a finite number of free
parameters w(zx, a;) and then use the stationary condition, Eq. (8.12) to determine these
unknown parameters. This could be done in three different ways:

(i) Polinomial representation or Taylor series expansion
(ii) Fourier series expansion
(iii) FInite element or finite difference method

Each of the above procedure will be explained separately.

8.4 Fourier Series Expansion and the Ritz Method

Consider a symetrically loaded simply supported plate by the point force at the center. The
total potential energy of the system is

l
EI
In= / T(w")2 dz — Pw (8.23)
0
The objective is to find the amplitude and shape of the deflection function that is in equi-
librium with the prescribed load P. In other words we will be looking the deflection and

shape that will make the total potential energy stationary.
Assume the solution as a Fourier expansion function

N
w(x) = Zan¢n<x) (8.24)
n=1

where ¢, (z) is a complete system of coordinate function satisfying kinematic boundary
conditions. In the rectangular coordinate system this system consists of hormonic functions,
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in the polar coordinate system these are Bessel function, and in the spherical coordinate
system this role is taken by the Legender functions. In our case
nmwx

¢n(x) = sin — (8.25)

The kinematic boundary conditions ¢, (z = 0) = ¢, (z = [) are identically satisfied. Further-
more, because of the symmetry of the problem, only the symmetric function will contribute
to the solution.

l
Figure 8.5: Asymmetric modes do not satisfy boundary condition w'(z = 5) = 0 at the

center of the beam.

The solution is then represented as

w(z) = aj sin Fl—m + a3 sin %Tx +-- (8.26)
Consider first one-term approximation
w(z) = a; sin 7rTx (8.27a)
w'(z) = ar G) cos ? (8.27b)
2
w”(z) = —ay (%) sinﬂTx (8.27¢)
The expression for the total potential energy is
1 4 !
I=_-EI (f) a%/ sin °% dz — Pay (8.28)
2 l 0 l
where the integral is simply [/2. Eq. (8.26) reduces then to
1 4
I = EEI%G,% — Pa (8.29)
dI1
For equilibrium — = 0, which yields
da1
1 4
5Ef%al —P=0 (8.30)
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The load-displacement relation is finally given by

pP? pPi?

= 8.31
%4]5[ 48.7FE1T (8.31)

(al)opt =

The numerical coefficient in the exact solution of this problem is 48. The error of the
approximate solution is 1.4%. Such a good accuracy of just one-term approximation can be
explained by making the Taylor series expansion of the sign function

. X T 1 /mx\3

The two term expansion has a linear and cubic terms in x, the same as the exact solution.
Let’s examine next the stationary property of the functional II. Defining the normalized

total potential energy as Il = ——, one gets
Pw

—ta (‘“ - 2> (8.33)

where a; is the amplitude of the trial function Eq. (8.25) and w, is the exact amplitude.
The plot of the function II(a;) is shown in Fig. (8.6).

I
| ar
0 150 0 Wo
1= —
D) * Stationary point

Figure 8.6: By varying the amplitude around a 1, IT does not change.

Wo

The function II(a;) is a parabola with a stationary point at a; = w,. The stationary
point is at the same time the minimum. The negative value of the minimum (actual) value
of the total potential energy comes from the choice of the reference level of the potential
energy. In mechanics, the reference level is the position of the undeformed axis of the beam.
Upon loading, the beam is loosing the potential energy and the second term in Eq. (8.21)
is negative and larger than the first term of the stored elastic energy.

Even though the accuracy of one term approximation in the Fourier series expansion, Eq.
(8.22) gave a very good approximation (1.4% error), the solution can be further improved
by considering the next term in the expansion, according to Eq. (8.24). In this case the
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total potential energy is the function of two unknown amplitudes, II = II(a,a3) and the
solution is obtained from two algebraic equations

o _ oo _

= _ - = .34
8(11 ’ 8(13 0 (83 )

8.5 Solution by Taylor expansion

Consider the same sample problem of the cantilever beam under the tip point force. Assume

the solution as a power series
N
w(z) = Zanm” (8.35)
n=1
For illustration, truncate the series by taking the four first terms
w(z) = ag + a1z + asx? + aza’ (8.36)
The kinematic boundary conditions are
w(z=0)=0; w'(x=0)=0 (8.37)

It is easy to see that displacement boundary conditions are met if a, = a3 = 0. The
displacements, slopes and curvature become

w(z) = agz® + azz’ (8.38a)
w'(z) = 2apz + 3azz? (8.38b)
w”(x) = 2ay + 6azz (8.38¢)
The tip displacement is
w(z =1) = w, = asl® + azl® (8.39)
The expression for the total potential energy is
EI [ 2 2 3
In= > (2a + 6agz)” dx — P(al” + asl?) (8.40)
0
or after integration
EI
1= 7(4a%l + 12aga3l? + 12a21%) — P(asl® + a3l®) (8.41)
The stationary of II(ag, a3) implies that
oIl oIl
=0, =—/— =0 8.42
8@2 ’ 8@3 ( )
which leads to two linear algebraic equations for ao, ag
Pl
4 ol = —— 4
as + 6ag o (8.43a)
Pi
6 12a3l = — 8.43b
az +12a3l = - ( )
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where solution is

The tip deflection is obtained

P8

wo:w(:c:l)—ﬁ

(8.44)

(8.45)

(8.46)

This is the exact solution of the problem. The exact solution was obtained in this case

because the first four terms of the Taylor expansion contained the actual deflected shape.

Note that the exact solution was obtained by the Ritz method without imposing the static

boundary conditions at the tip V' = —P and M = 0. The graphical interpretation of the

stationary condition with two degrees of freedom is obtained by plotting Eq. (8.35) in the

space (IL, az,a3), Fig. (8.7).

a

Figure 8.7: The potential energy as a paraboloid.

8.6 Castigliano Theorem

This theorem applies to statically determined structures and system subjected to concen-

trated forces or moments. The distribution of bending moments can be uniquely determined

from global equilibrium as function of the forces, U = U(P). The total potential energy is

Il = U(P) — Pw,
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For a given deflection amplitude w,, the magnitude of the load adjust itself so as to
make the total potential energy stationary. Mathematically

SITI(PY] = S[U(P) — Pu,] — ;Lgap —wodP = [d[ﬁf )

- wo] 5P =0 (8.48)

We have proved that the displacement under the force in the direction of the force is
equal to the derivative of the elastic energy stored with respect to the force.

In order to interpret the stationary property of II, consider a cantilever beam with the
force P at its tip. The bending moment distribution is M (x) = P(I — ). Let’s choose the
force formulation of the total potential energy, Eq. (?7). The total potential energy is

P2 l
- /0 (I — 2)%de — Puw, (8.49)
After integration
PI3

The plot of this function is shown in Fig (8.8).

TI(P)

Figure 8.8: Parabolic variation of the total potential energy with the force P for a given
central deflection.

6ET
The parabola has two roots at P, =0 and at P» = lgwo. The stationary point is at
3ETw
P = B ° (8.51)

which is the exact solution of the problem.

As an illustration, consider two simple structural systems. The first system of two beams
is shown in Fig. (8.9).

This problem was solved earlier using displacements and slope continuity. A much simple
solution follows. The bending moment distributions are

Beam (A) M(z)=—-Pzr 0<uz<lI
Beam (B) M(z)=41iPx 0<uz<l (8.52)
Beam (C) M(z)=—-3Pz 0<z <l
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Figure 8.9: Statically determined system and bending moment distribution.
The bending strain energy is

| P
U(P):/O = |P

2 2 3
P 3 ol 1
2 2 2
- - —p2_
+(2>+<2) x*dx 5

— *P2l3
3 2
From the relative contributions of the three beams in Eq. (8.44), it is seen that the

(8.53)
horizontal cantilever contributes twice to the tip deflection compared to the vertical beam.

P

L ®

Figure 8.10: two welded beams forming an elbow.
bution is

The second system consists of an elbow. From Fig. (8.10), the bending moment distri-

Beam (A) M(x) = Pz
(8.54)
Beam (B) M(x)= Pl
The elastic bending energy of the system is
1 !
P)=— P
U(P) = 557 | (Pa)

1 l
2 2
Pl *
de 2EI/0( ) 2EI 3 (8:55)
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The total deflection in the direction of the force is

_dau_ape
~dP 3 FEI

Wo

(8.56)

Proof of the Castigliano Theorem for a system of point loads, P,

The corresponding displacements are denoted by wj;, see Fig. (8.11).

P, P,

Figure 8.11: An elastic body (structure) loaded by a system of concentrated forces.

The work of external forces is

W =Y Pw; = P, (8.57)

It is assumed that the energy stored can be expressed in terms of all the point forces,
U = U(F;). Let’s keep all point forces at fixed values and vary only one, say Py. For
equilibrium, the total potential energy of the system should be stationary with respect to
this change. Thus,

Il =6(U—-W) = %5Pk — w0 Py
b (8.58)
= d—U —wg | 0P, =0
The extended Castigliano theorem is
ou(P,)

wE = —5 P (8.59)

For example, if there are two point loads applied,

oU (P, P)

=22 8.60
ws 0B, (8.60)

Usually the Castigliano theorem gives only deflection at a given point but not the
deflected shape. The extended theorem ca be used to predict the deflected shape.
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AN

L > x ]

Figure 8.12: Cantilever beam loaded b two point forces.

Illustration

Consider a cantilever beam loaded by two point forces. One force P is applied at the tip

and the other force P; acts at a distance n from the support.
The bending moment distribution is

My(x)=P(l—z)+ Pi(n—x) for 0<x<n
Mpg(z) = P(l —x) for n<x <l

The bending strain energy is

1 I
U(P,Pl):m/o MAdx+2EI/ M3 dx

According to Eq. (8.49), the deflection under the point load P; is

oP, 0P, EI

(P, P,) M 1 [ M
T L Tauy pYAC s

0P,

The derivatives of the bending moments are

oMo _
op, !
oMy _
oP,

Substituting Egs. (8.51) and (??) into (??), one gets

wi =57 [ PU=2)+ Pt =) ) s

(8.61)

(8.62)

(8.63)

(8.64a)

(8.64b)

(8.65)

This equation is valid for any combination of P and P;. We can therefore assume that

Py is a “dummy” force and can be set equal to zero. Then, Eq. (?7?) reduces to

wlzgl/onP(l—a:)(n—x)dx

8-13
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which gives, after integration,

PPB [3 /m\2 1 /n\3
wiln) = 37 [2 (7) T3 (7) (8.67)
In the above solution 7 is an arbitrary position along the beam and w1 (n) is the correspond-

ing deflection. By changing the variables

— X
7 (8.68)

wi(n) = w(z)

we can recover the exact deflected shape of the cantilever beam

PP [3 /x\2 1 /xz\3
w(@) = 357 [2 (7) T2 (7) } (8.69)
The above example illustrated a great flexibility of the Castigliano method in solving stat-
ically determined problems.
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Lecture 9: Stability of Elastic Structures

In lecture 8 we have formulated the condition of static equilibrium of bodies and struc-
tures by studying a small change (variation) of the total potential energy. The system was
said to be in equilibrium if the first variation of the total potential energy vanishes. The
analysis did not say anything about the stability of equilibrium. The present lecture will
give an answer to that question by looking more carefully what is happening in the vicinity
of the equilibrium state.

To illustrate the concept, consider a rigid body (a ball) siting in an axisymmetric
paraboloid. shown in Fig. (9.1).

I1 C>0 I1 C=0 I1 C<0
77\,,\””74 u 777#27777‘%! AT T Ty u
ou

Figure 9.1: Illustration of stable, neutral and unstable equilibrium.
In the case of a rigid body the total potential energy is just the potential energy
I = mgh = Cu? (9.1)

where u is the horizontal displacement of the ball from the resting position. Let’s calculate
the first and second variation of the function IT(u)

oIl
) 5 du = 2Cudu (9.2)
62T = §(STI) = 2C5udu (9.3)

At the origin of the coordinate system u = 0, so the first variation of II is zero no matter
what the sign of the coefficient C' is. In the expression for the second variation, the product
Sudu = (du)? is always non-negative. Therefore, the sign of the second variation depends
on the sign of the coefficient C. From Fig. 9.1 we infer that C' > 0 corresponds to a stable
configuration. The ball displaced by a small amount du will return to the original position.
By contrast, for C' < 0, the ball, when displaced by a tiny amount du, will roll down and
disappear. We call this an unstable behavior. The case C' = 0 corresponds to the neutral
equilibrium.

One can formalize the above consideration to the elastic body (structure), where the
total potential energy is a function of a scalar parameter, such as a displacement amplitude
u. The function II(u) can be expanded in Taylor series around the reference point u,

diI 1 d211
IT(u) = I(u,) + T — (u—uo) + > W2 .

(u — up)* 4 - - (9.4)
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The incremental change of the potential energy AIl = II(u) — II(u,) upon small variation
of the argument du = u — u, is

II 1d?
arm = s, + de“(au)Q = 6T+ 6°TT + - -- (9.5)

For the system in equilibrium the first variation must be zero. Therefore, to the second
term expansion, the sign of the increment of II depends on the sign of the second variation
of the potential energy. We can now distinguish three cases

>0, Positive (stable equilibrium)
6%II{ =0, Zero (neutral equilibrium)
< 0, Negative (unstable equilibrium)

9.1 Trefftz Condition for Stability

In 1933 the German scientist Erich Trefftz proposed the energy criterion for the determina-
tion of the stability of elastic structures. We shall explain this criterion on a simple example
of a one-degree-of-freedom structure. Consider a rigid column free at one end and hinged
at the other. There is a torsional spring mounted at the hinge. Upon rotation by an angle
0, a bending moment develops at the hinge, resisting the motion

M =K0 (9.6)

where K is the constant of the rotational spring. The column is initially in the vertical
position and is loaded by a compressive load P, Fig. (9.2). In the deformed configuration,
the force P exerts a work on the displacement

92
u=1(1—cosb) §l§ (9.7)
The total potential energy of the system is
1 1 1
II=_-M6§— Pu=-K¢ — _Plo* :
5 U= g 5 (9.8)

Upon load application the column is of course rigid and remains straight up to the
critical point P = P.. The path 6 = 0 is called the primary equilibrium path. If the column
were elastic rather than rigid, there would be only axial compression along that path. This
stage is often referred to as a pre-buckling configuration. At the critical load P, the structure
has two choices. It can continue resisting the force P > P, and remain straight. Or it can
bifurcate to the neighboring configuration and continue to rotate at a constant force. The
bifurcation point is the buckling point. The structure is said to buckle from the purely
compressive stage to the stage of a combined compression and bending.

The above analysis have shown that consideration of the equilibrium with nonlinear
geometrical terms, Eq. (9.7) predicts two distinct equilibrium paths and a bifurcation
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(buckling) point. Let’s now explore a bit further the notion of stability and calculate the
second variation of the total potential energy

6%l = (K — P1)6656 (9.9)
The plot of the normalized second variation §2I1/6646 is shown in Fig. (9.2).

8211
5060

Stable

Unstable

Figure 9.2: Stable and unstable range in column buckling.

It is seen that in the range 0 < P < P, the second variation of the total potential
energy is positive. In the range P > P, that function is negative. A transition from the
stable to unstable behavior occurs at 62I1 = 0. Therefore, vanishing of the second variation
of the total potential energy identifies the point of structural instability or buckling.

Physically, the test for stability looks like this. We bring the compressive force to the
value P*, still below the critical load. We then apply a small rotation +46 in either direction
of the buckling plane. The product §640 is always non-negative.

RELEEEAEEE LR NEEEEEREERRER]

Figure 9.3: A discrete Euler column in the undeformed and deformed configuration.

For equilibrium the first variation of the total potential energy should banish, 61 = 0,
which gives
(K — P1)866 =0 (9.10)
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There are two solutions of the above equation, which corresponds to two distinct equilibrium
paths:

o 0 =0 — primary equilibrium path

K
e P=PF, = T secondary equilibrium path

Figure 9.4: Two equilibrium paths intersects at the bifurcation point.

And so is the second variation of the total potential energy (length AB in Fig. (9.2)).
When the lateral load needed to displace the column by 66 is released, the spring system
will return to the undeformed, straight position.

We repeat the same test under the compressive force p** > FP.. The application of
the infinitesimal rotation §6 will make the function §2/6066 negative. This is a range of
unstable behavior. Upon releasing of the transverse force, the column will not returned to
the vertical position, but it will stay in the deformed configuration. It should be pointed up
that the foregoing analysis pertains to the problem of stability of the primary equilibrium
path. The secondary equilibrium path is stable, as will be shown below.

To expression for total potential, it can be constructed with the exact equation for the
displacement u rather than the first two-term expansion, Eq. (9.7)

1
= 51{92 —1P(1 —cosf) (9.11)

The secondary equilibrium path obtained from 11 = 0 is

P 0
7= 0 (9.12)

The plot of the above function is shown is Fig. (9.5).

For small values of the column rotation, the force P is almost constant, as predicted by
the two-term expansion of the cosine function. For larger rotations, the column resistance
increases with the angle 6. Such a behavior is inherently stable. The force is monotonically
increasing and reach infinity at 6 — .
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1.0 f———mm e
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)

Figure 9.5: Plot of the secondary equilibrium path.

9.2 Stability of Elastic Column Using the Energy Method

The Trefftz condition for stability can now be extended to the elastic column subjected to
combined bending and compression. The elastic strain energy stored in the column is a
sum of the bending and axial force contribution

l
U:/ (1MI€+1N60) dz (9.13)
s \2 2

It is assumed that the column is fixed at one end against axial motion and allow to move
in the direction of the axial force.

Figure 9.6: Initial and deformed elastic column.

To maintain generality, no static or kinematic boundary conditions are introduced in
the present derivation. The work of external forces is

W = Nu, (9.14)

The first variation of the total potential energy is

l
5H:5(U—W)=;/((5MI<L+M5/<L+5N6+N56)dx—N5uO (9.15)
0
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For linear elastic material

M = Elx, M = EIéx (9.16a)
N = FEAe, 0N = EAoe (9.16b)

By eliminating the bending and axial rigidity between the above equation, the following
identities hold

Mk =Mk (9.17a)
Née =06Ne (9.17b)

Therefore, the expression (9.15) is reduced to

6H—/()Z(M5ﬁ+N56)dx—N5uo (9.18)

Now, recall the strain-displacement relations in the theory of moderately large deflection of
beams

k=-uw", 0rk=—(0w)" (9.19a)

€= + %(w')Q, Se = (6u)' — w'du (9.19h)

Substituting the increments dx and de into Eq. (9.18) yields

! I !
S = —/ Méw" dz + N/ w'dw' dx + N/ ou' dz — Ndu, (9:20)
0 0 0

In the above expression the axial load is unknown but constant over the length of the
column. Therefore the load N could be brought outside the integrals. Consider now the
last two terms in Eq. (9.20)

l x=l
N/ Su' dex — Ndu, = Ndu — Néu= Nou, — Nou, =0 (9.21)
0

=0

With the above simplification we calculate now the second variation of the total potential
energy

62T = 6(0T1) = — /0 l SMéw” dz + N /0 l Sw'dw' dz (9.22)
According to the Trefftz stability criterion 62 = 0,
- /Ol EIsw"5w" dx + N/Ol dw'dw' dz =0 (9.23)
The buckling load N = N, is then

l
—/ Sw"dw" dzx
N =EI—2% (9.24)
Sw'dw' dz
0
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Let’s express the out-of-plane deflection of the column as a product of the amplitude
A and the normalized shape function ¢(x). The shape function should satisfy kinematic
boundary condition of a problem

w(z) = Agp(x) (9.25)

We can calculate now the first and second derivatives of the function w(z) and their varia-
tions

w = A¢', dw' =5A¢ (9.26a)

w”" = A", duw" =5A¢" (9.26b)

Substituting the above expression into Eq. (9.24), we get

l l
/5A¢//(5A(b”dx / ¢/I¢//dx
N, = EI%0 = EI%° (9.27)

/0 l SAYSAY da /0 l ¢'¢ dw

where N, = —N is he compressive buckling load.

The above equation for the critical buckling load of a column is called the Raleigh-Ritz
quotient. The Trefftz criterion does not provide the shape function but for a given shape
calculates the approximate value of the buckling load. This is always an upper bound.
Should the shape function coincide with the exact buckling shape, the Raleigh-Ritz quotient
will give the absolute minimum value.

As an illustration, consider the pin-pin supported column and assume the following
buckling shape

o(x) =z(l — x) (9.28)

which satisfies identically kinematic boundary conditions ¢(z = 0) = ¢(z = 1) = 0. The
first and second derivatives of the shape function are
¢ (z) =2z —1 (9.29a)
2 (9.29b)
After straightforward integration, the calculated buckling load is

_ 12EI

N =~ (9.30)

Can the accuracy of the above solution be improved? Let’s try and assume as a shape
function the solution for the pin-pin beam under the uniform line load

() = 2t — 2023 + Bz (9.31)
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The above function satisfies the simple support boundary condition at both ends. The
slope and the curvature of the deflected shape are

¢ (z) = 42® — 6l + 1P (9.32a)
¢ (x) = 1222 — 121z (9.32b)

Because the curvature at both ends vanish, so does the bending moment. Also the slope
at mid-span is zero. This means that the static (zero bending moments) boundary con-
ditions are also satisfied. The previously considered shape function, Eq. (9.28) led to the
constraint curvature, meaning that the static boundary conditions were violated. After

680
straightforward calculation, the numerical coefficient become 0 = 9.88. There was over
20% improvements in the accuracy of the solution
El
N, = 9.88l—2 (9.33)

Can the solution be further improved (lowered)? yes, but not by much. Assume a
sinusoidal shape of the buckling shape

¢ = sin ”Tx (9.34a)
¢ = % oS 7173; (9.34Db)
re (M) i ™

= <l) sin (9.34c¢)

The expression for the critical buckling load becomes

Ne= — 52 : (9.35)
(7) / cos? — dx
0
Both integrals are identical and the solution becomes
m?El
N, = 2 (9.36)

Because 72 = 9.86, the sinusoidal solution is slightly lower than the previous polynomial
solution. This is the lowest possible coefficient meaning that it must be an exact solution to
the buckling problem. To prove it, it is sufficient to check if the local equilibrium equation
is satisfied

EIvY + Nuw”" =0 (9.37)

Indeed, substituting Eqs. (9.34) and (9.36) into the equilibrium equation brings the left
hand side of this equation identically to zero.
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9.3 Effect of Structural Imperfections

Consider the same discrete strutter as in Section 9.1. This time the rigid rod is not straight
but is rotated by the angle 6, before the vertical load is applied. Upon load application
the column is subjected to additional rotation 6, measured from the theoretical vertical
direction, Fig. (9.7).

TTT7T7TTTTTTT7T
Figure 9.7: The initial inclination angle 6, is a measure of structural imperfection.

The problem will be solved by means of local equilibrium. The external bending moment

at the base is
Moyt = Plsin, for 0 > 6, (9.38)

where [ sin 6 is the arm of the force P. In the case of small angle approximation Mgy = PI0.
The internal resisting bending moment is

My, = K(0 —6,) (9.39)
Equating the external and internal bending moments
Pl =K(0—0,) (9.40)

For a geometrically perfect column 6, = 0 and from Eq. (9.40)

P=P.=— (9.41)

Equation (9.40) can be re-written in terms of the normalized compressive force P/P,

P
—0=10-10, 42
7 (9.42)

C

Solving this equation for 6 yields

0=0, (9.43)

1P
P
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P
The plot of the above function is shown in Fig. (9.8). The term 1/(1 — F) is called the

magnification factor. It predicts how much the initial imperfections are Iilagniﬁed for a
given magnitude of load. When structural imperfections are present, there are no primary
and secondary equilibrium paths. There is only one smooth load-deflection curve called the
equilibrium path.

P
P

1

Figure 9.8: A family of equilibrium paths for different values of imperfections.

It is interesting to note that with smaller and smaller initial imperfections, the equilib-
rium paths are approaching the bifurcation point but never reach it. This type of behavior
is common to all imperfect structures.

As another example of an imperfect structure consider a pin-pin elastic column. The
following notation is introduced:

e w(x) — shape of initial imperfection

e w, — amplitude of initial imperfection

e w(x) — actual buckled shape measured from the vertical (perfect) position
e w, — central amplitude of the actual deflection

The internal bending moment is
My = EIAk = —EI(w" —w") (9.44)

where Ak is the change of curvature from the initial curved (imperfect) column. For a
simply supported column, the end (reaction) moments are zero so the external bending
moment is

Megy = Pw (9.45)
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Figure 9.9: A continuous imperfect column and the free body diagram.

Equating the internal and external bending moments one gets
EIw" + Pw = Elw(z) (9.46)

This is a second order, linear inhomogeneous differential equation, where the right hand side

is a known shape of initial imperfection. The solution to this equation exists in terms of

quadratures, but the integrals are difficult to evaluate for complex shapes of imperfections.

Let’s consider the simplest case of a sinusoidal shape of imperfections. It can be shown
that the solution w(z) is also of the sinusoidal shape

w(z) = w,sin Az (9.47a)

w(x) = W, sin Az (9.47b)

The kinematic boundary conditions are
w(0) =w(l) =0

which implies that
sinAl=0 — MN=nr (9.48)

Substituting Eq. (9.47) into the governing equation (9.46)
—EIN*(w, — W,) sin A\x — Pw,sin Az = 0 (9.49)
which is satisfied if
Pw, = EI(w, — W,)\? (9.50)
For a perfect column w, = 0, and Eq. (9.50) yields
(P, — EIN)w, =0

n?m2El

or P = BIN = =5

(9.51)
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For an imperfect column

Pw, = P.(w, — w,) (9.52)
or solving for w,
0, = EO;P (9.53)
R

The form of the magnification factor is identical to the one derived for the district
column. The only difference is that a continuous column has infinity buckling mode where
n = 1 corresponds to the lowest buckling load. The buckling load corresponding to the
second buckling mode is four times larger and so on.

9.4 Stability in Tension

For some materials instability in tension manifest itself by a development of a local neck,
Fig. (9.10).

| s———

Solid bar Thin-walled tube

Figure 9.10: Necking in a solid section bar and thin-walled tube under tension.

Consider a round bar of the initial cross-sectional area A, subjected to a tensile force
P. The bar becomes longer and because the Poisson effect its cross-section shrinks to a
current value A. The present analysis is valid for materials that are incompressible, that is
do not change volume but only shape. Certain polymers, rubber and metals (in the plastic
range) are incompressible.

The volume of an infinitesimal length [ is

V=IA (9.54)
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The increment of volume for the incompressible material must be equal to zero
0V =0(IA) =5lA+16A=0 (9.55)

Take the logarithmic definition of the axial strain

l ol
e=1In 7 de = n (9.56)
From the above two equations
ol 0A
de=—=—— .
€= 1 (9.57)
Integrating both sides
e=—InA+C

At A=A,,e=0s0C =1InA,.
Therefore, the expression for the axial strain becomes

A, !
e=In 1= In i (9.58)

We conclude that axial strain can be determined by either measuring the change in length
or the change in cross-sectional area. The true (Cauchy) stress is defined as the load divided
by the current cross-section A

o=~ (9.59)

Let’s construct the total potential energy and its first variation
oIl = / odedv — Pdu (9.60)
\%4

Before instability occurs, the deformation and stress (uniaxial tension) is uniform across
the section of the bar of the length [

4
u=le=1In 71 (9.61a)
0A
ou=—l— 9.61b
u=-1% (9.610)
Thus, from Egs. (9.60) and (9.61)
0A
Ol = / odedv + Pl— (9.62)
v A
The second variation of the total potential energy is
JASA
62 = / Sodedv — Pl—— (9.63)
A2
1%
Applying the Trefftz stability condition §%II = 0 one gets
[Adode = Pldede (9.64)
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or
do = %66 = o€ (9.65)
and finally
oo
Z=o (9.66)

The incompressible bar is losing stability in tension when the local tangent to the stress-
strain curve becomes equal to the value of stress at that point. A graphical interpretation
is shown in Fig. (9.11).

o
dj
de

Figure 9.11: The construction of Considere’ who was the first to derive Eq. (9.66).

At what strain an instability develops for an elastic material? In uni-axial stress

o= Fe (9.67a)
do
—=F 9.67b
o (9.67b)

Equation (9.66) is satisfied if € = 1. For metals such Ustrain is not attainable in the elastic
range because yield will be reached at the strain e, = —¥ 21073, However, for rubber and
similar polymeric materials the Young’s modulus is four orders of magnitude smaller, so
necking is of common occurrence. The derivation of the instability condition (9.66) was
done without any assumption on the stress-strain relation of the material. Therefore this
condition is valid for an elastic as well as plastic material. This brings us to the next topic
which is plastic buckling of columns.

9.5 Plastic Buckling of Columns

Let’s consider the pin-pin column for which the critical buckling load is

P.=— (9.68)
The corresponding critical buckling stress o. is

P _ Bl
A 2 A

Oc —

(9.69)
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where A is the cross-sectional area. Note that the stress is calculated over the pre-buckling,
primary equilibrium path, for which there is no bending. Denoting by p the radius of
gyration, Ap? = I, Eq. (9.69) can be re-written in terms of the slenderness ratio 3 = 1/p

1
Oc = WZE@ (9.70)
The buckling stress is small for long, slender column and is rapidly increasing for short
columns. At some critical column length, the yield stress of the material oy will be reached,

Fig. (9.12).

Figure 9.12: A hyperbolic dependence of the buckling stress on the slenderness ratio.

The critical slenderness ratio at which the buckling stress reaches the yield stress of the
material is obtained from Eq. (9.70) by setting o. = oy

~

fe=—==m (9.71)

E

P Oy
To give you the feel of the critical slenderness, consider a mild steel column with £ = 210
GPa, oy, = 250 MPa and square cross-section A = h?, for which the radius of gyration is

0% = h?/12

l E 1
—| = — —==30 9.72
<h>c " Oy 2\/§ ( )

Columns more slender than the critical will buckle elastically before yielding (path AB).
Shorter column or stocky column will yield before buckling. What will happen with such
columns? They will deform plastically in axial compression and eventually buckle in the
plastic range.

Gerrard (1948) extended the predictive capability of Eq. (9.70) into the plastic range

by replacing the elastic modulus by the tangent modulus E; = d—g
€

1

7 for 8 < B (9.73)

(Uc)plastic = 7T2Et
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For example, for a plastic material obeying the power hardening rule,

o=DB-¢€" (9.74a)
d
7 = pBen! (9.74b)
de

Substituting Eq. (9.74) into Eq. (9.73), the critical buckling strain €. is

m2n
Using the hardening rule, the buckling stress is
2n]"

In the above equation B is the amplitude of the hardening law and n is the hardening
exponent. For most structural steels n ~ 0.1-0.2.

o
Squash load Plastic buckling, Eq. (9.75)
Oyt [
0'y [Tttt —~
§ Elastic buckling, Eq. (9.69)
’ s
0 Pe

Figure 9.13: Range of elastic and plastic buckling.

Very short columns are beyond the scope of the elementary theory of thin and slender
beams. They will never buckle but flatten as a pancake.
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ADVANCED TOPIC

9.6 Mode Transition

Moment Equilibrium Equation

For a pin-pin supported column, the shape of the imperfection w(z) and the deformation
w(x) satisfy the moment equilibrium equation

EIw'" + Pw = EIw" (9.77)

The solutions should satisfy the boundary conditions

w(0) =0 (9.78a)
w”(0) =0 (9.78b)
w(l) =0 (9.78¢)
w’(l) =0 (9.78d)

Of course, the solutions should also satisfy the continuous conditions: w(z) and w'(x) are
continuous along the entire length of the column, namely, no step or kink occurs in the
solutions.

We can expand the imperfection w(z) in Fourier series as

w(z) =Y Aysin 0" (9.79)

The coefficients A,, can be determined by Fourier transformation of w:

9 l
A, = l/ w(x) sin nlﬂdx (9.80)
0

The deformation w(x) under a load P can be written as a summation of a complete set of

Fourier series

ZBn smm (9.81)

where B,, can be determined by Eq. (9.77).
Eq. (9.77) now becomes

> nmT\2 . nwrx P & . nmx
_nz:Bn (T) SIDT =+ _EI;B Sln ZA ( ) SIHT (982)
To make the equation hold, the coefficients should satisfy

2.2 2.2
nem P nemw
-B,—— + —B, = -4,

B foli e (9.83)
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Solve for By, we get

1
B,=A4,——— .84
1—P/n? (984)
_ Bl . :
here, we defined P = P/P, and P, = 2 So, the deformation w(x) is
> 1 . NI
w(z) = ;Anl — (9.85)

The solution tells us what is the shape of the deformation, but it does not tell us any
thing about the stability of the equilibrium shape. If we want to study the stability, we
have to use potential energy method.

Potential Energy Method

Under a load P, the total potential energy of the column system is (due to Eq. (10.26) in
Lecture 10):

EI [ p [
e L / (" — @2 dz — L / ('’ — @2) da (9.86)
2 Jo 2 Jo

Substitute Egs. (9.79) and (9.81) into it, we have

EI [! P [
I = / (w" — @w")? dx — / (w? — @) dz
2 Jo 2 Jo

B T e e
i B, (?) cos ? i A, (?) cos mlm:] 2 dz (9.87)
n=1

2
ipr & 2p 2p
= T (B At = LS Bt T Y At

Pl
_50

n=1 n=1 n=1

2P, | & -
=7 {Z [(Bn — An)®n* — P(b — A2)n? }

n=1

The orthogonality of Fourier series is used to simplify the integration.
In order to obtain the equilibrium solution, we need the first derivative of potential

energy
ot =0 — B,=A 71
0B, "M~ P/n?

which is exactly the same as the solution given by solving the equilibrium equation.

(9.88)

To see the stability of the solution, we need the second derivative of potential energy
01

— P < n? .
aB,%>O — <n (9.89)

We can see the following points directly from Eqgs. (9.88) and (9.89):
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2 2EI
e The critical buckling load for the n*® mode is P, = %

e The modes that satisfy n? > P are in stable equilibrium.

e For the modes that satisfy n? < P, we can still solve for a value of B,,, but those
modes are unstable and will snap into either plus or minus infinity.

Examples 1
The imperfection w(x) consists of only the first two modes, namely

2
w(x) = A;sin ”T”" +sin %x (9.90)
If Ay = 0, the zero point is at the center of the column. If A; # 0, the zero point is displaced

by a distance u. w is given by

in—! AL
sin™ " 5

u=—>=1, 0<A; <2 (9.91)
7r
The deformation amplitudes vs. load curves are plotted in Fig. (9.14) for the case

A, = 0.5, Fig. (9.15) for A; =1, and Fig. (9.16) for Ay = 1.5.

,_
NI

6

Figure 9.14: The deformation amplitudes By, Bs vs. load P curves, for the case A; = 0.5.
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-
=

Figure 9.15: The deformation amplitudes By, By vs. load P curves, for the case A; = 1.

__/
—

Figure 9.16: The deformation amplitudes By, By vs. load P curves, for the case A; = 1.5.

Examples 2

The imperfection is in such a shape that the zero point is displaced while both sections are
self-symmetric. Such a shape can be described as
sin T 0<z<nl
- n
— sin nl<z<l
U (1—=mn)l

where 0.5 <7 < 1. When n = 0.7, w(z) can be expanded in Fourier series as:

2 3 4
w(z) = 0.634sin Wl—x +0.563 sin ? — 0.174sin ? +0.071 sin ? +o (9.93)

As expected, in this case, the first two modes dominate, but there are still higher modes in

the expansion.
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We plot the mode amplitudes vs. load in Fig. (9.17). If the load P > 4, for example,

P = 7.5, the amplitude of mode III becomes largest. So, the solved deformation shape looks
more like mode III, although the initial imperfection seems having nothing to do with mode
III. Nevertheless, this shape is very unstable; since P > 22, both mode I and mode II are in
unstable equilibrium. Under such a load, mode I and mode II will amplify exponentially.

L

Figure 9.17: The deformation amplitudes of the first three modes vs. load P curves, for the

imperfection shape described by Eqn. 9.92.

END OF ADVANCED TOPIC
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Lecture 10: Advanced Topic in Column Buckling

10.1 The Tallest Column

In 1757 the Swiss mathematician Leonard Euler presented the famous solution for buckling
of a pin-pin column under compressive loading at its end. He also formulated and solved
the much more difficult problem of a clamped-free column loaded by its own weight. The
practical question was how tall the prismatic column could be before it buckles under its own
weight. In order to formulate this problem, the equation of equilibrium of a beam/column in
the axial direction must be re-visited. Instead the equation N/ = 0 or N = const, we must
assume that there is a body force ¢ per unit length ¢ = Ap, where A is the cross-sectional
area of the column and p is its mass density. Then, the equilibrium in the axial direction
requires that

N'=q or N=qz+C (10.1)

In the coordinate system shown in Fig. (10.1), the axial force must be zero at = = [.

P

= < < =— =]
)

77777‘/777' 7_777‘7—1796'

Figure 10.1: Column loaded at its tip (left) and loaded by its own weight (right).
The distribution of axial force along the length of the column is
N(z)=—q(l—x) (10.2)

where the minus sign indicates that N is the compressive force. As before, the input
parameters of the problem are E, I and ¢ and the unknown is the critical length [..

The derivation of the buckling problem for a classical column presented in Lecture 9 is
still valid but the axial force in Eq. (9.20) is no longer constant and thus should be kept
inside the integral.

For the present problem the first variation of the total potential energy is

! !
oIl = —/ Méw" dz —i—/ q(l — z)w'dw' dz (10.3)
0 0

10-1



Structural Mechanics 2.080 Lecture 10 Semester Yr

Integrating the right hand side of Eq. (10.3) by part, one gets

!
/ [M" + q(I — z)w'] 6w dz + Boundary terms = 0 (10.4)
0
where
Boundary terms = — M dw’ é + M'éw é + q(l — z)w'dw (10.5)

at 2 =0, 0w =0 =0;andat z =1, M =0,V =M =0 and | —x = 0. Therefore
the boundary terms vanish (see the dedication in Section 3.5). Using the elasticity law,

M = —EIw”, the local equilibrium equation for the column self buckling becomes
dtw = d dw
EI — gl — 2)—| = 10.6
it T @ [Q( z) dx} (106)
Integrating once, we get
Eldg—w +q(l—x)dw =0 (10.7)
dz3 1 N '

The integration constant is zero because the shear force vanishes at the free end x = [. The
governing equation is the third order linear differential equation with a variable coefficient.
The solution is no longer represented by the harmonic function. The way to solve the
problem is to introduce two new variables

q(l —x)3 dw

2
_2 _dw 10.
¢=3 T (10.8)
Then, Eq. (10.7) transforms to the Bessel equation
d®>u  1du 1
I (1 )y = 10.
d§2+§d§+( 962)u 0 (10.9)
Omitting the details of the calculation, the critical length of the column is found to be
9FT
3 2
= 10.1
lc 4(] ]% ( 0 O)
where j 1= 1.866 is the root of the Bessel function of the third kind. Finally
ET
3= 7.8377 (10.11)

The total weight of the column material is N, = l.q. In terms of the total weight, the

critical length is
ET

2="784— 10.12
P= T8 (10.12
For comparison, the length of the free-clamped column at buckling loaded by the same
weight is
2Bl EI
2=C 0 oy 10.13
¢ 4 N, N ( )

The bottom of both column sees the same weight, but the critical length of the column

/7.84
undergoing self-buckling is 247 = 1.78 times taller than a similar cross-section column
loaded at its tip. '
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Example

A steel tubular mast solidly built-in the foundation and is free on its top. The cylinder is
t = 3 mm thick and has a radius of R = 50 mm. What is the critical length of the mast to
buckle under its own weight?
The total weight of the mast is
N, = Alp (10.14)

where A is the cross-sectional area, A = 2w Rt. The second moment of inertia of the thin-
walled tube is I = mR3t. From Eq. (10.12)

EnR3t
l =17. 8427rRtlcp (10.15)

[3.92ER?
le = ¢ 39pR:65m (10.16)

The above solution applies to a prismatic column of a constant cross-section.

from which one gets

Approzimate solution can be derived from the Trefftz condition §%II = 0. Starting from
Eq. (10.3) and performing the second variation one gets

l l
EI/ dw” dw' dz + / q(l — z)dw'dw dx (10.17)
0 0

The critical compressive body force is then

/l ¢//¢// d:U
= EI— (10.18)

(I - 2)¢'d da
0

As compared with the standard Trefftz formula for tip loaded column, there is the term
(I — ) in the denominator. As an example consider the simplest parabolic deflection shape

o= x? (10.19a)
¢\ =2z (10.19b)
9" =2 (10.19¢)
Introducing the above expression into Eq. (10.18), the critical buckling weight per unit
length is
12E1
= B (10.20)
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12 — 7.837

The error in this approximation is = 53% which is not good. As a second trial

.837
consider a power shape function with a fractional exponent «
¢ =z° (10.21a)
¢ = az®! (10.21D)
¢" = ala —1)z*2 (10.21c)

The resulting solution is
2Bl a(a—1)(2a—1)
1= 20— 3

The critical buckling parameter attains a minimums at o = 1.75. The minimum buckling

(10.22)

load i
oad is I

gmin = 9-8173 (10.23)

The error is slashed by half but it is still large at 25%. In the third attempt, let’s consider
the trigonometric function

¢ =1—cos % (10.24a)
(T i ™

- (2z) sin (10.24b)
n_ (T2 T

= (21) €08 o (10.24c)

In addition to satisfying clamped kinematic condition at x = 0, the cosine shape gives the
zero bending moment at the top. Substituting Eqgs. (10.24) into the Trefftz condition, Eq.
(10.18), the following closed-form solution is obtained

EI 7t EI

=829~ (10.25)

1= 3 572 —a) B

which differs by only 6% from the exact solution. The true shape of the column which
buckles by its own weight is the Bessel function but the trigonometric function provides a
very good approximation.

For over 200 years the Euler solution of buckling of a column under its own weight
remains unchallenged. In 1960 Keller and Niordson asked the question by how much can
the height of the column be increased. If the same volume of material is distributed as a
constant cross-section prismatic structure of the radius » = 0.1 m, the length of the column

Id b
would be v 1

a2 7012

and the weight per unit length of a still column will be

| = =32m

V. 7.8x10?

q=

— 2N
I 32 /m
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Using Eq. (10.12) we can check if such a column will stay or buckle under its own weight

EI
12 =7.84—
2-78 N

71'7’4

where [ = R N =Vpand E = 2.1 x 101! N/m2. Substituting the above values, the
critical length becomes [, = 26 m. This means that the 32 m prismatic column will buckle
and cannot be erected. By shaping the column according to Fig. (10.2) its length can be
increase by a factor of 86/26 = 3.3.

If the cross-section is variable, this question has led to a very complex mathematical
problem. Some aspects of this solution are still studied up to now. The problem is well-
posed if the optimal solution is sought under a constant, given volume of the material.
There is no simple closed-form solution to the problem so the answer is obtained through

numerical optimization, see Fig. (10.2).
100

80

60

-0.5 -05

Figure 10.2: The shape of the tallest column.

Note that the height of the column was scaled down to fit on the page. To give you an
idea, the steel column of the total volume of 1.0 m? and the bare radius of 10 cm could be
as high as [ = 86 m.

10.2 Deflection Behavior for Beam with Compressive Axial
Loads and Transverse Loads

Consider a simply supported beam with a fixed load f applied at the middle as shown in
Fig. (10.3). Additionally, the beam is subjected to a compressive axial load P. The total
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EI
<— P
T JAN
T7777777777
A
| L2 ’ L2 ’

s
Figure 10.3: Simply supported beam with intermediate transverse load.

potential energy for this mechanical system is

L L L
Miotal = / §E1'(v”)2 da — P/ §(v’)2 dz — fv (2> (10.26)
0 0

If f = 0, we are looking at a classical buckling problem; viz., the beam remains straight
until a critical load is reached after which the beam bends suddenly. The critical load for
the configuration shown is P, = 72EI/L?. Let’s investigate the behavior for f # 0.

The stationary points of the potential energy still give the solutions v(z) which satisfy
equilibrium. Let’s compute an approximate solution using the form

v(z) ~ Csin @%) (10.27)
The derivatives of this function are

V(z) = C% cos (7‘(’%)

V'(x) = -C (%)QSin (7‘(‘%)

Inserting these into the potential energy yields

Miotal = /L %EI (%)402 sin? (ﬂ'%) dz
0
— P/L; (%)202 cos? (W%) dx — fC'sin <7TLI//2>
0
— /L %EI <%>402 B — %cos <271Lx>] dx
0

L1yaye o1 1 oma

Ser(p) el (3) e g
The stationary condition yields
o= M s (7)o} (3) oo .
:C’[lEI(W)ZLL—Pl(W)zL}—f:O .
L 2 \L
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and thus
f
C=——F——
EIrt ﬁ
2L3 2L
__f2L/=* (10.29)
EIr?
1z T
oL f
- 72 P,—P
The approximate solution has the form
2L f x
~ 2L in (2% 10.
v(x) 2P P sin (WL) (10.30)
The central deflection w, = v(x = é) is
fi3 1
= 10.31
YT BTEI P (10.31)

Fe

For zero axial load, Eq. (10.31) predicts a linear relation between the lateral point load and
— 4

deflection w,. The approximate coefficient T~ 48.7 is very close to the exact value 48
for the pin-pin column loaded by the point force f. The linear relation holds also for any
constant value of P/P,. A much more interesting picture is obtained by fixing the lateral
load and changing the axial load. Equation (10.31) can be written as

e

10.32
48.7E1 (10:32)

where 1 =

Wy = —1
- B
P
which is plotted in Fig. (10.4). Note that the positive force is in compression while the
negative in tension. Application of the lateral force deflects the beam by the amount 7.
Then, on application of the in-plane compressive load, the beam-column behaves as an
imperfect column. By reversing the sign of the in-plane load from compression into tension,
the central deflection becomes smaller and vanishes with P/P. — oo. This is fully consistent

with our everyday experience that by tightening the rope/cable, its deflection is reduced.

10.3 Snap-through of a Two Bar System

This is a very interesting problem, because it summaries and even extends our knowledge.

There are three hinges so that each rod is a pin-pin column. The rods are elastic charac-
terized by the bending rigidity EI, axial rigidity FA. The initial stress-free configuration is
defined by the height w,, which was previously called the amplitude of initial imperfection.
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1013

Figure 10.4: Relationship between the axial load and lateral deflections.

Here, w, should be regarded as the initial shape of the structure. Upon application of the
load, a compressive axial force develops in the rod, their length shortens allowing for a
straight (flat) configuration. The system snaps into a new configuration where tensile force
develops in the rods. Depending on the slenderness ratio, they may buckle sometime during
the loading process.

Pre-buckling solution

Due to the unmovable hinges, the in-plane components of the displacement is zero, u = 0.
The strain in the bars develops by the presence of finite rotations

e=§@ﬂ2—§mﬁ2 (10.33)

In the pre buckling configuration the rods are straight, so

r_ Wo r_ Wo

w=-2 a=-2 (10.34)

and Eq. (10.33) reduces to
1 fwoN2 1 /W0,\2
625(;) *5(1) (10.33)

The plot of the dimensionless strain versus the ratio w,/w, is shown in Fig. (10.6).
From the elasticity law, the axial force in the rod is

l

EA [<w0)2 B (U_ZO)Q] _ { compressive for —wy < w, < W, (10.36)

N =FAe = — . _
2 tensile for w, < —w,
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Wo

N ; O
|
i

Figure 10.5: Initial and current shape of the two bar system.

Equilibrium between the external load P and the membrane force N requires that

P= —QN% (10.37)

Eliminating the force N between Eqgs. (10.36) and (10.37) yields

Pl 1 fwoN2 1 /7wW,\2
“Sw,  PA [2 (7) -3(3) ] (10.38)
or in a dimensionless form
P =6(6% - 6% (10.39)
where
_ P Wy = W
P_ﬂ’ 5_77 5_7 (10.40)

The equilibrium path given by Eq. (10.39) is the third order parabola with three roots at
§ =0, 8 = +4, see Fig. (10.7).

The loading process starts at A and the portion of the trajectory AB is stable. The
point B is the instability point. In the process is force controlled, there is a jump to the next
equilibrium configuration which is point E. So the system “snaps” into a tensile configuration
and this transition is in reality a dynamic problem. The process can be displacement control
and then the force P is the reaction force which is positive on the segments ABC and EF
but negative on the segment CDE of the trajectory. This means that an opposite force
P is required on CDE to keep the system in static equilibrium. By contrast, in the force
controlled process the inertia force is equilibrating the system at any time. The maximum
force occurs when

apP

T 62 —36°=0 (10.41)
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Tension

Compression

Figure 10.6: Transition from compressive into tensile strain.

P
Force control

B

F b ,
5 AN A

E § 0 5
E Displacement control
D

Figure 10.7: Equilibrium path in the snap-through problem.

_ _ 92 _
The maximum occurs at 6 = §/ /3 and the maximum force is Ppax = 3—\653.
Any time during the loading phase AB there is a possibility for the rods to buckle. The

instant of buckling is detected by equating the axial force from Eq. (10.37) to the critical
buckling force of the pin-pin column
P, |l w°EI

_Pal 10.42
N 2 w, 2 (10.42)

The dimensionless version of this equation is

For _ 52 (10.43)

pcr = =
EA 32

l 1
where 8 = — is the slenderness ratio, and 72 = 1 is the radius of gyration of the cross-
r

section. In the coordinate system (P, §), the buckling point is determined by the intersection
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of the straight line, Eq. (10.42), and the third order parabola

272 -
%5 = §(5% — 62) (10.44)
The displacement to buckle is
. on?
S = 1/062 — % (10.45)
and the corresponding buckling force P, is
_ ) 2 _ A2
Po=""]52- T (10.46)

=\ e
The graphical interpretation of the above analysis is shown in Fig. (10.8).

Stocky column
P

Slender column

Figure 10.8: Non-linear pre-buckling path intersects with a linear post-buckling path.

There is a family of straight lines with the slenderness ratio as a parameter. The critical
slenderness ratio for which buckling will never occur is

2
B =" (10.47)
0
This situation corresponds to the straight line tangent to the third order parabola. Of prac-

tical interest is the situation in which the bifurcation point occurs before the maximum force

_ _ 2 _
is reached at dpax = 0/ V3 and Ppax = 3—\/5(53. The corresponding minimum slenderness

ratio, calculated from Eq. (10.42) is

2 _\/§7T

min — 5

(10.48)
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To sum up, there are three ranges of the slenderness ratio:

Table 10.1: Ranges of buckling response

ﬂmin < 5 < 00 B = /Bmin ﬂ = 5min
_ 2r? | 272 2
Pmax % 2 — 677; 753 No buckling static
3 _3 or dynamic
o _ 21 0 ilibri th
Smax \/ 52 — s % equilibrium pa

For the square cross-section h x h, the critical combination of the geometrical parameters

W h

— = 36m— 10.49
A ™ (10.49)
From the above solution, we conclude that snap-through of the bar system without

buckling will occur only for very shallow systems.

10.4 Dynamic Snap-Through

The present lecture notes are restricted to static and quasi-static problems. However, the
nature of the snap-through problem calls for the consideration of the full dynamic analy-
sis. Assume that the loading of the two-bar system is load controlled. There is a stable

_ 9 _
equilibrium path on the portion AB. When P, = ﬁ(ﬁ is reached, the system jumps
instantaneously to the next equilibrium point F in the static solution. The magnitude of

the force is the same, but the corresponding displacement is determined from the solution

of the cubic equation
2

=53 =652 -5 10.50
373 ( )

This equation has three real roots

5 20
—, 09 =03 = ———
& 2 3 /3

By adding inertia forces into the equation of equilibrium, the snap-through process occurs

& = (10.51)

in time. The bar system is first accelerated on the portion BCD of the descending force
and then decelerated on the rising portion DEF.

The dynamic solution is straight forward if the distributed mass of the rod is lumped
into two discrete point masses m = [Ap, as shown in Fig. (10.9).

By adding d’Alambert inertia forces into static equilibrium, Eq. (10.37), one gets

. Qm% = QN% (10.52)

where now P is positive in tension.
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w,

Figure 10.9: The equivalent two massless bars and two lumped masses.

Eliminating the axial force N in the bars between Eqs. (10.36) and (10.52), one gets
the following differential equation

-l s (10.53)
E |

where the dot denotes differentiation with respect to time. It is convenient to introduce the

ot l E

dimensionless time t = 7 where t; = - is the reference time, and ¢> = — is the speed of
1 C

the longitudinal stress wave in a bar. In the force controlled system, the exciting term is

_ 2 _
constant P = —353. In the new dimensionless coordinate, Eq. (10.53) takes the form

3v3
—P—-5=06-6% (10.54)

where the dot denotes differentiation with respect to the dimensionless time ¢. Using the
chain rule of differentiation,

0 déds  do,
At~ dédt  ds
one can get a solution on the phase plane (d, 6) rather tan in the time domain. Substituting
Eq. (10.55) into Eq. (10.54), the following equation is obtained

(10.55)

—Pdé — 6dd = (8% — 6%0) do (10.56)
which can be readily integrated to give

_ 1., &t 522
—Pi— 8= - ——+C (10.57)

The integration constant C' is determined from the initial condition that the velocity § is
1
V3

5—252\/—13 (g) +% (g)Q—i <§_>4+112 (10.58)
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o 1)
In terms of the normalized velocity 52 = v and the normalized deflection n = 5 Eq.
(10.58) reads
2 1 1 1
V= y|——F= —n?2— -t — 10.59
v \/3\/§n+2n AR (10.59)

The plot of v versus 7 is shown in Fig. (10.10).

) ‘
Figure 10.10: The plot of v versus 7 in dynamic snap through.

1
The polynomial in 7 under the square root in Eq. (10.59) has two real roots, at n = %

and n = —V/3. The dynamic motion starts at B, increases slowly, reaches a maximum
in F and falls rapidly to zero at the point G with the coordinate 7 = /3. Note that
the dynaénic deflection overshoots considerably the deflection reached in the static problem
Tlstat = % = 1.15.

At the final stage when the motion of the system stops, there is enough tensile energy
stored in the bar to initial free vibration with the forcing term P removed. The solution to
this phase is given by Eq. (10.57) with P =0, and the new integration constant C; = %

so that continuity of velocity is achieved. The plot of the free vibration of the system,

governed by

1. 1, 3
b= 1)on? — —pig” 10.
o= \gnt - gty (10.60)

is shown in Fig. (10.11), in comparison with the dynamic snap-through plot.
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-2

Figure 10.11: The plot of ¥ versus 7 in free vibration, in comparison with the dynamic-
through plot.
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Lecture 11: Buckling of Plates and Sections

Most of steel or aluminum structures are made of tubes or welded plates. Airplanes,
ships and cars are assembled from metal plates pined by welling riveting or spot welding.
Plated structures may fail by yielding fracture or buckling. This lecture deals with a rbief
introduction to the analysis of plate buckling. A more complete treatment of this subject is
presented in the 2.081 course of Plates and Shells, which is available on the Open Course.
For additional reading, the following monographs are recommended:

1. Stephen P. Timoshenko and James M. Gere, Theory of Elastic Stability.

2. Don. O. Brush and Bo. O. Almroth, Buckling of Bars, Plates and Shells.

11.1 Governing Equations and Boundary Conditions

In the present notes the column buckling was extensively studied in Lecture 9. The gov-
erning equation for a geometrically perfect column is

EIw™Y + Nu” =0 (11.1)
A step-by-step derivation of the plate buckling equation was presented in Lecture 7
DV*w + Nypwap = 0 (11.2)

where N,z is a set of constant, known parameters that must satisfy the governing equation
of the pre-buckling state, given by Eqgs. (7.10-7.12). The classical buckling analysis of plates
is best explained on an example of a rectangular plate subjected to compressive loading in
one direction, Fig. (11.1).

Figure 11.1: Geometry and loading of the classical plate buckling problem.

The plate is simply supported along all four edges. The edges AB and CD are called
N
the loaded edges because in-plane loading N [E] is applied to these edges. The other two
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edges AD and BC are called the unloaded edges. The simply supported boundary conditions
apply to vanishing of transverse deflections and the normal bending moments

w=0 on ABCD (11.3a)
M, =0 on ABCD (11.3b)

Separate boundary condition must be formulated in the in-plane direction in the normal
and tangential direction

(Ny — Ny)buy =0 (11.4a)
(Ny — Ny)duy = 0 (11.4b)

In the case of the present rectangular plate Eqgs. (11.3) reduce to

(me - Nxf)(sux = on AB and CD
(N$y - ny)(su:,/ —_— 0 ( )
) 11.5
Exyy - %yygguy - 0 } on AD and BC
zy — Ny )0Uz =

In the present problem the stress boundary conditions are applied and the tensor of

external loading is
N 0

0 0

N 0
0 0

Nop =

v Nag (11.6)

With the above field of membrane forces the equilibrium equations are satisfied identically.
From the constitutive equations

Nz = Ceg, +vey,) (11.7a)

0= C(ey, + veg,) (11.7b)

Therefore €, = —veg, and so Ny, = Ehey,. The displacement is calculated by solving two
equations

d
€on = df (11.8a)
o du,
€yy = d7y (118b)

With the origin of the coordinate system placed at the point A in Fig. (11.1), The solution
is
1_Z ) ’ Y Eh

Uy = Uy ( " Uy = Vo, N = — o (11.9)

Note that N has been defined as positive in compression. Therefore the plate will be
compressed in the x-direction and will expand laterally in the y-direction because of the
effect of the Poison ratio. In setting up the experiment or developing the FE model, the
plate should be left free in the in-plane direction.
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11.2 Buckling of a Simply Supported Plate

The expanded form of the governing equation corresponding to the assumed type of loading

is
N*w *w o* _d2w
D 2 — N— = 11.1

Ox? + 0x20y? + oyt + dz? 0 (11.10)

The solution of the above linear partial differential equation with constant coefficient is

sought as a product of two harmonic functions

e sin% (11.11)

w(z,y) = sin

where m and n are number of half waves in the longitudinal and transverse directions,
respectively. The function w(z,y) satisfies the boundary condition for displacement. The
bending moment M,

2 2
M, = Myz = D[Kgy + VKyy] = —D [(mw) +v (%) } sin mre sin n—zy (11.12)
a a

vanishes at * = 0 and x = a edges. Also at y = 0 and y = b, M,, = My, is zero. Therefore
the proposed function satisfy the simply supported boundary condition at all four edges.
Substituting the function w(z,y) into the governing equation, one gets

(o) 2y ()« ()] 3 (22 Jsn ™2 an ™ <o nas

The differential equation is satisfied for all values of (z,y) if the coefficients satisfy

NG RIG 19

It is seen that the smallest value of N for all values of a, b and m is obtained if n = 1. This

means that only one half wave will be formed in the direction perpendicular to the load
application. Then, Eq. (11.12) can be put into a simple form

— 2D

where the buckling coefficient k. is a function of both the plate aspect ratio a/b and the

ke = <mb+a>2 (11.16)

a mb

wavelength parameter

The parameter m is an integer and determines how many half waves will fit into the length
of the plate. The aspect ratio a/b is known, but the wavelength parameter is still unknown.
Its value must be found by inspection, i.e., by plotting the buckling coefficient as a function
of a/b for subsequent values of the parameter m. This is shown in Fig. (11.2).
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Figure 11.2: Plot of the buckling coefficient for a simply supported plate as a function of
the plate aspect ratio a/b and different wave numbers.

For example, the buckling coefficient corresponding to the first five buckling modes
corresponding to 7= 2 are

Table 11.1:
m 1 12| 3 4 5
ke || 62141476284

The lowest buckling load k. = 4 occurs when there are two half waves along the length
of the plate, m = 2. The line separating the safe, shaded area in Fig. (11.2) and the unsafe
while area defines uniquely the buckling coefficient for all combination of a/b and m.

Consider now a long plate, a > b for which the parameter m can be treated as a
continuous variable. In this case there is an analytical minimum of the buckling coefficient

k. _

I 0 — a=mb (11.17)

The above result means that the plate divides itself into an integer number of squares with
alternating convex and concave dimples.
What happens when the rectangular plate shown in Fig. (11.1) is restricted from lateral
expansion
uy(y = 0) = uy(y =) = 0 (11.18)
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Figure 11.3: Constrained compression of the plate.

With no strain in the y-direction, €, = 0, the constitutive equations (11.6) reduces to

Nyo = C€S, (11.19a)
Ny, = Cved, (11.19Db)

This means that a reaction force Ny, = vN,, develops in the transverse direction. The
buckled shape of the plate is the same and the solution, Eq. (??) still holds but the new
expression for the buckling coefficient is

mb > ’
ke = KT) o (11.20)

() o
—_— +vn
a

The least value of the buckling coefficient can be found by inspection. Taking again as

an example a/b = 2, the values of the buckling coefficient corresponding to the nine first
buckling modes are

Table 11.2:
L (T T B
n
1 10.7 3 4.09
3.8 | 10.7 | 10.9
3 26 25 | 24.1

The lowest value of the buckling coefficient k. = 3 corresponds to two half-waves in the
loading direction and one half wave in the transverse direction. It is seen that restricting
the in-plane deformation does not change the buckling mode but reduces the buckling load
by a factor of 3/4. The reaction compressive force makes the plate to buckle more easily.
This example underscores the importance of properly defining the boundary conditions not
only in the out-of-plane direction but also in the in-plane directions.
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11.3 Effect of Boundary Conditions

The unloaded edges of rectangular plates can be either simply supported (ss), clamped
(c) or free. (The sliding boundary conditions will convert the eigenvalue problem into the
equilibrium problem and therefore are not considered in the buckling analysis of plates).
The loaded edges could be either simply supported or clamped. This gives rise to ten
different combination. The buckling coefficient is plotted against the plate aspect ratio a/b
for all these combinations in Fig. (11.4). It is seen that the lowest buckling coefficient with
m = 1 corresponds to a simply supported plate on three edges and free on the fourth edge.

An approximate analytical solution for the case “E” was derived by Timoshenko and
Gere in the form

b 2
ke = 0.456 + <a) (11.21)

For example k. = 0.706 for a/b = 2, which is very close to the value that could be read off
from Fig. (11.4). An angle element, shown in Fig. (11.5) is composed of two plates that are
simply supported along the common edge and free on the either edges. Both plates rotate
by the same amount at the common edges so that no edge restraining moment is developed.
This corresponds to a simply supported boundary conditions.

In a similar way it can be proved that the prismatic square column consists of four
simply supported long rectangular plates. Upon compression, the buckling pattern has a
form shown in Fig. (11.6). Again, there are no relative rotations at the intersection line of
any of the neighboring plates ensuring the simply supported boundary condition along four
edges.

Another very practical case is shear loading. For example “I” beams with a relatively
high web or girders may fail by shear buckling, Fig. (11.7), in the compressive side when
subjected to bending.

The solution to the shear buckling is much more complicated than in the previous cases
of compressive buckling. The general form of the solution is still given by Eq. (?7) but
there is no simple closed form solution for the buckling coefficient. An approximate solution
for k., derived by Timoshenko and Gere has the form

b 2
ke =5.35+4 () (11.22)
a

For a square plate the buckling coefficient is 9.35 while for an infinitely long plate, a > b

it reduces to 5.35. Loading the plate in the double shear experiment for beyond the elastic
buckling load produces a set of regular skewed dimples seen in Fig. (11.8).

11.4 Buckling of Sections

Cold-form or welded profiles are encountered in almost every aspect of the engineering
practice. Typical cross-sectional geometries of prismatic members are shown in Fig. (11.9).
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Figure 11.4: Effect of boundary conditions on the buckling coefficient of rectangular plates
subjected to in-plane boundary conditions.
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Figure 11.5: Buckling mode of an angle element.

b

Figure 11.6: The buckling mode of a prismatic square column.

Figure 11.7: Buckling due to shear or bending.

Except of symmetric angle, “T”, cruciform and square box profile where buckling
strength of the entire section is a sum of buckling loads of contributing plates, the analysis
of other shape requires consideration of restraining bending moments and continuity con-
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Figure 11.8: A photograph of shear buckling of a plate representing the damage pattern on
the ship’s hull inflicted upon grounding.

LT O

Figure 11.9: Some typical open and closed cross-sectional shape of prismatic members.

ditions along the common edges. The easiest way to illustrate the problem is to consider
a rectangular section prismatic column, Fig. (11.10). According to Eq. (?7?) the buckling
load is inversely proportional to the width of the plate. The two opposite wider plates
would like to buckle first, but the shorter sides are not ready to buckle with k£ = 4. They
provide clamped boundary condition for the wider flanges for which k& = 7. There must be a
transfer of information between the adjacent plates so that they will buckle “in sympathy”
to one another with a different k..

The numerically obtained function kj(ba/b1) is shown in Fig. (11.10) by a solid line.
The buckling coefficient is uniquely related to k; through the pre-buckling analysis. Before
buckling the strains and compressive stresses in the adjacent plates are the same

N Ny
= - = go—= 11.23
1= =0 ( )
where 2p) 2p)
™ 1 ™ 2
N1 =k PR No = ko 2 (11.24)
1 2
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Figure 11.10: Buckling coefficients of a rectangular plate as a function of by /b;.

From the above equation it follows that

by \ 2
ky = ky (b1> (11.25)

k1 is shown in Fig. (11.10) (solid line). The buckling coefficient ko calculated from Eq.
(??) is shown on the same figure by the dashed line. With the above result one can prove
that for a given weight (cross-section area) the square column will have the largest buckling
resistance for all rectangular shapes.

For more complex cross-sectional shape the buckling coefficient can be presented in a
graphical form, as shown in Fig. (11.11). Knowing the buckling coefficient k; for a flange
with the width b; and thickness hq, the buckling coefficients of all other flanges is then

calculated from: b
ey = Ky | 2L 11.26
: ( . m) (11.26)

In most cases nothing dramatic happens at the point of buckling. The purely compres-

sive state switches into a combined bending/compression but the plate continues to carry
additional load with a reduced stiffness. The post-buckling and ultimate load response is
discussed in the next section of this lecture.
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Figure 11.11: Buckling coefficients for four types of sections.

11-11



Structural Mechanics 2.080 Lecture 11 Semester Yr

ADVANCED TOPIC

11.5 Post-buckling Response of Plates

Let’s assumed that the plate is subjected to a monotonically increasing axial compression

u,, Fig. (11.12).

y

Figure 11.12: Two degree-of-freedom model of the buckled plate.

Initially the plate is straight and in the pre-buckling state there is uniaxial compression
and bi-axial deformation. This stage was analyzed in section 7.1. there was no out-of-plane
displacement w,. The bifurcation point was tested by imposing an arbitrary small field
of out-of-plane displacement. Now, some of the compression energy is relieved, but the
bending energy appears so that the total potential energy of the system remains the same.

The corresponding value of the load (buckling load) under which this happens was
derived in Section 7.2. What happens to the plate after buckling has occurred is the subject
of the present section. The deformation of the plate is assumed to be a superposition of
the in-plane compression. The form of the in-plane displacement is similar as in the pre-
buckling solution, Eq. (??), but now one more term should be added to the expression for
uy in order to satisfy zero traction at the unloaded edges.

e = o (1 - 2) (11.27a)
Uy = VUO% + f(z) (11.27b)

The field of out-of-plane deformation is taken identical as in the buckling solution

w :wosingsin%y (11.28)
a

which satisfies the simply supported boundary conditions at all four edges. Here it is
assumed that the plate is either infinitely long or is square so that a = b.
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The total potential energy of the system is
II=0,+Uyn— PU, (11.29)

where P = bN and expression for the bending and membrane energies are given by Egs.
(4.73) and (4.86), respectively. The curvature tensor is defined by

Ko = —W a8 (11.30)
and for the assumed shape w(z,y) has three components
. T . TY ™ Y
my2 Sin——sin—=  —cos—cos—=
Kap = Wo (a) T . Y . TX ., TY (11.31)
—cos —sin—  sin — sin —
a a a a

The membrane strain results from the gradient of in-plane displacement vector and the
moderately large rotation of plate elements

1 1
€ap = 5 (Uas + Upa) + JWaws (11.32)
The components of the in-plane strain tensors are
2 2
€xy = _Uo + Yo (E) cos? ™ sin? Y

@ 2 hal “ a (11.33)

— Yo g Yo (f) in2 ™ o2 1Y

ey =V + f(z) + 5 () sin® —cos” —

w? m\2  ,mr o my

€xy = 70 <E) cos” — cos” —= (11.34)

It is seen that the form of the axial strain e;, provides coupling between the in-plane
amplitude u, and the out-of-plane amplitude w,.
The general expression for the bending energy of the plate, Eq. (4.73) is

D a a
Uy = 2/0 /0 {(Kaz + Kyy)? — 2(1 — v)kg}dady (11.35)

where kg = Kpgkyy — Iiiy is the Gaussian curvature. It can be easily shown that the

Gaussian curvature integrated over the surface of the plate is zero. Therefore, the second
term in the integrand of Eq. (11.21) vanishes. Finally, the total bending energy of the plate

is calculated to be .

1 i
Up = QDwgﬁ (11.36)
Before proceeding to calculate the membrane strain energy, the unknown function f(z)
in Eq. (??) should be determined from the boundary condition Ny,(y = a and y = 0) = 0.

The plane stress elasticity law is

Nayow = Clegn + veyy) (11.37a)
Nyy = C(eyy + Vea) (11.37b)
Nay = (1 = 1)Cesy (11.37¢)
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From Eq. (11.19), the in-plane membrane force in the y-direction is
2 fy
w? (E) sin? % cos? Y 4 I
a a a

T 2 ML . o TY
wg (—) cos? = sin? —2
a a a

(11.38)

The membrane force changes from point to point and at the unloaded edges y = 0 and
Yy =ais
2° a

Now, the total membrane energy of the plate can be calculated. After lengthy algebra, the

Nyy(0,a) =C [1102 (g)zsiHQ 4 f’] (11.39)

final expression is

c 2y, 2 NI g
Um:5 |:(1—I/ )u0—2(1—v )§3w0+(3—2y)674¥ (1140)
The total potential energy of the system is
(o, wo) = Uy, + U — Puy (11.41)

The equilibrium of the system requires that the first variation of the total potential energy
vanishes 0II(u,, w,) = 0. This leads to two equations

oIl 2 72 w?

=0 & P=0-AC [uo - 8@] (11.42)
oIl 2 47D 9 2

Gus =0 & 64 (5) wo [C — (L= Dau, + (3—2) Twl| =0 (11.43)

There are two solutions of the above system. The pre-buckling solution is recovered by
setting w, = 0. Then from Eq. (?7?)
Eh

P=(1-v*)Cuy=(1- VQ)ﬁuo = Fhu, (11.44)
—v

and Eq. (?7) is satisfied identically. The solution (??) is exact and is equal to the one

derived in Section 11.1 of Lecture 11. In the post-buckling range w, > 0 and Eq. (?7?)

provides a unique relation between the in-plane and out-of-plane amplitude of the assumed

displacement field

7r2<wo>2_1—v2uo_ 4D7?
8 3-2va C(3-2v)a?

The plot of the function w, = we(u,) is shown in Fig. (11.13).

, (11.45)

The critical displacement (u,). to buckle, corresponding to the point of buckling, is
obtained from Eq. (??) by setting w, = 0
47*D 1
(uo)c = B}
a C(1-1v?)

(11.46)
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Figure 11.13: The out-of-plane displacement amplitude.

Eliminating w, between Eqs. (??) and (?7) gives a linear post-buckling solution

13 1—v2472D
P=_"(1-12 11.4
25( V)Cu0+3—21/ a ( 7
. . dD .
The post-buckling stiffness Kot = T is
Uo
13 9
Kpost = %(1 —v*)C = 0.52K e (11.48)

where K¢ is the pre-buckling stiffness. For all practical purposes it can be assumed that
the plate is loosing half of its stiffness after buckling but is able to carry additional loads.
Based on the above analysis, the load-displacement relation of an elastic plate is depicted
in Fig. (11.14).

P P
D
C u,
7 B T
A 0.52K
PCI‘ ------ : _________________________
K
I u
0 (uU)Cl' °

Figure 11.14: Pre and post-buckling response of a plate.

Substituting the expression for (u,). into Eq. (11.44), the predicted buckling load is

_ 4r*D
N a

P, (11.49)
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which is the exact solution of the problem.

END OF ADVANCED TOPIC
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11.6 Ultimate Strength of Plates

In the previous section we have shown that after buckling the plate continues to take
additional load but with half of its pre-buckling stiffness. In order to understand what
happens next, let’s examine the distribution of in-plane compressive stresses 0., at x = a.
From Eqgs. (11.19) and (??) the components o, is

Ny E T

Only) = 55 = 1= [-(1 =)+ T (;)QSiH y] (11.50)

The first term represents negative, compressive stress, uniform along the width of the plate.
The second term describes the relieving tensile stress produced by finite rotation. The
relation between w, and u, is given by Eq. (??) and is depicted in Fig. (11.13). A plot of
the function 0., (y) for several values of the time-like parameter u, is shown in Fig. (11.15).
Note that the curves labeled A, B, C and D corresponds to the respective points in Figs.
(11.13) and (11.14).

O-CI‘

Figure 11.15: Re-distribution of compressive stresses along the loaded edge and simple
approximation by von Karman.

With increasing plate compression there is a re-distribution of stresses along the loaded
edge x = 0 and x = a. The stress at the unloaded edge y = 0 and y = a keeps increasing
while the stress at the plate symmetry plane y = a4 diminishes to zero.

It was the German scientist and engineer, Theodore von Karman who in 1932 made use
of the observation presented in Fig. (11.15). He assumed that the central, unloaded portion
of the plate carries zero stress while the edge zone, each of the width beg/2 reaches the yield
stress at the point of ultimate load. As a starting point, von Karman used the expression
for the critical buckling load N, and looked at the relation between the stress at the loaded
edge 0. and the plate width b

N. N. 4n°D AT Eh? h\?
Oe = f = TC = T TP 1.9°E <b> (11.51)

Normally b is the input parameter and the stress o, is an unknown quantity. The ingenuity

of von Karman was that he inverted what is known and unknown in Eq. (??). He asked
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what should be the width of the plate b.g so that the edge stress reaches the yield stress.
Thus

2 h 2
oy = 1L9E ;= (11.52)

E
best = 1.9k [ — (11.53)
Oy

Taking for example £ = 200000 MPa, oy = 320 MPa, the effective width becomes

Solving the above equation for beg

besg = 1.9h/625 = 47.5h (11.54)

The effective width depends on the Young’s modulus and yield stress is proportional to
the plate thickness. Approximately 40-50 thicknesses of the plate near the edges carries
the load, the remaining central part is not effective. The total load on the plate can be

expressed in two ways
Pult :beﬁ'ay:b'aav (1155)

where 0,y = oyt is the average stress on the loaded edge at the point of ultimate strength,

Oav bett h |E
= —=19—,/— 11.56
Oult b b v oy ( )
b Joy
= /= 11.
5= /% (11.57)

is referred to as the slenderness ratio of the plate. Note that this is a different concept than

The group of parameters

the slenderness ratio of the column [/p. Using the parameter §, the ultimate strength of
the plate normalized by the yield stress is

1.
Tute _ 1.9 (11.58)
oy 15}

Recall that the normalized buckling stress of the elastic plate is
2
Ocr 1.9>
— = — 11.59
= (3 (11.59)

Plots of both functions are shown in Fig. (11.16).
From this figure one can identify the critical slenderness ratio

Ber = 1.9 (11.60)

when both the ultimate load and the critical buckling load reach yield. From Eq. (?7)
one can see that at 8 = B, the effective width is equal to the plate width, b.g = b.
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Figure 11.16: Dependence of the buckling stress and ultimate stress on the slenderness ratio.

Eliminating the parameter § between Eqgs. (??) and (?7), the ultimate stress is seen to be
the geometrical average between the yield stress and critical buckling stress

Oult = /0cr " Oy (1161)

For example, continuous loading of a plate with the slenderness ratio 51 will first encounter
the buckling curve and then the ultimate strength curve, as illustrated in Fig. (11.16). The
foregoing analysis was valid for plates simply supported along all four edges, for which the
buckling coefficient is k. = 4. For other type of support Eq. (?7?) is still valid with the

coefficient 1.9 replaced by 1.9%.

Much effort has been devoted in the past to validate experimentally the prediction of
the von Karman effective width theory. It was found that a small correction to Eq. (7?)
provides good fit of most of the test data

Oult besr 1.9 . %

O'y_b_? 32

For example, for a relatively short (stocky plate) 8 = 25, = 3.8, the original formula

(11.62)

over predicts by 15% than the more exact empirical equation (??). For slender plates, the
difference is small. The latter has been the basis for the design of thin-walled compressive
elements in most domestic and international standards such as AISI, Aluminum Association

and AISC.

11.7 Effect of Initial Imperfection

Plates may be geometrically imperfect due to the manufacturing process, welding distortion
or mishandling during transportation. The shape of the imperfect plate can be measured as
is defined by the function w(x,y). In general the initial out-of-plane shape can be expanded
in a Fourier series. The first fundamental mode grows more rapidly. Therefore it is sufficient
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to consider that imperfections are distributed in the first mode

w(z,y) = wosinﬁsin@ (11.63)
a a
With the initial imperfection the definition of the curvatures and membrane strains must
be modified

Kaf = —(w — ’u_)),a,g (11.64)

1 1 1
€af = 5(71,0[”3 + U57a) + iwvawg — iﬂ)’aﬁ),g (11.65)

which reduce to Egs. (11.16) and (11.5), respectively, when w(x,y) = 0. The derivation

presented in Section 11.5 is still valid and the expression for the total potential energy is the
same, except all terms involving w, should now be replaced by (w, — w,). The structural
imperfections are usually small and comparable to the thickness of the plate. A plot of
the load-displacement curve for the geometrically perfect plate and the plate with two
magnitudes of initial imperfections is shown in Fig. (11.17). The load has been normalized
with the critical buckling load and displacements by the critical buckling displacement.

3r _
Wo _
t -~
—04
~
> b 1.0
P
PCI‘
1 —
Simply supported
unloaded edges
| | | |
0 2 4 6 8
Uo
Ucr

Figure 11.17: Load-displacement curves for imperfect simply supported plates.
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Lecture 12: Fundamental Concepts in Structural
Plasticity

Plastic properties of the material were already introduced briefly earlier in the present
notes. The critical slenderness ratio of column is controlled by the yield stress of the
material. The subsequent buckling of column in the plastic range requires the knowledge
of the hardening curve. These two topics were described in Lecture 9. In Lecture 10
the concept of the ultimate strength of plates was introduced and it was shown that the
yield stress is reached first along the supported or clamped edges and the plastic zones
spread towards the plate center, leading to the loss of stiffness and strength. In the present
lecture the above simple concepts will be extended and formalized to prepare around for
the structural applications in terms of the limit analysis.

There are five basic concepts in the theory of plasticity:

e Yield condition

e Hardening curve

e Incompressibility

e Flow rule

e Loading/unloading criterion

All of the above concept will first be explained in the 1-D case and then extended to the
general 3-D case.

12.1 Hardening Curve and Yield Curve

If we go to the lab and perform a standard tensile test on a round specimen or a flat dog-
bone specimen made of steel or aluminum, most probably the engineering stress-strain curve
will look like the one shown in Fig. (12.1a). The following features can be distinguished:

Point A - proportionality limit
Point B - 0.02% yield

Point C - arbitrary point on the hardening curve showing different trajectories on
loading/unloading

Point D - fully unloaded specimen

For most of material the initial portion of the stress-strain curve is straight up to the
proportionality limit, point A. From this stage on the stress-strain curve becomes slightly
curved but there is no distinct yield point with a sudden change of slope. There is in
international standard the yield stress is mapped by taking elastic slope with 0.02% strain
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Figure 12.1: Elastic, plastic and total stress-strain curve.

(e = 0.0002) offset strain. Upon loading, the material hardens and the stress is increasing
with diminishing slop until the testing machine (either force or displacement controlled)
is stopped. There are two possibilities. On unloading, meaning reversing the load or
displacement of the cross-load of the testing machine, the unloading trajectory is straight.
This is the elastic unloading where the slop of the stress-strain curve is equal to the initial
slope, given by the Young’s modulus. At point D the stress is zero but there is a residual

plastic strain of the magnitude OD. The experiment on loading/unloading tell us that the

total 6plastic

total strain e can be considered as the sum of the plastic strain and elastic strain
eelastic' Thus

6total — Eplastlc + GGIHSUC (121)

The elastic component is not constant but depends on the current stress

6elastic — E

E

The plastic strain depends on how far a given specimen is loaded, and thus there is a

(12.2)

difference between the total (measured) strain and known elastic strain. Various empirical
formulas were suggested in the literature to fit the measured relation between the stress
and the plastic strain. The most common is the swift hardening law

o= A(ePIstC e ) (12.3)

where A is the stress amplitude, n is the hardening exponent and ¢, is the strain shift
parameter.

In many practical problems the magnitude of plastic strain is mud larger than the
parameter ¢,, giving rise to a simpler power hardening law, extensively used in the literature.

o= A"

For most metals the exponent n is the range of n = 0.1 — 0.3, and the amplitude can vary a
lot, depending on the grade of steel. A description of the reverse loading and cycling plastic
loading is beyond the scope of the present lecture notes.
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gplastic

Figure 12.2: The experimentally measured stress-strain curve and the fit by the swift law.

Various other approximation of the actual stress-strain curve of the material are in
common use and some of then are shown in Fig. (12.3).

@ ®

o o
’4' Eh 0-0
O'y """""" ;:/ """"
\ E
&
0 0

Figure 12.3: Elastic-linear hardening material (a) and rigid-plastic hardening material (b).

A further simplification is obtained by considering the average value o, of the stress-
strain curve, illustrated in Fig. (12.3b). This concept gave rise to the concept of the
rigid-perfectly plastic material characteristic time, depicted in Fig. (12.4).

The material model shown in Fig. (12.4) is adopted in the development of the limit
analysis of structures. The extension of the concept of the hardening curve to the 3-D case
will be presented later, after deriving the expression for the yield condition.

12.2 Loading/Unloading Condition

In the 1-D case the plastic flow rule is reduced to the following statement:

>0 o =0, (12.4a)
e <0 o= —0, (12.4b)
=0 0, <0< —0, (12.4¢)
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Figure 12.4: The flow stress |o,| is assumed to be identical in tension and compression in
the rigid-perfectly plastic material model.

In the case of unloading, the stress follow the path CD on the o-€¢? graph. If the strain rate
is an independent variable, the path of all unloading cases is the same CBO, as shown in

Fig. (12.4).

12.3 Incompressibility

Numerous experiments performed over the past 100% have shown that metals are practically
incompressible in the plastic range. Let’s explore the consequences of this physical fact
in the case of one-dimensional case. Denote the gauge length of the prismatic bar by [
and its cross-sectional area by A. The current volume of the gauge section is V = Al.
Incompressibility means that the volume must be unchanged or dV = 0.

dV = d(Al) = dAl + Adl = 0 (12.5)

From Eq. (12.5) we infer that the strain increment de can be calculated either by tracking
down the gauge length or the cross-sectional area

dl dA
de=— = —— 12.6
€= 1 (12.6)
Integrating the first part of Eq. (?7)

e=1Inl+ 01 (12.7)
The integration constant is obtained by requiring that the strain vanishes when the length

[ is equal to the gauge initial, reference length [,, which gives C' = —Inl,. Thus

l

e=1In T (12.8)

o
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which is the logarithmic definition of strain, introduced in Lecture 2. Similarly, integrating
the second part of Eq. (??) with the initial condition at A = A,, € = 0, one gets
A,
e=In— 12.9
: (129)
In tension [ > [, or A < A,, so both Egs. (??) and (??7) gives the positive strain. In
compression the strain is negative. The same is true for strain increments de or strain rates
I A
€=- Or €= —— 12.10
7 1 (12.10)
From the above analysis follows a simple extension of the plastic incompressibility condition
into the 3-D case. Consider an infinitesimal volume element V' = zyxox3, Fig. (12.5).

A A

Figure 12.5: Undeformed and deformed 1-D and 3-D volume elements.
The plastic incompressibility requires that

dV = d(:L‘l.CCng) = dxl(xgccg) + xld(l’gmg)

(12.11)
= drix0x3 + T1drox3 + 21T2dX3
Dividing both sides of the above equation by the volume, one gets
d d d
S Ty (12.12)

X1 x2 €3

or
depr + degg +deg3 =0, degy, =0

Oe11

ot

Noting that de;; = dt = é11dt, an alternative form of the incompressibility condition
is

€11 + €29 + €33 =0, €k =0 (12.13)

The sum of the diagonal components of the strain rate tensor must vanish to ensure incom-
pressibility. It follows from the flow rule (to be formulated later) that in uniaxial tension in
x1 direction the components égo = é33. Therefore é11 + 2é99 = 0 or €17 + 2é33 = 0. Finally
we obtain

é22 = *0.56'11, é33 = *0.56'11 (1214)
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The coefficient 0.5 can be interpreted as the Poisson ratio

i _ i

=05 (12.15)

€11 €11

We can conclude that plastic incompressibility requires that the Poisson ratio be equal to
1/2, which is different from the elastic Poisson ratio, equal ~ 0.3 for metals. Many other
materials such as rubber, polymers and water are incompressible.

12.4 Yield Condition

From the previous section, the uniaxial yield condition under tension/compression in the
x-direction is
011 = :|:O‘y (12.16)

In the general 3-D, all six components of the stress tensor contribute to yielding of the
material. The von Mises yield condition takes the form

1
Sllon = 022)% + (022 — 033)° + (033 — 011)*] + (07 + 053 + 03,)] = 0} (12.17)

or in a short-hand notation
F(0j) = oy

The step-by-step derivation of the above equation is given in the next section. Here, several
special cases are considered.

Principle coordinate system

All non-diagonal components of the stress tensor vanish, o135 = 023 = 031 = 0. Then, Eq.
(12.12) reduces to
(01— 09)* + (02 — 03)* + (03 — 01)? = 203, (12.18)

where o1, 09 03 are principal stresses. The graphical representation of Eq. (?7) is the open
ended cylinder normal to the octahedral plane, Fig. (12.6).
The equation of the straight line normal to the octahedral plane and passing through
the origin is
o1+ 09 +03=3p (12.19)

where p is the hydrostatic pressure. Since the hydrostatic pressure does not have any effect
on yielding, the yield surface is an open cylinder.

Plane stress

Substituting 013 = 023 = 033 = 0 in Eq. (12.12), the plane stress yield condition becomes

0% — 011099 + 059 + 3075 = U}Z, (12.20)
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Yield surface

Octaeder plane

Figure 12.6: Representation of the von Mises yield condition in the space of principal

stresses.

In particular, in pure shear o171 = 099 = 0 and o019 = ay/\/g. In the literature ay/\/§ =k

is called the yield stress in shear corresponding to the von Mises yield condition. In the

principal coordinate system o152 = 0 and the yield condition takes a simple form

2

2 2
01 — 0102 + 05 =0y

)

Figure 12.7: The von Mises ellipse in the principal coordinate system.

(12.21)

The graphical representation of Eq. (?7?) is the ellipse shown in Fig. (12.7). Several

important stress states can be identified in Fig. (12.7).

Point 1 and 2 — Uniaxial tension, o1 = 02 = 0y

Point 7 and 11 — Uniaxial compression, o1 = 02 = —oy
Point 3 — Equi-biaxial tension, o1 = 09

Point 9 — Equi-biaxial compression, —o1 = —o9

Points 2, 4, 8 and 10 — Plain strain, o7 = %ay

Points 6 and 12 — Pure shear, 01 = —0o9
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The concept of the plane strain will be explained in the section dealing with the flow rule.

Equivalent stress and equivalent strain rate

In the finite element analysis the concept of the equivalent stress ¢ or the von Mises stress
is used. It is defined by in terms of principal stresses

1
o= 5[(0'11 — 0'22)2 + (0'22 — 0'33)2 + (0’33 — 0'11)2] (12.22)

The equivalent stress 7(o;;) is the square root of the left hand side of Eq. (12.12). Having
defined the equivalent stress, the energy conjugate equivalent strain rate can be evaluated
from

G€ = 0jé;j (12.23)

and is given by

o 1/2
€= {9 (€11 — é22)” + (é22 — €33)* + (é33 — €11)°] } (12.24)

The equivalent strain is obtained from integrating in time the equivalent strain rate
€= /édt (12.25)

12.5 Isotropie and Kinematic Hardening

It should be noted that in the case of uniaxial stress, oy = 03 = 0 and Eq. (12.14) reduces
to & = o1. Likewise, for uniaxial stress éo = —0.5¢; and é3 = —0.5¢; and the equivalent
strain rate becomes equal to ¢ = ¢;. Then, according to Eq. (??), € = 1. The hypothesis
of the isotropic hardening is that the size of the instantaneous yield condition, represented
by the radius of the cylinder (Fig. (12.6)) is a function of the intensity of the plastic strain
defined by the equivalent plastic strain €. Thus

o = oy(€) (12.26)

The hardening function oy (€) is determined from a single test, such as a uniaxial tension.
In this case
1 = 0y(€) = oy(e1) (12.27)

Thus the form of the function oy (€) is identical to the hardening curve obtained from the

Ql
Il
Q

tensile experiment. If the tensile test is fit by the power hardening law, the equivalent stress
is a power function of the equivalent strain

g = Ae" (12.28)
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Figure 12.8: Comparison of the isotropic and kinematic hardening under plane stress.

The above function often serves as an input to many general purpose finite element codes.
A graphical representation of the 3-D hardening rule is a uniform growth of the initial yield
ellipse with equivalent strain €, Fig. (12.8).

In the case of kinematic hardening the size of the initial yield surface remains the same,
but the center of the ellipse is shifted, see Fig. (12.8). The coordinates of the center of the
ellipse is called the back stress. The concept of the kinematic hardening is important for
reverse and cyclic loading. It will not be further pursued in the present lecture notes.

12.6 Flow Rule

The simplest form of the associated flow rule for a rigid perfectly plastic material is given
by
c OF (045)

PR 12.29

) 80'ij ( )
where the function F(o;;) is defined by Eq. (12.12), and A is the scalar multiplication
factor. Equation (12.15) determines uniquely the direction of the strain rate vector, which
is always directed normal to the yield surface at a given stress point. In the case of plane

stress, the two components of the strain rate vector are

é1 = MN201 — 09) (12.30a)

é2 = )\(20‘2 — 0'1) (12.30b)

The magnitudes of the components é; and é; are undetermined, but the ratio, which defines
the direction é/ey, is uniquely determined.

In particular, under the transverse plain strain éo = 0, so o1 = 209 and o1 = Oy.

Sl
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5 X3

Figure 12.9: The strain rate vector is always normal to the yield surface.
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ADVANCED TOPIC

12.7 Derivation of the Yield Condition from First Principles

The analysis starts from stating the stress-strain relations for the elastic material, covered
in Lecture 4. The general Hook’s law for the isotropic material is
1
€ij = E[(l +v)0ij — voR0ij] (12.31)
The elastic constitutive equation can also be written in an alternative form, separately for

the distortional and dilatational part

1
eij = %szj — distorsion (12.32a)

1—-2v
€kl = E

The next step is to invoke the basic property of the elastic material that the strain

oxr, ~— dilatation (12.32b)

energy density U, defined by
U= %azj de;; (12.33)

does not depend on the loading path of the above line integral but only on the final state.
Thus, evaluating the strain energy on the proportional (straight) loading path, one gets

_ 1
U= 50'7;]'61']' (12.34)

The next step is to prove that the strain energy density can be decomposed into the
distortional and dilatational part. This is done by recalling the definition of the stress
deviator s;; and strain deviator e;;

1
Oij = Sij + ggkkdz‘j (12'353)
1
€ij = €5 + gekk%’ (12.35b)
Introducing Eq. (12.20) into Eq. (12.19), there will be four terms in the expression for U

_ 1 1 1 1
2U = sijeij + sij gekkdij + S 0kkdij€ij + 5 0kk0ij 5 €kkdij (12.36)

3 ERE
Note that s;;0;; = s; = 0 from the definition, Eq. (12.20). Likewise e;;0;; = e;; = 0, also
from the definition. Therefore the second and third term of Eq. (??) vanish and the energy

density becomes

_ 1 1 _ _
U= gsijeij + GoRkel = Udgist + Uail (12.37)

Attention is focused on the distortional energy, which with the help of the elasticity law Eq.
(12.17) can be put into the form

(12.38)



Structural Mechanics 2.080 Lecture 12 Semester Yr

The product s;;s;; can be expressed in terms of the components of the stress tensor

1 1
sijsij = (0ij — 50kk0ij)(Cij — 5OkkGij)

3 3
1 1 1
= 0ij0ij — gaijakk% - gUkkfsijUij + §Ukk0kk5ij5ij
= 04j04j — gakkakk + gakkakk
The final result is m .
- v
= 5 (09 — 3OkkOkk) (12.39)

In 1904 the Polish professor Maximilian Tytus Huber proposed a hypothesis that yielding
of the material occurs when the distortional energy density reaches a critical value

1
0;5045 — go-kko'kk =C (1240)

where C' is the material constant that must be determined from tests. The calibration is
performed using the uni-axial tension test for which the components of the stress tensor are

oi1 0 0
oj= 0 00 (12.41)
0 00
From Eq. (12.21) we get
1 2
011011 ~ 5011011 = 3011011 = C (12.42)

2
Yielding occurs when 011 = oy so C = §a2 The most general form of the Huber yield

v
condition is

(011 — 022)2 + (092 — 033)2 + (033 — 011)2 + 6(0%2 + 033 + 032,1) = 203 (12.43)

which was the starting point of the analysis of various special cases in section 12.4. A
similar form of the yield condition for plane stress was derived by von Mises in 1913, based
on plastic slip consideration and was later extended to the 3-D case by Hencky. The present
form is reformed to in the literature as the Huber-Mises-Hencky yield criterion, called von
Mises for short.

END OF ADVANCED TOPIC
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12.8 Tresca Yield Condition

The stress state in uni-axial tension of a bar depends on the orientation of the plane on
which the stresses are resolved. In Lecture 3 it was shown that the shear stress 7 on the

plane inclined to the horizontal plane by the angle « is
1 .
T = jousin 2 (12.44)

where 017 is the uniaxial tensile stress, see Fig. (12.10).

oy

Figure 12.10: Shear and normal stresses at an arbitrary cut.

s
The maximum shear occurs when sin2a =1 or a = 1 Thus in uniaxial tension
o

T = 5 (12.45)
Extending the analysis to the 3-D case (see for example Fung) the maximum shear stresses

on three shear planes are
_ o1 — oo _ o2 — o] _ oz — o]

2 ; 2 2 ) 3 2

where o1, 09, o3 are principal stresses. In 1860 the French scientist and engineer Henri
Tresca put up a hypothesis that yielding of the material occurs when the maximum shear

n (12.46)

stress reaches a critical value 7.

o1 — 09| |02 — 03| |03 — 01
Tozmax{| 5 ‘,| 5 ’,‘ 5 |} (12.47)

The unknown constant can be calibrated from the uniaxial test for which Eq. (12.24) holds.
Therefore at yield 7, = 0y/2 and the Tresca yield condition takes the form

max {|o1 — 02, |02 — 03], |03 — 01[} = 0y (12.48)
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In the space of principal stresses the Tresca yield condition is represented by a prismatic
open-ended tube, whose intersection with the octahedral plane is a regular hexagon, see
Fig. (12.11).

Yield surface

Octaeder plane

Figure 12.11: Representation of the Tresca yield condition in the space of principal stresses.

For plane stress, the intersection of the prismatic tube with the plane o3 = 0 forms a
familiar Tresca hexagon, shown in Fig. (12.12).

5]

Tresca| | Mises

Figure 12.12: Tresca hexagon inscribed into the von Mises ellipse.

The effect of the hydrostatic pressure on yielding can be easily assessed by considering

01 =09 =03 =p. Then

g1 — 09 = 0 (12.498,)
o9 —03=0 (12.49Db)
o3 —o01 =0 (12.49¢)

Under this stress state both von Mises yield criterion (Eq. (??)) and the Tresca criterion
(Eq. (?7)) predict that there will be no yielding.
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12.9 Experimental Validation

The validity of the von Mises and Tresca yield criteria and their comparison has been
the subject of extensive research over the past century. The easiest way to generate the
complex state of stress is to perform tension/compression/torsion tests of thin-walled tubes,
sometimes with added internal pressure. The results from the literature are collected in
Fig. (12.13) where the experimental points represent a combination of the measured two
principal stresses causing yielding. There is a fair amount of spread of the data so that
there is no clear winner between the two competing theories. After all, the physics behind
both approaches is similar: shear stresses (Tresca) produces shape distortion, and shape
distortion (von Mises) can only be achieved through the action of shear stresses (in a rotated
coordinate system). The maximum difference between the von Mises and Tresca yield curve
occurs at the transverse plane strain and is equal to (2/r3 — 1) = 0.15.

% foc Vs oct. shear Yielding (o = 0,)
max. normal 1-01 o Ni-Cr-Mo steel
e AISI 1023 steel
0O 2024-T4 Al
® 3S-HAI

von Mises

Fracture (oc= Oy

A Gray cast iron

Tresca

Figure 12.13: Plane stress failure loci for three criteria. These are compared with biaxial
yield data for ductile steels and aluminum alloys, and also with biaxial fracture data for
gray cast iron.

Quasi-brittle materials, such as cast iron behave differently in tension and compression.
They can be modeled by the pressure dependent or normal stress dependent (Coulomb-
Mohr) failure criterion. The comparison of theory with experimental data is shown in Fig.

(12.14).
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1+ 300
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©
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Figure 12.14: Biaxial fracture data of gray cast iron compared to various fracture criteria.

12.10 Example of the Design against First Yield

Safety of pressure vessels and piping systems is critical in design of offshore, chemical and
nuclear installation. The simplest problem in this class of structures is a thick pipe loaded
by an internal pressure p. The tube is assumed to be infinitely long and the internal and
external radii are denoted respectively by a and b. In the cylindrical coordinate system
(r,0,2), 0., = 0 for the open-ended short tube and o,, = o, and 0gy9 = 0y are the principal
radial and circumferential stresses. The material is elastic up to the point of the first yield.
The objective is to determine the location where the first yield occurs and the corresponding
critical pressure py.
The governing equation is derived by writing down three groups of equations:

Geometrical relation: q

6= % (12.50)

where u is the radial component of the displacement vector, © = u,. The hoop component

€ =

is zero because of axial symmetry.
FEquilibrium:

o, — ol
O-T_|_T7:

el 12.51
dr r 0 (12.51)
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Py

Figure 12.15: Expansion of a thick cylinder by an internal pressure.

Elasticity law:

FE
1—0v2

E
m(eg + VGT) (1252b)

oy = (er + vep) (12.52a)
g =

There are five equations for five unknowns, o,, 0y, €., €9 and u. Solving the above system
for u, one gets

d? d
2— e — =
r dr2u+rdru u (12.53)
The solution of this equation is
u(r) = Cir + —67:2 (12.54)

where C and Cs are integration constants to be determined from the boundary conditions.
The stress and displacement boundary condition for this problem are

(T'—0,)=0 or du=0 (12.55)
In the case of pressure loading, the stress boundary condition applies:

atr=a o, =—pq (12.56a)
atr=>b o,=—pp (12.56b)

The minus sign appears because the surface traction 7', which in our case is pressure loading,
acts in the opposite direction to the unit normal vectors n, see Fig. (12.15). In the present
case of internal pressure, o,(r = a) = —p and o,(r = b) = 0. The radial stress is calculated
from Egs. (12.28) and (12.30)

E Co

= —— |1+ -(1-v)3 (12.57)

Or
,’42
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The integration constants can be easily calculated from two boundary conditions, and the
final solution for the stresses is

or(r) = @' <1 bQ) (12.58a)

2—a2\~ 2
a’p b2
og(r) = 7 o2 <1 + 7“2> (12.58b)

Eliminating the term (b/r)? between the above two equations gives the straight line profile
of the stresses, shown in Fig. (12.16).

1

or+ 09 =2p (12.59)

Oy
r=a
nr=>b
0 o

Figure 12.16: The stress profile across the thickness of the cylinder.

It is seen that the stress profile is entirely in the second quadrant and the tube reaches
yield at r = a, for which the stresses are

op = —D (12.60a)
b2 + a?
00 =P (12.60D)

In the case of the Tresca yield condition
log — or| = oy (12.61)
The dimensionless yield pressure is
1 a\?2
Sl (7) 12.62
oy 2 [ b ] ( )
The von Mises yield condition predicts

p _ 1-(a/0)* (12.63)

Oy 3+ (a/b)4
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a 1
For example, if it the first yield pressure according to the von Mises yield condition is

3 3
By _ - while the Tresca yield criterion predicts Py _ 3 The difference between the above
Oy

Oy
two cases is 14%.
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