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Onsager nonequitibrium Cross effects and e Curie symmetry principle

Each flux may be a function of all the forces, J; = J;({X}), however, (Pierre
Curie,1894): the symmetry of the cause is preserved in its effects. There-
fore, e.g., in isotropic conditions, fluxes and forces of different tensorial char-
acter cannot couple.

Force| Yy -7V -v, -wmVT -7Vuir -7¥¢ #(Vv, +Vu,)
Flux ® X X :
chemical
Tk % kinetics
Lamb
Pm =P % M g9
9 Fourier = Dufour Peltier
4 ' 1822 1872 1834
7 . Soret Fick Reuss
—Mi 1879 1855 1807
7 ) Seebeck! Quincke Ohm
—4 1821 1859 1827
i ) Navier
= ) 1821

1 : First discovered by Volta (1787) and later rediscovered by Seebeck.
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Only a fraction of J; is q" in a “heat&diffusion” interaction

If constituents carry electric charge Wi — Witot = M + 2@
Jp =TJs + Z Hidn, — Jp =TJs + Z Hitotdn, = TJs + Z Hidn, + 1"
Use i; = h; —T's; and (* Fz:zZ Ig

rewrlteasq = JE—ZhJ ol = T(JS— san>

Therefore

Jrp = q// + Z hiJni + gOI” ("f) Pa.rtial charge flux du.e to the

diffusion of componenti: T/ = 2, F'J,,.

(*) Total charge flux (current density):

q//
JS — T + ZSZJ"% ZI// ZzzFan
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Relation between independent diffusive fluxes in heat& diffusion interactions

e Recall the local simple-system equilibrium assumption,

E=U(S,V,n)+ mv + mgz + qp — mw2r2 m =V .c;M, q=V)> .ciz;F
OF
™ = (an,)sw e BT M2, + Migz + zF o — AMw’r” = p; + e, — u;

where the last equality defines the partial energy e; = u; + ui°* — u; and is justified by recalling

the general relation U = ) .n;u; = V) .c;u; and rewriting the energy as

E=pe'V=V) ¢ (uZ + %szfn + M, + 2 F ¢ — %Miwzrz) =Y .ciep = Y cilu + i — )

with e} = e;/M;, u} = u;/M; the relation e; — u; = s M2, + M;gz + % F ¢ — 3 M;w?r* becomes
6wl = 2ok gzt aF /M~ 5 (6 —u) = (ef — ) = (zof My — 5 /M)F

e Recall, J,, = M;J, , J, => MJ, =>.J, =0sothe fluxes are not all independent and

we can write J,, = —>__ J,, . Alsorecall: yi; = h; — T's;, J, = FY 20, , i = ptet /M.
e So, the relation for heat& diffusion interactions may be written in several equivalent forms

g =TI+ 2" Jp, =T Jg+ > 5" I, “W—q”+Z ( he) I, +@d,
—T xtot  xtot
JS+Zz 1(“1 Fo )lmz :—+Z ( '_S’r‘)ini
— TJS + Zz 1 (,LLZ :ur) ‘]mZ -+ 90‘]
-7l Thi -, o> L0+ o,
—T[JS Zz i} hr)ini—HOiq

4

g" (definition of measurable heat flux)
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Electromagnetic radiation: a carrier of energy and entropy

Fig. 3 Graphs as functions of y = ikT/hc. The area under

each of the curves (a), (b), (¢), and (d) is unity. The maxima

occur respectively at (a) y=
y:

0.201405, (b) y=0.208713. (c)
0.252417, and (d) y = 0.255057.

hcu; 15 1/y° ,

KTu der—1 (@)
hcs;, 45 1 1/y 1

KTs amyt <e‘/y I R w) ©)
hcp, 451 1 ;
Kp @y T ey L
hen, 1 1/y* @
KTn 2(3)e/v 1 f

p/. s 1’/‘y _ 1
n, kT e 1)In1 — ey (€)

JA—»B (T-i- Tg)
e
30':(3) |
A _ 206 73 _73) — JA—B
O~ T4) = 5377661 s
JAB _ 2nhy? 1 1
o 2 |exp(hv/kTy) — 1  exp(hv/kTg) — 1
A 2nki? hv /KTy hv /kTg
M 2 lexp(hv/kTy) — 1 exp(hv/kTp) — 1
1 1 — exp(—hv/kTg)
1 — exp(—hv/kT,)
A~ _ 2m? 1 1
e 2 |exp(hw/kTy) — 1 exp(hv/kTg) — 1
JA—>B
T hy

t ¢ =ca/4 =27°k* /15K c? = 5.67083 x 10~ W/m’K*,

300(3)o/m*k = 1.52057 x 10" I/m*sK>

G.P. Beretta and E.P. Gyftopoulos, Electromagnetic Radiation: A Carrier of Energy
and Entropy, Journal of Energy Resources Technology, Vol. 137, 021005 (2015).
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o in terms of relative diffusive fluxes and forces

1
724
Rewrite the second term as follows

R 1
".VT - Tzz':lim - Vil — f(iﬁ — Pq V) - Yo+ ZkrkYk + ®/T

O = —

clcj I

1 _nJ —
7 2idn, - Npilr = —Z -Vp + Z D * - V(i — pg)lr
1 J 1 CZ'Cj lnz inj
= = -mwﬁzij : [ =2 = )l
1J, 1, o
T . ) —p sz 245 " ( :uj)|T — ?? ) - _Zz] 2ij —Z]

1

e In the first step we used the relation Vy;|r = —=Vp + Zj—]Z(Mi — )| which follows from
c c

the Gibbs-Duhem relation Vp = >""_ | ¢; V|7 by noting that given a relation b = ;¢4 with

c =) .c; it is easy to verify that cZ, =b+ ) _,(Z;, — Z;)¢;.

e In the second step we used the following (easy to verify) identity:

ZZ-Z]-&@%L - (Z; — Zj) = %ZiZjaiaj(Ki - Kj) (4, — Zj)
e In the third step we defined the diffusive flux of : particles relative to j particles and
in the fourth step its conjugate diffusive force (degree of disequilibrium)

CiCj lnz ln 1
Jij=— [ . — Cj ] —Jj; X = _?Z(Mz’ — )| = —X i
So, for no ﬂow (v =0,d = 0), uniform pressure (Vp = 0), and no chemical reactions
1 1
o q// V n ZZ] gy X, — flﬁ Yo Iy, = MZijiij from J,, = > .M;J,, =0
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Nonequilibrium in
heat, mass, and charge transfer

Thermo-electric effects
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Thermoelectric effects in solid conductors

1 1
= In g

e Assume linear force-flux relations

Q” =Ly, N7+ Ly - (_7290)

lll . zgp — g// . ZT _|_ l// . (_Tzsp)

I" =Ly - V74 Lyy - (—7V)
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Thermoelectric effects in solid conductors

o=4q"-¥Y

e Assume linear force-flux relations

Q” =Ly NV7+ Ly, (—7V)

(

\

1 1
= - T T

I" Vo=¢"-N7+ 1" (—7¥)

I" =Ly - N7+ Loy - (—7V)

-1

-
1

2 T2

L
—Vo==2.(I"-L,, -

q = __(én - L21 .

1
V7) = ZLop + Loy - VT +TLyy - I

Lyy +Lyy) -NT + Lyy- Ly - 1"
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Thermoelectric effects in solid conductors

1 1
= In g

e Assume linear force-flux relations

4
Q” =Ly NV7+ Ly, (—7V)

l// . zgp — g// . ZT _|_ l// . (_TZSO)

\f’ = Lo - V7 + Loy - (—7V)
f _1

1
—Vp==2. (L" = Ly, - V7) = f£2_21 Ly - VT + Téz_zl - I"

< T
o1 L L, - Ly - L VT +L,, -Ly;-I"
§ 4 —_ﬁ(=11_=21'=22 ‘=21)‘_ t Ly Loy L
1
Vo= ¢ VT+r-I" e = 7Ly Ly r = TLy
1
_”:_ﬁ vi+1U 1" kE = ﬁ(én_ém‘égzl‘ém) U = £12'£2_21
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Thermoelectric effects in solid conductors

1 1
U:g//'Z?_?ill'zgng//'z'r—l_i”'<_Tz<70)
e Assume linear force-flux relations
(7 _ L L _ - g TP g
q =Ly, N7+ Ly - (—7Vp) = TQ‘Z T -V
{
L L
\L/ = Loy V7 + Loy - (—7Vp) =— ?—221 - VT — =722 Vo
( L2_21 " 1 —1 —1 1/
—Vop = _T (I = Ly - V1) = fém Ly - NT +TLyy -1
{
1 _ _
X Q// — _ﬁ(éll —Lyy L3y - Ly) VT +Lyy- L3y - I"
1
—Vo= - VT +r-I" E = Téz_zl + Ly r = TLy
/! 1 — _
Q//:_E'ZT"‘E'l k= ﬁ(éll_ém'ézzl'ém) I = £12'£221
Onsager reciprocity implies _ _ _
= P At = ET = (Lo 'ézzl)T = (£221)T ng = £221 Ly =T¢
1
p={Ln Zul_pr K = —(LE —Lh - (L))" LE) =k and r"=r
o £21 ézz - T
i = L]Ti aind Loy = Iy Of course, for an isotropic material, L;; = L;;0 and
B - k=k) r=rd =1 eg=¢e I =Te
O_:LVT.]{.VT_'_EI//.T:.I//:i(q//_H.[//).k—l.(q//_H.I//>+l[//.T.[//
™ = — T = = 7= = =/ = = = = T = =
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Seeebeck effect and the thermocouple

{q” =Ly - V7 + Ly (—7Vy) Tz,902< Metal A T, ¢, L _Copper @
" Hot ' T1=T45T g
I" = Ly - VT + Ly, - (—7Vp) junction MetalB  Metal A "4 %4 Copper

q//:_£-2T+£-l//

Assuming I” = 0 we project the vector equation

—Vp =eVT
along the local infinitesimal vector d/ tangent to the wire axis. Note
that Vo - dl = dp and VT - df¢ = dT, so that integrating from positions
a and b of a wire we have f; Vo -dl = ¢, — v, and, assuming € is a
function of temperature, ff eVT - df = f; e(T")dT’. Doing this between

the junctions (g — 1) = f12 ea(T)dT"

—(ip3 — p2) = [, ep(T") AT’
—(ipa — 3) = [i ea(T)) AT’

and adding these equations, yields the electromotive force that can be
measured by the voltmeter between the junctions at T} = T}

~(pa— 1) = [lea(T’) — es(T)] AT’ = E(Tz) — B(T3)
where we define the characteristic function of the thermocouple
1 T / / /
pair B(T) = [ [ea(T") — =5(T")] dT
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{_Z‘P = e VI+r-1 T, gﬁyCold (reference) junction

Voltmeter

0 500 1000 1500

Temperature 7' (deg C)

Iy r ... Ln
| — TypeN

[| —  Chromel-AuFe0.07 :
O — TypeT [ A

| — TypeK|]
— Type]
— Type E
I A—

o0 022
Temperature T (deg C)
Figures by Nanite from Wikipedia
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https://en.wikipedia.org/wiki/Thermocouple

Seebeck effect and the thermoelectric generator

Hot junction B Cold junction
2 3
A 1 4 A
T, =Ty

If a load is connected to terminals 1 and 4, the EMF induces a current I, hence

in the thermocouple wires there is a voltage drop R.I, so the voltage difference

at the load terminals is: AV = —(p4 — 1) — Rl = (€4 — €g)(T5 — T3) — Ral.
The electrical power generated is

Wel — AV I = (E A—E B)(TQ — TS) I — Ryl 2 Rq = Overall electric resistance [Ohm]

R : — — ral rpl
it is maximum for 2Ryl = (€4 —€p) (15 —T3) R = ZAA + zBB
Wel,max = (? A — EB)Q(TQ — T3)2 / 4R r = electrical resistivity [Ohm m)]

' ¢ = wire length
The thermal power consumed is wire length [m)

Q = (Ty — T5)/Rin + (ﬁA — ﬁB>I

a = wire cross-section area [m?]

R, = Overall thermal resistance [W/K]

and at maximum power is L _kaas  kpap
1 (Tly—Tp)(Esa—2 T
— (T2 — T3) + ( A B)( A B) k = thermal conductivity [W/m K]
Rin 2R ¢ = wire length [m]

a = wire cross-section area [m?]
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QH =L, N7+ Ly - (—7V0)
I = Loy - VT + Loy - (_TY@

ZT‘I—LlN

&5~ 1™

Q,/ _

ZT‘I‘ElN

Peltier effect

Material A - I// Material B
7 /1 R R 7 /1
Qa4 = HA I g > dp = HB I

T

Assuming that VT = 0 qp —qy = (g —114) I”

If the current flows from the material with lower II to the material with

higher I, IT4 > IIp (or Il > [14), the junction where current flows at uniform
temperature has to be heated (or cooled) to be kept at uniform temperature. If
the current flows in the direction in which the junction tends to cool, we have

a refrigerating effect.

For example, for Cu at 300 K
e=15uV/K and k = 385 W/Km, so

q" mVV/mm2
L =11 =eT =15uV/K300K = 0.45 5
I3 dT/dx=0 A/mm
T _ T, _ 15pV/K300K ) K/m
dr|,_o k%  38W/Km 7 A/mm’
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Thermocouple, thermoelectric generator, and Peltier cell

+ Electrical power input

a Heat input b

Heat
ejected

Hot
junction

Hot junction

-«
walng

Cold Ceramic plate

. Junction
Cold _ A 3 -
Junction €3 yed / '

Contact
pads

Electrical power output

Figure 1 from C.B. Vining, Nature 413, 577 (2001).
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Second law efficiency of the thermoelectric generatO{ N
©
»g\

Note that the electrical power of the thermoelectric generator can be ertten ag %() 00\

Hot junction N old
()

Wy = / orladl  with  wl = -V -I" 7

(% TJ
Recall that we defined the local maximum work obtainable from Stﬁ&@fé%ure gradient

T1

&Y
@QI 006 i 50}:.::; e:ri?:e
W =T V= — " vT X\e 6\6 2 ,
Wyey q ___Q—’% O Tq(—r)
T To ¥ ¢ ¥ |-
O 63, w''dx )
K(, x X + dx x + 2dx

Now, substitute the thermo-electricity relauo@é“gnd&%%all that II = Te

X’s& 9@’{7T+ rl”
qf& —kVT + 111"

wy =el” XG‘#— N"” I”  which takes the maximal value

VW e
&‘}g\m —VT -NT at [I"= —EZT where
(%) £ 2r I

& g2 (k+ 2—>VT and  aft, = (k + Z—H) lvr.vr

rev

. é,@ ,£® r
O & .\%00 P! Wey L Z = =T
> = maxW — e.7maX — wnere =
@\e‘ﬁeex&e mileme = =i = = Tz k.
Z Q&ﬁensmnless traditionally considered a figure of merit of a thermoelectric material and

moré often denoted by 2T or ZT.
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Second law efficiency of the thermoelectric generator

Recall we defined the local maximum work obtainable from a temperature gradient. When we
add the electrical work obtainable from the Seebeck effect, we have

T
wiZVZ—g"-%—l”-g-ZT

Note that the electrical power of the thermoelectric generator can be written as

Hot junction B Cold junction
: . I " 0" 2©3
Wy = / padl  with  w, = —To

T3
rev A

Now, use the thermo-electricity relations, recalling that L k II
1 NT +r-1"
= V7T -k-VT+ =I" 1" B

to obtain w/{ =21"-¢-VT — [" " AL I emaw = —

q" =
VT et -rt=—r1.2.VT we have
22
isotropic T
Wl maxe = Vg VT = ?ZTﬁg-zT where Z = Tﬁ_l-gT- 1. isobropie &

material T ]-C
At this maximum power condition, we have ¢"|amaxw = —k - [Q + é] VT
1
;/(;V|@maXW _ZT ) i ) [é + Qé} ’ ZT Ul@rnaxW = _22T E : [é + Z} VT
— | w(/a/l,max —1 TU‘@maxW L ZT ) ﬁ ’ é ’ ZT isotropic zZ
I = i |y 0 Jamawy | VT k- [0+ 22] - VT material 1+ 22

Z is a dimensionless tensor, that can be used as a figure of merit for developing nano-
structured (anisotropic) thermoelectric materials.
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Thomson heating/cooling effect vs Joule heating

Balance equation for the internal energy u*
Du* De* D(e* — u*)

P =P P = Ydp =V (z-vm) +: Vo,
Jp=Jp +J% With_%wzg"—i—golq and Jy, = —71-v,
D *
pDi =-V-J5' +1z:Vu,=-V¢ -V (oJ) +1:Vu,

_V.¢'= -V-(—kNT+1-J,) = V-(k¥T) - 1IV-J, — J,-VII
~V-(pd,) =—¢N-J, —J, No=—pV-J, +J, (eNT +rJ,)

o1l
use V-J, = 0 (from charge conservation) and VII = 8_TVT
Ol1 oIl I1 Oe Thomson
defi T="——-e=——==T—
cHne oT ° T or T 0T  coefficient
D *
C _VkNT)+ rd, + 1:Yu, — Y VT
DL = == == =
- Fourier Joule V1SCOUS Thomson
material .
deriva- thern:ml effect dissipation effect
tive of ¢+ diffusion (>0) (>0) (>0or <0)

The Thomson effect adds a source term to the Joule effect, but can be both positive and
negative, that is, either a ‘generation’ or a ‘consumption’ of thermal energy. It represents the
direct ‘reversible’ conversion of thermal into electric energy and viceversa.
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Cross effects in charge and spin current transport

a: In the Hall effect, a trans-
verse charge current density
1"}, arises when a magnetic
field H and a charge current
density I” are applied nor-
mal to each other.

b: The Nernst effect is the
thermal analogue of the Hall
effect.

c: In the spin Hall effect, a
transverse spin current den-
sity I”spinpan Perpendicular
to the charge current density
1" is generated due to spin—
orbit coupling.

d: A transverse spin current
density I"q i, Nernst 15 also gen-
erated by a longitudinal tem-
perature gradient.

Spin Hall effect, (1972) 2004 Spin Nernst effect, this work

Adapted from figure 1 of S. Meyer et al., Nature Materials 16, 977 (2017)
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Spin-Seebeck effect

a: A thermocouple is com-
posed of two conductors (met-
als A and B) connected to-
gether. They have different
Seebeck coefficients, and there-
fore, the voltage V' between
the output terminals is pro-
Metal B portional to the temperature

3 gradient VI' = (T} — T5)/L
/ between the ends of the cou-
ple. b: In a metallic magnet,

b  Spin Seebeck effect the spin-up (1) and spin-down
(4) conduction electrons have
different Seebeck coefficients.
When a temperature gradi-
ent is applied, a spin-voltage
(difference 14—y in the elec-

trochemical potentials of spin-
up and spin-down electrons)

proportional to the temper-
ature difference appears.

a Thermocouple Metal A

T

Metallic magnet

Figure 1 from K. Uchida et al., Nature 455, 778 (2008)
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Image Credits
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Figure 3 and equations © The American Society of Mechanical Engineers. All rights reserved. This content is excluded from our Creative
Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use.
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* Image showing thermocouple reference functions for nickel-alloy typesE, J, K, M, N, and T is in the public domain.
* Image showing thermocouple characteristics at low temperatures is in the public domain.
Slide 15:

Image showing thermocouple, thermoelectric generator, and Peltier cell © Springer Nature Limited. Al rights reserved. This content is excluded
from our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use.
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Image showing cross effects in charge and spin current transport © Springer Nature Limited. All rights reserved. This content is excluded from
our Creative Commons license. For more information, see https://ocw.mit.edu/help/fag-fair-use.
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Image showing spin-Seebeck effect © Springer Nature Limited. All rights reserved. This content is excluded from our Creative Commons
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