Lecture 6 - 2003

Torsion Properties for Line Segments and Computational Scheme
for Piecewise Straight Section Calculations

this consists of four parts (and how we will treat each)

A - derivation of geometric algorithms for section properties (cover quickly for sense of approach)

B - derivation of first moment approach (for info - not covered)

C - computational routine resulting from A (demo a few examples - routine available in lab)

D - computational routine resulting from B (routine available in lab)

sourced from section 6.1 to 6.3 of Kollbrunner, Curt Friedrich, Torsion in structures; an engineering

approach TA417.7.T6.K811 1966, and geometry.

starting point: a line defined by two points, x1,y1 and x0,y0

y=-vog Y17 ¥

line passing through two points

X — XO Xl — XO

Y1~ Yo (v1 - o) X1~ % X1~ X0
y = X+ T or. VX Yo

x|~ X (x1 %) Y1~ Yo Y1- Yo

consider calculation of increment of moment of inertia (relative to centroid)

this assumes X.cg and Ycg known

b d b X1
J' yz'tds ds = = As = length = _Ax J' yz'tds = ;‘[ y2 dx
0 cos(oc) cos(oc) 0 cos(a) X
r-xl 2
Y1=Y0 Y1=Y0) simplify ( 2 2)
xl—xo.x+y0_x0. x| =X ) dx factor _>§' Yo TY1yot i ~(x1—xo)
dXO
r'b Xl r
2 t 2 t (Xl - XO) [ 2 zﬂ
‘tds = ———- dx = . . + . +
Yo Y ; cos(oc) ,[(0 e cos(oc) L 3 (yl) Y0¥ (yO)

L= t'(SI - So)
3

L1 = vom = o)

similarly (by the symmetry of the expression for the line above):

.[(xl)z +xgxg + (xoﬂ

cross moment of inertia b
IXy = J xy-tds =

0

X

_ t~(s1 - so)

Iy— 3

X1
t t
_ vdx = ——
cos(oc) J'XO e sin(oc)

Y1
.J x.y dy

Y0
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g Y|~ Yo Y, = Y0)
xydx = X+ Y0~ X -xdx
X, J X1~ X X1~ %o
*0
Xl . .
( Y17 %0 Y~ ¥0) simplify |
X + — —. — (2-x4- . . 2. .
. x X yO XO o factor —> p Xl X0> ( Xl yl + yO Xl + XO yl + yO Xo)
17 %0 X0 )
*0
— t X1 - t xl - XO\ t(Sl — So)
cos(a) X 6 cos(oa)) 6
0 +XpY1 T XY
we could calculate lyx using the same relationship but we know it is = Ixy Iyx = IXy

to evaluate the warping relationships: start with line passing through two points and obtain normal
form of line

Y=Yy Y17 V7Y, Y1~ ¥o)
X_"0_"1_"0 o y_"l_"olﬂyo_xo(xl—_xo)
multiply by (x1 - x0) y'(xl - XO) = (yl _ yO)'X + yo'(xl _ XO) _ XO(yl _ yo)
rearrange => _(y1 - yo)'x * (Xl - Xo)'y * X0'(y1 - yo) - yo'(xl - Xo) =0
A= _(yl - yo) B=x =%, c= Xo'(yl - yo) - yo'(xl - Xo)
general form: Ax+By+C=0

to reduce to normal form x*cos(B)+y*sin(B)=p divide by |(y, —y 2 +(x, — x 2 where sign is
1 0 1 0

opposite of C. C = 0 and p is angle between the x axis and the NORMAL to line.

denom = J(yl - y0)2 + (Xl - X0)2 denom = —denom:-sign(C)
o for the geometry shown: x0 > x1, y1 > y0
XLy
| (x, — _
17 %0 Y17 Y0
' sin(B) = u COS(B) =
| denom denom
L
x0y0 Ax+By+C=0 becomes -Ax-By=C
Y1750 (xl - Xo) C
“ X + . -
B denom denom denom C
) Pe =7
enom

x~cos(B) + y-Sin(B) =pc
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we could also have determined this direct from the geometry
X, y is a point on a line a distance hc from the centroid:

Nc

* . X, .
X'CO y'sin y x-cos(B) + y~s1n(B) = h,
AN
\B
do, = dQ_ = p-ds definition of o, = Jr h, ds
for a straight line segment p = constant Aw, =p L and is linear along line

p. = pfrom normal form of line
p. is positive if centroid is to the left when viewing the element from i to j (0 to 1) along
the tangent line

alternative form of line (cos(a), sin(a.) and p defined in terms of x1,y1
x0,y0 above in this form p is the distance from origin to line and p is
angle NORMAL to line makes with x axis .
x-cos(B) + y~s1n(B) =p.=h

the increase in wc due to this line segment is then
S1 S1 S1 M X1
Ao, =p L= J' h.ds = J x~cos([3) ds + J y'sin(B) ds = J' xdy — J y dx
S0 S0 S0 Yo X0

ds*sin(B) =-dx
= -dx*cos(at)

s hp ds*cos(B) =dy
=ds*sin(ot)

Xp>YD

a
p he

ngent

Parallel to
tangent o

Y g
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"it can be shown"

$ y X
J' 1hcds=4[ 1xdy—J 1ydx= (XI +XO\~(y1 —yO)—M~(X1 —xo)

2 2
) Yo X0 )
[+]
X, + X y, +y
1 0 1 0
Ao, = . - - X, — X
=5 (1) (1~ %)
xm = mid-point
Aooc = xm~(Ay) — ym-Ax AX =x1 -x0
Ay =y1-y0
b b
Lo = J' .y ds Iyu)c = J' o0, xds
0 0

o, is linear with s for a line hC is constant => o, = J' hC ds = hC-J 1ds = hc-s

initial value is ®0 and end value »1
being linear with s also implies linear with x and y i.e.

with x
x=xg) (g1 = o) x - %
o(s) = o¢( + (“)cl - (DCO)(XI — XO) = ( ’C‘I - x(: )XJ” ©c0 ~ ©Oc0 (xl a X(?
which is exactly like Y17 Y (yl B yo)
with y substituted for o v T X+Yo~ %o (Xl ~ XO)
. b t'(sl - So)
SO ...... just as Ixy = JO xy dA Ixy = T'P'(xl'yl + XO'YO) +Xg Y+ Xl'yo:l
b
_ J'b ds = r Oc1 ~ 0)co\ M q
L = 0 O X s—J HJ.X-F 0~ Oy — -xds
0
Iy(DC = ':(81—6_SO)|:2(X10)C1 + Xo(,()Co) + Xo(DCl + XI(DCO:I
t-(s; — s
and ..... Ixu)c = Q[z(ylmcl + yomc()) + yO(DCI + yl(,)co:l
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now we can locate the shear center: (assume for the time being that these values are the results for a more
complete section - we'll tie this together later)

from previous lecture

I

(lyec'lz = lyz L) _ (Lrocly + yzlyad)

ZD =
2 2
(Iy'lz ~lyz ) (IY'IZ “lyz )

the coordinate system is changed from y,z to x,y changing y to x (first) and then zto y

Yp =

. (Ixmc'ly - Ixy'lycoc) ) (_IYUJC'IX * IXY'IX@C)

XD = yD =
2 2
(IX'Iy ~hy ) (IX'I ~xy )

now we can calculate wD by first calculating Q (this is warping referenced to shear center with an arbitrary
coordinate system.

B is the same as our angle o hpy-ds = h-ds - xD~sin(a)-ds + yD-cos(a)-ds

s s
dQD = da)D = hD~ds = QD(S) = 4[ hD ds = 4[ hC - Xp sin(oc) + yD-cos(oc) ds
0 0

y

s $ $ X
Qp(s) = 4[ hods - 4[ XD-sin(oc) ds — J yD-cos(oc) ds = wc(s) — XD~4[ 1dy + yD~4[ 1 dx where o, constant
0 0 0 Yo *o0

as ... ds-cos(oc) =dx ds-sin(oc) =dy

AQp(s) = Aac — XD-(yl - yo) + yD-(Xl - XO)
if we set Q= 0 at the start of a line segment, then Qy; = Q)+ AQ

we find the centroid as we would X and Y (it's linear therefore cg of each segment is (21+Q0)/2). Then the
normalized QD i.e.oD is. QD-QDo and the moments are calculated as above

calculate "centroid" of warping wrt shear center:

a. Z AQap

1

AQop = —(Qp +Q Qno = on =Qpn - Q
Qa, 2( D, Di+1) Deg A Dy~ Dy~ "Deg
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t(s) —
e 9 (o o« ]

these should be thought of in terms of
contributions from the segment as

_ t'(sl - SO) we'll see in the overall scheme
the total should = 0
_ t'(sl - SO) why?

b b b b b b
J c-xdA = —E~¢"-J o-xdA = J o-xdA =0 J c-ydA = —E~¢"~J oy dA = J oydA =0 asbending
0 0 0 0 0 0 moments = 0

first moment approach
assume Xcg and Ycg known

51
Q= J ydA
50
51 d A b . X1
X X
J' y-tds ds = As = length = J y-tds = J y dx
5o cos(oc) cos(oc) 0 cos(a) X
X1 N
Y1~ Yo Y1-Y0) q simplify | ( )( )
'X+yO—X0' X —_ —- Xl—X0y1+y0 =
X] = Xq X] — X ) factor 2
a)XO
/‘Sl
Tl e RUEREat
y. —-— — X —_— X . — — . —_— - —_— K
e L N B T
this should have been obvious as cg is mid point and moment of area is Yeg * area
Yirr TV TR
ym = —— Xm = —————
1 2 1 2
now for the moments of inertia:
we saw that:
now this presents a small problem:
b fyl Q is linear only where x or y is constant otherwise it's parabolic
I = J y2-t ds=—| Q,tdy this can be handled easily if we calculate the values at the midpoints and use
0 Jyo Simpson's rule for integration: it is exact for a parabolic variation (linear is a

subset order = 1) we will get 2*n_elements + 1 values
this time we'll keep a running total
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increase is calculated using the approach above over each half (hence 1/2 of area and 1/2 of endpoints) of the
segment:

a. a

. a. a.
i i i i
Al = —-y.+ym.| A = —(ym. +vy. Al = —-(X. + xm.|] A = —-(xm. + Xx.
QXZ-i 4 (yl Y 1) QX2.1+1 4 (y i y1+1) Qyz-i 4 ( i 1) Qyz.i+1 4 ( i 1+1)
k:=1..2-n_elements
=0 = + A Q, =0 Q, =Q + AQ
QX0 QXk ka—l ka—1 Yo Yk o Yk-1 Yk-1

integration is over entire element using midpoint and endpoint values => n_element values

Y1 Y1
Yy1-Y
AL = y2-tdy - Q.-tdy = _tw. Q. +4Q, +Qy Simpson's rule
X X 6 2 2-i+1 2-(i+1)

Y0 Yo
since this result will be useful later on we'll put it aside: similarly for lyy
= + 4 + = + 4 +
Qx—bari sz-i QX2-1+1 QXZ-(i+1) Qy—bari Qy2~i Qyz-i+1 Qy2~(i+1)

n_elements—1 n_elements—1

- -1
Ly = ? Z Qibarx{Ayi Iyy = ? Z Qibaryi-Axi
i=0 i=0

the cross moments of inertia are:

b b
Iyz = —J Qy dz = —J' Q,dy

0 0

n_elements—1 n_elements—1

- 1
Ixy = ? Z Qibarx{Axi Iyx = ? Z Qibaryi-Ay1
i=0 i=0

derived above:

and in lecture 6 b b
X+ X, Y+ Y, Iyw = —J Qy do = —J Qg dx
=) - o
b b
Lo = _J' Qx do = _J Qw dy
Amc = xm~(Ay) — ym-Ax
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n_elements—1 n_elements—1

Aog = xmeAyj — ymeAx; Ly = o Z Qx_bari'AC‘)ci Lyoc = e Z Qy_bari'AC‘)ci

i=0 i=0
as above:
_ (oely = Ty lyad) _ (Fyoel+ by To)
XD = ) yD = 5
(IX' y~hy ) (IX'I ~xy )

now we can calculate the warping parameters: as above: calculate QD and centroid
AQpy(s) = Aac — XD-(yl - yo) + yD-(Xl - XO)
if we set Q= 0 at the start of a line segment, then Qy; = Qy+ AQ

we find the centroid as we would X and Y (it's linear therefore cg of each segment is (21+Q0)/2). Then the
normalized QD i.e.oD is. QD-QDo and the moments are calculated as above

calculate "centroid" of warping wrt shear center:

> AQqp

a.

1
A =—.(Qp +Q Opo = op =Qn - Q
Qaop, 2( D, Di+1> Deg N D; = D, ~ ©Deg

instead of direct integration based on the linear relationship as above we calculate the value at the mid-points and

the Q
[O) + ®
D; " "Dy
om =
D; 2

now for the moments of inertia:
we saw that above (this was copied an x and y changed to :

b ®q
|
I, = o -tds = — Qytdo

S
increase is calculated using the approach above over each half (hence 1/2 of area and 1/2 of endpoints) of the
segment:

a. a.
AQQ) = _1'(0)i + u)mi) AQQ) = —1-((omi + coi+1)
2-i 4 2-i+1 4
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k:=1..2:n_elements

Q=0 Qo = Q,_, +4Q

Op_1 D1

integration is over entire element using midpoint and endpoint values => n_element values

°r, ( °1 () - @)
Al = o tdo = - ‘tdo = t——m- + 4 + Simpson's rule
© J J Qo 6 [sz-i W, 1 Q“’z-(m)}
since this result will be useful later on we'll put it aside:
= + 4 +
Qo bar, = Qp * 40, Q‘”z.(m)
n_elements—1
low = 6 Z Qcoibari'A(‘)i
i=0
the cross moments are:
n_elements—1 n_elements—1
Lo = 6 Z Qxibari'Ami o= 6 Z Qyibari'A(’)i
i=0 i=0
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Computational Scheme for Cross-Sectional Quantities

X, Y, 0 ...n_elements as get extra when start with 0
A 0.... nelements -1

X := input Y := input n_elements := input a:= input or... t:= input

n_elements := 3

a =
n_elements

i:= 0..n elements — 1 t =
— n_elements

a :
n_elements

j:=0..n_elements trlfelements =
0 20
) ) 0.5)
5 20
X:= Y = t:=10.5
5 0 0.5) elements
0) 0) 20 T T
Y
- 107 7
0 ] ]
0 2 4 6
X
we will use these later
AX; = Xi+1 - Xi Axj = AXj AY; = Yi+1 - Yi Ay; = AY;

calculate area if necessary

a, = if|:ai = O,ti~ (AXi)z + (AYi)Q,ai:l A= Za A=15

calculate centroid in X and Y coordinate system and coordinates in centroidal system:

4 D aQy

AQYi = E-(Xi + Xi+1) X, i )
g A Xcg = 4.167 Xj = Xj - XCg

i 2. A
g A ch =10 yj = Yj - ch
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calculate moments of inertia
these are contributions from segment i = 0, t*(s1 - s0) = area of segment ai

)

I = M.[(YI)Z + ¥y + (yO>2J 1, = f'[(xl)z + xgxq + (XO)ZJ

3

b= 2 ;[(ym)z YVt (yiﬂ Iy = 833.333 =2 i'[(XiH)z TNt (Xiﬂ fy =312

_ t(Sl - So>
Ly = T'P'(Xl'yl +X0¥0) + XgY + SB
%
hy= D, E'[Z(Xiﬂ'yiﬂ * Xi'yi) XYt Xi+1'yi] Ly =0
i
yx = Ly
calculate Anc this is a running total: A X1+ % Y1+ Y
.= X, — X
e e e V)
Lo+ X y. . +Yy.
first calculate each increment  Acc; = G " Ay; - it 1'(AXi)
2 2
TR Yirr TV
wcy:=0 WCi41 == oci + T'Ayi - —-(Axi) Ci41 == oci + Awc;
calculate warping moments wrt centroid:
I = M 2 contribution from each segment
yoc - p |: (XI(DCI + Xo(,l)Co) + Xo(,l)Cl + XI(DCO:I
_ t(Sl - So)
Loe =7 '[2'(3'1'(’)01 + YO"DCO) +ygoe +ypoc)
a.
I = —1'2x ‘OCie] + X 0Ci) + X 0CjL ] + X, - OC] - 13
you'= 2 g [ Asreei £ o) £poci g, o Iy o = 3411 % 10
i
a.
L .= —[2 ‘0Cit] + ¥, 0Ci) + Y. 0Cit] + - 0Cj 3
XOC - Z 6 |: (yi+1 i+1 yi 1) yi i+1 yi+1 1:| Ixa)c =1.944 x 10
i
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from torsion properties:

(Ixmc-l - Ixy~1ymc) (—Iywc-IX+ Ixy~1mc)
XD = 5 yD = 5
(IX'IY ~lxy ) (IX']Y “hy )
— 14
xp = 2.333 yp = —1.091 x 10
now we can calculate warping Q relative to an arbitrary origin Q0 =0
AQD(S) = Aoc — XD(yl - yo) + yD(Xl - Xo)
if we set Q= 0 at the start of a line segment, then Qy| = Q)+ AQp
AQp = Awci — xpy Ay + Yy Ax
1
Qpn =0 Q =Qpn + AQ
Dy D7 7D 7Dy
calculate "centroid" of warping wrt shear center:
. 2.Cap
1
A =—(Qpnp +Q Q =— Q =-35 opn =0y —Q
Qap, = 3 ( D, {Ip, +1) Deg A Deg D;*= D~ “Deg

now we can calculate the normalized warping functions (relative to the shear center)

I, = t'(sl—;so).[(coDl)z + @Dy D] + (mDO)Z}
t-{s;1 — S
LD = %'P'(yr@m + YO"DDO) +ygoD +ypoD]
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- - 13
i Lyp = —3-553x 10
3 - 13
i
Output
elements, centroid, shear center
20 1 1 |
Xcg: 4.167 ch: 10
— 14
xp = 2.333 yp = —1.091x 10 Y 15 7
-
Qch =-35 ch
KX 10 [~ X -
I, = 833.333 Lx=0 Yp+¥eg
_ _ 51 .
I, =31.25 Ly =0
3 — 13
Ixcoc: 1.944 x 10 choc:3'4llx 10 0 | | |
0 2 4 6 8
X, X . ,Xnt+X
> s D
I, = 2292% 10° 8 8
— 13
LoD = 9:379% 10
3 Note: the coordinate system in this plot is X, Y

I -3.553x 10 therefore xD and yD needs to have Xcg and Ycg

D =
e added back in
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first moment approach to hold values from above XX T X
repeat centroid calculations: Lo
A
we will use these later AX; = Xi+1 - Xi Ax; = AX; AY; = Yi+1 - Yi Ay = AY;
calculate area if necessary
a = if|a = 0,t- (AX-)2+(AY~)2a A=%"a A=15
i i 1 Y9 ' Z
calculate centroid in X and Y coordinate system and coordinates in centroidal system:
i 2.2
AQy = ?(Xi + Xi+1) X
1 cg = = —
g A Xog = 4.167 X=X~ Xog
i 2.2
AQy = ?(Yi + Yi+1) v o=
1 cg — — _
g A Yog =10 yi= Y= Yeg
first moment approach get midpoints and values for Q at end and midpoints:
Yier TYi i1 T
ym. = Xm. =
1 2 1 2
ai 21i ai 21i
Al =—|y.+ym.| A =—|ym. +y. Al = —(x. + xm.| A = —-(xm. + X.
QX2-i 4 (yl Y 1) QX2-1+1 4 (y i y1+1) Qyz.i 4 ( i 1) Qyz.i+1 4 ( i 1+1)
k:= 1..2:n_elements we have a total of 2*n_elements + 1, k = 1...2"n_elements and 0
=0 = + A =0 = + A
QXo ka (ka-1 ka— 1) Qy0 ka (ka—l ka—l)
kl:=0..2:n_elements + 1
60 >
40 I~ I Q
Q Vg 0
*1
20 1
-5 I |
0 2 4 6
0 | |
0 2 4 6 k1
k1
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integrate using Simpson's rule with midpoint values

Qq bar, = Qq, +4Qy, .+ Q Q bar. = Q. +4Q,  +Q
x_bar; ™ %) el X2(3ikD) y_bar; ™ Ny, Y241 Y2u(it))
| n_elements—1 | n_elements—1

Iy= ra Z Qx_bari'Ayi Iy = e Z Qy_bauri'AXi

I, = 833.333 I, = 833.333 I, = 3125 Iy = 3125
cross moments of inertia

n_elements—1

I -1 - Z Q A | n_elements—1

= — <AX; —
Xy’ g ‘ x_bar; 2% Ly = - Z Qy_bar.' Ay;

i=0 4 i
i=0
Ly=0 — 14
Xy Ly = =5.329 % 10
warping moments relative to the centroid:
| n_elements—1 | n_elements—1
Amci = xmeAyj - ymeAx; L= e Z Qx_bari'Amci Lyoc = R Z Qy_bari'Amci
3 —13
Lo = 1.944 % 10 Ly = ~3.032 10
as above calculate shear center
(Ixmc-l - Ixy-Iy(DC) (—Iymc-IX+ Ixy-IX(DC) s
Xp = Xp = 2.333 yp = yp = 9701 x 10

2
(IX' ly = Ixy )

now as above we can calculate the warping parmeters

2
(IX'I “hy )

now we can calculate warping Q relative to an arbitrary origin Q0 =0
AQp(s) = Ao, - XD-(yl - yO) + yD'(Xl - XO)
if we set Q= 0 at the start of a line segment, then Qy; = Q)+ AQp

AQR = Ao, — Xp Ay + Y AXj . .
Di Ci D 1 D 1 QDO =0 QDi+1 = QDI + AQDI
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I

calculate "centroid" of warping wrt shear center:

> AQqp

a,
1
A =—(Qpnp +Q Q =
Qap, = 3 ( D Di+l) Deg A
O + Ojt]
om; ;= —
a,
AQ, = —1~(coi + (omi) © =
2-i 4 2-i+1

k:=1..2:n_elements =0

+ A
Qo 2%,

k-1 QQ) bar. = Q(D ,+ 4Q(D .
— 1 2-1 2-1

Awj = 0jp] - O

+
+1

QDCg =-35 O)J = QDJ — QDCg

3
Z-((omi + wi+1)

Q“’z-(i+1)

| n_elements—1 40
o= 2, Qobayhe Ty = 2292 % 10°
i=0 20 [~
Qo
the cross moments are: k1
0
| n_elements—1 ”
ho=—" > QubarAoi  T,=7579x10 e S—
i=0
k1
| n_elements—1 3
yo = o > Qy_bar, Ao Ly = 1137 10
i=0
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Output:

elements, centroid, shear center

20 | | |
Xog = 4167 Yog =10
xp = 2.333 yp=9701x 10" 'y 15 .
-
Qch =35 Yeg
g % 10 [~ X =
I, = 833.333 Ly =-5329% 10 " yp+Ye,
— — 5 m
l, =315 Ly =0
L. =1944x 10° - 3.032x 10 12 | | |
<oc = 1- X Iyu)c = -3. X 0
0 2 4 6 8
X, X . xy+X
I, = 2292 10° cerb e
~ 14
I, = 7579 10
3 Note: the coordinate system in this plot is X, Y
1ym =1.137x 10 ! therefore xD and yD needs to have Xcg and Ycg
added back in
if the example is as in the starting point: 0) 20 05)
5 20 '
the results can be compared with Shames: example 11.20 X = ‘ Y = ‘ t:=1]05
5 0
0.5
0) 0) /
tb
e= ——M for channel shape where e = distance from web as shown
2-b-t1 +ty—
t =1t
flange -~ *o tweb = tl b 5
_ h:= 20
ty = tﬂange = tyeb
2
b
€= h
h =15 from web as defined
2bt, + ty ¢
compares to distance from cg Crel cg= €+ (5 - Xcg)
Xog = 4167
xp = 2.333 Crel og = 2-333
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