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Spring Term 2024
LECTURE 08
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Review of basic concepts:

availabile energy with respect to
various types of thermal reservoirs

availability functions
stability conditions

LeChatelier-Braun principle
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Stability conditions and
LeChatelier-Braun principle (more general statement)

Given a function A(z,y, z), write its first and second differentials with this notation

0A 0A
dA|,=A,dx+A,dy A, = (%)yz = A.(z,y,2) A, = <5’_y)xz =A,(x,y,2)
A,xaz A,xy

d*Al, = [dz dy [
2 =| ] AL A

} [35] = A, (dz)? + 24, dedy + A, (dy)?

9 2
ta= (08 =) aw=(00) = (%)

2 2
A= ()= (522, = (). (g0). = 4

The quadratic form can be rewritten (check by substitution) in the two canonical forms

d’Al, = A (d$+A’myd )2+)\ (dy)*>  where A\, =A,,—A (E)Q
z y LT A:m; y Yy y Yy Yy , LT Amm

2% A,xy 2 A,:cy 2
= X () + Ayy (dy+ 52 dz) " where A, = A — Ay (52
Yy Yy

Therefore, since the stability conditions must hold for arbitrary da and dy,

d?Al, >0 = {
| Ay 2, 20 Ay <A, <0

whereas d°A[, <0 = {
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Stability conditions and
LeChatelier-Braun principle (more general statement)

Whether d®A|, is positive semidefinite or negative semidefinite

A, A DA, A) (A, A)
0 < det(Hess(A)) — [Aez Aay| _ 04w Ay)  O(Aa, Ay
= e( eSS< >) ‘A,xy A,yy 8<$,y) 8(gj7y)
([ 0(Ae, Ay) 0(As,y) 0A, 0A , 0A ,
Y — == Bl === >
8<A,x7y> 8(93,&/) ( 8y )Am< ox >y ( 8y )A@ A’xw =0

0(A,,A,) Oz, A 0A , 0A
\ ('g(a;,A,yg)J) (;fx,yg;) B ( ox )Ay< (9yy)a:

Therefore, we can rewrite A\, and )\, as

M)Q _ det(Hess(A)) _ (8A,I>A

(agi;m)A,y Ay 20

Ao = Ago — A,yy(

Ayy Ayy Ox g
Az,\2  det(Hess(A)) 0A
b A4 () - S (o
Y 9y "TNA L Ao oy /A,
so that the stability conditions become
0A , A, A, A
(5:),2 (5),,2¢ (%), = (5),, <
d?A|, > 0= Ly LAy d?A|, <0 = Ly LAy

(52).2 (52),. 2 (F2). < (52, <
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Stability conditions and
LeChatelier-Braun principle (more general statement)

o T o o 1] 6, 8, [
oo a3 V|7 o] (), ()20 | ()= ~(2), 0
T T 1
> 5262 | T Ve Ve 2"
= (Cp,>Cy >0 = Ky >kKs >0
d*G|rp >0 Z; ny | ma | g1 | M2 (%) Z(gi) >0 (g—i)mz(g—i)mzo

We may interpret these inequalities as follows.

Assertion 1. If a system is initially in MSE with a thermal reservoir R and we perturb it to
another SES with higher (lower) value of an additive property x, the system responds by increasing
(decreasing) the conjugate potential A , that measures the escaping tendency of that property. As
a result, the system moderates/contrasts the effect of the imposed exchange of x by favoring a
spontaneous exchange with R with an opposite effect in an attempt to reestablish MSE.
Assertion 2. The system’s response is stronger when a higher number of equilibrium conditions
are disrupted by the perturbation. A perturbation that constrains the system to maintain a fixed
value of another additive property y produces a stronger counter reaction. In other words, it
results in a larger change in the potential A ,, which is conjugate to z, than a perturbation that

also induces a tuned change in y, designed to maintain the conjugate potential A , unaltered at its
MSE value.

© 2024 Gian Paolo Beretta @MIT 2.43 Advanced Thermodynamics Slide 08.05



Stability conditions and

LeChatelier-Braun principle (example: air springs)

0A 0A 0A 0A
24|, = i > Y >
Al 202 |z |y | Az | Ay ((93:) <8x),y<0 (&g) <8y) <0
oT 0 Op Op
2B, > — ) >(=) > (== (=) >
FEn 20| n) 1V T —p (85)\/_ as)p—o (av>s— <av>T—0
= £>£>O = L > >0
CV_Cp_ Vks = Vkp —
= C,>Cy >0 = Kkr 2 ks 20
spring constant k
p
F = _ _
V =ax E pa k $0 x)
dF = adp = —kdx
—»
r=V/a
dr =dV/a ( 02
kr = T slow: T' constant
po AF_ adp _ dp @ 1| L ks _m G
T dr dVje AV VvV _1aV L ke ks Oy
v ap ke = & fast: S constant
\ V/{S
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Review of basic concepts:

the «Simple System» model
(macroscopic limit)
(many particle limit)

NOTICE:
all the results reviewed so far

hold for
LARGE as well as SMALL systems
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Review of basic concepts: micro & meso vs macro
rarefaction effects near walls at SE

4 particles confined in a one-dimensional hard-wall trap. Density profiles of the ground
state for different repulsive interaction constants.
From: Hao, Yajiang, et al., Phys. Rev. A, 73, 063617 (2006)
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Review of basic concepts: micro & meso vs macro
rarefaction effects near walls at SE
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Highly non-uniform spatial density profile in a fluid near a solid confining wall at

the molecular scale (MD simulations).
From: Wang and Hadjiconstantinou, Phys. Rev. Fluids, 2, 094201 (2017)
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n(x)(10%um™) n(x)(10°pm™)

n(x)(10%um™)

Review of basic concepts: micro & meso vs macro
rarefaction effects near walls at SE

ta=1.32

108 [e=1.39

y(um)

X(um) X(pum)

—_— L —— —_— | —

0 4 8 12 16 220 1 2 3 4 550 2 4 6 8 98

n(x.y) (10°um?) n(x.y) (10°um) n(x,y) (10°um™)

Density distributions of a dipolar condensed gas (10> atoms of dysprosium 164) confined in a
box potential reveal a strong depletion in the bulk region and an accumulation of atoms near
the walls, well separated from the bulk, as a consequence of the competition between the
attractive and the repulsive nature of the dipolar force.

From: Roccuzzo, Stringari, and Recati, Phys. Rev. Research, 4, 013086 (2022)
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Review of basic concepts: micro & meso vs macro
rarefaction effects near walls at SE

Y Y Y Y Few partions

per partition:

A A A A at SES
: ’ (micro or mesoscopic
: systems)
EA EA EA — 2 EA EA — 2 EA
nA nA nA=2n/l nA=2n/1 SA > 2SA
Stable equilibrium states Nonequilibrium state Stable equilibrium state
» SESs of A SA — S EA A VA
SESs of 2A th f = Sses(E£7,n", )
QEA EA e with fixed
; w1 fe " nd = Inh A A A A
small n*, V* VA — oA S = SSES(2E , 2n . 2V )
Y ) ==
A M SSES(2EA, ZnA, 2VA) >
SES of 2A A A A A
NESofA\ ZSSES(E X0 7‘/’ )

*" SES of A

EA =9FA

m— 254, 54

294 54 5= pgh
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Review of basic concepts: micro & meso vs macro
rarefaction effects near walls at SE

- Y \ T ) k E Many particles

per partition:

A A A A at SES
: : (macroscopic
: : systems)
EA EA EA= 2EA EA=2FEA A A
n/l n./i nA = Zn/l nA =2 nz‘l S ~ 28
Stable equilibrium states Nonequilibrium state Stable equilibrium state
" SESs of A A A A A
QEA EA with fixed S R SSES (E TV V )
’ SESs of 2A nt = 2nt A A o A A
_ wit; Exed va=2vA S — SSES (2E ) 2n ) 2V )
. [ large n®, VA
S | A o, A o1 A
o R SSEs(QE ,2n, 2V )%
SES of 2A A A A A
NES of A - | QSSES(E T ’V )
SES of A
e =0 .
Simple System Model
assuimes:
A A A
ZSA, gA SSEs(QE ,27?, ,2V ) =
A QA A = A A YA
254 8§59 =28 2 Ssps(E™,n™, V)
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Review of basic concepts: Simple-system model
assumes negligible effect of inserting and removing partitions

Subdivide a system in a s.e.s. in A contiguous subsystems: subsystem A is
identical to system A (they have the same constituents and are both confined in a
region of space by external forces characterized by volume only), hence A has
the same fundamental relation as A (same functional relation). The states ofA
and A are different because different are the values of the volume, the amounts

and the energy.

System A: stable

equilibrium state with

System /1: stable E V n n
equilibrium state with 2> 2> 217 """ 4
System /1: stable E V n n
equilibrium state with 3> 2> 37" 1
System /1: stable E V n n
cquilibrium state with Z i I i 7 200> I

A — LS‘(E, V, n)

In general SA> 4 S4
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Review of basic concepts: Simple-system model
limiting assumption about the fundamental SES relation

Simple system model assumption: the fundamental relation is a homogneous
function of first degree in all its variables

S{U,V.n)=AS{U/A,V/An/A) forany real A
U(S,V.n)=AU(S/A,V/An/A) foranyreal A

We denote the energy with the letter U instead of E and cal it internal energy.

As a consequence of the homogeneity, in addition to the Gibbs relation, which
holds in general

dE =TdS — pdV + ydny +-- -+ w,.dn,

we have the Euler relation

U:TS—pV—Fﬂlnl-F“'-Fﬂrﬂr

and the Gibbs-Duhem relation

0=38dT —Vdp +ndy +---+n,.du,
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Review of basic concepts: Simple-system model
proof of the Euler relation

The condition of homogeneity of first degree in all variables

U(S,V,n) = AU(%, %, g) for any real A (1)
implies the Euler relation
U=TS—-—pV+pu-n

It also implies that the potentials conjugated with S, V', n are homogeneous of zero degree
in all variables, i.e.,

T(S,V,n) = T(;’ %, ’;) for any real A (2)
SV

p(S,V.n) = p(x, > %) for any real A (3)

p(S,V.n) = p(%, %, %) for any real A (4)

Proof of (1): compute the partial derivative of Equation (1) with respect to A

0= oG DTG DD E DR (5

and let A\=1toget 0=U(S,V,n) —T(S,V.n)S +p(S,V,n)V —u(S,V,n) -n.
Proof of (2), (3), (4): compute the partial derivative of Equation (1) with respect to .S,
V', and n, respectively.
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Review of basic concepts: Simple-system model
main consequence of the Euler relation

A main practical feature is that for a simple system the fundamental relation can
be written in the form

oo U=U(S,V.n)=nu(s,v, )

U = lU(S,, V,n) = lU(ns,nv,, nyp,: -,ny,,.)
n n

ou U 10U Gm 10U onv 10U ony;

——— e —
on  p* nadS on Ty ni- On; On

U 1 1 1
= — Ts——pv+ Z,uly,:—— U-TS+plV — Z,ul =0
n® n -1 n* i=1

It means that if we double the overall number of particles keeping fixed relative
composition and equal specific volume and specific entropy, the energy doubles.
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Review of basic concepts:

Local equilibrium approximation
Continuum approximation

Bulk flow states
Bulk flow interactions
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Review of basic concepts: the Simple-system model s the basis also for the
bulk-flow local-equilibrium state model

Bulk flow state or local equilibrium model: an only-apparently non-equilibrium
state for which there is a reference frame in which it is a stable equilibrium state

Consider a fluid element in a s.e.s. with respect to a given reference frame and
assume the simple system model

U=mu(s,v,y)
S=ms
View it from a reference frame moving with velocity -w

A kinetic energy is added w.r.to this frame

W 1 5 .
E=m u(S, v, y)+ Em w  where w is the modulus of w

S=ms
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Review of basic concepts: the Simple-system model s the basis also for the
bulk-flow local-equilibrium state model

View it from a reference frame which is also accelerated with acceleration -g

Jg Also a potential energy is added w.r.to this frame

d E:mu(s,v,y)+§mw2+mgz

Z
J S=ms

Notel: the two added contributions are purely mechanical and therefore
introduce no entropy

Note2: with respect to the moving and accelerated reference frame, the state is
not stable equilibrium, and therefore no temperature, no pressure, and no
chemical potentials are defined. However, we may still attribute to this state the
temperature, pressure, and chemical potentials that it has with respect to the
reference frame in which it is a stable equilbrium state.

© 2024 Gian Paolo Beretta @MIT 2.43 Advanced Thermodynamics Slide 08.19



Review of basic concepts: the Simple-system model s the basis also for the model of
bulk flow interactions

Inlet bulk flow interaction model:

g
|
height Z /:/'W
""" gls
""" 19 31
S 2:3 \
W Interface /
—| (areaq)
%ﬂéﬁ‘e‘(‘?\ WJ_ dt
“““““ System A

Interface /
(area Q)

System A

time t+dt
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Review of basic concepts: Bulk flow interactions

pulsion work (and how enthalpy gets in)

AB/ ABI AB1+ A Br _ ABr«
Ettar — = oW = Efvae — E{ + Eflq — EC' = 6W

EFls: =0 EF =(u+w?/2+4 gz)dmA~ SWAB'“ = paw, dt = ppdmA4-

= Efyq — Ef = (u+w?/2 + gz)6m + pvém”~ = (h+ w?/2 + gz)émA-

g| SystemB’ System B’

height Z

L3

= ——— = = ==
\
<
\ Wa ]
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\

""""" \Y
R s“x > I\
W’ Interface / Interface /
&\B <—d> (area Q) (area a)
%\SC\’\:"" WJ_ t
"""" System A System A
time ¢ time £+dt
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Review of basic concepts: the Simple-system model s the basis also for the model of
bulk flow interactions

Outlet bulk flow interaction model;

System A System A
Interface / Interface /
(area a)\I (area Q)
= W /:
g
time ¢ time £+dt
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Review of basic concepts: the Simple-system model s the basis also for the model of
bulk flow interactions

For an inlet bulk flow interaction

5mB—>A
SEB>A = smB~4(h + w?/2 + gz)

5SB=A = smB-4 ¢

=pWw,ipadt

whereW | ;,is the component of w orthogonal to the inlet interface a in the inward
direction.

For an outlet bulk flow interaction

A-B _
=p Wiouta dt

SEA”B = sm"~B(h + w2 /2 + gz)

§S4=°B = §m4-B ¢

om

where W ! is the component of w orthogonal to the outlet interface of area a in
the outward direction.
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Review of basic concepts: the Simple-system model s the basis also for the model of
bulk flow interactions

For continuous flow, we define the (bulk) mass flow rate

B—-A
. om

m = =D W,ind
dt P Wiin

and the rates of energy and entropy transfer

TB—A 5EB_)A B—A 2
E =T=m (h‘l‘W /2+gZ)
B—-A
SB—A — oS — mB~4 ¢

dt
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Review of basic concepts: I1ASS, CNECIZY and entropy balances fora system open to
bulk flow, heat, and work interactions

System 4 % M
7.

L gE dS dV dm ¢
dt ' dt’ dt dt’ "

—
; o hs;wz,

A ;
m, ’hk’Sk’Wk’Zké

. /,
WW/WIFW
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Review of basic concepts: INASS, energy and entropy balances
for a system open to bulk flow, heat, and work interactions

dE” . At w; YA A dVA
W:ZTI/LZ hz+7—i—gzz —i_ZQk ZW — Pa—7—
' k

dSA Z mA<— s; +

lI’I‘

A« A<—_ . A—>

Note: m;  is positive if the flow is inward, negative is outward: m; —m;

These balance equations are the basis for the analysis of energy systems,
as well as for exergy analysis.
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Exergies
and
first and second law
efficiencies

in

energy conversion
technologies
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Review of basic concepts: CXCI'ZY balance
for a system open to bulk flow, heat, and work interactions

dmA A
o~ 2
dv4

gzzm?— (hi_|_w7i2—|—gzi> +;Q;€4<—_ZWA—>—]?@ dt

dt
j

dS Z mA<_ Sz Z QA<_ o .11“1“

Note: mA is positive if the row is inward, negative is outward: m;

These balance equations are the basis for the analysis of energy systems,
as well as for exergy analysis. For example, to get the exergy balance equation

with respect to a thermal reservoir (environment) at temperature T, multiply the
entropy balance equation by T, and subtract the result from the energy balance

d (B4 — TpS* + p,V4) e w?

+ ZQ <1 = —) Y W - TS

k:

J
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First-law vs second-law efficiencies

W—)

Theat engine = Q;l_ )| heat engine — Wr_év o5 — Q(_ (1 _ ﬁ)
A TA
— TA
« Q(_ B T_ —
cop _ S = =
refrigerator W< refrigerator QB,reV we w
i (1-7)
COP — Q_‘é_ NI — gA - — A
heatpump W heat pump QA,rev e |14
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First law efficiency or COP (definition)

One way to assess the operation of a machine (or a component) is to compare
the energy that it produces as a useful effect with the energy which it takes from
the source. The ratio between the produced useful effect and the associated
energy used from the source is called first law efficiency. In the particular case
of refrigeration equipment and heat pumps this ratio is called COP (coefficient of
performance).

energy associated with produced useful effect
ni(o COP) = ——2 D

energy associated with the source used

« The first law efficiency can take values between 0 and 1
« The COP instead takes the values which are greater than 1

N.B. = The first law efficiency compares the energies, without taking into account
the different types of energy and regardless of their "useless” energy content
Therefore it does not allow to understand how much “useful” energy becomes
"useless" (and is therefore lost) during the conversion made by the machine
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Second law efficiency (definition)

Another way to evaluate the operation of a machine (or a component) is to
compare the exergy associated with the produced useful effect with the
associated exergy of the energy drawn from the source. In this way it carries out a
comparison of equivalent terms, the "mechanical equivalents" of various energies.
The ratio between the exergy associated with the produced useful effect and the
one associated with the utilized source is called second law efficiency.

exergy associated with the produced useful effect

L= exergy associated with the source used

« The second law efficiency can take values between 0 and 1 and the maximum
value (machine which operates reversibly) is always 1

N.B. = the second law efficiency allows us to understand how much “useful”
energy becomes "useless" (and is therefore lost) during the conversion made
by the machine itself.
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Exergy (generic definition of the concept)

Exergy: is the optimal equivalent work, i.e., the part of the energy of a system or
the fraction of a given energy transfer that can be converted into ("useful") work.

We have already seen several exergies:

Exergy associated with the energy of an adiabatic system (can undergo only
weight processes): it is the adiabatic availability

Exy = ¥4 = B4 — B

Exergies associated with the energy of a system in combination with a
thermal reservoir (we defined it with respect to various types of reservoirs)

Exqr = (QF)" = B4 — B — T (5* - S7)
Exony, = (%) = BA — Bt — T (8" = S3) 4+ pr (VA = V)
Exgn = ()" = B4 — Bff — T (S* = 1) + pun (0 — ni})
Exgryn, = () = EA — BA — T (S* = S3) 4+ pr (VA = Vi) — Stin (n — nik)
Exergy associated with the work interaction W: is the work itself

EXW:W
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Exergy associated with heat exchange

Exergy associated with the heat Q at temperature T,: the heat convertible
into work is equal to the amount of heat multiplied by the Carnot coefficient

From the energy and entropy balances for M
one can determine the optimal equivalent work

T To > Ty Wrev .of heajt Q, which is therefore the exergy
0 associated with the heat Q
Q, 0IT, Widy Maximum work by heating (heat engine)

- Ta
Wrev = Exq = Q7|1 ——
Tq

environment
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Exergy associated with heat exchange

Exergy associated with the heat Q at temperature

T T <T To: the heat convertible into work is equal to the
0 ¢ 4 amount of heat itself multiplied by the Carnot
- coefficient
0, OIT Wiey
Minimum work for a cooling (chiller)
O, QT
environment T
T ev=Exo =07 [=—-1
a Wrey = Exg = Q <T )
Q
Iy | To>T,
Q’ Q/T Wrev .. :
Minimum work for a heating (heat pump)
QCI’ Qa/T W<_ _ E _ - 1 Ta
environment rev = Exq =0 - %

T

a
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Exergy and 2"¢ law efficiency in simple cogeneration

Combined production of heat and mechanical energy (cogeneration, CHP)

Ri T, oW
Qa
0, .
T
W+ Qs (1-72)
ni = T,
Oy QA( ‘T—)
R, T,

N.B. : i, = 1, even though the heat energy is less valuable (not all useful)
and regardless of its temperature Tg; 7, < 1, and varies with changes in
temperature Ty
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