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Systems with chemical reactions
Second law and state principle
Transition state model of chemical kinetics

Activated complex
Extension of the simple system model for large n
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Notation and stoichiometry:

proportionality relations, reaction coordinates

chemical symbols
Ay =H,, Ay =05, A3 = H50
stoichiometric coefficients
V1 =—2, vp=—1, v3=2
rewrite the mechanism as
Ay + 1A + 13453 =0

o > . viAi =0
chemical reaction mechanism proportionality relations
2Hy, + Oy = 2H,O or —2H,; — Oy + 2H,0 =0 Anq _ Ans _ Ans A
composition:  np,, N0o,, NH,0 2 vy V3
changes in composition:  Ang,, Ango,, Anp,o An; = v; Ae Vi
proportionality relations nip = MR + V; €
Ang, _ Ang, _ Any,o _ A where € = ep — €
—2 —1 2 n; = v;é Vi
€ = reaction coordinate Nip = Mg + Vs €
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Hatsopoulos-Keenan statement of the
Second Law of Thermodynamics

For a system with 7 constituents subject to a set of z chemical reactions » |\, V,L-(j )Ai =0,
for = 1,...,z, acomposition n is compatible with a given composition n, if there
exists a solution € to the system of r proportionality relations

N; = Nig + Z Z I/Z-(j )ej (equivalent compact notation n=n,+v-€)
j=1 i=1
Second Law:
Assertion 1: in the subset of states of a system compatible with given values

of the amounts of constituents n and of the parameters 3, there is always
one and only one SES for each value of the energy FE.

Assertion 2: Starting from any state of the system, it is always possible,
through a reversible weight process, to reach a SES with arbitrarily fixed,

compatible values of the amounts of constituents and the parameters.
- AU
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Direct consequences of the Second Law in the presence of chemical reactions:

State principle and maximum entropy principle

State principle: the value of any property at stable equilibrium is uniquely
determined by the set of compatible amounts {n},,, the energy £ and the
parameters (for simplicity, assume volume V' as the only parameter)

P=P(E,V,n,v)
In particular, the entropy S as well as the equilibrium composition
n,=mn, +v-E¢E,
are properties, therefore, the following SES fundamental relations hold

S=S(F,V,n,v) n, =n,(E,V,n,v) €, = €,(E,V,n,,v)

| compatible |

Maximum entropy principle: among all the states'with the same given values of
the amounts of constituents, the parameters, and the energy, only the stable
equilbrium state has the maximum value of the entropy.

(it is a direct consequence of the definition of s.e.s. and the statement of the Second
Law; it holds in general for all systems)
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Enthalpy of formation and bond energies
()7 (3)
= c | (fum)” 2 ()

V(r) in kJ/mol vs rin pm (1012 m)

VLJ(r)

400

300 —H-H

200

2*H-H + 0=0 <& 4*H-0

B S 100

0
Bond Lennard 10 20 30 40 50 60 70 80 |90 1001
parameters  Jones H-H O=0 H-O 0
Strength € ki/mol 432 494 459

Length r_min 10”m 74.1 120.8 95.8 200

-300

2*g(H-H) + €(0=0) - 4*¢(H-0) -478 -400

Enthalpy of formation of 2 moles of water -484 o

b s, 9 "y
Fmin = 2 /
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Collisions

At T = 0K, the molecules of the reactants and products lack kinetic energy and their bond
configurations are situated at the bottom of their respective valleys on the potential energy
surface.

At T > 0K, part of the energy is kinetic, and the molecules are subject to continuous collisions,
resulting in the conversion of some kinetic energy into deformation of the bonds that hold
them together. Consequently, reactants and products explore configurations of higher potential
energy.

As the temperature increases, the probability also grows that the configuration of some or
all of the interatomic bonds surpasses the saddle point separating the two valleys, thereby
transforming the reactants into products or vice versa.

The bonds act like vibrating springs. Collisions excite these vibrations and random redistribu-
tion of this energy among the bonds may end up weakening some bonds.

If this happens when the collision occurs at particular angles, the weakened bonds can break to
form other bonds, and the collision is chemically effective.

Otherwise, the collision results only in the redistribution of the energy among the various degrees
of freedom (translational, rotational, vibrational, electronic) without changing the composition.

Photo exposed on the 4" floor of MIT building 10, by H.E. Edgerton around
1935. Contact between golf ball and club head lasts only 6 ms.

Take a look also at this YouTube video of golf ball bouncing on a hard wall
https://www.youtube.com/watch?v=JcVEW2X Nus
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Potential energy surface and the role of the activated complex

'BC

A+BC=ABC"=AB+C

activated complex

potential (transition state)
energy A ABC*

K-

~
o

~
activation
energy
-

A +BC

—
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Forward and backward half-reactions

Rename the positive stoichiometric coefficients as v; and the negative ones as v;",

so that
SoviA; =0 rewrites as Y vl A =A"=> v A with vy =v —v

1

where we also identify the transition state as an unstable intermediate species
we call the activated complex A*. This way, the half reactions can be viewed as
producing the activated complex A* from either the reactants or the products

S .viA; = A"  forward half-reaction in our notation —> v A;+A" =0
Y..v; Ai=A" backward half-reaction in our notation —> v A;+A* =0

Properties of reaction can be written in terms of those of these reaction, e.g.,

A :
ARC(T) = ZiVih%(T) _ Ahi(T) — AR (T) activated *complex
where ? - ,1_4 i 5
ARS(T) = = v h(T) + h2(T) /7N
(activation energy of the forward path) AR (T) / \
AR (T) = =S W (T) + (1) oy A
(activation energy of the backward path) _\i_/ \‘\
—AR(T) ' /
\ 4 NV
reactants products
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Extension of the simple system model + local equilibrium assumption:

Turning reactions “on” and “off” does not affect the local properties

Given the instantaneous composition (n,n*):

e Neglect the contribution of the activated complex A* to the mixtures
properties (indeed, for large n, we can assume n* < n because A* is highly
unstable and hence very short lived).

e Assume that the rate at which non-chemical collisions redistribute the ex-
cesses or defects in local kinetic energy caused by the chemical reactions, is much
faster than the rate at which chemically effective collisions produce them.
Thus, if we suddenly turn reactions “oft”, the mixture relaxes almost instantly to
SE, and even when reactions are “on” the state (all the properties) is very close
to the SES it would relax to if we turned them “oft”.

e Therefore, the instantaneous properties can be assumed equivalent to the SE
properties of a mixture with the composition but with no active chemical reaction
mechanisms, i.e., with reactions turned “oft”. In particular,

Sgn = Soff<U, V,n) = Soff(U, V.in,+v- 6)
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Extension of the simple system model:

Family of partial SES’s and chemical SES

The extended simple system model, assumes:
St = Sex(U, V,n(ng,v,e)) with n(n,v,e)=n,+v-e€

This represents a z-parameter family of SES curves (z is the number of independent
reaction coordinates) which spans the range of allowed energy and entropy values.

. . A
The maximum entropy princi- €3 / €

U 62

ple requires that at SE, the sys-
tem chooses the set of values
of the reaction coordinates, €,
that satisfies

v — (832“

J an )U,V,na,u,e;.

Y; is called the affinity of the
j-th reaction. It is zero at
equilibrium.

—0 VY

d S
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From the definition of temperature, at CSES:

1
Ton

Fundamental relation for CSES (CSES: chemical stable equilibrium states)

Simple system (frozen equilibrium) model for non-CSES: S = Sor(U,V,n, +v -€)
Definition of affinities: V= Do
86]' U, Ving,v,.e
Y. 2 Y,
Maxwell relations: <&> = < 0o ) = <ﬁ)
861‘7 U,Ving,v.e, anaEk U,V,na,u,e;.k an U,V,na,u,e;.
At chemical equilibrium: Y;(U,V,n,,v,e,) =0Vj = €, =€ (U, V.n,,v)

Fundamental CSES relation:
Se, = Soft(U, Vimg +v - (U, V,ng,v)) = S™(U, V,n,,v)

V,na,u,e; ou Ving.v

asen LY
a ( 8U )V,na,u a ( aU )V,na,ue—i_-Z (

= 1/Ton Y; = 0 at CSES

_ (95 _ (9Son +§Z: OSoft Oejo _
ov Ung v ov Una e =1 6€j Umng,v,e. ov Ung,v

= poit/ Toft — Y, = 0 at CSES

on 7 9Gon _ (95 .\ Z 8Soff O¢jo _om
Ton 6”1 Vg v 8%1 Vingv € j=1 j Vg v,.e€. 0nm Ving v TOE

—szf/Toff — Y 0 at CSES
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Systems with chemical reactions
Necessary condition of chemical equilibrium
(from the maximum entropy principle)

Equilibrium and non-equilibrium forms of the
law of mass action

Complete chemical equilibrium
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Non-equilibrium law of mass action for ideal GD gas mixture

Assume S = Sog(U,V,n(n,,v,€)) with n(n, v.e)=n,+v - €
recall that ~ 9Sg(U, V,n)/0n; = —ust )T,z and note that dn;/de; = Vz(j)

0S5, :
T
8€j U,Vinav.e

Assume ideal mixture of ideal gases ,ufff = 1y (T, p,) + RT In P + RT In y;

(]

Recall  Ag?(T Z v, ]),Lbu T, p,) ) — Z Vz'(j)

; ,(9) p
Z%U) Iny; = In H(yz) i [N;] = ﬁyz

We obtain the non-equilibrium law of mass action K;(T)

[T = K;(T,p) exp [_%] k(o) [% ] S0 . [_Aig(TT)]‘

ZH[Nz] = KS(T) exp [—%] KS(T) = [ gOT]V(j) exp [—Ai’g(TT)]

1
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Non-equilibrium law of mass action for ideal solutions

Assume S = Sog(U,V,n(n,,v,€)) with n(n,v,e)=n,+v - ¢
recall that  0S.g(U,V,n)/0n; = —ud™ /T, and note that dn;/de; = )

0S5,
Y}, — ( H) Z % (4) off
aej U,V,na,u,e]

Assume ideal liquid solution u® = ;i (T, po) + (p — po) v%(T) + RT Iny;
Recall: Ag(T) => v pu(T,p,) Av(T)=> v vu(T,p,) v9 = vY

() )

- L) n
Zy,fj) Iny, = In H(yz) i [Vi] = Vyi = [Ny

We obtain the non-equilibrium law of mass action

| | ’ | Ag] — Do) A9
()" = K, (T, p) exp [—%] K;(T, p) = exp [— g7(1) + (Z;Tp ) J(T)]
[T " = Ki(T) exp [—%] K(T) = [N"” exp [_ )+ % v J<T>]
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Equilibrium law of mass action in terms of activities

Assume S = Sog(U,V,n, + v -€)

oS ff) 1 Z ()
Y- p— ° = — V.J Oﬁ
’ ( 863' UVnave. TOff P s

Assume non-ideal solution and reference states ¢ such that the pure solvent has
ass = 1, u2 = pss, and for dilute solutions as = ys. Define activities and Gibbs
free energies of reaction as

ue® = p2(T) + RTIna;  AgY(T) =Y v us(T)

From onlcf = (0 we obtain the equilibrium law of mass action

SO _ Agi(T)
[ = m) #m) =exp | -5

Defining activity coefficients v; = a;/|N;] we may rewrite as

[TV = s kg = 249

)

¢ Hz W
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Temperature dependence of the equilibrium constants

—1OYT — 04T —
2 3 4 s 6 7 8 L T T 12 13 14 15 16 17
T / l rd
Recall we proved . / ANE J % P
e ~ / o~
d Ag°(T)  AR(T) . 2 AVA S T s
- = iy amy. e Zanl
dT RT RT? o -7 A AVAS> :
vilRVA N ¥s: 2l :
1 A 4 n;?""’LBased on Janaf tables, ™| o
Or / / / / : /,:‘ ‘r 5 elements, plus v
10 / ;.,.?‘/’/} /! ;0,4 N, NH, . NO, NO,, N,0, CN, ‘5
. 0 o ~ C;N, i HS, H,S, Sy, SO, SO, E=
d[Ag (T)/RT] Ah (T) . ] / / M Qr§ yd cz)s?o.o,‘zou_ﬁ?),.nzo.co, §
= / ng /' §7 // €0, €30, Cypy, Cageyr CH3. =
d(l/T) R . o /// CH,.C,H,, C,H,, HCHO _~~ o
-5 ~ 7/ c
/ LA & = y/4 /I/ ©
o 7 IS - }
K(T) = Ag°(T) YL AL S R
M=o |~"pr| R =
a S P v 4 ey Q-coxH, 5
= ; / & RS )
or g, % %/ 4 @};}/ :
RS P e ¢
Ag°(T) g R :
In K(T) = — =2~ Nriy/) SARY Vs = e
n V7V 7 =
RT ] / ‘,// iso, +iH,5 Cx, ~c L CO, ¥ Y2 —_ §
dln K(T AR(T | 0 s e S I N B e
n ( ) ( ) L/ ‘-F——T‘_ B et X = Sy i okl :
== | T e S = e B
d(l/T) R -1 e = H,S =~ HS + 1 Hy ;gﬁiof_l——"" \\E#{,ONC - e
B S 4 ~S . el R IS L N (R SN B S i =

5 L2 \7\{ H“x% Yo _1--7] ﬁo:il':ul-tzs—u:os+H, N X qj“”{,&:: c:‘
- 7 N ’,.)g:'.__h. i ' <, — _O
or D N N S, S S N
dlog, K(T)  Ar(T) S Se NS mee Nl 4 ¢
OglO s TN __‘"23;\___:;‘_1‘3@-. 'gk;_a.-: ST T | NO~+ 4N, = N;03 5}
—_ T T~ = Q‘L‘ ——{"*\" ~ &3 "~._\{,%N1+,:,0,—-No I\ ™~ 5
d(l/T) ln(lO)R 1 1 A.—— . 1 - A O S B | 11 1 2
5000 3000 2000 1500 1000 900 800 700 600 1
Temperature (K) =
Figure 30.1 Graph of log,, K(T'), the logarithm to the base 10 of the equilibrium constant K(T), :—_D

of various chemical reaction mechanisms versus temperature T on a 1/T scale (from M. Modell
and R.C. Reid, Thermaodynamics and its Applications, Prentice-Hall, 1974).
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Equilibrium constants from properties of formation at STP

Recall the Hess relation

Ag°(T) = Zr,;Vz' Agf(T)l;

K(T)=exp |—

RTInK(T) = —Ag°(T) = =3 v Ag?(T));

Ag°(T
RT

)

hence, K(T) = | [[K:(T)]¥

Integrate

]

dln K(T)
d(1/T)

In K(T) ~ In K(T,) —

Using In K(7},) =

AR(T) AR

R = R

ﬁ(l_i)

R \T T,

Ag°
_R—T'O and

Ag° = Ah° — T,As° finally yields

As®

Ah?

In K(T) ~

e "
0 o
~ )

o

i ZM‘Ah?\z‘)
RT
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TABLE 30.1. Values of the constants a; and b; for the reaction
mechanisms of formation of various substances in ideal-gas states at
standard pressure, p, = 1 atm, for use in the approximate expression

K(T) = exp (Aa - %)
where Aa = > ._ v (api, Ab = 37 v;(b);, and T is in Kkelvin
within the range 298 to 5000 K.°

Substance Formula ag b [K)
Acetylene C,H, 6.325 26,818
Ammonia NH; -13.951 —6,462
Carbon C 18.871 86,173
Carbon (diatomic) G, 22.870 100,582
Carbon dioxide CO, -0.010 —47.,575
Carbon monoxide co 10.098 -13,808
Carbon tetrafluoride CF, -18.143 -112,213
Chlorine (atomic) Cl 7.244 14,965
Chloroform CHCl, -13.284 -12,327
Ethylene C,H, -9.827 4,635
Fluorine (atomic) F 7.690 9,906
Freon 12 CCI,F, -14.830 -58,585
Freon 21 CHCLF -12.731 -34,190
Hydrogen (atomic) H 7.104 26,885
Hydronium ion H;0" -8.312 71,295
Hydroxyl OH 1.666 4,585
Hydroxyl ion OH™ -6.753 -20,168
Methane CH, -13.213 -10,732
Nitric oxide ) NO 1.504 10,863
Nitrogen (atomic) N 7.966 57,442
Nitrogen dioxide NO, -7.630 3,870
Nitrogen oxide N,O -8.438 10,249
Oxygen (atomic) o 7.963 30,471
Oxygen ion (0 0.528 10,048
Ozone 0O; -8.107 17,307
Proton H* 13.437 188,141
Water H,O —6.866 29911

Source: Regression of data from the JANAF Thermochemical Tables, 2nd ed.,
D. R. Swll and H. Prophet, project directors, NSRDS-NBS37. U.S. Department
of Commerce National Bureau of Standards, Washington, D.C., 1971.

“For any elemental species, a, = 0 and b, = 0.

Table 30.1 of Gyftopoulos, Beretta, Thermodynamics. Foundations and applications, Dover, 2005
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Non-equilibrium law of mass action for ideal GD gas mixture

Example: CO, dissociation at T'= 3200 K and p = p, = 1 atm.

1 1
CngCO+§Og _COQ+CO+§OQZO
1 A, Vi N Yia Nip Yib
N2 1 COo, -10 1 1 1-¢6 (Q-8/(1+05%)
H(y@) = K(T'p) 2 CO 10 0 0 ¢ N1 +0.5¢)
L 5 3 O, 05 0 0 0.5¢ 0.56/(1+0.5¢)
_ [P 3 |
= {p] K(T) 2, 05 1 1 1+05¢ 1
Ag°(T)
=exXp | —————
b RT The composition of the outlet stream is found from the balance between the inlet and outlet
n; Niq + ;€ flow rates, which can be expressed in terms of the degree of reaction { as CO, = (1 —
Yy = —=—""" &CO, +£CO+(£/2)0,. For T = 3200 K, the equilibrium constant of the dissociation
n Mg + V€ reaction mechanism, CO, = CO + % 0,, K(3200 K) = 0.641 (Example 30.4). Assuming that
_ Yia + Vi& the outlet stream behaves as an ideal-gas mixture, the chemical equilibrium equation becomes
1 + Vg (p = po)
Yia + Vi€ (1+£/2)( 3 )( &R )"2
e = = 0.641
[[(Fe) =rm = =) (e (B

and yields ¢ = 0.58. Hence 7, = 1.29 kmol/s per kilomole of CO, per second, y,, = 0.33,
Yo = 0.45, y3, = 0.22.

Adapted from Example 30.5 of Gyftopoulos, Beretta, Thermodynamics. Foundations and applications, Dover, 2005
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Dissociation and NOx formation in combustion in 1C engines

Complete oxidation of isooctane
premixed with dry air and
initially at 700 K and 10 atm
according to
CgHig +12.505, = 8CO, + 9H,0
assuming chemical equilibrium of
COy, =CO + %Og
H,O = H, + 10,

No + 0Oy =2NO
Ny + 05 = NO,

Ny + 20, = N,O

© 2024 Gian Paolo Beretta

Tb Dy -——'—(_Z.i’fggo) Colz CO l Hz l NO I NOZI N20]
o mol mmol mmol mmol pmol pmo
Ao Koam * MI MI MJ MJ MJ M)
1.0 2012 448 208 1.17 357 738 126 111 424
1.1 2843 432 21.5 130 230 449 167 204 559
1.2 2758 41.5 22.1 139 143 276 196 307 649
1.3 2667 399 22.8 144 868 17.0 213 409 699
1.4 2577 384 234 148 5201 105 220 507 71.7
1.5 2489 37.0 239 1.50 314 660 220 595 71.2
1.6 2408 35.7 245 .51 190 419 216 673 693
1.7 2332 345 250 1.52 11.7 270 209 741 665
1.8 2262 334 254 1.52 728 178 200 799 633
1.9 2198 324 25.9 1.53 461 1.19 190 850 598
20 2138 314 26.3 1.53 296 078 180 893 56.3
2.5 1901 27.8 28.2 1.53 040 013 132 1029 404
30 1732 25.2 208 1.53 008 002 9 1083 290
35 1605 233 311 1.53 000 002 71 1097 211
4.0 1506 21.8 322 1.53 000 000 53 1091 158
From Table 31.10 of Gyftopoulos, Beretta, Thermodynamics. Foundations
and applications, Dover, 2005
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Detailed kinetic mechanism for the oxidation of hydrocarbons

| = 5K
Hydrogen: K=8 species, [=24 reactions 5 e
Reactions A b E . C16(LLN,IT)'I m Decanoate

1 0+0+M=02+M 1.20E417 -1 0 - [ C12(LLNL) . M o
2 O+H+M=0OH+M 500E+17 -1 0 2 - C10 (LLNL) .. B CT4(LLNL)
3 H+H+M=H2+M 1.00E+18 -1 0 i) i iso-octane (LLNL) .- ™ pRe
4 HH+H2=H2+H2 9.00E+16  -0.6 0 B I A
5 H+H+H20=H2+H20 6.00E+19 13 0 8 i iso-octane (ENSIC-CNRS) K «" n-heptane (LLNL)
6  H+OH+M=H20+M 220E+22 -2 0 = '
7 H+02+M=HO2+M 2.80E+18  -0.9 0 s CH4 (Konnov) K ,
8 H+02+02=HO2+02  208E+19 -12 0 = 10° | S o et Isc-octan (L0 &iLa)
9 H+02+H20=HO2+H20  1.13E+19  -08 0 o : R g sheletalnhopianed(Lu diLaw)

. "@n-butane (LLNL)
10 OH+OH+M=H202+M  7.40E+13 04 0 = ] USCC2HA @, 5 o iene
11 O+H2=H+OH 387E+04 2.7 6260 = [ c1C3@neta) . pue curan)
12 0+HO2=0OH+02 2.00E+13 0 0 i GRISO @B o certane (LLNL)
13 O+H202=0H+HO2 9.63E+06 2 4000 X
14 H+02=0+OH 2.65E+16  -0.7 17041 - GRI12 .C'i:zm (San Diego) ® before 2000
15 H+HO2=0+H20 3.97E+12 0 671 J
16 H+HO2=02+H? 448E+13 0 1068 5 g e 2000 to 2005
17 H+HO2=OH+OH 840E+13 0 635 10° ¢ m after 2005
18 H+H202=HO2+H2 1.21E+07 2 5200 -
19 H+H202=OH+H20 1.00E+13 0 3600 Sl L] L
20 OH+H2=H+H20 2.16E+08 15 3430 10" 102 103 10%
21 OH+OH=0+H20 357E+04 24  -2110 _
22  OH+HO2=02+H20 1.45E+13 0 -500 Number of species, K

23 OH+H202=HO2+H20 2.00E+12 0 427

24| HO2+HO2=02+H202 1.30E+11 0 | -1630 Fig. 10. Size of selected detailed and skeletal mechanisms for hydrocarbon fuels,

together with the approximate years when the mechanisms were compiled.

Fig.10 in T. Lu and C.K. Law, Progress in Energy and Combustion Science 35, 192 (2009).
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Alternative derivation of the Chemical equilibrium conditions

using the method of Lagrange multipliers

maximize Sog(U, V, n)‘UVn ,
y Volba,

introduce a Lagrange multiplier \; for each constraint and

define L(U,V,n,n,,€,A) = Sog(U,V,n) — Zi)‘i (7 — N — iji(j)ej)

oL
maximize L(U,V,n,n,,€,N)|vvn,.v i.e., impose 5 = 0 and —
U2
0L aSoff quff :LLQH
- = _)\Z_:_z —/\,L:O:>)\,L:—z
8712- 8722 Toff Toff
oL ) 1 off ()

© 2024 Gian Paolo Beretta @MIT 2.43 Advanced Thermodynamics

oL
an

subject to the constraints n; = n;, + > jui(j )ej
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Complete chemical equilibrium

maximize Sog(U,V,n)|, .
s Volbas

introduce a Lagrange multiplier \; for each constraint and

define L(U,V,n,n,,A) = Sox(U, V,n) — >, A6 D . (i — Nig) Qi

subject to the constraints ¢, = > .niaaix = Y, Niix

ize LUV I\ , , oL Coefficients a;;, = number
maximize L(U, V,n, )‘U’V’n“ 1.€., IINpose on,; - nuclei of type k in species ¢
OL  O0S.g pot i |k|C|H|OI|N
— — D il = = — > ki =0 CH, 114]01]0
8n¢ (97% Toff O olol2lo
assuming ideal behavior u" = (T, p) + RT Iny; yields Nz ololol2
pa(T,p) 1 H,0 012001
Yi = exp ( - _Zk)\kaik) CO, 1020
RT R
bsti his back i h ) CO 1{011]0
substitute this back into the constraints NO olol1!1
Co =D Mg =N _.Yilis NO, 00|21
N,O 0|0 1]|2
¢ RT Rk

since the initial numbers of nuclei are known, solving this

system of equations, yields the Lagrange multipliers, i.e., Ay = Ax(c)
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