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Onsager nonequitibrium Cross effects and e Curie symmetry principle

Each flux may be a function of all the forces, J; = J;({X}), however, (Pierre
Curie,1894): the symmetry of the cause is preserved in its effects. There-
fore, e.g., in isotropic conditions, fluxes and forces of different tensorial char-
acter cannot couple.

Force| Yy -7V -v, -wmVT -7Vuir -7¥¢ #(Vv, +Vu,)
Flux ® X X :
chemical
Tk % kinetics
Lamb
Pm =P % M g9
9 Fourier = Dufour Peltier
4 ' 1822 1872 1834
7 . Soret Fick Reuss
—Mi 1879 1855 1807
7 ) Seebeck! Quincke Ohm
—4 1821 1859 1827
i ) Navier
= ) 1821

1 : First discovered by Volta (1787) and later rediscovered by Seebeck.
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Relation between independent diffusive fluxes in heat&diffusion interactions
e Recall the local simple-system equilibrium assumption,
E =U(S,V,n) + tmv2, + mgz + qp — tmw?r’ m = V> .c;M, q=V> .cizF

tot 8E
ILLZ -
3 M, U, Z,0,W,T
On; /) SVl om,z,0,

= s + 3 My, + Migz + 2 F ¢ —  Myw’r® = ps + e; — u

where the last equality defines the partial energy e; = u; + u°* — u; and is justified by recalling

the general relation U = ) | .n;u; = V) _.c;u; and rewriting the energy as

E=pe'V=V> ¢ (uZ + %Miv% + Mip, + 2. F ¢ — %MinrQ) =Y .cie; = > .cilu + ™ — ;)

with ef = e;/M;, uf = u;/M; the relation e; — u; = %Mivfn + Mgz + zF o — %Miw r? becomes
ef —up = 302 + g2+ mF /My — Yot = (e — ) — (¢} — ut) = (4/M; — 20/ M)F o

e Recall, J,, = M;J, ,J, => MJ, =>.J, =0so the fluxes are not all independent and

we can write J, == ZT 1J . Also recall: p; =h; —T's;, J, = FY 2], , i = pi*t /M.

e So the rp]nﬁnn for hpan/'HIFFnQinn interactions may be written in several equn/alent forms
B =T Jdg+ > i Ip, =T Ig+ 1" . “‘”—q”+2 L (hi he) L, + @,
— T 4 ' M;ktOt - M:tOt lm- .
2+ i ) L h=?+a;@—m%i

_T[JS ZT 1(s —s)_ Z}+ZT 1(h —h)JmiJrgpiq

q” (deﬁmtlon of measurable heat flux)
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o in terms of relative diffusive fluxes and forces

1

R 1
_ﬁgﬂ - VI — Tzz':lim 'zﬂi‘T - f(iﬁ — Pq Qm) -V + ZkrkYk + (I)/T

o =

Gibbs-Duhem relation Vp = >""_ ¢; V|7

e In the third step we defined the diffusive flux of : particles relative to j particles and

in the fourth step its conjugate diffusive force (degree of disequilibrium)
cici [dn,  In, 1

c L C; —J — T -

So, for no flow (v,, = 0, ® = 0), uniform pressure (Vp = 0), and no chemical reactions

I 1 1
o=4q" zf + 52@71@7 "X~ flﬁ -V
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Cross effects between vectorial fluxes and forces

1 1J, 1
0=—r5q " NT— == - Vp——J, - Vp+ ZJ Ly Xij + 24rnYe + /T
CiCj [Ln;, Lo,
lij = : [ e - ; ] = _lji X@'j = —?Z( MJ)| ij‘

So, for no viscous dissipation (¢ = 0), no chemical reactions (r; = 0) or chemical
equilibrium (Y; = 0), and only three components

1 1J, 1
a :Qu'—f - T_? - Vp — fl//'ZSO‘Fiu  Xqg T Ji3 - Xz + Jog - Xog
Assume linear force-flux relations
1 1 1
q" = LQQYf - LQPT_CZP — LQZ?ZSD + LouaXyy + LoisXys + LgasXog
1 1 1
J, = Lszf — LppT—Cz:p - LPZfZSO + Lp12 X5 + Lp13X 3 + LpasXos
1 1 1
J, = Lzsz — LZPT_CZP — LZZTZSO + Lz12X 15 + Lz13X43 + Liz23X o3
1 1 1
J1g = leQvf - lePT_czp - lezTZSO + L1912.X 15
1 1 1
Ji3 = Ll?’QVT - ngPT_czp - L13ZT290 T+ Laigis X3
1 1
Jo3 = L23QV— — L23PT—ZP — ngzTZQO + Lo393X o3
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Thermoelectric effects

1 1J, 1
0= - NT — == Vp— . J, - Ve + ZU Lij Xig + 25reYe + /T
CiCj [Ln;, Lo,
Ty =2 Cj]z—iﬁ sz—ﬁ( —)lr = X,

So, for no viscous dissipation (¢ = 0), no chemical reactions (r; = 0) or chemical
equilibrium (Y; = 0), and only three components
1 1J
1 =

0=4qg —f_ff Vp— 1" No+Jip- X+ Jy3- Xig+ Jog - Xos
Assume linear force-flux relations
1
"= LooV — — L V
q QYT QZ VY
J =L,V ! L L \Y4
g = H2QV 22 Y AR
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Second law efficiency of the thermoelectric generator

Recall we defined the local maximum work obtainable from a temperature gradient. When we
add the electrical work obtainable from the Seebeck effect, we have

heat eal

sourc engine S ]

VT Og

N/ no " 4 g
wrev__g'T_l'g'VT - {""-

Note that the electrical power of the thermoelectric generator can be Writtéﬁh as

Hot juncti} B cColdjunction
: . " 0" 2 >3
Wy = / padl  with  w, = —To Ly — o

rev

T —
Now, use the thermo-electricity relations, recalling that L

_ VT [ N L e VT +r-I"
- T ¢ = ﬁ ZT@ 1"
to obtain W =21"-¢-NT —1"-r-I". At I"|lamaxw = — VT -e' -r~ ' = —r~t.2- VT we have
1 isotropic 2T
Wel max = ZT°§T°£_1'§'ZT = TZT'EZ'ZT where Z = Tk_l-gT-fl-g tt 2=
’ - = - - = - - - = ~ materia r

At this maximum power condition, we have ¢"|amaxw = —

- 11

rev|@maXW _ZT ) i ) [é + 2£:| ) ZT

s I
w

= 77H|@maxw

isotropic Z

el,max —1 TU‘@maXW . zTﬁézT
;gv‘@maxw B {rle/v‘@maxw B ZT . ﬁ : [é -+ é] VT material 1 + 22

Z is a dimensionless tensor, that can be used as a figure of merit for developing nano-
structured (anisotropic) thermoelectric materials. Note: often Z is denoted by ZT
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Thermo-osmosis of pure substances in porous media

1 1 in 1
0= - NT — == Vp— . J, - Ve + ZU Lij Xig + 25reYe + /T
CiCj [Ln;, Lo,
l@'j = p [ ¢ — c; ] — _lj@' X@'j = _?Z( ILL])| in

So, for no viscous dissipation (¢ = 0), no chemical reactions (r; = 0) or chemical
equilibrium (Y; = 0), and only three components

L1 1J, 1
U:Q/'—T T . - Vp — fi//'ZSO‘Flu  Xqg T Ji3 - Xz + Jog - Xog
Assume linear force-ﬂux relations
1
=L V— — L \Y
C] QRN T QP TC_P
1
J, =1L — — L
PQV PP TCYZP
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Thermo-osmosis of pure substances in porous media

] ] Thermo-osmotic effect is a flow against the
P p+a | | hydrostatic pressure, driven by a temperature
T T+dT gradient.
|| ‘—I - Mechano-caloric effect is a heat flux driven by
Permeable a pressure gradient.
"= LooV ! L ! \Y%
a1 1d, and assume linear 1 = Hee=p QPP
o=¢ Vo — =22 .
= T T c flux-force relations 71 Vl 7 iw
In PQY. PP
Rewrite in terms of more familiar variables, v = 1/c
¢"=—-kNT+ x¥p where we defined:
J K
= YT - Sy ]
c n T2
_ mechano-caloric x Lpp xk = Darcy permeability
coefficient n  Tc2 n = shear viscosity
thermo-osmotic I
= ermeability e —
. T2c
Important: Onsager symmetry Lop
Lpg = Lgp implies x = T'm AT Tc
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Nonequilibrium in
heat, mass, and charge transfer

Thermo-diffusion effects
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Interdiffusion of two constituents at uniform 7 and p

1 1 in 1
0= - NT — == Vp— . J, - Ve + ZU Lij Xig + 25reYe + /T
CiCj [Ln;, Lo,
l@'j = p [ ¢ — c; ] — _lj@' X@'j = _?Z( ILL])| in

So, for no viscous dissipation (¢ = 0), no chemical reactions (r; = 0) or chemical
equilibrium (Y; = 0), and only three components

1 1J 1
o=q"- ———_—n-Zp—?f’-ng—Fllg'512+113'§13+123-X23

Assume linear force-flux relations

J 1o = Li212X |5
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Interdiffusion of two constituents at uniform 7 and p

0= dp YA+, Y

1 1
= —Tlnl -V — Ting Vo
Using the Gibbs-Duhem relation
0=—psVT +Vp—>, ¢V,

for VI' =0 and Vp = 0, we have

0=c1 Vu|ry +caVus|r,

c

Vps|r, = _C_;ZMl‘T,p ci =ni/V
C2

ZM1|T,p = — CQZWI - M2>‘T,p

Substituting we may write o as

1
o= —— [lnl — ﬂlm] -Nlr,
C2

T
_ C1Co lnl B in2 - _Z(M - M2>‘T,p
Cc1 + Co C1 Co T
J1o = —Jo Xpp = =Xy

where J,, and X, are the flux of particles
1 relative to 2 and the conjugated force.

Xip = £Xl — __X

Co C1

Note that:
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Assume linear force-flux law
1 C1Co
J12 — L12X12 - ETD%SXM

where we call D}° the Maxwell-Stefan co-
efficient of diffusion of 1 relative to 2.

Now recall that J,, = >, M;J,, = 0 implies
My, +MyJ, =0 = J, =—MJ, /M
M M
:> ilQ_Elnl__ﬁlJ :>
M2 MQClcQ MQCl
lnlzﬁ112_ MRC D%SX12 MRDll\gSX

From y; = n;/n, dn; = n;(dlny; + dlnn),

ZNZ]”Z Zﬂjznz = 0, dpslr = v;dp +
Z i A, obtain > (8uz/8lnnJ)Tpn/ =0

Zj (Op:/01n nj)T,p,n; dlny;

1 1 8#1

- MDY [am /RT]
y1y2 M

dﬁ%’TJ)::

T,p,TLQ

ca Vi

0lnn, Topins

"~

DY = Fick diffusion coefficient
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Thermophoresis: interdiffusion of two constituents at uniform p

1 1 in 1
0= - NT — == Vp— . J, - Ve + ZU Lij Xig + 25reYe + /T
Cicj [ Lo Zn,
l@'j = p [ ¢ — c; ] — _lji X@'j = _?Z( ILL])| Xj@'

So, for no viscous dissipation (¢ = 0), no chemical reactions (r; = 0) or chemical
equilibrium (Y; = 0), and only three components

1 1., 1
U:Q”'—T T . - Vp — fi//'ZSO‘Flu  Xqg T Ji3 - Xz + Jog - Xog
Assume linear force-ﬂux relations |
¢ = LQQVf + Lora Xy,
1
Jip = LlZQZf + L1212.X 49
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Thermophoresis: interdiffusion of two constituents at uniform p

1 1
o=Jp-NT+J, VA +J,, VA = —ﬁg” VT — Tlu -V (1 — p2)|r
ac [y da, ~ O(p1 — p2) Ve
J12 = 1+ ¢ [ C1 Co ] V{1 = o)l = Jln ¢y C1

Assume linear force-flux relations

1 1
q = ~Laqm VT = Loz Vi — pa)lr
1 1
llz = —leQﬁZT - L1212f2(,u1 — Mz)\T
Rewrite in terms of familiar variables as
Ny —
' = —kVT — ey(1 — o) DT 2L = 12) g

- 061
112 — —01(1 - C1)DT2T — D1xVe

where we used Lgi2 = L1ag and defined:

;o — Loa
T2
D _ LQ12 ___ thermo-diffusion
T — 2 - coefficient
Cl<]. — 61>T
Dy = Lo a('u2 B lul) __ Fick interdiffusion
12 — T ac - coefficient
1 T,p
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Thermophoresis: interdiffusion of two constituents at uniform p

0=Jg VT ‘|‘in1 VA1 +in2 VA = —%Qﬁ - VT — %112 'Z(Ml - M2)|T
C1C2 lnl I (9 p1 — p2) Vey
J12 = c1+ ¢ [ C1 B 622] Vi = po)lr <81n C1 & C1
Assume linear force flux relations Get  from with
"n_ _ il " VT Ve =0 (Fourier
4 = LQQT2VT LQ12T1V<,U1 pa)|r %12 §01 iTl 0 EFle) )

Jio = —leQﬁZT — L1212f2(,u1 — fo)|7 iﬂlz VT Yc¢ =0 (Soret)
Rewrite in terms of familiar variables as Q” Yo ¥I'=0 (Dufour)

) Diis — o) q Z? J s i 0 (reduced ¢", o)
¢ = —kNT — c1(1 — ¢1)DrT Ve VT ¢ J1; =0 (higher VT, o)
. dcy Jis Yoo ¢"=0 (reduced J,,, 0)

Jip = —c1(l —c1)DrNT — DN ey Veo Ji,  ¢"=0  (higher V¢, o)

Reciprocity Lgi2 = Liag implies that only three

where we used Lgi2 = L1ag and defined:
of the above effects need to be measured.

k = LQzQ With respect to when Ve; = 0, if Ve is allowed
I I to build up (J;, = 0):
Dy = Q12 — thermo-diffusion e For prescribed VT, we find smaller ¢’ and
2 coefficient =
c(l—a)T smaller o.
Dyy — Lio1a | O(p2 — ) __ Fick interdiffusion @ For prescribed ¢”, we find larger VT and
T ey Tp coeticlent larger o.
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Thermophoresis: interdiffusion of two constituents at uniform p

mass a @
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Figure 1 from E. Oyarzua, J.H. Walther, Ha.A. Zambrano,

Physical Chemistry Chemical Physics 20, 3672 (2018).
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Figure 3. Sketch of a roadmap to identify the direction of the
thermophoretic motion. Only general trends are identified, which
do not hold for all but the majority of liquid systems. For instance
mass, moment of inertia and size often govern the behaviour of
gaseous systems and are considered in the kinetic theory of gases. . " . . .
Hydrogen bonds and cross interactions are especially important Form R. Piazza, "Thermophoresis: moving particles
for systems containing water. Charge effects or the ionic strength with thermal gradients," Soft Matter 4, 1740 (2008),
dependence are discussed for salt solutions and colloidal mixtures.

Finally, the importance of the heat of transfer-scale, Q*-scale, will

be demonstrated for low molecular mixtures. Further details are in

the text.

Figure 3 from D. Neither and S. Wiegand. "Thermophoresis of biological and biocompatible
compounds in aqueous solution." Journal of Physics: Condensed Matter 31, 503003 (2019).
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Other mechanisms for molecular transport in a pore/capillary

Jkrieger from Wikipedia

Sbyrnes321 from Wikipedia

Runningamok19 from Wikipedia

[
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&
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Activated diffusion (Molecular sieving)
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Figure 3 from R.R. Ratnakar and B. Dindoruk, Processes 10, 1194 (2022).
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https://en.m.wikipedia.org/w/index.php?title=Molecular_diffusion&wprov=rarw1
https://en.m.wikipedia.org/wiki/Atomic_diffusion
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Active matter is particles that deploy nonequilibrium to self-propel

self-propulsion of a non-spherical particle or a Janus particle induced by local spinodal decomposition

50
demixed

i
nucient’jon
a5 \

Figure 2.2: Importance of shape asymmetry for self-propulsion. a A
spherical particle under illumination of a laser beam creates a temperature profile
T'(r) that is constant at the particle’s surface and decreases with 1/r radially
outwards. Similarly, the viscosity 7(r) of the surrounding fluid changes. As the
temperature profile is radially symmetric, the particle’s effective temperature is
increased leading to hot Brownian motion but no net movement. For a Janus
particle in b, where only one hemisphere is coated with an absorbing material,
a local concentration gradient can be induced through phase separation of a
critical mixture. The resulting creep flow on the particle’s surface produces
linear motion of the particle with velocity v in the opposite direction.

Figures from Falko Schmidt, “Active Matter in a Critical State.
From passive building blocks to active molecules, engines and
active droplets.” PhD Thesis 2021, University of Gothenburg

Fig. 4 Isothermals around a non-spherical particle. a Composition profile ¢(r) in the vicinity of an axisymmetric particle with a surface temperature above
the critical value T, of water-2,6-lutidine. ¢ is constant at the isothermal surface and decreases with distance; the dark blue area indicates the range where
T < T. and where the composition takes the bulk value ¢.. The gray lines in the critical droplet (T = T.) indicate iso-compositon surfaces. b The curvature of
the top of the particle is larger than that of its bottom; as a consequence, ¢ varies more rapidly close to the top and the iso-composition lines are denser.
The dashed line, at a constant distance from the particle surface, crosses iso-composition lines; thus there is a composition gradient V¢ parallel to the
surface, which induces a diffusio-osmotic creep velocity and results in self-propulsion of the particle. Our detailed analysis relates the particle velocity to
the Fourier series of the particle shape R(#). ¢ Instead, the bottom of the particle is almost spherical with roughly constant curvature and zero creep
velocity.

From F. Schmidt et al. Nature communications 12, 1902 (2021).
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Molecular motors deploy nonequilibrium

Molecular motors are machines that convert chemical energy to mechanical work.
Here a colloidal particle with an enzymatic site that lowers the activation energy of
an otherwise nonequilibrium mixture of reactants. The products of the reaction
cause concentration gradients which activate diffusiophoretic mechanisms

o
® y @)
el —
@)
® @)
O
v @
O
@
® O
ENZYMATIC SITE
o C ®

R. Golestanian, T.B. Liverpool, and A. Ajdari. "Propulsion of a molecular machine by
asymmetric distribution of reaction products." Physical review letters 94, 220801 (2005).
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Thermophoresis in solutions of electrolytes and charged particles

thermoelectric field

Figure 4. (a)—(c) Sketch of the three forces acting on a charged colloidal sphere in a temperature gradient according to Dhont and Briels
[99]. (a) The internal force Fyw due to the change of the double-layer structure on displacement of the sphere. The dashed lines indicate

the extent of the unperturbed double layer at ambient temperature, that is, the temperature at the origin of the colloidal sphere. (b) The
electric force Fy that is due to the non-spherically symmetric double-layer structure. The dashed line indicates the asymmetry of the double
layer. (c) The solvent-friction force Fj is due to the solvent flow that is induced by electric body forces arising from the asymmetry of

the double-layer structure. The lines indicate solvent flow lines.(d) Illustration of thermoelectric field arising from a thermal gradient in a

binary electrolyte solution.

From D. Niether, and S. Wiegand. Journal of Physics: Condensed Matter 31, 503003 (2019).
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Now you are (almost) ready to model electrochemical systems!

1 1 in 1
0= - NT — == Vp— . J, - Ve + ZU Lij Xig + 25reYe + /T
CiCj [Ln;, Lo,
l@'j = p [ ¢ — c; ] — _lj@' X@'j = _?Z( ILL])| in

So, for no viscous dissipation (¢ = 0), no chemical reactions (r; = 0) or chemical
equilibrium (Y; = 0), and only three components

1 1J, 1
U:Q”'—T T . - Vp — fi//'ZSO‘Flu  Xqg T Ji3 - Xz + Jog - Xog
Assume linear force-flux relations
1
g" — LQQZf - LQZTVSO + L2 Xy + LisX 3 + LgasXos
1 1
Jip = LmQZf — lezTZso + Lig12X |5
1 1
Ji3 = L”’QZT — L13ZT290 | ,+ Ly313X 3
1 1
Joz = L23Q2f — L3z TZQO + Lo323.X 93
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Modeling electrochemical systems

6000
Anode Electrolyte Cathode
/ \ / \ 4000 ;
d,€ e,d eg,C ce
o b
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e e i F
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Figures 13.1, 13.2, 19.4, 19.5 from S. Kjelstrup, D. Bedeaux: Non-
equilibrium Thermodynamics for Heterogeneous Systems, Advances in
Statistical Mechanics, Vol. 16 (World Scientific, Singapore 2008).

S. Kjelstrup and D. Bedeaux, Thermodynamics of Electrochemical Systems. In: Breitkopf, C., Swider-Lyons, K. (eds) Springer
Handbook of Electrochemical Energy. (Springer Handbooks. Springer, Berlin, Heidelberg 2017), pp. 69-93.
D. Bedeaux, Nonequilibrium thermodynamics and statistical physics of surfaces. Advances in Chemical Physics 64, 47-109 (1986).
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Nonequilibrium
beyond the linear regime
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Far non-eq:

More on far-nonequilibrium models

states depend on many variables

Framework Entropy
IT Information Theory "
A (o, & = —k 0 I oy
SM Statistical Mechanics {pilx 1)} . = ZJ FI el
RGD Rarefied Gases Dynamics A
5 ssH Small-Scale Hydrodynamics fle.xt) §=—kg [JJ finfde
RET Rational Extended Thermodynamics
C NET Non-Equilibrium Thermodynamics {yj(x,t)} s=35{y})
CK Chemical Kinetics
D MNET  Mesoscopic NE Thermodynamics  P({y;},x,t) §=3(P({y;}))
QSM Quantum Statistical Mechanics
E QT Quantum Thermodynamics g_ Tro A §=—kgTrplnp
MNEQT Mesoscopic NE QT - P
QSM Cahn-Hilliard models
F QT Diffuse Interface methods {yi(x, t)} §=5({yi},{Vyi- Vy})
MNEQT Non-local NE models
G.P. Beretta (U. Brescia) Barcelona, May 22, 2019 7/28
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More on far-nonequilibrium models

Various statistical and numerical simulation methods:
e Boltzmann equation

e Chapman-Enskog approximation

e Grad 13-moment regularized approximations
e Fokker-Planck equation

e Langevin stochastic equation

e Molecular Dynamics

e Kinetic Monte Carlo

e Dissipative Particle Dynamics

e Coarse-Grained Molecular Dynamics

e Ab-Inition Molecular Dynamics

e Probabilistic Cellular Automata

°.--

°-
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In 2024 Thermodynamics turned 200 years old!

/™ REFLEXIONS

PUISSANCE MOTRICE
DU FEU

SUR LES MACHINES

PROPRES A DEVELOPPER CETTE PUISSANCE,

Par S. CARNOT,

ANCIEN HLEVE DE L'SCOLE POLYTECRNIQUE.

A PARIS,

CHEZ BACHELIER, LIBRAIRE, N » .
QUAI DES AUGUSTINS, N°. 55, Nicolas L.éeonard Sadi Carnot

1824.
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Ilya Prigogine Prize for Thermodynamics awarded to PhD theses

e Every two years. Next deadline February 1, 2025.

e For PhD defenses held between Jan.1, 2023 and Dec.31, 2024.

e Last 8 editions (2009-2023): 134 candidates from 28 different countries:
AR,AU,BE,BR,CA,CH,DE,DK,ES,FI.,FR,HU,IE,IL,
IN,IT,LUMX MY ,NL,NO,PL,PT . RU,SE, TR, UK,US.

e All details HERE including the list of previous winners.

e All aspects and branches of thermodynamics are considered, from applied

and experimental to the most theoretical.

e The prize is sponsored by the organizers of the

Joint European Thermodynamics Conference (JETC).
e The JETC2025 will be held in Belgrade, Serbia, 26-30 May, 2025.
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https://www.mi.sanu.ac.rs/JETC2025/index.html
https://quantum-thermodynamics.unibs.it/PrigoginePrize/PrigoginePrize.htm

Thank you for attending (or viewing) these lectures!
I dedicate them in memory of my mentors

with gratitude for having inspired
my journey into this captivating field

James C. Keck
(1924-2010)

Mario Silvestri
(1919-1994)

Elias P. Gyftopoulos
(1927-2012)

James L. Park George N. Hatsopoulos
(1940-2023) (1927-2018)
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