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Liquid-vapor equilibria
in ideal mixtures

Raoult’s law
principle of distillation
boiling point elevation

freezing point depression

Henry’s law
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Raoult’s law

Assume an ideal mixture and/or solution behavior of component 1 in both phases a and b
ta(T, s Y1a) = p11a(T, p) + RTIny1q = p11a(7, p(slgt (1)) + f (T)”Ulla (T,p)dp + RT Iny,
(T, p, y) = (T, p) + RTyy = (T, P11 (1)) + fpan  y0115(T, ) dp + RT Inyn

Recall that p114(T, ple 11(T)) = piis(T, pley 11(T)) by deﬁmtlon of P 11(T), so at MSE, i1, = pp:
RT In(y14/y1s) = fpzlé’t,u(T) [0116(T, p) — v11a(T, P)] dp (1)
Liquid-vapor equilibrium, a = g, b = {, with

2 non-volatile solute, 3 non-condensable gas pgit,ll(T) I

Ullg(T, ]5) = RT/];, Vi1t = const:

1+3
RTIn(yry/y10) = [p = o (Dlone = RTmlp/pl (D) | 12 e
and noting that [p — piit,ll(T)]/Ullf/RT <1

Yig/ Vit & p/piit,ll(T) or, equivalently, L1t (142)f

Piig = Y1g P = Y1t Py 11 (T) Raoult’s law, 1887

.. . eyep s . i L (T) v .
Liquid-solid equilibrium, a = f, b = j, with Psat, 11 1
2 non-freezing solute so that y;; = 1

if 11f (1+2)f
v11t = const, vyq; = const, vy; = viif — V1yj:
RT n(y1¢/415) = [p — Plae,in (T)] (0115 — v1s) or 11 N
J

Yif = exp ( —[p— pjsfat,ll( )]Uu/RT)
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Raoult’s law

Liquid-vapor equilibrium, a = g, b = f, with 1 and 2 both volatile and condensable

f; f]
Prig = Y1gP = ylfpsit,ll(T) D22g = Y2g P = nypsgat,22(T> Yig + Yog = 1 Y+ Yor = 1
p=y1rpE 0 (T) + (1 — y11) p%,5o(T)  bubble line

| 1 y Yt
— . lo —
— — Ylg + J1g dew line & (a12 — 1) y1r — a2
p piit 1(T) piit 22(T) fg fg
’ ’ where gz = Psat,22 (T) /psat,ll(T)
' is the relative volatility
32 T=45°C
30:
2 | L
2oo.o ' 0.11 ‘ of: . ol.3 . o.‘4 - u.ls . ol.e l 0'.1 ' o|.s ' ol.9 o ey R —
—
° .. .o. D =DPi1g T P2g : ° ® .
L4 ° 1
o : %% Pi1g = YitPsat,11(1) ® o0
° e® o °
psat,ll(T) ¢ DPsat,22 (T) p22,g = Y2tPsat,22 (T) ¢ y
11 [ ] L4 o © ® (] [ )
g PYTIy 22g (1+2)g 00099
‘...'.....‘. K, : 00 0 ..T
11f 0..:0..'0:'.'::.0 1+2)f I}' ool
@ o 00 000 [
ey | e ey
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fixed p

first  @-----.-. drop
bubble
Sz:it.liq.
Tsat,22 (P) i ::
0  Y1g, Yaf | 1
y _ yllf
lg =
® (0412 - 1) Yir — 12

where aqp = piit,QQ(T)/piit,ll(T)

is the relative volatility
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Principle of distillation

Tsat,ll (p)
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Figure 27.8 Schematic of a distillation column.
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Freezing point depression and boiling point elevation

p ! 100000 £ p !
| |
1000 | "
(14-2)f ~ 10 i« 11g
N
1] 0.001 (14+2)f
0.00001 3
5 0 y 0.0000001 L
Differentiate Raoult’s law -200-100 0 100 200 300 400 500 600 700 Differentiate Raoult’s law
if it o
RT Inyre = —[p — plo (D] vl (T) %, p =y (T)
assuming v}, (T') = v, — vj1; = const Inp =Inyy;+ h’lpiit,u(T)
dyqs . . .
RingydT + RIS — o dp + ol dpfl, 1, (T) < P _ gy ()
o hisn(T) ” AR 7
Yie if, 11 d d hig11(T)
RlnyedT + RT—2 = i dp + AT s & _ St | Mgull) 4
e T Ps S T yx | RI?
where we used Clausius-Clapeyron g where we used Clausius-Clapeyron
if
APiaei (1) Pye1n(T) g1 (T) _ hegn(7T)
dT Tvie11(T) 1 dT T (T)
. . _ soli
Finally, using dy;; = —dys¢ and . dIn piﬁt,ll(T) hg, 1 (T)
noting that for a dilute solution J | dT ~ T RT?2
triple point
RInyis < hie1n /T we get PIe POt Finally, using dy;; = —dysr we get
<8yzf p B Yit hjf,n(T) <%>p - Yat hfg,n(T)
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Non-ideal mixtures

Duhem-Margules relations
excess mixing properties

Margules, van Laar,
Redlich-Kister, Wilson,
and Prausnitz models

Henry’s law

Lennard-Jones binary mixture model
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Experimental measurement of SES properties of mixtures:

Mixture properties from the partial properties

So, in general (i.e., for small and large systems) we proved

ansl (@> . n large S:inisi
i=1

V = anvz (ﬁEu) nlaje V = zr:nivi
i=1

OF n largs - :
E N Wi = _(_u) IJ E n; iti ; = 0 Duhem-Margules relation
— ’ 8nj T.pn i1 ’

Moreover, recalling the definitions of Fu and partial properties
FBu=FE-TS+pV—-—p-n=F+pV—-—pn=G—p-n=H-TS—p-n
i =€ —Tsi +pvi = fi+pvi =g =hi = T's;

we also find the following relations, which justify calling partial properties that way:

4 OF OF. n large .
E:ZniemtEu—T(—u) —p(—u) —lj E:Zniei
- pn Tmn -
1=1

oT op
8Eu n large d
F = memLEu— ((9]9) % F:Znifi
i=1
G:ngﬁEu:ZmumLEu = G:imgi:imm
=il i=1 ' i=1
H—in-h-+Eu—T(@) nlge o Zn
_Z:1 7 7 aT B 7
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Modeling non-ideal SES behavior of mixtures:

Duhem-Margules relation, excess mixing properties

oL, 0*G Ot
Recall, we defined p; ;(T, p, ny) = (85-)Tp = (8n 5 )Tp o= (aZJ>Tp .= 1, (1T, p, ny)
g7 Lpn 3@ i Y

and proved that Fu = 0 (i.e., the Euler relation) implies the Duhem-Margules relations

(which are valid, therefore, within the simple-system model, i.e., for large n)

- 1 a(:ulw"nur)
Z n;pi; =0 Vj = A, ) = det Hess(G)|;, =0

Indeed, the Duhem-Margules relations can be viewed as a homogeneous system of linear equations in

the n;’s, which has nontrivial solutions only if the determinant of the matrix of coefficients is zero.
Define i = (T, p) + RT Iny; and p™ = AR™ — TAs™ so that 1;(T,p,y) = (T, p,y) + p(T,p,y)

where As®™ = As™™ — Asid is the excess mixing entropy of component i and Asi! = —RIny;.
Olny;, 0 . Olny; .
Since Z:i—— that i : b;—) —=1-1=0weh i = 0.
on, n so tha Zn on, ; j 121: we have ;n 1
r Ahmlx TASeX) .
So, modeling non-ideal behavior requires that Z Mg L J (T,p,y Z nZ =0 Vy
1=1 ]

r

Defining G'¢ = Z n; g Z n; (,u“(T p) + RT In y2 and G = Z Ml = Z ni(AhfﬂiX — TAS?X)

=1 =1

L 9G DG O™, . . ., i)
: id _ ex __ 1> ’ Hor _ ex —
we can write Hio = < (77% >Tpn’ Hi < (3711 )Tp’n 3(711, cee ,nr) det HeSS(G )’T,p 0
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Modeling non-ideal SES behavior of mixtures:

simple and complex model relations for binary mixtures

9 = y191u(T,p) + y2 goo(T, p) + RT (31 Inyy + g In o) ideal mixture

i = gu(T,p)+ RTInyy  p' = gn(T,p) + RT Iy, recall (T, p) = ga(T, p)
o = AT, p) 11y Margules, one parameter (1895)

Mo = Ay Mo = Ay

o = [A(T, p) yo + B(T, p) y1] y1yo Margules, two parameters (1895)

Moz = Y2 [(2B — A) +2(A — B)?{Q] Moz = Y1 [(24 = B) +2(B — A)yi]

g1, = (y1/B(T.p) + 1o/ AT, ) y1y> van Laar (1913)

ex -2 ex -2
HivL = A (1 + A?Jl/Byz) HovL = B (1 + BZ/2/AZJ1)
IRk = Y1V Z;I::()Ak(T, )i —12)"  (Guggenheim (1937), Redlich-Kister (1948), Scatchard (1949)

ex U22 €11 — €12 V11 €22 — €12 .
gw = —C(T,p) {yl In [yl + ys o exp ( T )] + 145 In {yz + 1 -~ exp( BT )]} Wilson (1964)
INRTL = Non-Random Two-Liquid model, Renon-Prausnitz (1968)
guniquac = UNIversal QUAsi-Chemical model, Abrams-Prausnitz (1975)
gonmrac =  UNIquac Functional-group Activity Coefficient model, Fredenslund-Jones-Prausnitz (1975)

v i = (07, = 0 (), = (),

For example, assuming A and B constant in M1, M2, and vL yields Ah™ = ;¢ and As?ﬂx’ex = () so that
For M1: A= Ahfyy| = Ahy For M2 and vL: A = ARTY, B = Ahy3,.L

Y2= ]-‘yl:l y2:1 y]_:].
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Modeling non-ideal SES behavior of mixtures:

simple and complex model relations for binary mixtures

gid =1 911(T,p) + 12 922(T, p) + RT (y1 Inyy + o In o)
=g (T,p) + RTIny;  pi! = g5o(T, p) + RT In g

0.3

0.6

yiny

s inE &P

g = AT, p) 112 Margules, on | o / i \ N :E:Ldf;lfm
M = Ay s = Ay 02 | 45 | = = wema
vz = [A(T p)y2 + B(T,p) 1] y192 Margules, tw | ° ( SV — T e
U = 93 (2B — A) +2(A - B)ZUQ] oy = 01 [24- | \ / -
g = (y/B(T,p) + y2/A(T D))" e van Laat :: . pZ
pry, =4 (1 + Ayl/By2) figy, = B (1 + By2/Ayl) 08
IRk = Y142 ZkK:oAk(T, p)(y1 — )" (Guggenheim (19,
gix = =CTp) {mn [ + 9o exp (B) [ 4l | e

V11 RT 0.05 |— mmmm(gictghex_M2J/RT
INRTL = Non-Random Two-Liquid model, Renon-P —(ghideghex L)/ /J
guoniquac = UNIversal QUAsi-Chemical model, Abran o . . . _
guntrac = UNIquac Functional-group Activity Coefti . a ey N / -

- o(u/T o 0ln p o1 ______M
Recall Al = ( a% //T))>p,y Rl {1 - ( 6111MT >p,y] /
For example, assuming A and B constant in M1, M2, arj ©* v
For MI: A= Ahyy| _ = Ahgyy|  ForM2an¢
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Alternative traditional ways to represent chemical potentials:

Activities and activity coefficients

When the mixture is in a condensed form of aggregation, it is more convenient to de-
fine the activity of constituent i in the mixture as the dimensionless function a,(T, p, y,,¥,,
o3 Yps PorYior Y200+ - -1 Uro) Siven by the relation

#’z'(T’ P, y) - ”i(T’ Py yo)
RT

a’i(T) p! y;p{}’ yo) = exp [

Because for ideal behavior a;, = y,, the activity coefficient of constituent i
_a(T,p, 4P, ¥,)
Yi

is an indicator of departure from ideal behavior. In terms of the activity and the activity
coefficient, the chemical potential may be expressed as

i

u, = p,,+RTIna,
= p,.+RTIny, + RT Inv,

where again p., = p,(T,p,, y,).
The choices of the reference values p, and y, depend on the application.

Equations and figures adapted from pp.515-516 of Gyftopoulos, Beretta, Thermodynamics. Foundations and applications, Dover, 2005
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Alternative traditional ways to represent chemical potentials:

Fugacities and fugacity coefficients

we define the fugacity of constituent i in the mixture, ®.(T,p, Y, Y5, ---1Y,s Por Yio> Y20
.++1Y)» by the relation

[.li(T, D, y) - ”’i(T? po’ yo)
RT

Wi(T'i p) y; po) yo) — Wi(T7 po, 'y0§ Po, yO) exp [
together with the condition

7.(T,p,¥: Py, Y,) = y;p in the limits of high T and low p

that is, in the limits in which the system behaves as an ideal-gas mixture, where
p, is a reference pressure and y,  a reference composition.
The dimensionless ratio

6. = TP YiPo Yo)
' y;,p
is called the fugacity coefficient of constituent i, and indicates the departure from ideal
mixture behavior.

When‘ the mixture is in a gaseous form of aggregatiqn, P, and ¥, Yoo - - - » Y, , MAY
be conveniently chosen to correspond to ideal-gas behavior of pure constituent i, that is,
Y;, = 1 and p, sufficiently low so that p,, = u..(T,p, ), 7,, = p,, and

y.p
o
Equations and figures adapted from pp.515-516 of Gyftopoulos, Beretta, Thermodynamics. Foundations and applications, Dover, 2005
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Alternative traditional ways to represent chemical potentials:

activities for the Margules and van Laar models

1.0

Margules, 1 parameter

A
Ina, = Iny, + R—T—(l -y,

' A
Ina, =In(l —y,) + ﬁ(m)z

van Laar

A/RT
[1+ Ay,/BA - y,))°
BJRT
[1+B(1 - y,)/Ay,]’

Margules, 2 parameters

2B-A

Ina, =Iny, +

Ina) = In(1 —y,) +

2(A - B)

Ina) =Iny, + 7 (1 - y,)2 + RT (1-y)
2A-B 2(B-—A
Ina, =In(l —y,)+ fRT—(y,)2 + ( RT )(y1)3

Equations and figures adapted from pp.522-524 of Gyftopoulos, Beretta, Thermodynamics. Foundations and applications, Dover, 2005
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Simple model of non-ideal liquid-vapor equilibrium:

liquid-vapor equilibrium modeled with the van Laar models

The conditions of mutual stable equilibrium of the two coexisting phases
YigP = @y Py 11 (1)
YpgP = Oyp Pay 22(T)

approximated by the van Laar equations

B/RT
[1+B(1 - y, )/ Ay’

A/RT
[1+ Ay, /B - y,0)’

P =Yy CKP{ }Psm.ll(T) +(1 -y exp { }psat.ZZ(T)

1y exp{_ AIRT }+1- gexp{_ B/RT }
P Pan@ [1+ Ay, /BU —3,0)" ) Pear2a(D [1+BQ - y,)/Ay,]’

360

p=101.3 kPa

355

350

" Van Laar

T(K)

345

340

| 1 1 [ | 1 | 1 1 L B ] 1 1 1 335 1 i 1 L 1
0.0 0.1 0.2 03 04 0.5 0.6 0.7 08 0.9 1.0 0.0 § . . . . X 5 ¥ X 1.0

Equations and figures adapted from pp.522-525 of Gyftopoulos, Beretta, Thermodynamics. Foundations and applications, Dover, 2005
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Simple model of non-ideal liquid-vapor equilibrium:

liquid-vapor equilibrium modeled with the van Laar models

The conditions of mutual stable equilibrium of the two coexisting phases
ylgp = a'lfpsal,ll(T)
YpgP = Oyp Pay 22(T)

approximated by the van Laar equations

B/RT
[1+B( - :q“r)/.lly,f]2

A/RT
[1+ Ay, /B(1 - 0]

P =Yy CKP{ }psal.ll(T) +(1 -y exp { }psat.ZZ(T)

1y exp{_ AIRT }+1- gexp{_ B/RT }
P Pan@ [1+ Ay, /BU —3,0)" ) Pear2a(D [1+BQ - y,)/Ay,]’

1.0 2 1.0 s
08 08k p=101.3kPa
06 0.6 |-
o =
N <
04 04}
-+— Ideal solution =e— Ideal solution
02} o= Van Laar 0.2 ~o= Van Laar
A'=18 A'=18
B=14 B'=14
00 " ) A J " 1 L 1 A 0.0 " A L 1 \ 1 A
00 0.2 04 0.6 08 10 0.0 0.2 0.4 0.6 0.8 1.0
Yie Y

Equations and figures adapted from pp.522-525 of Gyftopoulos, Beretta, Thermodynamics. Foundations and applications, Dover, 2005
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MD and MC modeling of non-ideal SES mixture behavior:
Lennard-Jones binary mixture

Hi WiHP ¥

b o B
f | B 012 =
J11, €11 ; O22, €20 | |[012,€12

011 + 029

2

£—12
= 0.020}
For ¢ = 1 mixture behavior is °°\§
close to ideal (Raoult’s law). =.0.016;
For & > 1 (£ < 1) attraction 0.012 s
(repulsion) between unlike par-

o | am
" ﬁ' /k 62/61—09
' |H011, €11 022 €22 | \/0123612 0.024 kpT/e = 0.92

ticles is stronger than between 0.008

like particles, and the mixture 0.030
tends to form a high-boiling (low-
boiling) azeotrope, i.e., higher -
(lower) pressures than for ideal m\g
behavior are required to stabi- S
lize the vapor—liquid equilibrium.

0.025

0.020

0.015

€z/€1 = 0.9

Very low values of & result in kgT /ey = 0.92]
liquid-liquid miscibility gap. 0.010 §=085
0.0 O. 2 0. 4 0 6 O 8 1.0
Y1

0.024 _kBT/El = 0.92

0.020 1

0.016

€12 = f\/ €11€22

with £ = 1 these are the Lorentz(1881) Berthelot(1898) mlxmg rules

62/61 —09

£=1.0
liquid

gas + liquid 1

oot2t 9%

ey/ey =05
0.18 62/61 supercrit
0.15 I k‘BT/El =0.92
Ple=12 *
012+
0.09+
0.06

0.03

ical |

00 02 04 06 08
Y1

Figures adapted from Wikipedia, by TimeStep89, CC BY 4.0.
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from  /href{https:/en.wikipedia.org/wiki/Lennard-Jones_potential

Liquid-vapor equilibria
in non-ideal mixtures

stability and miscibility gap
liquid-liquid spinodal decomposition
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Liquid-vapor equilibria for non-ideal binary mixtures

Saturated
Critical point liquid surface Critical point

Pressure p

| Saturated vapor
surface

\
Pressurep \

— — — — — — —

Mole fraction y,

Figure 26.1 On a T — p — y, diagram, two-phase states are represented by points in a region
delimited by two saturation surfaces. The diagrams in Figures 26.1 to 26.5 are based on C. E. Wales,
Chem. Eng., May 27, p. 120, June 24, p. 111, July 22, p. 141, Aug. 19, p. 167, Sept. 16, p. 187

(1983).

Figure from p.470 of Gyftopoulos, Beretta, Thermodynamics. Foundations and Applications, Dover, 2005
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